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Abstract

We study the approximation of SPDEs on the whole real line near a change of stability via modulation
or amplitude equations, which acts as a replacement for the lack of random invariant manifolds on
extended domains. Due to the unboundedness of the underlying domain a whole band of infinitely many
eigenfunctions changes stability. Thus we expect not only a slow motion in time, but also a slow spatial
modulation of the dominant modes, which is described by the modulation equation.

As a first step towards a full theory of modulation equations for nonlinear SPDEs on unbounded
domains, we focus, in the results presented here, on the linear theory for one particular example, the
Swift-Hohenberg equation. These linear results are one of the key technical tools to catry over the de-
terministic approximation results to the stochastic case with additive forcing. One technical problem for
establishing error estimates rises from the spatially translation invariant nature of space—time white noise
on unbounded domains, which implies that at any time we can expect the error to be always very large
somewhere in space.
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1. Introduction

We study the approximation of stochastic partial differential equations (SPDEs) on unbounded
domains near a change of stability of a trivial solution via modulation or amplitude equations.
Due to the unboundedness of the underlying domain a whole infinite band (i.e., an interval)
of eigenfunctions changes sign and therefore the trivial solution its stability. Thus neither the
classical theory of invariant manifolds for PDEs nor the recently developed theory of random
invariant manifolds [15,32,16,6,7] can be applied.

Modulation or amplitude equations are a replacement to overcome the lack of invariant
manifolds, and they serve as a universal normal form depending only on the type of bifurcation.
Being widely used in the physics literature, they are a tool to describe the evolution of the
amplitude of the dominating pattern changing stability, where close to bifurcation we expect
not only a slow motion of the amplitude in time, but also a slow modulation in space due to the
band of eigenvalues changing sign.

For deterministic PDEs this theory is a well-established tool. See for example [8,26,36,29]
for classical references, and the detailed comments later in this section. But hardly anything is
known for SPDEs on unbounded domains.

As a starting point in this paper we consider the stochastic Swift-Hohenberg equation
[10,22], which is a reduced model for the first convective instability in the Rayleigh—Bénard
model and serves as one of the main examples in which pattern formation is studied. It is given as

?9_? = —(14 0% + *vu —u’ + 3% (1)
on the whole real line with space—time white noise £&. As we want to allow for periodic patterns,
we do not assume any decay condition of solutions at infinity.

The theory of higher order parabolic stochastic partial differential equations (SPDEs) on
unbounded domains with additive translation invariant noise like space—time white noise is not
that well studied, while for the wave equation with multiplicative noise there are many recent
publications (see for example [25,13,11,18]) and even more recent ones for parabolic equations
with very rough noise [21,20].

In many cases parabolic equations with noise are studied subject to a spatial cut off or a decay
condition at infinity. This is the case, for example, in [17], where the cut-off is both in the real
space as well as in the Fourier space. Another example is [19]. In [5] and in a similar way in
[27,28], the authors consider L?-valued solutions, where an integral equation is consider instead
of a PDE. The choice of trace class noise in these examples implies that we have an L>-valued
Wiener processes and thus a decay condition at infinity, which in both cases leads to more regular
solutions.

If we were to consider decay at infinity, we conjecture we would recover similar results but
with a point-forcing in the amplitude equation, due to the rescaling in space, needed to obtain the
modulation equation.

The scaling of the equation involves small noise of order ¢'(¢3/?) and small distance from
bifurcation of order ¢(s%v). Due to the closeness to bifurcation, we expect small solutions and
slow dynamics in time. Moreover, a whole band of Fourier modes around wave-number k 4 1
changes sign close to u = 0, and thus we expect the dynamics to be given by a slow modulation
of the complex amplitude A of the dominant pattern e**:

u(t,x) ~ sA(?t, ex) - € + c.c.,
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where c.c. denotes the complex conjugate of the previous term. We expect such an estimate to
hold on the slow time-scale with 1 = &'(¢72).

The noise is chosen in a way that in the limit ¢ — 0 both noise and linear instability do
influence the dynamics of the amplitude equation. If we scale differently, we would lose one
of the effects. The choice of space-time white noise is mainly for simplicity of the analysis, in
order to avoid further technical difficulties, as we expect space—time white noise to appear in
the amplitude equation in many cases of coloured and thus smoother noise, thanks to the scaling
limit. For a detailed discussion on coloured noise see [3], where large but still bounded domains
of order £'(1) were treated. Moreover, on bounded domains [4], with fractional noise as in [1] or
a-stable noise, the scaling of the noise’s strength is different, but the result itself is similar.

1.1. Previous results

In the equation without noise (§ = 0) Mielke, Schneider and Kirrmann [26] showed (see
also [36] or numerous other publications by the authors)

drA = 40%A 4+ vA —3|A]PA. )

For the stochastic equation (1) on large but bounded domains of size &(¢~') Blomker, Hairer
and Pavliotis [3] derived the stochastic amplitude equation

drA =432 A+ vA —3|APA + 1, (3)

on a bounded domain of order &'(1) with complex-valued space—time white noise, although &
could have been quite regular in space. The idea of splitting the solution in a Gaussian and a more
regular part, which we will use in our approximation result, was already present in this paper,
but due to boundedness of the domain there were no problems with growth at infinity. See also
Mielke, Schneider, and Ziegra [30] for large domains and no noise.

Remark 1. On bounded domains the noise has to be of strength O (£2) to get interesting results.
With that scaling Blomker, Maier-Paape, and Schneider [4] showed that the amplitude of the
dominant mode is independent of space and derived a stochastic ordinary differential equation
(SDE) in C given by

arA =vA —3|AI’A + B,

where S is a complex-valued white noise in time.

Remark 2. Spatially constant noise does not act directly on the dominant modes, and thus for
noise of order @(¢3/?) the noise term would just disappear in the amplitude equation, and we
would only recover the deterministic one stated in (2).

If we increase the noise strength to be of order &(¢) and set the noise to be spatially
independent as £ = o B, where ,8 is the derivative of a Brownian motion in R, we obtain a
time only white noise, and in that case additional terms in the amplitude equation arise due
to nonlinear interaction of the noise with itself in Fourier space. Mohammed, Blomker and
Klepel [31] obtained in this case

ITA = 40%A +vA + 30%A — 3|A%A,

which was already predicted by Hutt et al. [23,24] by using a formal centre manifold reduction.
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1.2. Nonlinear vs. linear

In this paper we study the linear case, as the first step towards a full theory of modulation
equations. Also in the already cited results on large domains by Blomker, Hairer and Pavliotis [3]
this is an essential step towards the full nonlinear result, which is somewhat separated from the
remaining nonlinear estimates, Although here in weighted spaces the nonlinear estimate does not
seem to be that straightforward as the nonlinearity is an unbounded operator. In [3], the authors
used a splitting of the solution into a slightly more regular part in H'! and a Gaussian part that was
only bounded in CY, but allowed for better estimates due to its Gaussian nature. Here we focus
on the Gaussian part only, but in contrast to [3] we face the additional problem that solutions and
thus error terms are immediately unbounded in the spatial direction for |x| — oo.

Let us first state the mild formulation of (1):

t
u(t) = e"%eug — / 9%y (5)3 ds + W (1), “)
0
where the semigroup o' generated by .2, = —(1 + 8)%)2 + ve? and the stochastic convolution

W (t), which is the solution of the linear equation, are defined and discussed in more detail in
later sections.

For a result on modulation equations we need to compare this to the mild formulation of (3),
given by

T
A(T) = eT@R+) 4 — / e T=)ER+A3A(5)|A(S)[2 dS + V2 40 (D), 5)

0

T (492

with the semigroup e *+v) and the corresponding stochastic convolution %3}2( 4(T) defined

in terms of a complex-valued Wiener process 7.
The main result is to show that

u(t,x) — [A(e%t, ex) - ¥ +c.c.] is small,
and to do so, we have three key steps:

e Nonlinearity—We need to show that we can control the difference between the nonlinear
terms in (5) and (4). This should be similar although quite technical to the deterministic case
and we do not treat this here.

e [nitial conditions—For the two terms containing the initial conditions ug and Ag, we will see
that they split in a more regular part that is treated by the known deterministic results and a
less regular Gaussian part, which is not good enough to be treated by standard deterministic
methods. We discuss these estimates in detail in the proof of Theorem 4.2.

e Stochastic convolution—The difference between these terms is the main new result of this
paper, Theorem 4.1. It is the key estimate to prove a full approximation result for stochastic
modulation equations on R.

Let us remark that we focus on bounds in sufficiently good norms here. We might be able to give
much simpler bounds in Lfoc-spaces, but then we would not be able to control in this norm the
cubic —u> later. Thus we focus on the supremum-norm, which is a good compromise. It does
not require any order of spatial derivatives, but it is still good enough to bound the nonlinearity.
Unfortunately, in our weighted spaces, the nonlinearity is always an unbounded operator, so some
more care will be needed here.
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1.3. Structure of the paper

In Section 2, we introduce the stochastic convolution, and discuss its rescaling to the slow
time-scale. We can already identify all error terms that need to be handled in the following
sections. We do not follow the approach of Walsh [37] but the one of Da Prato and Zabczyk [14],
using explicit series expansions for calculations.

Before getting to the main results, in Section 3 we present the key technical results for the
stochastic convolution and the Gaussian initial conditions. We have an error estimate in spatially
weighted C” spaces and its extension to estimates in space and time. The main assumptions are
bounds on the Fourier kernel of the convolution operator, which are provided in Sections 5-7.

Section 4 provides the main results of the paper. First we establish the approximation result
for the Ornstein—Uhlenbeck process (stochastic convolution), then we provide the key steps for
the full attractivity and approximation results for the linear stochastic equation.

Sections 5-7 provide, as already mentioned, the technical bounds on specific Fourier kernels
that are necessary to apply the results of Section 3 to the main results. In Section 5 we present
the bounds necessary in order to derive estimates in space. In Section 6 we provide the technical
results necessary to obtain space—time estimates for the stochastic convolution. Finally, in
Section 7 we show the technical estimates that are necessary to treat the Gaussian part in the
initial conditions.

2. Stochastic convolution

In this section we study the stochastic convolution introduced in (4). First we introduce all
spaces and definitions that we need for our analysis and then give the precise definition of the
stochastic convolution. Finally we rescale it to the slow time-scale. This is necessary to identify
the Wiener process driving the modulation equation, and provides the ansatz which error terms
need to be bounded.

2.1. Notation and definition

In this part we present basic notation and definitions. We introduce all spaces used in the
following and define a semigroup generated by our differential operator in terms of Fourier-
multipliers.

For some small y > 0 we define the norm

July = sup{ 1 + 237721}
xXe

and denote by CS the space of all locally continuous functions # : R — R, such that ||u|| cy < 0o

Analogously, we denote by ngT the space of locally continuous functions « : [0, T] x R — R
such that the following norm 1s finite

lullco, = supsupf (1 +x2)7us, 01}
rT o 5el0,T1xeR

Furthermore, we define the space ‘5)9 + by the norm

lullgo = sup SUP{L_V||M||C0([—L,L])}-
7T 5e[0,T] LeN
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We also use the time independent version ‘539 .

Lemma 2.1. The norms || - || -0 , and || - ||<,gﬁoT are equivalent for all y > 0 and all T > 0 with
Vs Vs

constants depending only on y.

Proof. Let us remark that it is sufficient to verify the equivalence of || - || -0 and || - ||0. First, for
Y Y
x e[—-L,L],

A+xH7"2 > A+LHV2 =272
and thus

sup (14 xH)72u@)| = 27 2L Nullcoq_p. 1)
xe€[—L,L]

which easily implies the first bound. For the other bound just note that x € [—1, 1] implies
L+ )72 u@)] < Nl cogor iy < lullsgo,
and |x| € [L, L 4 1] implies

(142272 < L7l cogop—1,41) < 27 llullgy. O

Note that for y < p we obviously have the following continuous embeddings
0 0 0 0
Cp,T - Cy,T and Cp C Cy.

Thus a bound on CS for any small y already provides bounds for all larger y .
For small y > 0 these spaces are (up to a small e-dependent constant) almost invariant under
the rescaling x — ex. The following result is straightforward to verify.

Lemma 2.2. Forany u € %;{T one has

ce” ||U & .

The key observation is here that after the substitution z = x& one has

U+ <+ 2T <+

2.2. Local H'-spaces

We show that we can continuously embed H, Zl,u (see below for the definition) into the weighted
space CS for any positive p, as it is already embedded into the space Cg(R) of continuous
bounded functions which embeds into any C 2 with p > 0:

1
ey = sup{ oz el

[equiv.] < sup {Liy”l/t”CO([fL’L])} < sup flullcoq—r, Ly = sup lullcoqr, L41)
N>L>0 LeN LeZ

[Sobolev] < C - 21;1% lullgrqr.L+1y =C - ”u”HZI,u [by definition].
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2.3. Semigroups and Green’s function

Here we recall well known facts about semigroups in terms of Green’s functions and Fourier
multipliers. Fix G,(x) to be the Green’s function (fundamental solution) associated to the
differential operator

L =—(1+)%

The semigroup e’ £ generated by .Z is thus given as

&L f() = Gy # fx) = fR Gox — y) f(3) dy.

We can write down G explicitly. Using the Fourier transform we immediately see that
G, = F g, with g; (k) = e_’(l_kz)z, and thus

) 1 .
G,(x) = / (" dk = — / ¢! I+ A=K yikx gy (6)
R 27 Jr
This is similar for the operator £, = —(1 + 8)%)2 + ve?. It has the fundamental solution:
el(f+8211)f — th % f’
and via Fourier transform:

1 )
Gs,z(x) — E/ eft(lsz)ertszvelkx dk,
R

with kernel g (k) = e~ (1=K *+1e%v,

2.4. Properties of the semigroup

The semigroup ' generated by . is a strongly continuous semigroup of linear opera-
tors [33]. Here we rely mainly on the explicit representation described in the section above. First
we recall a bound on ¢/ in L*°-topology and extend it to the weighted spaces.

Using a result of [9, Lemma 2.1] we obtain that for all 8 > 0 there is a constant C > 0 such
that

(4G, ()[BT < ¢ forallr € [0, 1]
and thus [9, Remark 2.2]

fR Gy [ePH dx < C. )

With these bounds and some less optimal bounds for ¢ > 1 from [31], we immediately obtain the
following lemma:

Lemma 2.3. For y € [0, 1) there is a constant C > 0 such that for allt > 0 and all u € C)(Z
le'“ullcy < € max{1,¢"/}]lull .

Proof. First it is easy to see that we need to bound

_ 14 (x —2)%\v/2
sup(1 +x%)77/2 f |Gl = I+ %) dy = sup / () Gl
xeR R xeRJRY 14x
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For ¢ € [0, 1] the result now follows from (7) and
1+ (x—2)?°

1+ x2
For t > 1 we use that from [31]

<2(1+29).

Gi(2) =t g, up(t™%2)  with sup sup |g-(§)|(4+&%) < C
£eR 7€(0,1)

Thus
/(1 +22)7?|G,(2)| dz < C/(l + 221244 22 )7
R

/ (1 +1£2)v/2

v de<cr’?. O

Let us remark without proof that the restriction to y € (0, 1) in the last step of the proof above
does not seem to be necessary, as we could use any power of (4 + z2).

2.5. Definition of cylindrical Wiener process

Let us fix for the whole paper an abstract probability space ({2, 7, P) on which all stochastic
processes are defined. Following [14] we define:

Definition 1. A standard cylindrical Wiener process W(t) is given by any orthonormal basis
{e¢}een of L?(R,R) and any family of (real valued) i.i.d. standard Brownian motions {By}seN
such that

W(t) = Z Be(t)eg. (®)

£eN

Obviously, a cylindrical Wiener process is not an L?(R)-valued random variable. It is just defined
in a larger space. For details see [14]. Moreover, it is characterized by being a Gaussian process
such that for all u, v € LZ(R, R)andallt,s >0

E(W (), u) =0 and E{(W(t), W) (W(s), v)} = min{z, s}u, v).

A sometimes confusing fact is that for every fixed ¢ the process {W (¢, x)},cRr is a stationary
and thus translation invariant process, but the basis functions in which we expand are not at all
translation invariant and might decay fast at infinity like Hermite functions.

We also need the notion of a standard C-valued cylindrical process, which is not as standard:

Definition 2. A complex-valued standard cylindrical Wiener process W (t) is given by any
orthonormal basis {e;}seny of L2(R, C) and any family of C-valued i.i.d. standard Brownian
motions {B¢}een such that

P = Bet)er. ©)

LeN

Note that for a C-valued standard Brownian motion S, one has

EBe(H)> =0 and E|B(r)|* =1

Please cite this article in press as: L.A. Bianchi, D. Blomker, Modulation equation for SPDEs in unbounded
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Example 1. If we take 2 independent copies W), j = 1, 2 of real valued standard cylindrical
Wiener processes in the sense of Definition 1, then

W) = ﬁ[W“)(r) +iw]

is a complex valued standard cylindrical Wiener process with same orthonormal basis {eg}¢en of
both L%(R, C) and L%(R, R) and with Brownian motion

_ [BY +iB®@]

/2

We will model space-time white noise always as the derivative of a standard cylindrical
Wiener process. There is also the equivalent approach of Walsh [37] by looking at the
derivative of a Brownian sheet. But Dalang and Quer-Sardanyons [12] and also [18] showed
that both formulations yield, up to taking the right versions of the processes, the same
integrals.

Remark 3 (Coloured Noise). As already mentioned previously, we only consider space-time
white noise here in this paper. If we would consider a Q-Wiener process W, for example with
Q given by the convolution against some function ¢, then we obtain for the corresponding noise
& = 0;W that it is a generalized centred Gaussian process with correlation

E&(r, )&(s, y) = 8(t — s)g(x — y).

So we are still in the case of homogeneous noise which is translation invariant. Referring to [2]
the stochastic convolution is more regular in space, but we expect it to be still unbounded for
every fixed r > 0.

In [3] in the case of large, but bounded, domains the case of spatially smoother coloured
noise is also treated, but the amplitude equation still displays space—time white noise. In order
to avoid further technicalities in rescaling coloured noise, we do not address this issue in this

paper.
2.6. Stochastic integrals

For a deterministic Hilbert—Schmidt-operator valued function J# € L2([S, T1, BS(LX(R))),
one can define the stochastic integral with respect to the real or complex cylindrical Wiener
process W, which we can also expand in the basis e, that were used to define the Wiener process
in (8) or (9):

T
/S%(s)dW(s)_ /%”(s)ezdﬂz(s)

teN
By Ito-isometry we have

2

T
EH / () AW (s) / 1)eelagy ds = 17 s 7y wsiazany:
S LZ(R) LeN
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2.7. Stochastic convolution

For a cylindrical Wiener process W defined in (8) and the semigroup generated by .2 we can
define the stochastic convolution

t t
W, ) = / ML AW () =Y f e"™9% ey (-) dBy(s)
0 0

teN
t
-y f f Gy (- — yee) dy de(s). (10)
teNv/0 JR
This is by definition (see [14]) the mild solution to the linear problem
du = Ludt + dW, u(0) =0.

In this section we focus on W (, x), but the results are true for all other stochastic convolutions
considered in this paper, like for example %, (T, X) on the slow time-scale, with a complex
X

Wiener process # .
The following lemma is well known in the setting of Walsh and easy to verify here. We give
a brief sketch of a proof for completeness of presentation.

Lemma 2.4. The stochastic convolution W (¢, x) in (10) is for all t > 0 and x € R a well
defined real-valued Gaussian random variable with mean 0 and variance f(; llgs |I%ds.

Proof. It is easy to check that the series in (10) is for all (¢, x) € [0, T] x R a Cauchy-sequence
in L2(£2, R) with

t 2
E|Wg(t,x)|2=2/0 \/Rct_s(x—m(y)dy\ ds

teN

t t
[Parseval] = / 1G—s(x = [P ds = / 1G] ds
0 0

t
[Plancherel] =/ ||gs||2ds < 00,
0

where a straightforward calculation shows that the last term is finite. Gaussianity follows from
the fact that Gaussians are closed under mean-square convergence. [
Remark 4. Lemma 2.4 immediately implies that forall 7 > O and L > 0

We € LP(£2 x[0,T] x [-L, L]).

With the methods of Section 3 we will see that W € LP(£2, C°([0, T] x [—L, L])) with norm
growing in L slower than any small power of L.

The term W & behaves like the square root of logarithm at x — o0, a property we only state
as a remark without proof.

Remark 5. Forallr > 0

sup  [We (1, x)| € (0, 00).

1
lim ——
L—oo \/log(L) xe[~L,L]
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This result has been obtained for Gaussian processes by Qualls and Watanabe [34]. The key
idea required in proving this remark is just the fact that for fixed ¢ > 0 we are considering
a Gaussian field with constant variance (see Lemma 2.4). To conclude the proof one needs to
compute and analyse the covariance function, which is a straightforward but quite technical task.

2.8. Rescaling

In this section we rescale the stochastic convolution W ¢ to the slow time- and space-scale
X = £&X, T =& 2t .

We want to focus on the slow time scale and large spatial scale, forgetting about the local phe-
nomena induced by fast oscillations and focusing only on the slow modulation of these fast
pattern.

Before we start, we rescale the Wiener process first, and show that such rescaled Wiener pro-

cess is at least in law still the same cylindrical Wiener process. Note that 9D denotes equality in
law.

Lemma 2.5. For a real or complex valued standard cylindrical Wiener process W we have

W) L we e, x) L3 g1l (x),
£eN

where {e¢}oen is an orthonormal basis in L*(R), {Be}een a family of (real or complex) i.i.d.
standard Brownian motions and we defined for some ¢ € R:

e/ ) =& P ey (XeTh),  BT) = eBu(Te ).

Proof. Check that ef) is an orthonormal basis of L2(R). By the scaling properties of Brownian
motion since B¢(¢) is a family of i.i.d. Brownian motions, !B, (?t) is one, too. Thus by
definition W is a standard cylindrical Wiener process. [

The full rescaling of the Wiener process is stated in the following lemma. Here we do not
start by W ¢, but consider the final rescaled result, and assume that is independent of ¢, then we
construct a proper e-dependent Wiener process for W ¢, such that the rescaling is true.

Lemma 2.6 (Rescaling Lemma). Fix an orthonormal basis {e¢}¢en of L*(R, C) and {Be}een a
Sfamily of C-valued i.i.d. standard Brownian motions. Then there exists an e-dependent standard
real-valued cylindrical Wiener process W'® such that

e W) (re72, xe7h)

1 T * 1 . —
=5 Z/ / / e~ T=9QHk 2 JikX=Y) qho, (v) dY dBy(S)el e +c.c.
teN’0 JRJ-1/e

Proof. We define the complex Wiener process

W(T,X) =) ex(X)Be(T).

teN
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Define the projection onto the positive wave-numbers as the operator PT given by

1 RN .
Pt f(x) = —/ f ke ™ dk.
2 0
We have the following identities, first for convolutions
Ptfxg=F7'Pfel=F [fx0.008] = f % PTs.
and then, using Plancherel, for scalar-products
(P+u, v) = (u, P+v) = (P+u, P+v).

Let us now start with the rescaling
T
L Z/ / /OO e—(T—S)k2(2+€k)Zeik(X—Y) dke[(Y) dY dﬁ((S)eiX/E + c.c.
2 = Jo JrJ-1/e
substituting k' = (1 + ke) we get
1 T % o222 ih(x— ,
- Z - e~ T=9)e (kD7 ik (X=V)/e qp oY /26, (Y) dY dBy(S) + c.c.
21 7 0 R € Jo
pluggingin y = Y /e and x = X/¢ yields
1 r © ) 202 .
= —Z/ / / emT=9)e 2 U=kD7 K E=Y) qieelY ey (ye) dy dBe(S) + c.c.
2 =~ Jo JrJo

substituting now ¢ = T/ and s = §/& gives

. / / /00 e—(lfb)(lsz)zezk(xfy) dke'” ez(ys) dy d,B@(SSz) cc.
T 0 JRJO
14

Using a rescaled complex Wiener process we have

1 t e} . i . ~
=c— Zf / / e~ 1= 1=K)? jik(x—y) dke'? eg(ye) dy dBe(s) + c.c.
2r <~ Jo JrJo
and, denoting the Green’s function by G, (x), this gives
t
=e X [ [ PTGt = ety dy dits) + e
¢ 0 JR

We define now fy(y) = &'/?e?Ye(ey), and {fr}een is again an orthonormal basis so that we
obtain

t
= 81/22[ PYG,_y % fo(x)dBe(s) + c.c.
—Jo
and by moving the P it becomes

t t
—g!/2 Z/ Gi—s x P fy(x)dBe(s) + c.c. = &'/? Z/ eTIZLPE £ (x) dBe(s) + c.c.
¢ YO ¢ YO
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This is equal to £!/2 Wf;) (t, x) if we can verify that

wWe @, x) = Z PT fo(x)Be(t) + c.c.

14

is a standard cylindrical Wiener process. Note that this would be trivial, in case

> fe@)Bet)
Ja

was a real valued Wiener process, as PTu + c.c. = u for any real-valued function.

First we see that W is a centred Gaussian process, we only need to check that the
covariance-operator is the identity.

E(W® @), up (WO @), v) = Y B(PT feBe(t) + c.c. ud(PT feBe(t) + c.c., v)
14
=t Y (PTfrup (P fr.v)+1 Y (P fo,u)(PF fr,v)
12 l
=t (P fo,u)(PY fo,v) + 1Y (PT fo,u)(P* fo, v)
l 4

=ty (fo. PYu)(fo. PTv) + 1Y (fo. PYu)(fe, PTv)
l 4

where we used that u and v are real in order to pull out the complex conjugate from the scalar-
product. Now we use Parseval’s identity

(f.8) =Y _(f fuls fo)

4

to obtain

E(W© @), up(WE @), v) =1 Y (PFu, fo)(PTo, fo) +1 Y (PFu, f)(PTv, fo)
l 14

= t{(PYu, PTv) +t(P%v, Ptu)

= (PYu,v) + tm

= t(PYu,v) + t(m, v) [as v isreal]
t{u, v)

as Ptu + P+u = u for a real-valued function u. O

Now we observe that on the RHS in Lemma 2.6 we almost have the stochastic convolution
of an operator, if we suppose that ¢k is small and just had the innermost integral over R, instead
that just (—1/¢, +00). In that case we could have written

ePWE) (1. x) ~ e Wy (T, X)e™ + c.c. (11)

What we want to do in the next sections is to give a bound on the error, the difference between
what we have and what we want to use. Therefore, we provide first in Section 3 the technical
lemmas that reduce the task to calculations on Fourier-kernels of convolution operators.
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3. Holder estimates for general convolution integrals

In (11) all error terms are of the type fOT Fr_dW (1), where .77, is a convolution operator
written in terms of the Fourier-transformed kernel. For the initial conditions we also need bounds
on H; A, with A being a Gaussian function. In this section we provide bounds on these objects
in terms of norms of the kernel.

First we need the following key lemma for estimates:

Lemma 3.1. Let W be a complex valued standard cylindrical Wiener process with orthonormal
basis {e¢}oen in L2(R, C) and {Be}een a family of C-valued i.i.d. standard Brownian motions.

Given a function f, its Green’s function H, = F ' f(z, -), and its corresponding convolution
operator 7, = Hyx let us define

T
&(T) = / A dW
0

expanded as
T
(T, X) = Z/ / Hy_(X — Y)eg(Y)dY dBe(1).
¢eNv0 R

Then forall p > 1 and all y > % there is a constant C > 0 such that forall L > 1,
EN (T, )Gy 1y < C- L1 f Iy

where the L*(0, T, H" )-norm of f is defined as
2 ’ 2 2
1122000, =/O /RIf(S,k)I (k> + 1) dk ds.

Let us remark that this is actually a slight abuse of notation, as we look at the H” -norm of the
kernel H;, which has Fourier transform f.

Remark 6. Let us remark that similar estimates than the ones presented here were derived in
[13,11] for the Green’s function of the stochastic wave equation and more regular noise.
Moreover, we do not only need finiteness of the norms, but explicit bounds. Especially, the
dependence of the constants on L.

Remark 7. We will see that the conditions above on y are no problem, since thanks to
Gaussianity we can do the estimates for p = 2 and then send p to infinity and hence we can
choose y > 0 as small as we want.

Proof of Lemma 3.1. We proceed by steps. We start by using the fractional Sobolev embed-
ding [35] and the explicit representation of the norm in W7

p _ NP NP
I BT, Moy 1y = 19T Lo, 1) < CUBT, LWy

=C|IeT, LI} + 20,130 = PO EDI gy
= s LP[—1,1] 1112 |X _ Y|1+0‘P

_ (T, X) — &(T, V)P
— 1 AP ap |
=CL [II QT Mpp—p. oy +L //[—L,L]z X —p[er dx dy
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with « fixed later such that y > « > 1/p. Let us remark that by Holder inequality it is sufficient
to verify the claim only for sufficiently large p > 0.
For the next step we take the expectation and use the Gaussianity of @:

EN (T Moy 1y < CLTEIRIT 0y 1y

C,(E|&(T, X) — &(T, Y)|*)"?
+CL—1+“P// pBIPT.X) = TN 4y 4y, (12)
[—L.L]? |X — Y|i+er

By means of this well-known trick we translated our problem from the generic pth moment to
the second moment only.
We now proceed, bounding the second moments (first use Ito-isometry and substitute in time):

E|&(T, X) — &(T,Y)]> = / /[H (X —2) — He (Y — 2)]er(z) dz dr
EEN
[Parseval] = / |He (X — ) — H (Y — ')||iz dr
0

. (13)
[Plancherel] = / / |f (z, k) ("X — &*) |2 dk dr
0 R

T
< [* [ 1re oPkrr dkarx - v,
0 JR
We used for the application of Plancherel, that for Hr being the kernel of f(T, -) one has

Hy(X —2) — H,(Y —2) = / f (@ k) XD — k=) gk
R

— / f(z, k)(eikX _ eikY)efikz dk
R

= Zf @ k" =), (14)
Now we take (13) and we plug it back into (12):

EN (T Mioq_y 1) < CLTEIDN g 1

+cL=er) 2 X - Y| dx dy. (15)
L2(HY) LI |X — Y|1+ap :
We can compute
X =Yy dy = . ppor-ar
e IX = Y| 7

SO that (15) becomes

E[&(T, I}

Py <CLT'EI®|], + CLIY | f1I}

LZ(HV)' (16)

Now there is only one thing left: bound E|| & || z »- To do that, we take the same road followed
above for the other term:

L L
EN®(T, M1 = E / |&(T, X)|P dX < Cp / EI&(T, X)) dXx

p/2
<cf /f|f(r P dkdr)” dX < CLIfI ) O
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and we can substitute that in (16), obtaining the thesis for p large. To finish the proof for any
p > 0, we use Holder inequality for ¢ sufficiently large:

EI (T, oy ) < EIPT G _, )< CLPIf gy O

Let us now extend to an estimate in space and time, where we first focus on a bounded domain
in space and time.

Lemma 3.2. Let @ be as in Lemma 3.1 and define for some y > Qand T > 0
2 2y [° 2
If1%, = sup S~ V/ If (T, ). dr
Sel0,T] 0

R
+ sup (S—R)7Y / If(S=R+1,) — f(x, )2, dr.
0<RESKT 0

Then for all p > 1 such that y > % there is a constant C > 0 such that for all L > 1,

EI 2100, r1xi-r.2p < € L7 UL Wy + 115, 1772,

Remark 8. Obviously, || - ||, defines a norm, but we do not know whether it is equivalent to a
known space. The first term has some similarities to Morrey-spaces, while the second one is an
averaged Holder coefficient. But we do not need properties of that space, we just need to bound
explicitly these norms.

We recall the following Ito-isometry, which we already stated for the stochastic convolution.

Lemma 3.3. Let g be a square integrable function in space and time and W a complex standard
cylindrical Wiener process. Then

b 2 b
IE/ F g (1) x dw<t>) =/ lg (e, )72 dr,

where the stochastic integral is a function in x.

Proof. By direct calculation,

b 2 b 2
B[ 750 aw| = B[S [T e v e d
a Y4 a
b b
= Zf |7 g(r) % ee|* dr = Z/ (F g x =), e)? dr
l a ¢ a

b b
= f 17 g(r,x = )13, dr = f g (r, I3, dr,
a a

where we used the Parseval theorem, translation invariance and Fourier isometry. [
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Proof of Lemma 3.2. We use again fractional Sobolev spaces with y > o > 2/p and
Gaussianity to obtain (with L”-norm in space and time)

EJI 212, < CE[L7" |21,

[0,T1x[—L,L])

Lo 18(S. X) — (R, V)P
L +,,/ / / / LIG—RP+ (X = yyejieanys X Y dSaR]

< c[L*‘En@n”

o HEID(S, X) — &(R, Y)|*1P/?
+L” 1+p/ / // s e dX Y dSdR].

Integrating equation (17) in time treats the L”-norm in space and time, so we only need to look
at the fourfold integral. Here we focus on the second moments in the integrand. Using (13), we
obtain

E|&(S, X) — (R, Y)|* < 2E|D(S, X) — &(S,Y)|> + 2E|B(S,Y) — B(R, Y)|?

20 13240y | X = Y177 +2E[ (S, V) — €(R, V).

NN

Since the first term has already been treated before, we focus on the second one. If we can
prove a bound by C|| f ||§g |S — R|?”, then we can easily finish the proof as in Lemma 3.1 with
Y

sufficiently large p.
Let us assume without loss of generality S > R.

S R
E|&(S, ) — &(R, )| = E‘/(; Hs_, % dW(1) —/O Hr_, * dW(t)‘z

N 2 R 2
< ZEV Hg_, dW(t)’ —|—2E‘/ (Hs_; — Hg_) % dW(t)
R 0

So we have by Lemma 3.3
N R
E|&(S.Y) — &(R, Y)I* < Z/R 1F(S =907, dr+2/0 If(S =1, = f(R—1,)|I7,dr

S—R R
=2/0 ||f(z,~>||§2dr+2/0 1S —R+1,)— £t )2 de

<20f1%, - 1S=RPP. O

The following lemma states that the bounds previously obtained for fixed L > 0 actually yield

a bound in C2y T

Lemma 3.4. Fix T > 0 and y > 0 and let u be a random variable such that for all p > 0 there
is a constant C > 0 such that

Y
E”“”coqo TIx[-L,L]) <C (L),

then for p > 1/y

IP’(||u||({,20” >K)<C ZL yp( )

LeN
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Proof. Using Chebychev inequality yields

B(lullgg | > K) =P <3L eN : L™ ullcogo.rix—r.1p = K)

2
< Z P (”””CO([O,T]X[—L,L]) > KL V)
LeN

< Z CAP(KLY)™P. O
LeN

3.1. Estimates for Gaussian initial conditions

In this section, we focus on technical results necessary to treat the term e’“%uo from the mild
formulation, where the initial condition ug(x) = A(ex)e'* + c.c. is given by a modulated wave
with centred Gaussian amplitude A. Due to Gaussianity, we need much less regularity of A than

we would need in the deterministic case.

Lemma 3.5. Let A be a centred C-valued Gaussian with covariance operator Q given by a
Fourier multiplier q(k) > 0. Let 52, be as in Lemma 3.1.
Define

||f||?gg = Jup /q(k)lf(S,k)lz(lkIZVJrl)dk
0,71 /R

I£(S, k) — f(R,K)|?
dk.
szfél[%’n/ O 5 "rpr

Then forall p > 0, T > 0, and k > 0 there is a constant C > 0 such that
E| Al

oy £11P
coqo.rixi-L.Ly S €L ||f||$5<>.

Proof. We know that A = ) " ny Ql/ 2¢, for any orthonormal basis {e;}¢c and standard C-valued
Gaussians {n,}¢cn, because any Gaussian can be written in terms of the covariance operator Q

and a cylindrical Gaussian ) _ nge,. Note that the symmetric operator 0'/? has Fourier multiplier
1/2
q .

Using again fractional Sobolev spaces with y > o > 2/p and Gaussianity, it is sufficient to
bound three second moments. First

2
EI/AX) - HGAY) = | / [Hs(X = ¥) = Hs(X = Y)]A(Y) Y |

_EZ/ [Hg(X — Y) — Hg(X — Y)]Qlﬂee(y)dYne(z

leN

2
= Y E[(Hs(X =) = Hs(X = )1, 0'er) 2

leN
1/2 2
=Y [(@PLHs(X =) = Hg(X = )], et}
leN
= |Q"?[Hs(X — ) — Hs(X = )][7,
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= llg'?Z"[Hs(X =) — Hs(X = ]I,
=C [ qWIf (S, Pk dk-1X = Y»
R q ’ )

where we again used Parseval, Plancherel and in the final step (14).
Secondly, we can proceed similar to the first case to obtain

E|JGA(X) — AKX = / (01 F "\ (Hs — Hp)(0) > dk

S, k) — f(R,k)|?
< sup / BEASLY fg Wk — R
S,Re[0,T] |S — R|?Y

And finally, we can verify

EI%”TA(X)Iz:Cfq(k)lf(T,k)Izdk- O
R

4. Main results

This section provides the main results, where we focus on the new stochastic estimates and
treat the deterministic estimates needed as an assumption. We give

e Approximation result for stochastic convolutions.
e Attractivity for deterministic initial conditions.
e Full linear approximation theorem.

Let us first state the general formulation, and fix W ®) to be the proper rescaled Wiener process
as in the rescaling Lemma 2.6. We consider a mild solution of the linear problem

atu = fu + V82M -+ 83/281W(8), M(O) = ug,

that is a function # which satisfies
t
u(t) = e Zug + 1)82/ 9Ly ds + 83/2W(F)(l‘, x).
0
In the whole paper, we need the following assumption:

v <1, ie.v=0().

Defining .4, = % + ve?, we can rewrite the mild formulation in a slightly different fashion,
that turns out to be easier to use:

u(t) = e “ug+ W ).

We also have on the slow scale an approximating amplitude equation (AE) with a C-valued
Wiener process and a solution A in the mild form:

T
A(T) = *T%H Ag + v /0 T4 A ds + W2 (T)

a2
A A0+ Wygap, (T).

So now for the first step we assume initial conditions to be 0 and aim for the result for the
stochastic convolutions only.
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4.1. Approximation result for stochastic convolutions

Our goal in this section is
||81/2W_(§2 (1, ) = [Wyg2y, (167, x£)e™ + cellicy is small

for some small y > 0. Note that by Lemma 3.4 it is sufficient to provide bounds on moments of
C9%([0, T1 x [-L, L])-norms.
Now we can throw in the definition of W 2> and rescale as in Lemma 2.6. We obtain for

6‘()

some suitable convolution operator .%;"’ with corresponding kernel F;* ©

W(s)(T 2 Xe ) = / ?;g)de(s)e’X/‘c—i-cc

=12

/ / / [T CHDHIND) qhe, (v) dY dBe(S)e™/* + c.c.
teN B

Thus
‘el/zw_g(Te—z, Xe™!) = Wyga (T, X)eX/¢

T T
=| / T g — HTIE qw (s)| = | / A AW ().
0 0

In view of Lemma 3.1 or Lemma 3.2 we define the convolution operator %(5) with kernel Hr(g)
as follows

(€) 1 * (2+ke) k2 +Tv ikX 1 oo 42+Tv ikX
HIS (X)= _ e T & ‘[l)el dk__/ e T ‘[l)el dk
27 —1/e 27 —00
+ -1
_ Lew[/ Oo[e—r(2+ks)2k2 _ e—r4k2]eikX dk _/ e o T@Hke) k2 ikX dk].
2 —00 —00

Now we take the inverse Fourier Transform and we have (in view of Lemma 3.1)
— 2.2 _ 2 B 2,2
f(‘L', k) = erv[e T(2+ke)k” _ e 4k 1— ewX(—oo,—l/e)(k)e T(2+ke)’k )

Given § € (0, 1) and using the symmetries of the integrals, it is sufficient to consider f, which is
split into four pieces:

2k2

F (@ k) = €™ xs/e.00) (ke TETHD (18)
T (1 e sy (R)e TR (19)
™ (s ye,5e) (K) (e TR pmtdiy 20)
— 27 x(3/e,00) (K)e T @0

=fo+ fo+ fe+ fa

Here f,, f»,and f; are the relatively simple terms that turn out to be small due to fast exponential
decay. On the other hand, for f. we cannot take advantage of exponentially small terms, but we
need to rely on the difference being small.

We obtain the following main theorem on the approximation of stochastic convolutions.
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Theorem 4.1. Forall T > 0, for all k > 0, for all p > 0 and all sufficiently small y > O there
is a constant C > 0 such that

IP)(||81/2W§(3‘?(l, x) — [Wygo, (162, xe)e™ + c.c]ll o L2 ) < Cce?
& X ».Te—

forall € € (0, g9).

Proof. Lemma 3.2 together with Lemmas 5.1 and 6.1 will provide bounds in c%(0, 71 x
[—L, L]). Then the claim follows by using Lemma 3.4. O

Note that as we want to have the result for all small y > 0, we state here the result in Cg
instead of ng as in Lemma 3.4.

4.2. Attractivity for deterministic initial conditions

This section should motivate, why we assume in the full approximation result that the initial
condition is a modulated wave that is split in a Gaussian with bounds on the covariance operator,
that would not allow for the existence of a derivative, and a more regular part in H, EI 0

We fix a time

te = 0(?)

and try to approximate 'Ly by a modulated wave. It turns out that we obtain a more regular
part of the amplitude, and a Gaussian part, that is only in Cg.
le“Zug + e 2WE (1) — (Agar(ex)e™ + Aglex)e™ +c.c)
< e ug — (Ager(ex)e™ + c.c)llcy + e WE) (1) = (Aa(ex)e™ +c.c)lcy-

For the first (deterministic) term we use the deterministic attractivity theorem, which we state just
as an assumption. See [36] for a result in Hg 4> Which, together with the embedding Hgl u Cg

proved in Section 2.2, shows that the following assumption is at least true for all uy € Hzl u

Assumption 1. Suppose that for the initial condition i there is a smooth function Age¢ such that

||€t5‘%140 — (Adet(gx)eix + C.c.)||Co is small.
i

For the second, the stochastic term, we use our approximation result of Theorem 4.1 for the
stochastic convolution to show that this is small. Thus we need to define A as

&1,
A0 = Wz @ 0~ (0, [ ) =10, 0)

so we have a covariance operator Q with Fourier-symbol g given by

—8k2t, 62

&2t
€ 1—e
k) = Sk ¢
q(k) fo e s 2

Direct calculation gives the following estimate on g (k): there exists some §yp > O such that

1 if k| < 8

< — Cmi -
qk) < C kiz i k] > 8 Cmin{l, k™°}. (22)

This will be needed as an assumption for the full approximation result.

Please cite this article in press as: L.A. Bianchi, D. Blomker, Modulation equation for SPDEs in unbounded
domains with space—time white noise — Linear theory, Stochastic Processes and their Applications (2016),
http://dx.doi.org/10.1016/j.spa.2016.04.024




22 L.A. Bianchi, D. Blomker / Stochastic Processes and their Applications 1 (1111) II1-111

4.3. Full approximation

In this section, we will prove the general approximation result for initial conditions that are
almost a modulated wave. To be more precise, we assume

Assumption 2. Consider for some sufficiently small % > k > 0 the splitting
uo(x) = Aget(ex)e’™ + Ag(ex)e’™ + c.c. + ¢ 7FE,

where we assume for some sufficiently small « > y > 0 the following:
IElcy SCo gy, <€ Ay~ 40,0,

where the Q is such that (22) holds.

Let us define for ease of notation Ay = Aget + Ast- Again, for ease of notation’s we define the
solution u and the approximation u 4 as

u(t, ) = et"%uo + SI/ZWB(;S(I)
ua(t,x) = [e4t823>2( Aol(ex)e™ + W2 (te?, ex)e™ + c.c.
For the deterministic approximation result we use the following Assumption. For a full

deterministic approximation result in the space H gl , see for example [36].

Assumption 3. Let us define
g(s) _ l‘c.% A . i _ 43)2(821A ix
det = sup lle " [Adei(e)e 1(x) — [e detl(ex)e | co.
1€[0, Toe™2]

We assume that this is a good approximation for the deterministic part, i.e.

G@d(;) — 0 fore — 0.

Theorem 4.2 (Approximation). Under Assumptions 2 and 3, for all k > 0 and y € (0, k) both
sufficiently small and for all Ty > 0 and p > 1 there is a constant C > 0 such that

P( sup llu—ualley < &4 +&7) > 1 Cpe?
[0, Tpe~2] Y
foralle € (0, 1).

We do not claim that the bound by £!/3 is optimal, but it seems that substantial improvements
will be significantly more technical.

Proof. Using Assumption 2 there are four terms in u — u 4, which we need to bound. There are
three from the splitting in E, Age, and Ag and a fourth one from the difference of the stochastic
convolution. We proceed in several steps.

First for the term with E we show by Lemma 2.3 for all ¢+ > 0 that

1— 1—k—y/2
le%e! ™ Ellcy < Ce' ™| Elly.

Secondly, we approximate the difference of the two stochastic convolutions using Theorem 4.1.
Thus

1277 (=2 —ly [ iX/e < o1k
lle ng(a T,e7'T) [W4a§+u(TaX)e +C.C.]||C37T\8

with probability &'(e”) for all p > 1.

Please cite this article in press as: L.A. Bianchi, D. Blomker, Modulation equation for SPDEs in unbounded
domains with space—time white noise — Linear theory, Stochastic Processes and their Applications (2016),
http://dx.doi.org/10.1016/j.spa.2016.04.024




L.A. Bianchi, D. Blomker / Stochastic Processes and their Applications 1 (1111) II1-111 23

Finally, for the remaining last two terms including Ag, we first use Assumption 3 for the term
containing Aget.

For the final term containing Ay, we rewrite using a simple rescaling stated in Lemma 4.3
below

' % (Ag(ex)e™) =[5 T Agl(ex)e™ + Hon, Ag(ex)el™.
Thus it remains to bound

sup |4 Ag(ex)e™ |l co < sup |7 Aq(e)llco < sup |57 Ao,
T€[0,Tp] Y 0,To] Y 0,To] 4

where we used Lemma 2.2. Now we proceed with Lemmas 3.5 and 3.4 that gives

E sup |54 All%y < Cllf %o
[0,7] & 4

which is small as argued below in Section 7. Note that in view of Lemma 3.4 we need here the
fé"—norm for y /2 and not y, but we bound it for any y > 0 later anyway. [J

For the terms involving the initial conditions we used the following rescaling lemma.
Lemma 4.3. The following holds:
T 2% [ Aex)e'™ ] — [eWN VT AY(ex)e’™ = oy Aex)e'™

with having kernel

AT, 0) = o TQHeO? 40T _ —4TE

Proof. We have that

N | 1
eT&‘ 2‘/5[A(8x)elx] — / e*T[(lka)vaszl_A((k — 1)/8) dk
R &

_ / e—T[Zz(Z—HZs)Z—v]A\(z)ei(isx de - ei*.
R
Moreover,

[6(43)2(+V)TA](8X) . eix — / 674Tk22(€)6ik€x dg . eix' ‘:l
R

Remark 9. Note that JfT = J7 + Ry, where J¢7 has kernel f, the one we already introduced
and studied in detail and an additional remainder Ry which has kernel f — f. In particular this
kernel has only parts in the exponential tail, so the error is easily bounded.

The error terms come from the fact that we do not cut in 0, but go further left to —1/e. Also,

we have contributions coming from the complex conjugate, but they do not cancel out.
5. Error estimates in space
This section will provide the technical bounds on f,, fp, f¢, and f; defined in (18)—(21) in

the L?(H?)-norm. This is crucial for applying Lemma 3.2 in the proof of Theorem 4.1. These
are all direct estimates that do not rely on any other result.
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Let us first remark that again we can bound separately the contribution with weight k2 and
with 1. Moreover, we can perform the computation for k2 only, and then consider the case y = 0
to treat the 1.

We use the following observations. For |v| < 1 and ek > § we have

272 2 2
|fa| < erve—r(2+6) k < Ce—f4k , and |fd| g Ce—‘f4k X

Thus we obtain

T T poo )
f / | fa + fal?Ik1? dkdr < c/ / ¢8R 12Y dk dr
0 JR 0 Js/e

T o 2 2.2
< C/ / k2yef4tk dk 6741'5 /e dr
0 8/e
T s Te™? 5
< C/ 674r5 3 1.7(2]/+])/2 dr = C/ (820_)7(2y+1)/2674<78 82 do
0 0

o0
< Csl_z)’/ o~ HD2=048" 4o — Cpl=2r 52y (23)
0

where, in order to be able to integrate in T, we must take —y — 1/2 > —1, thatis y < 1/2.
By the same estimates we can bound the contribution of the term fj.

T T —68/¢ T roo 5
/ / | 121k dk dt =/ / | 121k dk dT < c/ / e 3Kk dk dr.
0 JR 0 J-1/e 0 Js/e

Now we turn to the complicated term f,. By using the mean value theorem we derive

e TR _ om0 TE (0 4 ke)? — 412
= —te " ekk® (4 + ke)

with £ taking value in [4k2, 4k2(1 +ke/ 2)2], with the additional condition, given by the indicator
function, that k € (—&/¢, §/¢). So the extremes of the interval for £ are actually

§\2 82 82 82 5\2 82
[(1=3) 4545 o [a5 (14 5) 45]

depending on k being negative or positive, respectively. We are interested in the absolute value
of f,sowehave,as t € [0, T],

2
—z(1-4) 4k?
| fel < X(os/e.576)€ €Tk (4 + ke)e «(1-4)
r(1—§)24k2

< X(_5/8,5/8)C81k36’_t4k2. (24)

< X(=s/e.8/e)CeTh e

Letus now fix 0 < u < 1/2 — y, in order to obtain

T T pé/e
/ /Ifclzlklzydkdr =/ / | £ 21k|% dk de
0 JR 0 J-s/¢

T §/e )
< Cf 12/ &2k ¢ 8K gk dr
0 —5/e
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T 8¢
< C82/ 72/ sz,uk4+2)/+/ie*8‘[k2 dk dt
0 0
T 00
< Cet / = / JA2y i 8Tk g g
0 0
T

< Ce”/ V2= g, (25)
0

Remark 10. In the case v < 0 here and later many terms can be bounded independently of time,
While for v > 0 our constants usually depend exponentially on 7.

So if we now put all contributions together we get the following bound:
1Lf 1720y < Cle' ™ + 6+ 4],

where weneed y < 1/2and u + 2y < 1.

Lemma 5.1. Forall T > 0 and all k > 0, there exist g9 > 0, yp > 0, and C > 0 such that
2 1—
”f”LZ(HV) < C8 Kv

forall y € (0, yp) and all ¢ € (0, &p).
6. Error estimates—2: time

In Lemma 3.2 we provided a bound in terms of the norm Il £1I%, , which is defined as
H,
2 2 S 2
If1%, = sup S~ v / If(z, )} dT
5€[0,T] 0

R
+ sup (S—R)¥ / If(S=R+1,)— f(z.)7,dr.
O0<R<ST 0
Now we evaluate that explicitly.
The first term is easily bounded as in Section 5. We obtain the following bound for y is close
to 0:

S
sup S7% / If(z, )7, dr < Ce' ™. (26)
Sel[0,T] 0

The term S~27 did not appear in the estimates in Section 5, but is easily controlled. We comment
on the proof in more detail below. When we are considering f, there was already a term in S
showing, and we have from (25):

s
sup S*ZVs“/ V212 4 Lt osup SV
5e[0,7T] 0 Se[0,7]

with u < 1 to guarantee the integrability in 0 and © = 1 — 4y to bound the supremum
contribution by a constant and have the maximum p possible, with y < 1/4. For the other terms,
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we follow the estimates in (23), and we have

N =2
2
sup s*zyf I fap.a(T. )7, do < sup S’ZVCS/ o 12740 4o
Se[0,T] 0 Sel0,T] 0
R 2
<el ™ sup R_ZV/ o 12e747 gg.
Re[0,+00) 0

Now R~ [ 6=1/2¢74 5 can be bounded with R~2 for R > 1 and with RY/22 for
0 < R < 1, and putting everything together we have (26).

We can now move on to the second term. Using first that f is bounded by a constant and then
the mean value theorem, we have that for some & between 0 and S — R and n € (0, 1), the second
term is bounded by

R
sup (S — R /O 1S = R+, — £z, )% de

0<R<SKT
) R 9 n
< sup (S—R)™ yC,,/ / '—(fa + fa+ fo + fli=r+e| dkdz
0<R<SKT o Jr|O?
R P n
[differenty] = sup (S — R)""2C, / / ‘_(fa+fd)|t=t+§ dkdr (A+D)
0<SRLSET o Jr|Ot
) R 9 n
+ s (SR, / / '—(fb)|f:f+g dkdr (B)
O<SRLSLT o Jr|Ot
) R 9 n
s 5=RC [ [ 1S (ol dkdr (©
0<R<SET o Jrl|ot

We consider the three components separately.
We start with B, and the same ideas will provide the bounds also for A and D.

R 9 n
(By = sup (S-— R)”_WC,]/ / ‘8—(f,,)|t=1+g dkdr
0o JRr|OI

0<R<SKT

R -5/
sup (S — R)”‘zVC,] / / ’ TV 2 4 k8)2k2)3—<r+s)(2+ke>2k2 " dk dr
0<SR<S<T 0 J—1ye

N

R plJe )
C sup (S—R"% [ / (1 + ke~ dk de
0<R<SKT 0 Jose

o 2 drk? 4782 /e?

C sup (S—R)" V/ / (1 4 k27)e M7 qem48°/2" 4r

O<RLSKT 0 Jsse
R

<C sup (S— R)”—ZV/ @D 2 ,—ndrs? /e 4o

O0<RLSLT 0
<C sup (S—R"7Z(E"M4e).
O<SRKSET

We need 1 > 2y, so we take n — 2y, and for the integrability in time we need y < 1/4.

The pieces (A) and (D), as anticipated, are bounded exactly in the same way, up to different
constants, so we skip the details.
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We are just left with the (C) part to estimate. Our best option to get rid of the difference in this
case is to use the mean value theorem a second time, in k. We obtain

8¢
(C©)=C sup (S—R)" ZV/ /
0<SRLSET /e

8/e
<C sup (S—R)T™ 2}’/ e'l(f+r§)1}/
0<R<SET 0 5/e

n

(fc)|t T+E dkdr

—(CH)Q+ke) kP _ =T+

v(e

+ (_(2 + k8)2k26—(T+§:)(2+k5)2k2 +4k26—(r+§)4k2) n dk dT

R 8¢
<C sup (S—R"Y / / (e~ (OIS _ —(+04)
0<KRSET 0 5/e

I ‘4k267(t+§)4k2 ) +k8)2k267(r+§)(2+k8)2k2 1

dk dr. 27)

As anticipated we have now two more instances of the Mean Value Theorem, for the functions
e~ and xe™"* in the variable x, taking values in the interval

[ = [4k2 4k2(1 + k;) ]

where the extrema of the interval might be switched due to the (additional) conditions on k. But
we can bound the size of the interval anyway (as already done previously in the space bounds):

|I|=‘4k2(1—(1+%8)2>‘ kPel4 + ke| < Selk].

We can now consider the two pieces of (C) (called (C1) and (C2)) separately, one for each
difference and write:

3/
CHC sup (S—R)" 27’5"/ ( +g)'7/ k|31~ (T+0Pn gk dr
0<RESLT 5/e

8/e
<C sup (S— R)Hys"/ / 13T gk dr,
0KRLSKT o Jo

where we took the value for p = 4k? (1 — %)2 that would maximize the exponential, recalling

that p € [4k2, 4k (1 + %8)2] Moreover 0 < & < S — R.

Now

R pb/e
(C1) < C sup (S— R)I"2gn—ntu / / J 2 =T g dr
0<RLSKT 0

R
<C sup (S— R)"_zys"/ = WAD/2=n g0
0<R<S<T 0
<C sup (§S-— R)172V gl L Cet
0<R<S<T

if —u/2 —n > —1/2,ie. u < 1 — 2n, and we consider the optimal case, n = 2y, so we can
take u < 1 — 4y. This is slightly less than in the previous cases.
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Now we do the same with the term (C2):

(C2) < C sup (S—R)"™ ZV/f gNkPe= T+ (1 — (r + £)p)|" dk dt
0<R<SET 5/e

8/e
<C sup (S—R)Ien f f (1 + K237 dkc dr
O<RLSLT 0 0

R /¢ )
<C sup (8- R)”_ZVS"/ / k21 e Tk gk dr
O<RLSLT 0 0

R pd/e )
+C  sup (S—R)”72V£“/ / KO gk dr.
0<RS<T 0 Jo

The first term is exactly what we had for (C1), so we go on only with the second (C2.2)
R
C22)<C sup (S-—- R gt / = GntprtD/2 47
0<RSET 0

which is also very much alike (C1), except from a slightly different exponent. In this case we
need -2 < —5n—pu —1,i.e. u < 1 —5n, and by taking n = 2y as before, we get © < 1 — 10y,
with y small. So we have a final result analogous to the one for the first term (26), namely

R
sup (S—R)™ / If(S—R+7,)— f(r.)3,dr <ce'177%, (28)
O<RLSLT 0

Putting together (26) and (28) we obtain the following bound.

Lemma 6.1. For all T > 0 and for all k > 0, there exist g > 0, yp > 0, and C > 0 such that
1£12%, < Ce'™*,
forall y € (0, yo) and for all ¢ € (0, &).

7. Gaussian estimates

In this section we provide the technical estimates that we need to apply Lemma 3.5 in the
proof of Theorem 4.2, namely that the terms in

£ = sup /q(k>|f(s,k>|2<|k|2V+1)dk
0 Se[0,7] /R

dk

/ & )If(S, k) — f(R, k)

su
o S — RI?Y

S Re[0,T]

are small. We will consider the two suprema separately.
Recall that we have a bound for ¢ (k) from (22): g (k) < C min{1, k2.

7.1. First supremum

We want to show for y € [0, 1/4) that

sup /q(k)|f<s,k>|2<|k|2V+1)dk<c<82+el/2>.
Se[0,T1 /R
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To prove it we use the form of f, that we know from Eqs. (18)—(21). As it was the case in
Sections 5 and 6, we can bound the pieces f,, f» and f; in the same way, and use a slightly
different approach for f.. As in previous sections, we can consider separately the terms with k2"
and 1, the second being a special case of the first one, when y = 0.

In the first three cases we have:

x
(A,B,D) < sup C / g (k)|e= 4% 22 dk
S€l0,T] 8/e

o0
< sup c/ kY2 dk < Ce'7?7,
Sel[0,T] 8/e

which is small, as long as ¥ € [0, 1/2). The remaining new terms from f — f are treated in a
similar way.

Finally it remains to treat f., which requires some more care to treat, as the exponentials in
the integrand cannot be bounded with a constant as it would result in a diverging integral. What
we can do is to use the bound (22) on ¢ (k) and truncate in & to get rid of the singularity in 0.

To be more precise using (24) we obtain

8/e
/q(k)lklzylfc(s, k)|? dk g/ g ()& 2|k |62 ¢~ 85K g
R

—8/¢

o 5/
< Ce?$? / KOT2 dk + C&*$? / K42 dk
0 8o

8/e
< Ce?§% + Cets? f T2 e
3o
< Ce?8? + cets—2r=m/2

provided that 0 < 2y + p < 1. We can take u = 1/2 and we get for y € [0, 1/4)
/RCI(k)IkIQVIfc(S, BIPdk < Ce® +e7).

Note that, in particular, the bound holds also when y = 0.

7.2. Second supremum

Also for the second supremum we consider two cases, as above, when splitting f. We want
to prove that for y € [0, 1/4) one has

S, k) — f(R,k)|?
sup / q (k) EACIL) fg PP <C (8174]/ +81/5) :
S,Re[0,T]JR S — R|Y

We will use some of the estimates introduced in Section 6. For the easy pieces, namely f,, fj
and f;, we have

o0
(A+D,B) < sup C|S—R|—2V/ GUOLF(S.K) — (R )P dk
S,Re[0,T] 5/e

o0
0
< sup C|S—R|’7_2”/ K2 £ (e, k17 dk
S,Re[0,T] 3/e at
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o0

< sup C|S—R|"¥ / K12 dk
S,Re[0,T] §/e

< sup CIS-— R[22 gl =2m,
S,Re[0,T]

which is small if n < 1/2 and if n > 2y, so we can take = 2y. A similar estimate holds for
the additional terms coming from f — f, since they are in the symmetric exponential tail.

There remains now just one case to check, what in Section 6 was the term (C); we proceed in
a way analogous to (27).

§/e
©<C sup [S— Rr”/ qUOIf (S, k) — f(R, k)| dk
S,Re[0,T] —d/e

8/e 9
<C swp IS— R|"—2V/ g £t )] dk
S,Re[0,T] —é/¢ ot

8/e
<C sup |S— R|"—2Vg'7/ (K (1 + k") dk
S,Re[0,T] 0

8/¢e
[Assume n > 2y] < Ce" / gk (1 + K7y dk
0

30 8/8
< Cg U K371 + k1) dk +/ K2 dk}
0 8

0

Ce(1+ [K°17113/%)

<
[choose n = 1/5] < Ce!/3.

Remark 11. The choice of n = 1/5 might be optimized by choosing § < 1.
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