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Abstract

We consider a system of diffusing particles on the real line in a quadratic external potential and
with a logarithmic interaction potential. The empirical measure process is known to converge weakly to
a deterministic measure-valued process as the number of particles tends to infinity. Provided the initial
fluctuations are small, the rescaled linear statistics of the empirical measure process converge in distribution
to a Gaussian limit for sufficiently smooth test functions. For a large class of analytic test functions, we
derive explicit general formulae for the mean and covariance in this central limit theorem by analyzing a
partial differential equation characterizing the limiting fluctuations.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

We consider the following system of n Itd equations:

. 20 . . 20’2 dt
dA = —dB; — Aldr + — —, fori=1,...,n. 1)
LB T ;Aé—x{

Here {B[ }i_, are independent, standard Brownian motions and o and 8 > 0 are real parameters.
These equations model the dynamics of n diffusing particles on the real line with a logarithmic
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interaction potential u#(x) = —% log |x|, constrained by a quadratic external potential v, (x) =

2. . (o . .
%, at inverse temperature 8. Cépa and Lépingle [7] prove that the order of the particles is almost
surely preserved for all times # > 0. The distribution of the stationary solution to (1) is given by
the associated Gibbs measure

ﬁ xp {_ﬂ (Z va(Aj) + Y uhi — A,,'))} [ [an
§ j=1 i=1

i#]j

1 Bn & n
= — 1_[ [A; —Aj|ﬁexp{—m E k?}l_[d)»i» (2
= i=1

zZP l<i<j<n

dpf (1)

where Z,gﬂ )is a normalizing constant (the partition function) and dX denotes the Lebesgue
measure.

For the specific parameter values 8 = 1, 2 and 4 this model can also be interpreted in terms
of matrix-valued stochastic processes (Dyson’s Brownian motion). Let M,,(8) be the set of all
n x nreal (8 = 1), complex (8 = 2) and quaternion (8 = 4) matrices respectively and S, (8)
the set of self-dual (with respect to conjugate transposition) elements in M,,(8). The Gaussian
orthogonal (B = 1), unitary (8 = 2) and symplectic (B = 4) ensembles, denoted GOE,, (ag),
GUE, (002) and GSE,, (002) respectively, are the probability distributions

dub 1 Bn 5

wh (M) = ) exp ——2TrM dmM

Z, 4oy

on S, (B), where dM = [i_ dMii [ <, dMl.(/.l) e dMl.(,'.S) is the product Lebesgue measure

on the essentially different elements of M = (MZ.(jl), R Ml.(}g)),-j. Let M, = (M,ij)ij be an
S (B)-valued Ornstein—Uhlenbeck process, meaning that M; satisfies the SDE

o

dM, = —M,dr + md(Bt + B)), 3)
where B; is an n X n matrix, the elements of which are independent standard real (8 = 1),

complex (B = 2) or quaternion (8 = 4) Brownian motions and B; is the conjugate transpose of
B;. Then the eigenvalues {Af};’zl of M; satisfy (1) (see [8]). For instance, in the case 8 = 2 (and
similarly for 8 = 1, 4), if My € S,(2) is fixed, Eq. (3) has solution M; = e~ My + N;, where
N; € GUE, (6%(1—e~?)) and if My € GUE, (07) we will have M, € GUE, (e~ (6§ —0%)+0?)
forallt > 0.

We define the empirical measure process

1 n
X;l = —Z(SM’.
i3

To capture the asymptotic properties of the model on a global scale as n — oo, one is interested in
studying the limiting behaviour of the linear statistics (X}, f) = % Yoy f (), for test functions
f from a suitable class.

Example 1.1. Define a deformed GUE to be an ensemble of Hermitian matrices Mg" =
M 4+ DZ" where M?" is distributed according to the GUE,,(1) and Dg" = (d; j)z'zr;':l is a
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fixed 2n x 2n diagonal matrix with

d = a forl <i<n
"7 l—a forn4+1<i<2n.

Then the eigenvalues of the rescaled matrix M 3" /~a? + o =2 correspond to the particles in our
model with initial distribution Xy = X(Z)” = %(8_1 +681) at time ¢ = log /1 + (ao)~2. The local
behaviour of the eigenvalues in this model have been studied in [5,2] and it is known that the
limiting eigenvalue density of M 3” as n — oo is supported on two disjoint intervals if 0 < a < 1
and on one single interval if @ > 1. In other words, supp X; grows from the two starting points
{—1, 1} at time ¢ = 0 into two disjoint intervals that merge at time t = log+/1 + o 2.

In the stationary case, it is a classical result that for every bounded continuous function f,
(X", f) converges in distribution to [ fdu, where

1
dpL(x) = \/mchkhf}dx

2mo?

is the Wigner semi-circle law. More generally, for any initial asymptotic distribution of particles,
X0, the asymptotic particle distribution X, at each time # > 0 is uniquely determined by X( and
converges weakly to i as t — oo (see Theorem 2.1 for a more precise statement).

A natural question is that of whether there is a limiting distribution of the rescaled linear
statistics. For ease of notation, we introduce the fluctuation process Y;' = n(X} — X;), which
takes signed Borel measures on R as values. We are interested in the limiting distribution of the
random variables

W) =3 F0d = A F0dX, (@),

i=1

where f is a test function from an appropriate class, as n — oo. Note that there is no

|
—_
§

normalization of the linear statistics here; this reflects the very regular spacing of the partic
and is typical of related models.

Israelsson [11] shows that ¥;* converges weakly in the space of distributions acting on a class
of C® test functions to a Gaussian process Y;, provided the initial distributions X ( converge
sufficiently fast to Xo (the full statement is given in Theorem 3.1). Although establishing the
existence and uniqueness of Y;, he does not characterize it very explicitly. In this work we derive
explicit general formulae for the mean and covariance of the finite dimensional distributions of Y;
acting on a family of analytic test functions by analyzing the partial differential equation arising
in Israelsson’s proof. These formulae generalize many similar results obtained for various special
cases of our model by completely different methods; some of these are briefly discussed below.
In particular it is worth noting that our results hold for all values of the inverse temperature j
and in the non-equilibrium case with arbitrary initial particle distribution Xj.

Most of the previous related results pertain to specific matrix models and are restricted to the
cases B = 1 or B = 2. The asymptotic global fluctuations for various ensembles of Hermitian
and real symmetric matrices have been extensively studied; see e.g. [3,6,10,13,15,17]. In a recent
paper [4], Bai and Yao consider N x N matrices with zero mean, independent, not necessarily
identically distributed entries such that the diagonal elements all have the same variance o2/ N
and the off-diagonal elements have variance 1/N (real symmetric case) or uncorrelated real and
imaginary parts each of variance 1/2N (Hermitian case). Such models are known as Wigner

€S
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ensembles. Under some fourth-moment conditions, they provide a central limit theorem and give
explicit mean and covariance formulae, which agree with those of Corollary 2.6 with 8 = 2 and
At = 0. Under the assumption of finite moments of all orders of all matrix elements, a more
general class of ensembles of symmetric matrices is considered by Anderson and Zeitouni in [1].
Here the variances of all matrix elements, and the means of the diagonal entries, are allowed
to depend on position. Spohn [18] derives an expression for the covariance of the Gaussian
fluctuations of our model in the hydrodynamic limit, but deals only with the case § = 2 and
(time-dependent) equilibrium fluctuations.

The few previous results available on the general § case are restricted to a stationary situation.
For the corresponding model on the circle, Spohn [19] is able to handle the general g case,
again in the hydrodynamic limit at equilibrium. By expressing the equilibrium model in terms
of ensembles of tridiagonal real matrices, Dumitriu and Edelman [9] manage to find the general
B global fluctuations for polynomial test functions; there is work in progress by Dumitriu and
Zeitouni extending this to C I test functions. Johansson [12] considers a more general model
corresponding to the equilibrium measure (2) but with the quadratic external potential v, replaced
by a general polynomial of even degree and with positive leading coefficient. For the case of
quadratic v, his mean and covariance formulae agree with the fixed ¢ equilibrium case of the
model we discuss. In Johansson’s model the variance is universal in the sense that it does not
depend on the details of the potential, provided the support of the equilibrium measure is a single
interval. In our model however, the variance at every finite ¢ depends on the initial conditions.
For instance, even though the eigenvalue density in Example 1.1 will in finite time be supported
on a single interval, the fluctuations remember the initial particle distribution for all + > 0.
Thus the time evolution of the variance is determined by the geometry of the initial distribution;
this structure is reminiscent of the role played by the boundary conditions in determining the
fluctuations of the height function in discrete plane tiling models such as Kenyon’s [14]. There
the fluctuations converge to a Gaussian free field for a conformal structure determined by the
boundary.

2. Main results
In order to formulate our results we need the following theorem, referred to in the introduction:

Theorem 2.1 (Rogers and Shi [16], Cépa and Lépingle [7]). Suppose that X{j converges weakly
in M, the space of Borel probability measures on R with the weak topology, to a point mass X
at an arbitrary element of M. Then there is a family {X;};>0 C M, depending only on Xo and
converging weakly as t — oo to the Wigner semi-circle law, [, such that for each t > 0, X[
converges weakly to X; in M as n — oo. X; is uniquely characterized by the property that its
Stieltjes transform,

M:M(t,z)z/dfl(z), (t,2) € [0, 00) x (C\R),

solves the initial value problem

M;=Qo’M+2)M, +M, t>0
MO, 2) = / dXo(x). 4)

X —Z

We fix some terminology that will be used throughout the rest of this paper. Let X be a given
Borel probability measure on R and define 2 = C\R. Put f(z) = [ X 2 e 02 f willbe a

x—z >
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holomorphic function. It follows from Theorem 2.1 that for every r > 0, M (¢, -) = f =L~ isa
well defined holomorphic function in {2, so we can define a family {,},>0 of holomorphic maps
in {2 by the equation

dX;(x) ;
-

hi(z) = ze' + 0%’ —e M1, z). )

Proposition 2.2. For everyt > 0, h,(£2) C 2 and the relation g, o h; = id holds, where

g(w) =e"'w—o —e)f(w). (6)
Define hi? = g, o hy, for t| > t > 0. Then hy, = hy, o hi2.
Proof. This is a step in the proof of Lemma 3.4. [

Recall the definition of the Schwarzian derivative: Let v be a univalent function in some
domain of the complex plane. The Schwarzian derivative Sv of v is the analytic function

B UW(Z) _E v”(z) 2
VO =0 2(v’(z)) '

We introduce the generalized Schwarzian derivative, also denoted as Sv, as the function of two
complex variables defined by

1
c0 1 22)
AN (U(Z1)—U(Z2)> V(2 (22) 1

_ ) 0z10z22 21— 22 T @) —v@)? @ -2

/ /!
v (z)v'(2) 1
m - =—-Sv)(z1) (21 =22).
=u (vz) —v@)? (z1-2? 6
We can now state the main result, to be proven in Section 3, giving expressions for the mean
and covariance of the finite dimensional distributions of the Stieltjes transform of the limiting
fluctuation process Y;.

(21 # 22)

Theorem 2.3. Suppose that Y} = 11()(6Z — Xo) satisfies the conditions of Theorem 3.1 so that

the sequence {Y[’}Z": | converges weakly to a Gaussian process Y;. Let 0 < tp < tp—1... < 1
and z = (21, . .., zk) € (C\ R)X. Then the normal random vector

1
U=U,...,Up, wherer:<Ytj’ >’
=z

has mean

gy = L (2 1>h$§<z,-)+ A :
a FE(E e\ Th G (

and covariance matrix

2 92 he (zj) — hy (2
/11]' = Aj] =Cov(U;,U)) = - log i (t 1) n (@)
B 9z;0z h,’j (zj)) —u

= ih“'

35 @) (Shy) (hf (z)), 2, if 1= ). ®)
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In particular,

Var(U;) = — (Shy;) (). ©)

1
3
Remark 2.4. An interesting consequence of Eq. (9) is that, for any fixed time ¢+ > 0, the
fluctuations contain all the information about the initial conditions, in the sense that the variance
of the Stieltjes transform of Y; as a function of z will uniquely determine the initial particle
distribution X¢: By (9) this function is the Schwarzian derivative of some analytic function,
which is unique up to composition with an arbitrary Mobius transformation. It is easy to see that
this determines %, (and therefore also M (¢, -)) uniquely. Note that by finding the inverse g; of A,
we are immediately provided with the Stieltjes transform f of the initial particle distribution X
without having to solve Eq. (4) explicitly for the initial condition.

Remark 2.5. Another model, concerning eigenvalues of non-Hermitian complex matrices,
where a similar variance formula involving the Schwarzian derivative occurs is studied in [20].

As an immediate consequence of Theorem 2.3 we can derive expressions for the mean and
covariance of the (time-dependent) equilibrium fluctuations. Let

1 20 J4g?2 — x2 z 20\?
- dr= | J1=(Z) -1
Ju@ 2ro? /—20 x—z 202 ( z )

denote the Stieltjes transform of the Wigner semi-circle law, u. (Here /- means the branch of
the square root for which J(/z) > 0 iff Iz > 0, defined for z € C \ (—00, 0).)

Corollary 2.6. Let z1,z0 € {2 and At > 0 be given. Put t; = t + At and 1 = t and let
Uj = (Y, %)forj =1,2. Then

. . 2 o fu(z))
A pj = lim BU; = (g - 1) 2022 (19)
and
lim A = lim Cov(U;, Up)
—> 00 11— 00
80’2 % + 1 % + 1
[ )\
—At 21 £
=€
2 2 2
B (4azem —Z112< - (Z) + 1) <,/1 -(Z) + 1))
2
Y 20° f,,(z1) £, (22) an

Bl — 02 fu(z1) fu(za)e=20)2
Proof. This is just a calculation using Theorem 2.3 and the fact that X, converges weakly to the
semi-circle law (Theorem 2.1). [

The previous results can be expressed in terms of integral formulae for the fluctuation process
acting on more general analytic test functions. By Theorem 3.1, convergence of the fluctuation
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process Y;' is only guaranteed for a class of bounded C* test functions, so we will consider
analytic functions which are bounded in a domain containing the real line.

Theorem 2.7. Suppose that F and F, are analytic and bounded in a strip {25 = {z : |3(z)| < 8}
for some 5§ > 0. Let ty > t, > 0 and define the random variables Z1 = (Y;,, F\) and
Zy =Yy, F2). Then
- 2
Cov(Zy,27) = 242 ffl ?gfz (Sg1,) (wi, w2) (F1(g (1) — Fa(gr, (w2)))” dwadwy,
(12)

where I} = hy(y), y = y— U y4 and the oriented lines y_ and y, in {25 are given by the
parameterizations R 3 s — s —i8’ and R 5 s — —s + 18’ respectively, for any positive §' < 8.
For Z1 = Z» this reduces further to

2
Var((Ys . F1) 2,3 ygp ?gr (mgn(w]))—Fl(gtxwz))) — 03
1 1

wp — w2

Proof. Since F| and F, are bounded in (25 they may be represented by the Cauchy integral
formula as contour integrals along . We can then use the linearity of Y; and Fubini’s theorem to
obtain

Cov(Z,,7Zy) =E(Z,Z,) —EZ EZ,

1 Fi(2)d 1 F>(2)d
g, o)y, 2 g o)
i), x—z 2mi y X—2
Al ef, "l g, 2
Vori ), x—z o), x—z
Fi1(z1) F2(z2) 1 1
7§ 7§ Co@ri? (E[<Y"’Z1—-><Y‘2’zz—->]
- B {1 ) [ ) e
7 —- _.

Fi1(z1) F2(z2)
—————" A1pdzpdz, 14
y{ f oy redady (14)
where
2 92 -
o= 2 (o) )
B 0z10z2 hi(z1) — 22

by Theorem 2.3. Since, for fixed z;, A1 is the derivative of an analytic function of z; in a domain
containing y, we note that

f 7§ (F2(z2))? A12dzadz;
Y Y

d —h (z2) 1
- F 2% T 2 + dzidz; =0.
fy( 2(22)) , dz; <h,1(Z1)—htz(22) hﬁf(m)—zz) z1dz2
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Similarly,
f 55 (F1(z1))* A12dz1dz2 = 0,
Y Y

so we may substitute —%(Fl (z1) — F>(z2))? for the factor Fi(z1) F>(z2) in Eq. (14), which gives

1
Cov(Zi, 22) = 4712,3% 7§ (Fi(z1) — F2(22))

(Zl)htz (z2) /’lzl(zl)
dzodzg. 15
<(hf1 (z1) = hy, (22))2 (zo — hZ(Zl))z <20z (15)

In the variance case, Z; = Z», this reduces further since the second term of the integral becomes

7§ f <F1(Z1)—F1(Zz)) dzrdz
22— 21 2t

which vanishes by the analyticity of Fj. Since g; o h; = id in (2, the change of variables
wi = hy (21), w2 = hy, (22) transforms formula (15) into (12). O

We note that if in addition F; and F, are entire functions, the integrand in (12) is analytic
in each variable everywhere outside the support of X, so the contours of integration I can be
suitably deformed as long as they avoid supp Xo. More specifically, if Xo has compact support,
I'; can be replaced by a positively oriented circle {z : |z] = R} the interior of which contains
supp Xo; outside this circle the integrand is a meromorphic function in each variable with a
simple pole at infinity.

Theorem 2.8. Suppose Xq is compactly supported and let F be an entire function, bounded in
a strip 25 = {z : |3(2)| < 8} for some § > 0, with power series expansion F(z) = Z,C;o:o cnz".
Then

Var((Y;, F)) = Z( Z |S|A—v nAvn +22Cncm Z |S|A—Yn vm) s (16)
s=—n s=—m
where

n
Agn = Z Hakiy

(kls~"!kﬂ)€1Sﬂ i=l1

n
Iy = {(kl,...,kn)eZ”:Zki =5,k 2—1},
i=1
a_y1=1,ap=0and ar = o*(1 —e e &=t [xk=1dx,(x) for k > 1.

Proof. After the change of variables z; = ¢’ /w;, and putting

(8:(e"/z1)" — (g1 (e'/22))"

i1 —22

V,(z1,22) =

formula (13) reads
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2
1 o0
Var((Y;, F)) = m% | % | (ch Wn(ZhZz)) dzidz
z1l=r 22|=r

n=0

1 o0 o0
=1z Z Z Cncmf f U, (21, 22) Y (21, 22)dz1dz2,  (17)
4z =B lzil=r J lz2|=r

n=0m=0

for any r > 0 such that supp Xo C (—¢€'/r, e'/r). Integrating term by term is justified since the
integrand is meromorphic in both variables. By definition of g;, the Laurent series expansion of
g:(e'/z) about z = 0 is given by

o
&€/ =Y a,
k=—1

which converges for 0 < |z| < r. Therefore we can write

n n
=k =k
>oady ] — | X akz;

k=—1 k=1

Un(z1,22) =
71—

kitotky _ki+eetky
_ 3! — 2
—_— ak] .. .akn .

i1 — 22

For given integers K and J a simple combinatorial argument and the residue theorem show that

1 @ -\ (d -2 K| ifK=—J
2 dzidzy = 0 otherwi
4r lzi|=r J |za|l=r \ %1 — 22 21 — 22 otherwise.

This means that we can express the integrals in Eq. (17) in the form

1
s fmzr fzzl:r (21, 22) U (21, 22)dzidza = ) IslA s nAgm,

|s|<nAm

with Ay ,, as defined in the statement of the theorem.  [J

Remark 2.9. Theorem 2.8 gives an explicit expression for the variance in terms of moments of
the initial distribution X and of the Taylor coefficients of F'. To see how the dependence on the
initial conditions decays in time and compare with previously known results on the stationary
model we consider the limit of formula (16) as ¢ tends to infinity.

First note that each Ay, is a finite sum, all contributing terms of which tend to 0 exponentially
intunless k; = +1fori =1,...,n.If n + s is odd there are no such terms, and if n + s is even

there are (é) choices of (kq, ..., k,). Using this we get

o1
pam = Him = Y [s|A s n A

t—00
/3 |s|<nAm
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gt (nAm)/2
d Z 2s< " )( " ) m, n even
B = n/2—s m/2 —s

= wm g - n m g
Z (s + )(n/Z—l/Z—s> (m/2—1/2—s) o

0 0therw1se

‘We turn to a crude estimate of the remainder term,
1
Rum(t, Xo) = — Z |S|A—s,nAs,m — Pnm-
|s|<nAm

For n > 1 and |s| < n the total number of terms contributing to Ay , is

1| = ((s+n)+(n—1)> - (3n— 1) < ol
n—1 n—1

and each term, [7_, ay,, is bounded by (1 + a)? (1 + R)*", so we have a bound

Z |S|A—s,nAs,m — Pnm

|s|<nAm
S e—l(n +m+ 1)(’7’1 +n)23(n+m)—2(1 +O,)2(Vl+m)(1 + R)2(n+m)
< Cre(Co(1 + R))>"HY

|an(t7 X0)|

for constants C1 and C; independent of n, m and Xo. Now

00 00
Z Z CnCm Rum (2, Xo)

n=0m=0

00 2
< Cre™ (Z leal (C2(1 + R))z") = Cpe™

n=0

for some constant C since the power series expansion of F' is absolutely convergent everywhere,
SO

lim Var((¥;, F)) = Z Z CnCm P (19)

n=1m=

with pp;,; given by Eq. (18). Formula (19) agrees with the variance formula of Dumitriu and
Edelman [9] (if we formally let F be a polynomial) and that of Johansson [12] which asserts
that, in the stationary case,

2
Var((Y,, h Zk( / h(2o cos(e))cos(ke)d9>

for an appropriate class of real test functions /. Indeed, rewriting the power series expansion of
F in terms of Chebyshev polynomials, the asymptotic variance is recovered from Johansson’s
result.

3. Proof of Theorem 2.3

The proof of Theorem 2.3 relies on the characterization of Y; provided in [11] to prove
existence and uniqueness of this process. For convenient reference we restate this result.
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For each k > 0, endow C* (T') with the inner product
fo=y. f FP)g" (x)dx,
i=0 YT

making it a Hilbert space. The linear operator T : CK(T) — C*(R) defined by (Tf)(x) =
f(2arctan(x)) is one-to-one so

H, = T(C*(T)) c cK(R)

is a Hilbert space with the inner product induced from C*(T). Let

o0
S = m H;
k=0
be the projective limit of the sequence { Hi};,,.

Theorem 3.1 (Israelsson [11]). Suppose that the sequence {Y§}°° | converges weakly in S’ to a
fixed Yy € S'. Suppose further that there is a constant C such that for every n and 7 = a + bi,
b # 0, the inequality

/ dY"(x)
X —2z
holds.

Then {Y['}>° | converges weakly to a Gaussian Hg-valued process Yy, i.e. for any test functions
fi € Hoandt; > 0, j = 1,...,k, the random vector (f f1(x)dY; (x) ffk(x)d (x))
converges in distribution to the Gaussran vector ({Yy,, f1),. (Y,,(, Ji))- Furthermore Yt is
uniquely characterized by its action on test functions of the form ﬁ, z€ 2 =C\R, by
the following property: Let 0 < tyikx < tymyk—1--- < tmy1 < 11 < T be given and for
S = (S1yeeusSmyensSmak) € C"K 2 = (z1, 0 Zms oo s Zmak) € 2K and t, <t <1
define the function

C
b2

¢(tvsl?'~'3Sn1’zl’-"azm)
m+k m
:E|:exp:1 Z sj<Y,]., > Z <Y,, —Z]>}:|'
Jj=m+1 =
Then ¢ satisfies the PDE

3p & IM(1,z;)\ 09 3¢
EZZ(” <1+2028—?f> . (zj +207M(t, zﬂ) azj)

zj

sjdX,(x) 202 & sjsdX, (x)
" (2“’ <" )Z/u—zm 3 (x—z;>2<x—zz>2>¢" e

j=1i=1

Remark 3.2. This is a slight reformulation of Israelsson’s result: He allows for Y to be random
and works with real and imaginary parts of the complex functions %Z in order to ensure that
the characteristic function ¢ be a priori well defined. However, once it is established that the
distributions are Gaussian for such test functions, ¢ will be a well defined entire function of s for
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test functions ﬁ, z € (2. The argument leading to Eq. (20) is then identical to that in Israelsson’s
proof, but this form is convenient for finding explicit solutions.

Remark 3.3. There is a numerical mistake in Israelsson’s derivation of Eq. (20) which has been
corrected here; all occurrences of the factor 5 in the equations on page 51 and onward in [11]
should be replaced by «.

Israelsson’s method is similar to, although technically more involved than, that used by Rogers
and Shi to prove Theorem 2.1. It is shown that the characteristic function of the Stieltjes transform
of any subsequential limit of ¥/" must satisfy Eq. (20), and a tightness argument then reduces the
problem to proving existence and uniqueness of solutions to this equation.

By explicitly solving Eq. (20) under appropriate initial conditions, we will be able to find
expressions for the mean and covariance of the finite dimensional distributions of Y;.

Lemma 3.4. For any fixed to > 0, let ¢; (s, z) be a given analytic function defined for s =

(51,....50) € Chand z = (z1,...,zx) € X and let U = {(t,s,z2) : t > tg, s € Ck,z € N}
and I' = {(tg, 5, z) : s € CK, z € X} C U. The initial value problem

1 K LOM(t,2))\ 8¢ ' 5 1\ 99
E—Z(S] <1+20’ T)E—F(ZJ—FZO' M([,Z])>£>

Jj=1 J
(2 koorosidX, (x)
rie? (2 _ 1 /;
+<w (ﬁ )JZI (=2
ozi k/ sjsldX;(X) ¢ inU
inU,;
j=11=1 (x_Z])ZX—Zl)z
¢(t09 s, Z) = ¢l()(s7 Z) on F7 (21)

has the following unique solution:

¢(t,s,z)=¢m( ChY'(2), <z>) exp{ Zs,uj ——ZZs,szA,z} (22)

j=l11=1

where
1/2 h" (z))
=5~ V) =
ht (Zj)
1
Ajl = Alj = ﬁ <Sh§0) (Zj, 20),

and s - h;o/(z), h(z) is shorthand notation for (slhio/(zl), e, skhio/(zk)) and (h?(z1), ...,
h;o (zx)) respectively.

Proof. The equation is linear and can be solved with the method of characteristics. Fix (¢, s, z) €
U and let ¢(r) = ¢(X(7)) be the solution along the characteristic Xx(r) = (¢(t), s(7), z(7))
through that point. By (21), the equations for X (7), if we choose #(7) = t, become

dz;(7)

dr —z;(t) — 20%M(x, zj(1)) =
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and

ds;(t)
dr

= —5;(1) (1 + 202%@, z.,'(t))) : 24)
0z

while the solution ¢ () = ¢ (X (7)) along the characteristic is given by the equation
dop(@) _ 9ig? (g _ >Z/ Sj(f)dxt(x;
d ,B (-x - Z] (T))

2 k .
- %ZZ OO ) }¢(r)- (25)

=) -6 am)?

It will be convenient to solve these equations for all t > 0 and impose the initial condition at
the end. It may seem difficult to find solutions in closed form because of the dependence on
the evolution of X;, which is known only through the property of having Stieltjes transform
satisfying (4). As we will show however, all dependence on X; can be expressed in terms of M
and, more crucially, the evolution of M along the characteristic is particularly simple. For the
first point, it is easy to see by algebraic manipulations that

dX;(x) 102 dX, () \ 1 |
m B Ea_zi ( m) = EMZZ(I»ZJ),

dX,(x) 10’ ( dx,(x)> 1

R — =_M t,Z' ,
()C _ Zj)4 6 aZ;, (x IR Z]) 6 ZZZ( j)

and, with a little more effort,
dX;(x) _ (2(M(I,Zj) — Mt z) M z)) +Mz(f»Zl))
(x —zj)%(x —z)? (zj —z1)3 (zj —z1)? '

if z; # z;. (Differentiating under the integral sign is clearly justified here since all integrands are
bounded.) Assuming without loss of generality that z; # z; if j # [, Eq. (25) can thus be written

1 d¢(r)
¢(r) dr
(2 K si(z) 202 (I si()?
= 2io? (E _ 1) ; JTMZZ(t, zj (1)) — % (; JTMZZZ(I, zj(1))

+ Y sj(@si(r)
J#

<2(M(T, 2j(0) = M(z, 2(7))) My (7,2;(7)) + M (7, Zz(f)))
(zj(®) — z(0)? (zj(®) — z(0))? '
(26)

Eqgs. (23) and (24) can now be integrated with the aid of (4) defining the evolution of M (z, z;(7)).
Fix z; = zand put M(7) = M(z, z2(1)), M (7) = %j(f)) and so on for all partial derivatives
of M(t, z). Differentiating, we have by the chain rule and Eqs. (4) and (23)
dM (7)
dr

= M (1)7'(x) + M, (1) = M. (1) (2 (x) + 207 M (1) + 2(1)) + M (1) = M(7)
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or in integrated form simply
M(t) = M(t,z)e" . 27
With (27) substituted into (23), the latter equation can be integrated to yield
2(0) = ze' + o%(e' — e YM(t, 2) = ().

Using this initial condition, Egs. (23) and (27) give the explicit expression

2(r) =e 72(0) — 07" — e T) £ (2(0) = £r(2(0) = gr (4 (2)) (28)

for the characteristic. In particular, taking T = ¢ gives z = g;(h;(z)), and since there is a unique
characteristic through each point in U it follows that for t > 1 > 1o, h;(z) = hy, (g, (h:(2))),
which is the assertion of Proposition 2.2. Note that this provides a method of calculating /, (and
M (t, z)) by finding an inverse of the explicitly defined function g;.

Since the function (¢, z) > g:(z) = e 'z —o2(e! —e ™) f(z) is C*, it follows from implicit
differentiation of the relation g;(h,(z)) = z that the order of differentiation can be interchanged
in the mixed partial derivatives of h;(z), in particular akzlt%h’k(z» = a”; (,f(,;t(Z)) fork = 1,2,3.
Using this and differentiating Eq. (4) gives ) )

M. = M, = 26°M, + DM, + 20*M + 2)M.. + M.,
My = My, = (652Mz +3)M;; + (ZUZM + )M,

and
Myzze = Mz = 602(Mzz)2 + (802Mz + DM, + (ZUZM + )Mz

With these equations we can obtain ODEs for M;, M, and M., in a completely analogous
fashion:

dM, () , 2
4 M (7)z (x) + My (7) = 2(0" M (v) + DM (7), (29
M
% = M.o(D)Z (T) + Moz (7) = (602 M (1) + 3) M. (1), (30)
and
M
% = M2oo(1)Z (1) + Mooz (7) = 60° (M2 (1)) + 420> M (1) + D)Mo (7).
(31
Putting w = h;(2), Eq. (27) can be expressed as
M(z) = f(w)e", (32)
and Eqgs. (29) through (31) can be integrated to produce
M (0) = f'(w)——, (33)
gr(w)
Mooy = L (34)

(gL (w))3’
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and
1 2 (Fw)?
M- (7) = G@)? (f (w) +307(e" —e )—g/,(w) ) ; (35)
where g, (w) = e “w — o2(e’ — e~ 7) f(w). Inserting into Eq. (24) and integrating we get
s(o) = s 52 (36)
gr(w)

We can now finally express the right hand side of Eq. (26) as an explicit function of 7 by
plugging in our expressions (28) and (32) through (36) derived for the evolution of s, z; and
z-derivatives of M along the characteristic. Integrating we see that

o(t,s,2)
———— | =1+ 11+ 11, 37
° <¢<to,s<ro),z<zo)>) A (37)
where
1 —210 - — Z Z(T Z/(T))dl'

t()j

2 pt (1)2
11 = —2% (Z & (6‘[) M. (7, Z/(T))) dr,
To

j=1

and

HI = ——= Zsj(‘t')sl(l') (Z(M(T’ 2i(M) = M, (1))

o 5 (1) = a(®)?
My (x, 2j(0)) + M(x, Zl(f))) .
T.
() — a()?

To calculate these integrals we first note some immediate consequences of the definitions of the
function hio = 81, © h; and the generalized Schwarzian derivative:

h;o (2) gr(w) gto(w) gt(w)

and

1
fo — —
(Sh)(z1,20) = 2 (w2l (02) ((Sg1p) (w1, wa) — (Sgr) (wi, w)), (39)

where w; = h;(z;). Using the change of variables x = b(t) = o2(e?™ — 1) we can now calculate
the integrals on the right hand side of Eq. (37). First, we note that by (38),

/t gr(w) f"(w) d
———— AT
0 8r(w) (gL (w))3

t
/ sS(T)M;;(v)dTr =5
fo

_osffw) PO A sf ) [ 1 _l]“’)

20%g{(w) Sy (1= xf' )~ 202g/(w) f'(w) [T—xf'(w) Ly
s e 'b(1) [ (w) e b)) f'(w) s bY@
 20%](w) (ef(l —b() f'(w)) e o(l - b(to)f’(w))) T 2070 ()
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This means that

I = 2io? (—— ) Zs]() M (T, z,(t))dr_§<——1)z s i ]). (40)

o 7= h' (z)
Turning to the second integral, we have
t 2 t 2t 3(f”(u)))2b(r)
2Mzzz dr = © ( " + —) d
[ sormesoer = s | s e (0 + T g ) &

52 b(t) 1 " 3(f//(w))2x )
= — S - - 7 dx
202(g1(w))? /b(ro) (I —xf'(w))? <f (w+ (1 =xf"(w))

_ 52 /b(t) 1 <(f/”(w) B 3(f”(w))2)
— 202(g1(w))? Sy (1= xf'(w))? 1 (w)

. 3(f"(w))? 1 )
Jrw) (I —xf"(w))

_ 52 [<f/”(w)_3<f”(w>)2) ( 1 _1>
202(g/w)? L\ f'w)  (fw)? )\ —xf'(w)
L 3wy ( L I)T(’)
2 (f'w)? \ (I —xf'(w)? bto)

52 ( b(0) £ (w) +3< b(6) f" (w) )2

202(g;(w)2 \T=b() f'(w) " 2 \1=b()f (w)

_ bwsw) g( b(to) /" (w) )2
1= b(t0) /" (w) 1= b(t0) f'(w)
2

= m (= (Sg) (w) + (Sgiy) (w))

52 f
= P(Sh[ )(Zs Z)s
where we used the identity (39) in the last step. Hence
k

202 1 (& si()?
11 =5 . (; 16 M...(t, zj(r))> dr = —@ sz(Sh’O)(z, zj). 41)

. wi—w . . .
To calculate integral /11, put c = m Then for each j # [ we get a contribution to the

sum in / /I which takes the form
z 2(M(z, zj (1)) — M(t, 21(1)))
5 i Sj(‘L')Sl(‘L’)< (zjj'(r) @)
M (z,7(0) + M.(x, zz(r))) i
(zj(r) — 21(1))?
_ 581 /”“) <2Cf’(wj)f/(wz) — (f'(w)j) + f'(w))
Bal(w)elwp) (f(w)) — fwp)® o (x —0)?




1038 M. Bender / Stochastic Processes and their Applications 118 (2008) 1022—-1042

LA ) = Defwp) = 1)) N @)
(x —¢)3
Now for any s > 0 we can simplify
/”“) <2cf W) f'w) = (f(w)) + £ (wp) 2(cf (wj) — D(cf(wy) — 1)) .
0 (x —c)? (x—c)?
/ 7 7 / 1 1
= (2cf' () f'w) — (f (w)) + f'(w))) (b(s) —+ ;)
- (czf’(w D () = e(f (w)) + £ (w)) + 1) (; — i)
e ! ’ b=
1 / / !/ /
= 2662 2cf ) f'wr) — (f (w)) + f'(w))) (eb(s)* — ¢*b(s))
- (czf’(w,;)f/(wz) —c(f'(w)) + f'(w)) + 1) (2ch(s) — b(s)%)
1 , /
= 00 o (0 PO +EGE @) = DB [ w) ~ 1)
_ N 2 gswigiw) 1 >
= (flwp) = flw) <<g5<w,-) “ e w? (w; —wp)?
1
= c(f(w)) - Fw))(Sgs)(wj, wy),
so by Eqgs. (42) and (39),
SiS]
111 = S he—a y —(S ;.
; TIAORYTN ((Sg)(wj, wi) — (Sgry)(wj, wy))
= Zs]sl@h )z 20)- 43)

J#l
Inserting the expressions (40), (41) and (43) into Eq. (37) gives (22). O

We are now ready to prove the main result.

Proof (Proof of Theorem 2.3). Let s = (s1,...,5¢) € Ck, z = (z1,...,zx) € £2F and

t=(1,..., %), where 0 <t < tx_1... < t1, be given. We will prove that the characteristic
function
k
$(t,5,2) =E|exp{iy s;U;
=
of the random vector U = ((Y;, ~—z1> (Y, #)) is the characteristic function of a

Gaussian vector. Since we have assumed that Yy is fixed (non-random), it follows that ¢ (s, z) =
¢(0, s, z) = exp{i Z] 15 (Yo, p— )} With the convention #;1 = 0, define the functions ¢(])

j =1,...,k, depending on the variables s/) = (s(j) o 5.1)), 7D = (zij), e (/.j)) and the
single time varlable T,tj4+1 < T < t; by the following expression: '

k
¢§j)(s(j)’z(j)):E|:exp=i > sm<th,'_ >+1Zs<n< o — (])>H

m=j+1
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Israelsson’s Theorem, 3.1, states precisely that the ¢>§j ) satisfy Eq. (21) with initial conditions
; ) ) il ; . . k
¢z(,’+)1(s(”,z(”) — ¢z(,-’: >(S(J)’Sj+1,z<1>,zj+l) for j = 1,...,k — 1, and ¢(§ )(s®, 700y =

#o(s®, ). Thus we may successively integrate k times to obtain ¢(z, s, z) = qbt(ll)(sl, z1) in
terms of the initial conditions, using Lemma 3.4 in each step. More explicitly, for j = 1, ..., k—1
we have by Lemma 3.4

‘151(/'-’)(5(])5 Z(J)) — ¢t(j+ )(S(J) .ht-{+1 (Z(])), Sitls ht.{+' (Z(])), Zj+1)

X CXP{ ZS(]) (]) Z Z (])sr(nj)/ll(,]n)} , (44)

=1 m=1

G _ 1,2 "’“(Z/)) G 4 e () ()
where j1,” = 3(5 = 1)t 5 nd Ay, = Ay = 558k D& i),
tj

Applying formula (44) k — 1 times, starting with ¢ (¢, s, z7) = ¢,‘(11)(s1, Z1), we obtain

1 J NPT
k
65,9 =4 . %Hexp{ > s QZZSfj)sf»f)Az%)]’ )
=1 m=1
where zi.j) =z, s](.J) =s; and
1 m
ol =hi o o hy (m) = il (2m)

s =5 Hht’“ D) =smh;; (zm) form=1,...,j—1.

After a final application of Lemma 3.4, Eq. (45) becomes

B (t.5.2) = dos - . (2). ht(z))exp{Z( sPuld — ZZs,(” dﬁ}g})}
k

=1 m=1

k
=¢0(S~h§(2),hr(z))e><p{lzzsl( 9 - ZZ Z <f>s,<,{>A,<;,'3], (46)

1 j=I l 1 m=1 j=lvm
where s - hy(z) = (s1hy,(21), - - -, Skhy (zx)) and Ay (2) = (hyy (21), - - -, By (2k)). Now

o f“ h
§ ) = 1 (2 )sm (z;) ! "l )
2\p he ™ () @)

(E — 1) 1 dczll ( [H—l (h (Zl)))

p nt il @)

1/2 d tiv1! o1
5 (,E - 1) g (loghlj (hy, (Zl))> ;

1
2

SO since

d kb , d d
@ (logl_[hif”(h;’ (zm) = 3o log(Ui™" o 0 hy™)' (@) = o~ log(h, ).
j=l
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we have found that

k
Z u == E 1) e L log(h) (21)). (47)
= B dz !
To evaluate s;5,; Ay = Z’; —tum S (’ )l )/1(] ) we distinguish between two cases. First, suppose

that iy, (z7) # hy, (2n). In this case, 1f we assume [ > m, we can write

S A = Z S(J)S(J)A(j)

j=lvm

=YY o) (zm)—ﬂ(Shiji“)(h @), B (2m))
j=l

2 k v o/
= sisng >k @hy, @m)

j=l
52 (e — i o e
AT YO ) hy (z1) — hy! (zm)
2 & h ™ (i @) = b () (am))

= S|Sm— lo
p ; 92192m hy (z0) = i, (zm)

2 92 i ) — by 1<zm>>
SISm — log
B 9210z ]l:[[( ht, (ZI)_ht}n(Zm)
2 (e — e )
ﬂB 102 hii (z1) = hi,, (zm)

= S1Sm—

tm

= SiSm g ﬂ he (zm) (Shy) i B ),

as claimed. Secondly, consider the case h; (z;) = hy, (zm). Using the identity (S(f o g))(z) =
(&' (2)%(Sf)(g(z)) + (Sg)(z) for the Schwarzian derivative of a composition, we have

1S A = Z S(J)S(J)A(j)

j=lvm

= Zszh,, s, (zm)ﬁ(Shiji“)(h (@), B (2m))

= 15035 Zh (@i, ) (SHE) (hi] 1))

(S(hj_f/j“ oh! )) (z) — (Shi," ) (21)
(h " (@))?

= Sism g Zh (@hy), )
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szsm—Z 0 ) ((Sh) @0 = (shi)) @)

"zm) (Shy) (z1, z0)-

= SISm =,

3B L
Thus Eq. (46) can be expressed as

k
. , 1 1/2 d
¢t 5,2) = exp iy s;|h () (Yo, ——— +—<——1)flog<h;j<Zj>>

= - — hy;(z)) 2\ B dz;
1 k k
= 320 Y gt ) (Sh) e @)
=1 j=

which shows that U is Gaussian with mean and covariance as claimed. [
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