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Abstract

The Bernoulli sieve is the infinite “balls-in-boxes” occupancy scheme with random frequencies P, =
Wi Wi—1(1 — Wy), where (Wy)eN are independent copies of a random variable W taking values in
(0, 1). Assuming that the number of balls equals #n, let L, denote the number of empty boxes within the
occupancy range. In this paper, we investigate convergence in distribution of L, in the two cases which
remained open after the previous studies. In particular, provided that E|log W| = E|log(1 — W)| = oo and
that the law of W assigns comparable masses to the neighborhoods of 0 and 1, it is shown that L,, weakly
converges to a geometric law. This result is derived as a corollary to a more general assertion concerning
the number of zero decrements of nonincreasing Markov chains. In the case that E|log W| < oo and
Ellog(1—W)| = oo, we derive several further possible modes of convergence in distribution of L,,. It turns
out that the class of possible limiting laws for L,, properly normalized and centered, includes normal laws
and spectrally negative stable laws with finite mean. While investigating the second problem, we develop
some general results concerning the weak convergence of renewal shot-noise processes. This allows us to
answer a question asked by Mikosch and Resnick (2006) [18].
© 2012 Elsevier B.V. All rights reserved.
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1. Introduction

Let (T})ren, be a multiplicative random walk defined by

k
To =1, Tk ZZHW[, k e N,
i=1
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where (Wi)ren are independent copies of a random variable W taking values in (0, 1). Let
(Uk)ken be independent random variables with the uniform [0, 1] law which are independent of
the multiplicative random walk. The Bernoulli sieve is a random occupancy scheme in which
‘balls’ Uy’s are allocated over infinitely many ‘boxes’ (7, Tx—1], k € N. The scheme was
introduced in [7]. Further investigations were made in [9-13,16]. Since a particular ball falls
in box (Tj, Ty—1] with probability

P =Ty =T = WiWa - W1 (1 = Wp),

the Bernoulli sieve is also the classical infinite occupancy scheme [8,17] with random frequencies
(Px)keN, where (abstract) balls are allocated over an infinite array of (abstract) boxes 1,2, ...
independently conditionally given (Py) with probability P; of hitting box j. Alternatively the
Bernoulli sieve can be thought of as a randomized variant of the leader election procedure which
appears if the law of W is degenerate at some x € (0, 1) (this may be especially appropriate for
the reader familiar with the analysis of algorithms).

We will use the following notation for the moments

w:=E|logW| and v:=E|log(l — W)]

which may be finite or infinite. Assuming that the number of balls equals n denote by K,, the
number of occupied boxes, M, the index of the last occupied box, and L, := M, — K, the
number of empty boxes within the occupancy range. The present paper is a contribution towards
understanding the weak convergence of L,. With the account of the results obtained here and in
some previous works on the subject we can now draw an almost complete picture (Remark 1.4
which discusses two cases where the weak convergence of L, remains unsettled reveals what is
hidden behind the word ‘almost’). Depending on the behavior of the law of W near the endpoints
0 and 1 the number of empty boxes can exhibit quite a wide range of different asymptotics.

Case 4 < 00 and v < 00: L, converges in distribution and in mean to some L with proper and
nondegenerate law (Theorem 2.2(a) in [12] and Theorem 3.3 in [13]). Furthermore, there is also
convergence of all moments (Theorem 20(b) in [19]).

Case u = oo and v < 0o: L, converges to zero in probability (Theorem 2.2(a) in [12]).

Case i < oo and v = oo: There are several possible modes of the weak convergence of L,
properly normalized and centered (see Theorem 1.2 of the present paper).

Case @ = oo and v = oo: The asymptotics of L, is determined by the behavior of the
ratio P{W < x}/P{1 — W < x}, as x | 0. When the law of W assigns much more mass
to the neighborhood of 1 than to that of O equivalently the ratio goes to 0, L, becomes
asymptotically large. In this situation, the weak convergence result for L,, properly normalized
without centering, was obtained in [16] under a condition of regular variation. If the roles of 0 and
1 are interchanged L, converges to zero in probability (this follows from Theorem 7.1(i) in [11]
and Markov inequality). When the tails are comparable L, weakly converges to a geometric
distribution (see Theorem 1.1 of the present paper).

Also it was known that whenever L, 4 L, where L is a random variable with a proper and
nondegenerate probability law, the law of L is mixed Poisson (Proposition 1.2 in [16]), and that
L, has the geometric distribution with parameter 1/2 when W Ly _w (Proposition 7.1 in [11]).

Throughout the paper, geom(a) denotes a random variable which has the geometric
distribution (starting at zero) with success probability a, i.e.,
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m

P{geom(a) = m} =a(l —a)”, m € Ny,

and A (0, 1) denotes a random variable which has the standard normal distribution.
We are ready to state our first result which treats the case of ‘comparable tails’ when
U =v=o0.

Theorem 1.1. Suppose . = oo and

lim ]E—W” =c € (0, 00). @))
o0 B(1 — W)
Then
Ly % LLgeom((c+ DY), n— o )

In particular, relation (2) holds whenever the tails are comparable, i.e.,

P{l-W <x}

1o P(W < x} ®

The situation when ¢ < oo and v = oo is covered by Theorem 1.2 which is our second result.

Theorem 1.2. Suppose v = 0o, and the law of |log W| is non-lattice. Set

b= [ Dy,

M J1,n] <
where Y (s) .= Ee50-W) s > 0.
(a) If 0> = Var(logW) < oo then, with a, = /by, the limiting distribution of % is
standard normal.
(b) Assume that c* = oo and

/ VB{llogW| € dy} ~ £(x), x— oo, @)
[0,x]
for some ~Z slowly varying at oo. Let c(x) be any positive function satisfying
lim, 0 xﬁ(c(x))/cz(x) = 1 which implies that c(x) ~ xV2ex(x), x = oo, for some
£* slowly varying at oo.
(bl) If

lim P{|log(1 — W)| > X} ) =0 5)

X—>0

L,—b,

then, with a, = /by, the limiting distribution of is standard normal.
(b2) Assume that
P{|log(1 — W)| > x} ~ £(x), x — 00, (6)
for some £ slowly varying at oo, and that

lim P{[log(1 — W)| > x}(€*(x))* = oo,

An

is standard

Then, with a,, = ,u_3/2c(log n)y(n), the limiting distribution of
normal.
(c) Assume that

Ln _bn
an

P{llogW| > x} ~ x %E(x), x — o0, (7)
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for some ] slowly varying at 0o and a € (1, 2). Let c¢(x) be any positive function satisfying
limy_ 00 x€(c(x))/c%(x) = 1 which implies that c(x) ~ x'/%¢*(x), x — oo, for some £*

slowly varying at co.
(ch) If
lim P{|log(1 — W)| > x}x*1(¢*(x))? = 0,
X—> 00
then, with a,, = /by, the limiting distribution of L"a:b" is standard normal.
(c2) Assume that
P{|log(l — W)| > x} ~ xPe(x), x — oo,

for some B € [0,2/a — 1] and some £ slowly varying at co. In the case f = 2/a — 1

assume additionally that
lim P{|log(1 — W) > x|}x¥*"1(£*(x))* = 0.
X—> 00

Then
Ln - bn d

-B
w T ac(lognyy(n) /[0,1] vz,

where (Z(v))ye[o,1] is an o-stable Lévy process such that Z(1) has a characteristic

function
u > exp{—|ul*I"'(1 — a)(cos(wa/2) +isin(ra/2) sgn(u))}, u€R.

Throughout one can take b}, := ! [0, log n]

P{|log(1 — W)| > x} dx in place of b,,.

Remark 1.3. The integrals f[o 1 v~# dZ(v) appearing in the theorem and also in formulas (34)
and (35) are understood to be equal to Z(1) in the case B = 0 and to be defined by integration

by parts formula

/ v Fdzw) =zQ) +ﬁf v P Z(v) dv
[0,1] [0,1]

in the case B € (0, 1/«) (when referring to formula (34) we take o = 2). Note that the latter is
consistent with the standard definition of stochastic integrals (with respect to semimartingales).

It is known that

log E exp (it/ P dZ(v)) = / 10gEexp(itv_ﬁZ(1)) dv, teR,
[0,1] [0,1]

from which it follows that the integral is indeed well-defined only if S € [0, 1/«) and that

/ v B Az L1 —ap) Ve z(1).
[0,11

Remark 1.4. Theorem 1.2 does not cover two interesting cases. Assume that the standing

assumptions of the theorem hold.
Case (b3): Condition (4) holds, 02 = oo, and

P{|log(1 — W)| > x} ~

— OQ,

d
(*(x)*
for some d > 0 and £*(x) defined in part (b) of the theorem.
Case (c3): Condition (7) holds, and

1-2/a
N X — 00,
(£*(x))?

for some d > 0 and £*(x) defined in part (c) of the theorem.

P{|log(1 — W)| > x}
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Some partial results and discussion of the problems which arise in these cases can be found
in Remark 3.7.

Remark 1.5. We conjecture that under the assumption @ < oo the conditions given in
Theorem 1.2 and Remark 1.4 are necessary and sufficient for the weak convergence of L,,
properly normalized and centered.

The rest of the paper is structured as follows. In Section 2, we point out the set of conditions
under which the number of zero decrements of a nonincreasing Markov chain weakly converges
to a geometric law (Theorem 2.1). Theorem 1.1 then follows as a particular case. Section 3 is
devoted to proving Theorem 1.2. Some results derived in Section 3 can be used to answer a
question asked in [18]. A detailed discussion of this is given in Section 4. Some auxiliary facts
are collected in Appendix.

2. Number of zero decrements of nonincreasing Markov chains
2.1. Definitions

With M € Ny givenand any n > M, n € N, let I := (Ix(n))
chain with Iy(n) = n, state space N and transition probabilities

keNo be a nonincreasing Markov

P{Ix(n) = jllx—1(n) =i} =m;j, i>M+1 andeither M < j <iorM=j <i,
P{Ix(n) = jllk-1(n) =i} =0, i<,
P{lk(n) = M|Ix—1(n) = M} = 1.

Denote by
Zy =#k € No : It(n) — Ltz1(n) =0, I(n) > M}

the number of zero decrements of the Markov chain before the absorption. Assuming that, for
every M +1 <i <mn, m ;—1 > 0, the absorption at state M is certain, and Z, is a.s. finite.
Neglecting zero decrements of I along with renumbering of indices leads to a decreasing

Markov chain J = (Ji(n)) ven, With Jo(n) = n and transition probabilities

J o isj>M

(the other probabilities are the same as for 7). The chain J visits a given state k and the chain /
visits the state k for the first time with the same probability

Gnk = ZP{Jm(n) =k}, k<nkeN.
m>0
Note that g, , = 1 and that g, x is the potential function of J.

Let (R;) m+1<j<n be independent random variables such that R; 4 geom(1l—7; ;). Assuming
the R;’s independent of the sequence of states visited by J we may identify R; with the time
I spends in the state j provided this state is visited. With this at hand Z, can be conveniently
represented as

d
Zn=ZR]k(n)1{Jk(n)>M}- (11)
k>0
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2.2. Main result of the section

Theorem 2.1 given below proves that the number of zero decrements of a nonincreasing
Markov chain weakly converges to a geometric law whenever the probability of delay at the
present state and that of transition to the absorption state are asymptotically balanced, and the
Markov chain has no ‘stationary’ version. An interesting feature of this quite general result is
that its proof needs nothing beyond simple distributional recurrence (16).

Theorem 2.1. Assume that lim,— o gn k = 0 for each k € N, lim,_, oo 7, = 0 and

lim 2 — ¢ e (0, 00). (12)
n—00 Tty M

Then
d d -1
Z, - Z=geom((c+1)""), n— oo.
Theorem 2.1 will be proved by the method of moments. To this end, we have to possess some
information about the moments of integer orders of the limiting geometric law. The explicit

expressions are complicated and actually not needed. The moments satisfy a simple recurrence
which is sufficient for our needs.

Lemma 2.2. Ler X égeom(a), a > 0. The moments my = EX¥, k € N can be recursively
obtained via

m1 = b, ny:b(l—i—f({)mi), j=2,3,..., (13)
i=1
where b .= (1 — a)/a.
Proof. Let (¢i)ren be independent Bernoulli random variables with success probability a. Then
x4 inflk e N: g =1} — 1 = 1ig,=oy (1 + (inf{k e N\ {1} : g = 1} — 1))
= ly=0(1 + X',
where X’ is independent of ¢; and X’ < X. The latter implies
EX/ = (1 -—a)E(1+X)/, jeN,
and representation (13) follows. [

Now we are ready to prove Theorem 2.1. For notational convenience we assume that M = 0.
For other M’s the argument is the same.
Let V,, denote the size of the last decrement. Then

TTk,0

— . k=12,...,n, (14)
1 — mpk

P{V, =k} = gn k7,0 = gn.k

and

lim P{V, =k} =0, foreachk e N. (15)
n—oo
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Since the geometric law is uniquely determined by its moments, it suffices to prove that, for
each i € N, lim,_.oc EZ! = EZ'. To this end, we will use the induction on i and start with the
case i = 1. Using representation (11) and conditioning on the first decrement of J we deduce
the distributional equality

d o~
ZnZZJ(n) +Rl’l’ (16)

where, for each k € N, 2k is independent of both J(n) := Ji(n) and R, and has the same law
as Z. Equality (16) (or just (11)) implies that

n
(14) Tk, k
EZ, = E gnkERy = E P{V, —k}
k=1

Recalling (15) and (12) and applying Lemma A.l to the last sum lead to the conclusion
limy e EZ, =c=EZ.
Assume now that lim, . EZ;, = EZ' foralli < j —1,i € N. We have to prove that

lim,— 00 EZ} = EZ/. In view of Lemma 2_.2 it suffices to check that lim,_, oo EZ; = m j» Where
m j satisfies (13) with b = ¢ and m; = EZ'. Using (16) yields

J J i j—i j
EZ) =EZ (n)+2< )Ezm) Ry =EZj, +bn,
or, equivalently,

n
j ~ Tk,
EZ; = E &n, kb = E P{V, = k}
=1

In view of Lemma A.1 to finish the proof it remains to show that

i—1 .
. 1_7Tn,n § J
nlif%oT,o”"—c<1+Z_ i)

or equivalently that, fori < j — 1,

1 - . -
lim — "Bz, ER T =cEZ' and lim ——2"

n—oo Ty O

ER) = c. a7

Applying Lemma 2.2 witha = 1 — 7, , to the R,,’s we conclude that
ER‘,{_i ~ER, ~ 7y n, n— o0.
Further, one can easily check that lim,,_, » b, = 0, hence

hmEZJ()_]EZ i<j—1.

n—oo
These two observations immediately establish (17). The proof is complete.

2.3. Proof of Theorem 1.1

In this subsection, we prove Theorem 1.1 by an application of Theorem 2.1. To distinguish
general (nonincreasing) Markov chains in the previous subsections from the particular Markov
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chain discussed below we mark all the quantities which correspond to the latter with asterisk, for
instance, I — I*, g, — g;"k etc.

Now we present one more construction of the Bernoulli sieve which highlights the connection
with nonincreasing Markov chains. The Bernoulli sieve can be realized as a random occupancy
scheme in which n ‘balls’ are allocated over an infinite array of ‘boxes’ indexed 1,2, ...
according to the following rule. At the first round each of n balls is dropped in box 1 with
probability Wj. At the second round each of the remaining balls is dropped in box 2 with
probability W5, and so on. The procedure proceeds until all n balls get allocated. Let I} (n)
denote the number of remaining balls (out of ) after the kth round. Then I* := (I} (n))ren, is a
pattern of nonincreasing Markov chains described in Section 2.1 with M = 0 and

;= (;)EWj(l —wWyiTi, <. (18)

It is plain that L,, is the number of zero decrements of /* before the absorption.

The assumption . = oo implies that lim,,_, g;l“’ =0, for each k € N. In the case that the law
of | log W] is non-lattice this fact was pointed out in formula (16) in [12]. The complementary
case does not require any new proof once one has noticed that the overshoot at point x of a
standard random walk diverges to 400 in probability (as x — o0) under the sole assumption
that the step of the random walk has infinite mean. In view of (18) 7y, = EW" — 0,asn — o0
(recall that the law of W has no atom at 1), and condition (12) reduces to (1). According to
Theorem 2.1, relation (2) holds.

Condition (3) is equivalent to

P{|log W| < x}
m =C
<0 P{|log(1 — W)| < x}

Applying Lemma A.2 with £ = |log W| and n = [log(1 — W)| establishes implication (3) =
(1), thereby completing the proof of Theorem 1.1.

3. Proof of Theorem 1.2

In the first (main) part of the proof, we work with a Poissonized version of the Bernoulli
sieve. Specifically we assume that the balls are thrown at arrival times (t,),en of a unit rate
Poisson process (71;);>0. The quantity in focus is then L(¢) := L,, where (7r;) is independent of
(L ). At the last step of the proof, we return to the original, fixed n problem (this step is called
depoissonization) and prove the implication

L(t) — b(2) <4y t_)OO:>L,,—b(n)i)
a(t) a(n)

X, n— oo.
Set
Sk = —log Ty = |log Wi| + -+ |log Wi| and §k:=§o+Sk, k € Ny,

where §0 is a random variable which is independent of (Sy) and has distribution

P{ﬁosx}w*‘/ P{llogW| > y}dy, x> 0.
[0,x]
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Define

Nx)=inflk e Ng: Sy > x} =#k e Np: S <x} and
Nx) =#neNy:8, <x}, x>0,

and recall that (N (x)),>0 and (1’\7 (x))x>0 are non-stationary and stationary renewal processes,
respectively. For later use, we recall (see p. 55 in [14] for the proof) that N(x) enjoys the
following (distributional) subadditivity property

NG+~ N©ENG), xy>0. (19)

In the sequel, we work with the following random variables

Ct) =) ot — S5 :/[O ](p(t—x) dN(x), t>0
,t

k=0

and

Coy =) ¢t =S5 =/ ¢t —x) dN(x), 120,
k>0 - 0, 1]

where ¢(t) = ¥ (e'),t € R, Y (t) ;= Ee'0=W) 1 > 0.
We show in Lemma 3.1 that convergence in distribution of L(¢) is completely determined by
convergence in distribution of

L*(1) =Y exp(—te™ 1 (1 = Wi)) l(s,_, <log1)-
k>1

The Bernoulli sieve is governed by two sources of randomness: randomness of the ‘environment’
(W) and sampling variability (i.e. the variability of the occupancy scheme with deterministic
frequencies obtained by conditioning on (Wy)). Since L*(¢) is a function of the environment
alone, we conclude that the weak convergence of L(¢) (L,) is completely determined by the
randomness of the environment, whereas the influence of the sampling variability is negligible.

In its turn convergence in distribution of L*(¢) is determined either by that of L*(¢) — C(logt)
or that of C(logt), or that of both, and our main task is to find out what is the extent of their
interplay. In the cases (a), (b1) and (c1) the contribution of L*(¢) — C (log ¢) dominates, whereas
in the cases (b2) and (c2) it is negligible in comparison with the contribution of C (log 1.

We divide the proof of the theorem into several steps.

Step 1. The purpose of this step is proving a central limit theorem for L(r) — C(logt)
(Lemma 3.3). To this end, we first show that the asymptotic behavior of L(#) coincides with
that of L*(¢).

In what follows, we write that the family of random variables is tight meaning that the family
of laws of these random variables is tight.

Lemma 3.1. Whenever u < oo and the law of |log W| is non-lattice, the families (L(t) —

L(1)),., and (C(t) = C(1)),, are tight.

t>0

1 [t seems that there are situations (cases (b3) and (c3) introduced in Remark 1.4) when contributions of both variables
are significant, and both of these determine the asymptotics of L(z). See Remarks 1.4 and 3.7 for more details.
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Proof. Set M(¢) := My, and K (¢) := K. These are the index of the last occupied box and
the number of occupied boxes in the Poissonized version of the Bernoulli sieve, respectively.
Clearly, L(t) = M(t) — K (2).
Fact 1. The family (M(t) — N(logt));> is tight.

We use the representation M(t) = N(|log Uy x,|), where Uy, = minj<;<, U;. It is well-
known that |log U; | — logn i) G,n — 00, where G is a random variable with the standard
Gumbel distribution. Since (7;) is independent of Uy , we also have |log Uj 5, | — log 7; i G,

t — oo. By noting that log 7, —log ¢ LN 0,t — oo we finally conclude that | log Uy »,|—log ¢ 4
G, t — oo. Using (19) along with independence of (N (x)) and Uj, , we obtain

M(t) — N(ogt) < (N(| log Uy, 1) — N(logt))l{llogUL,,,\zlogt}

d d

< N(|log Uy, x,| —logt)1{j1og Uy , 12logr) = N(G)l(G=0), 1 — 00,
Similarly

M(t) — N(logt) = —(N(logt) — N(|1og Uy x, D) 1{j1og Uy , | <log )
d d
> —N(logt — [log U1z, 1) 1{10g Uy , |<log 1} = —N(=G)1{G <),
t — o0.

Fact 2. The family (K (1) — E(K (1)|(Wh))),., is tight.

This was proved in formula (28) in [10].
Fact 3. The family

<L(t) — N(logt) + ) (1 —exp(—te™ 51 (1 — Wk)))>
t>1

k>1
is tight.
Since
E(K (0DI(Wi) = Y (1 —e %) = (1 —exp(—te™ 51 (1 = Wp))),

k=1 k=1
Facts 1 and 2 together imply the statement.

Fact 4. The family (Y (1)),_,, where

t>1°

Y(0) =) (1 —exp(—te™ 5 (1 = Wi)) (5, >logr)»
k>1

is tight.

Since 1 — ¢ is monotone and integrable on (—oo, 0], it is directly Riemann integrable on
(—o00, 0]. Hence, by the key renewal theorem (see Theorem 4.2 in [1])

BY @) =B (1=t = S0)lisn = ™' [ (1=w0)y dy < o0,

k>0 [0,1]
and Fact 4 follows.
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Now we are ready to prove the lemma. Since

L(t) — L*(t) = (L(t) — N(logt) + Y (1 —exp(—te™S=1(1 — Wk)))> —Y@),

k>1

the first assertion of the lemma follows from Facts 3 and 4.
In view of the inequality

= (0 =50 = ¢t = 50) 15,29 = 0 = SO lisiz = 0t = S015,2
= @t — Sk)1{5k5t<§k}
— (ot = S — 9t = S0) 15,
= ot = S5, <15
=@ = S5, < S=1)
Tt = SOl 5 <5<1.5p<ry 25

to prove the second assertion it suffices to check the tightness of

Cr = (Z ot — sk)1{3k<,<§k}> and
t>0

k>0
C = (Z (ot — SO — ot — S0) 1{§k51}) .
k>0 >0
Using (19) gives
~ d —~
> 0l = SOl 55,1, 5020 < CON® = Nt = 50))1 5,1y < 9O N So).
k>0
It is clear that
P
(Z ot — Sk)l{SkSt}) 1{§0>t} — 0, t— o0,
k>0

and the tightness of C; follows. Using the mean value theorem for differentiable functions and
the monotonicity of ¥’ we obtain

(@t = Si) — 9t — S0) 15,2y < €S (=515 S0
= —go’(t — §k)1{§k§t}§oeso'
Since
EY (¢t =Sy = [ oONdy Tl 1o .
k>0 B [0.7]
the family C, is tight. The proof is complete. [

Further, we need a preliminary result which establishes a weak law of large numbers for C ().

Lemma 3.2. Suppose i < 0o, v = 00, and the distribution of |log W| is non-lattice. Then

LORE A

t — o0,
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where

k(x) ::/0 o(y)dy, x>0.

Proof. The assumption v = oo is equivalent to limy_, o, k(x) = oo. In view of Chebyshev’s
inequality it is enough to check that

EC*(t) ~ (EC(1))*> ~ n 2k*(1), t — oo.
By Lemma A.4(a), the required asymptotics of EC(¢) follows easily. Using the equality

Ct)=op@)+ C'(t — SDls, <y as.,

where C'(1) ==} ;1 9t — Sk + S1) 1 (5,—5,<1) 4 C(¢) is independent of S|, we have

EC*(t) =2 f

ot — x)EC(t — x) dEN (x) — / @ (t — x) dEN (x). (20)
[0, 1]

[0,7]

The second term exhibits the following asymptotics
/ 9> (t — x) dEN (x) = o(k(t)), t— oo. (21)
[0, 7]

To see this, use the key renewal theorem in the case f[o o) goz(x) dx < oo or Lemma A.4(a)
followed by 1’Hopital rule in the case lim;_, o f[o t] @2 (x) dx = oo.

Since both k(¢) and (1 — ¢(#))k(¢) are nondecreasing functions, we apply Lemma A.4(b) to
obtain, as t — 00,

/ @(t — x)k(t — x) dEN (x) ~ p~! / P(k(x) dx = )~k (). (22)
[0, ] [0, 7]
Further, for fixed a € (0, t)
/ ot —x)k(t —x) dEN(x) < k(a)(IEN(t) —EN(t — a)) < k(a)EN (a) (23)
[t—a, t]
in view of (19). Hence

f ot — x)k(t — x) dEN (x) ~ / ot —x)k(t —x) dEN(x), t— oo.
[0, ] [0, t—al]

Likewise, since

sup EC(x) < oo,

x€[0, a]

we conclude that

/ ot —x)EC(t —x) dEN(x) < sup ECHx)EN(a) < oo. 24)
[t—a,t]

x€[0,a]
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Now we are ready to derive the asymptotics of EC 2(1). For any ¢ € (0, w1 there exists xg > 0
such that u=! — e < EC(y)/k(y) < u~' + & for y > xo. With this xo we have

f ot — x)EC(t — x) dEN(x) < (' +e) ot — )kt — x) dEN(x)
[0, t] [0, t—xo]

+ f ot —x)EC( — x) dEN (x)
[t—xo, 1]

(23), (24) _
AT e o(t — x)k
[0, t]

x (t — x) dEN(x) + 0(1)

2w eew R

Sending ¢ — 0 and recalling (20) and (21), we conclude that
EC?(t
lim sup — @ <u 2
t—oo k(1)

Arguing similarly we obtain the converse inequality for the lower limit. The proof is
complete. [

Lemma 3.3. Suppose u < 0o, v = oo, and the distribution of |log W| is non-lattice. Then
L(t) — C(logt) a
A

Vi lk(logt)

Proof. By Lemma 3.1, it is enough to prove that

L*(t) — C(logt) 4

Vi lk(logt) ”

N(@©,1), t— oo.

N(@©,1), t— oo. (25)

Set
(exp(—te™Si=1(1 — Wy)) — ¥ (te™5i-)) 1(s,_, <log 1}
Vi Tk(ogt) ’

and note that ]E(X,,-|(Wk)k§,-_1) = 0. By a martingale central limit theorem (Corollary 3.1
in [15]), relation

L*(n) — C(logn) 4

Vuk(logn) -~

which is just (25) with continuous variable ¢ replaced by integer n, will hold once we can show
that

X = ieN, t>1,

N(@©,1), n— oo, (26)

P
D EXn | (Wik<i—1) = 1, n— o0, 27)

i>1
and that, for all ¢ > 0,
P
ZE(X%I'1{|X,,,-\>e}|(Wk)k§i7]) — 0, n— oo (28)
i>1

It suffices to establish (27), as, in view of | X,,;| < 1/y/ " tk(logn), (28) will follow from it.
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We have
o (¥ 2e'™) = 92t — x)) AN (x)

D B (Wik<i1) =

i>1 Milk(l)
_ 00 oW -y 2e) AN ()
ok k(D)
Joun @*(t — x) dN (x)
- Wk

By Lemma 3.2, lim;_, o, C(¢)/ (u_lk(t)) = 1 in probability. To complete the proof of (27), one
has to check that the second and the third terms converge to zero in probability. For the third this
follows from (21) and Markov’s inequality. The function 7 > v (e") —1/(2¢") is directly Riemann
integrable on R since it is nonnegative and integrable, and the function t — e™’ (w(e’ )— (2! ))
is nonincreasing (see, for instance, the proof of Corollary 2.17 in [6]). By the key renewal
theorem

E /[0 (V™) — Q) AN < E /[ (¥ () — ¥ (2¢' 7)) dN (x)
N

0,00)
= M—IE/ (e71=W) _ o= 2(=W)) =1 gy
[0,00]
= pu! log2, t— oo,

which proves the required result for the second term.

It remains to pass from (26) to (25). We first note that the function k(log ¢) is slowly varying at
oo. This follows from the equality k(log?) = f[ La v y~! dy and the representation theorem
for slowly varying functions (Theorem 1.3.1 in [4]). To prove that lim;_, ,f(glg)—gg[;])) = 1, where
[#] denotes the integer part of ¢, use the slow variation of k(log ) together with the monotonicity

to conclude
_ kogn) _ k(log(r] + 1))
~ k(log[t]) T k(log[t])

Now we intend to prove the tightness of the family (C @ —-C ([t])). To this end, we use the
equality

, I — 00.

(p(r] = x) — @(r — x)) AN (x) —/ @(r —x) AN (x).

C([l])—C(t)Z/ -
1]t

(0,11

By the mean value theorem

—@'(O)(t — [t]) < &7 (—y/(0))
< (=Y ([1] — 1)) = —¢ (1] — x)e' 1 < —¢'([1] — x)e,

where 6 is some value from [[f] — x, t — x]. Consequently,

o([t] —x) — @t —x)

C(th —C) 56/ (—¢'([1] = x)) AN (x),
[0.111]

and the right-hand side is bounded in probability as, by the key renewal theorem, its expectation
goes to el/f(l)u_l (the function ¢ +— —¢'(¢) is directly Riemann integrable on RT since it
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is integrable on R™ and nonnegative, and t +— e~ '(—¢'(t)) = —v’'(e’) is a nonincreasing
function). On the other hand, in view of (19)

d
C(rh-C0 = —'/[” ]w(t —x)dN(x) = =(N(@) = N([1])) = =N(D).
t],t

Finally, we want to show that the family (L*(r) — L*([¢])) is tight. By Lemma 3.1, it is enough
to check the tightness of (L(t) — L([t])). Since L(t) — L([¢]) represents the fluctuation of the
number of empty boxes after throwing 7; — 7r[;) balls, and the latter variable is bounded from
above by a Poisson variable with mean one, the desired tightness follows. The proof of the lemma
is complete. [

Step 2. The purpose of this step is investigating convergence in distribution of C(¢). The cases
(a), (bl) and (c1) and the cases (b2) and (c2) are treated separately in Lemmas 3.4 and 3.6,
respectively.

In what follows, we use the following notation. If 6> < oo we denote by Z(-) the Brownian
motion and set g(t) := /o 2u~3¢. If condition (4) holds we denote by Z(-) the Brownian motion
and let g(#) be any nondecreasing function such that g(¢) ~ u,_3/ 2¢(1), t — oo. If condition
(7) holds we denote by Z(-) the a-stable Lévy process such that Z(1) has characteristic function
(10), and let g(¢) be any nondecreasing function such that g(r) ~ w=Vee@), t — oo.

It is well-known that under either of the conditions of the preceding paragraph, i.e. whenever
the law of | log W| belongs to the domain of attraction of an «-stable law, « € (1, 2],

St =) s e
const g(t) ’

in D := DI[0, 1] under the J; topology. While the one-dimensional convergence is a classical
result [7], the functional version is due to Skorohod (Theorem 2.7 in [21]). Since

sup  |Siru) — Sirnl = So,
uel0,1]

the same functional limit theorem as above also holds for §[,.]. An appeal to Theorem 13.7.1 in
[22] allows us to conclude that?

N@) —p -
W, () = N@) = p= () = Z(), - oo, (29)
()

in D under the M|-topology. Certainly, (29) entails the one-dimensional convergence W;(1) =
Z(1),t — oo. Hence, by Skorohod’s representation theorem there exist versions W, (D) < W, (1)
and Z(1) < Z(1) such that

W, (1) = Z(1), t— oo,
almost surely. In particular, for any ¢ > 0 there exists an a.s. finite 7 > 0 such that

W, ()| < |Z(1)|+¢& forallv>T. (30)

2 According to Theorem 1b in [3], relation (29) also holds for the non-stationary renewal process (N (¢));>(. Since our
argument imitates one given in [3], we omit details.
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For multiple later use let us write the following estimate: for any positive x(#) such that
lim; 0 x(t) = 0o and any a > 0

Jo at(N @ — 1) d(—g(v)) i ) d(—p(v))
o ‘%0p<1>+<|2<1>|+e>f[°’“”g A
x(t) x(1)

where op (1) denotes a term that converges to zero in probability, as t — oo. This can be proved
as follows:

. 3D

/ (N @) — 1) d(—p(v) / Wy (1g(v) d(—p(v)
[0, at] [0, at]

= / cee 1{T>at}
[0, at]

+ / ~--1{T§at}+/ o Ar<an
[0, 7] [T, at]

= L)+ L) + K@)

It is plain that lim;_, o 71 () = 0 in probability. As to I>(¢), write

O _ fo.r [Wo]s®) d=p) »
x(t) — x()

Finally

, I — 00.

1BOL _ Jiran [WoD]8@) d=p)
x(@) x(1)

Ji0. ar) @) d(—9(v))

1 @ VALl
<
(T<ary < (Z(1)] +¢) 0

Lemma 3.4. Let the assumptions of parts (a) or (bl), or (c1) of Theorem 1.2 hold. Then

C(logt) — u~'k(logr) p
ﬁ

0’ 9 32
Vk(logt) P (52)
and
o
L@ —p" koD d yr0.1). 1= oo (33)

Vi tk(ogt)

Proof. We start by noting that relation (33) is an immediate consequence of (32) and Lemma 3.3.
By Lemma 3.1 relation (32) is equivalent to

C(t) — k(1) I
k(1)

To prove it, we represent the latter ratio in a more convenient form

0, t— oo.
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C)—p= k() Jio.q @t =) AN@) — k(@)

NI0) B NI0)
d f[O,t] e) dN@w) —pu~! f[o’[] @(v) dv
k(1)
WD = p') | Jog N @ = ) d(=p(v))
k() k(1)
N G0 Jo.nN @) = ') d(=¢(v))
VED N0
By Lemma A.3, lim;_, % = 0. Since, in view of (29), W;(1) i) Z(1),t — oo, we have
g P
W, (1 , .
(D) NZO) — t = 00
Use now inequality (31) with ¢ = 1 and x(1) = +/k(t). Since, by Lemma A.3,
lim;— oo W = 0 we conclude that

Jon @ = n'v) d—p@) » .
N0 ’

The proof of the lemma is complete. [

r — o0.

Remark 3.5. Set
m(x) :=/ P{|log(1 — W)| > y} dy, x >0.
[0, x]

Lemma 5.4 in [9] proves that |m(x) — k(x)| is a bounded function. This justifies the last sentence
of Theorem 1.2. Also this implies that the normalization /.~ 1k () (\/ wk(log t)) used in

Lemmas 3.2-3.4 can be safely replaced by /u~1m(t) (\/M—lm(log t)).

Lemma 3.6. (I) Assume that o> = 0o and that
X ~
f Y’P{llog W| € dy} ~ £(x), x — oo,
0

for some NZ slowly varying at oo. Let c(x) be any positive function such that

lim, o0 % = 1. Assume further that

P{|log(1 — W)| > x} ~ xPex), x— oo,
for some B € [0, 1/2) and some £ slowly varying at co. Then
Ct)—p k(@) 4
32 -
w2 e()e(t)

where (Z(v))ye[o,1] is the Brownian motion.
(I1) Assume that

/ v PdzZw), t— oo, (34)
[0,1]

P{llogW| > x} ~ x %E(x), x — o0
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for some a € (1, 2) and some ¢ slowly varying at co. Let c(x) be any positive function such

xb(c(x)) _

that limy - 00 = o = 1. Assume further that

P{llog(1 — W) > x|} ~xPe(x), x — oo,
for some B € [0, 1/a) and some £ slowly varying at oo. Then
Ct)—pu k() 4
11/ -
2 c(®)e(t)

where (Z(v))ve[o,1] is the o-stable Lévy process such that Z(1) has characteristic function
(10).

f v P dZw), t— oo, (35)
[0,1]

Proof. The condition

P{|log(l — W)| > x} ~xPe(x), x - o0
is equivalent to the following

P(l — W < x} ~ (log(1/x)) Pe(log(1/x)), x| 0.
By Theorem 1.7.1” in [4], the latter is equivalent to

o) ~t7Pe@), 1+ — oco. (36)
Recalling the relation g(¢) ~ constc(t), t — 0o, we conclude that

Jim g(t)e(t) = co. (37)
In view of Lemma 3.1 it suffices to prove that

C(t) — k(1) 4

C*(t) =
® 2e(0)

f v P dzw), t— oco.
[0,1]

Case = 0. Recalling W, (1) i Z(1),t — oo and using the equality

Jio.gN @) = 1~'v) d(—p(v)
2(D9()

we conclude that it remains to check that the second term in the right-hand side converges to zero
in probability. According to (31) (witha = 1 and x(t) = g(¢)@(¢)), it is enough to show that

Jio. 8@ d(=¢ ()

=0 g(Dgn)

In view of Potter’s bound (Theorem 1.5.6 in [4]), given A > O and § € (0, 1 /o — B) (here we
take o = 2 in the case (I) of the lemma) there exists #y > O such that

C*(t) = W,(1) +

=0. (38)

U0} < Aul/e=s, (39)
g

whenever ¢t > to, tu > to and u < 1. Since
Jiro.18) d(=p()) (39 Jio.n 047 d(=(v))
gMe(t) - t1/e=8¢p (1)
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where the last relation is justified by Theorem 1.6.4 in [4], and
S0 8@) d(—p())
1m =
=00 ge(r)
which holds in view of (37), (38) follows.

Case B # 0. We use the representation: for any fixed ¢ > 0,

’

CH(n) = Wt(1)+/[01]Wt(v)m(dv)

W,(1)+/ +/
[0, €] [e, 1]

= Wi(1) + Ii(e, 1) + (e, 1),

where the measure u; is defined by w;((v, 1]) = @(vt) /e (t), v € [0, 1).
According to (36), as t — o0, u; converges weakly on [e, 1] to a measure u defined by
w((v, 1)) == v, Together with (29) this entails the convergence

d _g—
L(e,t) > B Z((v)v A1 dv, t— o©
[e,1]

by Lemma A.6. Further one can check that

W)+ benSz0)+8 | Zow P ' dv, - oco.
[e,1]

According to Theorem 4.2 in [2], it remains to show that, for any y > 0,

lim limsup P{|/i (e, t)| > y} = 0.
el0 r—>oo

In view of inequality (31) (with a = ¢ and x(¢) = g(#)¢(¢)) this will follow once we can prove

that

o Jio. en ) d(=0(v))
lim lim sup =
el0  t—o0 g([)¢(t)

Ji0.1q1 8@ d(=p(@))

(40)

Since lim;_, o G0 = 0 (use (37)) and
Juon 80 40D 6 fipn VT A0@) B g
g(e(1) - 11/e=8¢ (1) lo—p—3 ’

where the last relation is justified by Theorem 1.6.4 in [4], (40) follows. The proof of the lemma
is finished. [

Step 3. The purpose of this intermediate step is to combine results of the two previous steps
into a single statement concerning convergence in distribution of L(¢), properly normalized and
centered. In particular, we conclude that under the assumptions of the theorem

L) —b(t) 4
a(t)

for b(t) :== u"'k(logt), case-dependent normalizing function a(r) and case-dependent random
variable X. Now we identify the functions a(¢) and the laws of X for each case.

X, t— o0, 41)
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Cases (a), (bl) and (cl): XiN(O, 1) and a(t) = /u1k(logt). This immediately follows
from (33).

Case b2): X N0, 1) and a(r) = n—32c(log 1)y (1). By Lemmas 3.3 and 3.6 (case 8 = 0),

L(t) —C(logt) a C(logt) — M_lk(logt) d
——=" - N(0, 1 d N@©O,1), t ,
TkdozD) — N(@0,1) an - N(@O, 1) — 00

u=32c(log 1)y (1)

According to (36), ¢(t) ~ £(t), t — oo. Therefore, as t — oo, k(t) ~ t(t) (use
Proposition 1.5.8 in [4]) and c(t)p(t) ~ tY/2€*(¢)€(t) which, in view of the assumption
. * 2 . . . / k(logt)
lim;— o0 £(t) (£*(¢))* = o0, implies lim;_, gy @ = 0. Hence,
L(t) — u'k(logt
0~ KD 4y 1y, 1 oo
n=32c(log )y (1)

Case (c2): X if[o,l] v A dZ(v) and a(t) = u’l’l/"‘c(logt)l/f(t). By Lemmas 3.3 and 3.6,

L(t) — C(logt C(logt) — n~'k(logt
L0 —CoD) 4 jrg, 1y ang CU0ED 1 KlogD) 4 / v dZ(v),

Vi Tk(log 1) p1=Vec(log )y (1) [0,1]

t — 00,

respectively. According to (36), ¢(t) ~ t=Pe(t), t — oo. Therefore, as t — oo, k(1) ~
constt!=P¢(r) by Proposition 1.5.8 in [4], and c(r)@(t) ~ t'/*~Pe*(1)e(r). While in the case
B € 10.2/a — 1) the relation lim; o o505 = 0 holds trivially, in the case § = 2/er — 1 it
is secured by the assumption lim;_, o £(1)(£*(¢))?> = co. Hence,

L(t) — u'k(logt) 4

—

p1=Vee(log )y (r)
Step 4. Depoissonization. Since L(t,) = L,, where (7,),cN are arrival times of (i;), it suffices
to check that

L(ty) —b(n)

—_— 5

a(n)

/ v P dZ(v), t— oo.
[0,1]

X, n— oo.

In the subsequent computations, we will use arbitrary but fixed x € R. Given such an x we will
choose ng € N and #p > 0 such that n &= x/n > 0 for n > ng and ¢ + x+/f > 0fort > ty. With
this notation laid down all the inequalities or equalities that follow will be considered either for
1 > typorn = ny.

The functions a(¢) are slowly varying. While in the cases (b2) and (c2) this is trivial, in
the remaining cases, as has already been mentioned, this follows from the equality k(log?) =
f[l’ . ¥ (y)y~! dy and Theorem 1.3.1 in [4]. The slow variation implies that the convergence
a@y) _

lim;—, o0 =, o = 1 takes place locally uniformly in y. In particular,
t x4/t
lim = a(t£xvi) _ 1. (42)
t—00 g([)

The function b(t) enjoys the following property

lim (b (t + xﬁ) _ b(t)) =0

t—00
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which entails
. b(t£x1)—b()
lim =
t—00 a(t)

Indeed,

0. (43)

0< b(r+x«/?) — b(t) =u_1/ y () dy
[r.1+x1]

< Y@ log(1 4+ xt7 %)~y ()t

and the corresponding relation with ‘minus’ sign follows similarly.
Now (42) and (43) ensure that (41) is equivalent to

L(t % x3/1) —b(t) 4
at) -

We will need the following observation

M (t 4 x/1) = M (1 — x /1) 2
a(t)

where the notation M (t) = My, has to be recalled. Actually, we can prove a stronger assertion

M(t+xﬁ>—M(t—xﬁ)£>0, t — 00,

as follows. Since M (¢) is nondecreasing it suffices to show that the expectation of the left-hand
side converges to zero. To this end, we first prove the formula

X, t— oo. (44)

, t— 00, (45)

EM(t) =Y (1 —exp(—te %)) = IE/ (1 —exp(—te™)) AN (). (46)
k>0 [0, 00)

We use a variant of the random occupancy scheme with the random frequencies Py’s defined in

the Introduction in which balls are thrown at the arrival times of the Poisson process (7;). It is

clear that M (t) = O on the event {;r; = 0} and that

M(t) = inflk € N: mpq1 o + g2, + - = 0}

on the event {7; > 1}, where 7y ; is the number of balls (out of 7;) falling in the kth box. Given
(Pk) (77 j,+)1=0 is a Poisson process with intensity P;, and, for different j, these Poisson processes
are independent. With this at hand, it remains to write

E(M®)|(P))) = Z]P’{M(t) > k|(Pj)}

k>0

=1—e"+ Y Plmri+ Mg+ = 1(P))
k>1

=l-e'+Y (1—exp(—t(1— Py — - = P)))
k>1

= Z(l - exp(—te_S")),

k>0
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and (46) follows on passing to the expectation. Using (46) we have
E (M (1 +xv0) = M (1 = xv7))

_E /[0’ . (exp (= (1 = xv7) &) —exp (— (1 +xv7) ™)) aN ()

= 20 LR ) (i) aven
~ou T2 s o0,

where the last relation follows by the key renewal theorem (the function 7 +> exp(r — e') is
directly Riemann integrable on R since it is integrable on R and nonnegative, and 7 +> exp(—e’)
is a nonincreasing function).

Further, setting A,(x) = {|t, —n| > x4/n} and recalling the notation K () = Ky, we
have, for any ¢ > 0,

L(ty) — L (n —x/n) e
a(n)

M(@) — K@) —L(n—xv)
a(n)
= P{. clacy e Lo, > 28}

M(n—l—xﬁ)—K(n—xﬁ)—L(n—xﬁ) >€}

a(n)
—i—P{. .. lA,,(x) > 8}

<P M (n+x/n) — M (n — x/n) - s} T P(An).
a(n)
Hence
limsup P i L) = 2(5:; — /) > 28} < P{IN(0, D| > x}, (47)

by (45) and the central limit theorem. Since the law of X is continuous, we conclude that, for any
y € Rand any ¢ > 0,

lim sup P{M - y} < limsup P { L(ty) — L (n — x/n) - 28}
n—00 a(n) n—00 a(n)
+ lim P{L("_xﬁ)_b(") >y—25}
n— 00 a(n)
(44), (47)

< P{N(O D] > x}+P{X >y —2¢}.
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Letting now x — oo and then ¢ | 0 gives

{L(Tn) —bm)

li P
im sup g

n—oo

>y} <P{Xx >y}

Arguing similarly we infer

lim sup P { Lot xyn) — L) 28} < P{IN(O, 1)] > x} (48)
n—o00 Cl(”l)
and then
limianP{M > y} > lim P:L("Hﬁ) LA y+28}
n— 00 a(n) n— 00 a(n)
— limsup P { L (n +x«/(ﬁ§ — L) > 28}
n—o00 an
(44)’2(48)IP’{X > y+2e} —P{IN(O, 1| > x}.

Letting x — oo and then ¢ |, 0 we arrive at

L(z,) —b(n)

_— >
a(n)

The proof of Theorem 1.2 is complete.

lim inf P {

n—o0

y} > P{X > y}.

Remark 3.7. Here we discuss what is known in cases (b3) and (c3) introduced in Remark 1.4.
Case (b3): By Lemmas 3.3 and 3.6,

L(t) — C(ogt) 4 C(logt) — u_lk(logt) d

————— "~ > X; and 373 —

Vi Tk(log 1) n=32c(log 1)y (1)
respectively, where X and X, are random variables with the standard normal distribution.
According to (36), ¢(t) ~ d(*(t))"%,t — oo. Therefore, as t — o0, k(t) ~ dt(£*(1))~>
(use Proposition 1.5.8 in [4]) and c(¢)p(t) ~ del/2ex ()~ L Consequently, (49) is equivalent to

X5, t— o0, 49)

£*(logt

#(L(t) — C(logn) % (d/w)'?X, and

log/ t

£*(logt

#(C(logt) — uk(ogn) S du2x,, 1 oo,
log!/? ¢

However, we do not know whether the joint convergence of these ratios takes place, nor do we
know how dependent the random variables X| and X, are. The same remark concerns formula
(51) given below.

Case (c3): By Lemmas 3.3 and 3.6,

L(t) — C(logt) 4y C(logt) — n~'k(logt) 4
“Tk(log 1 : p = Tac(log 1)y (1)
n~ k(logt)

respectively, where X iN(O, 1) and ngf[o 1 v!=2/% dZ(v). According to (36), ¢(t) ~

dt'=2/%(¢*(t))72,t — oo. Therefore, as t — 00, k(t) ~ d(2 — 2/a)~ 1?72/ (£*(1))~% by

X2, t— 00, (50
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Proposition 1.5.8 in [4], and c(¢)p(t) ~ drli=Ve =)~ 1. Consequently, (50) is equivalent to
£*(logt)
log! 1/ ¢
£*(logt)
log! =1/ ¢

(L(l) - C(logt)) a4 Qu — 1/0l)/d)71/2X1’
(51)
(C(log ) — ,u_lk(log t)) i) dﬂ_l_l/o‘Xz_

It seems that in order to settle the weak convergence issue in these cases one has to investigate
the weak convergence of L*(1) = Zkzl exp(—te_sk*l (1= W) 1s,_ <logs) directly, i.e. without
using the decomposition L*(¢) = (L*(t) — C(log t)) + C(logt).

4. Answering a question asked in [18]

Let (Ek, nk) ren D€ independent copies of a random vector (§,7) with § > Oandn > 0
a.s. An arbitrary dependence between & and » is allowed. In what follows, we also assume that
m = K& < oo, En = oo, and that the law of £ is non-lattice. Set

V(D) = Z 1{§k—15f<§k—1+7)k}’ t=0,
k>1

where
So=0, Sq:=&+---+&, keN.

Assuming that £ and 7 are independent and that G (x) := P{ > x} is regularly varying at co
with index —g, 8 € [0, 1), Proposition 3.2 in [18] plroves3 that

V()= Y Gt — Si-D1 5y
k>1

\/m_l f[O, 1] G(y) dy

In Problem 1 of Section 5.2 in [18], the authors ask “when can the random centering be replaced
by a non-random centering?”” Relying on the results developed in Section 3, we can answer this
question in an extended setting where & and 7 are not necessarily independent. In particular, the
replacement is possible, i.e.,

V) - m! f[o’ 11 G(y) dy d
— o
\/m_l f[o) 11 G(y) dy
if either of the following three conditions holds:

o E£2 < 00

o E£2 = o0, f[o’ . y2P{E € dy} ~ Z(x),x — 00, where ¢ is slowly varying at oo, and

L N©,1), t— oo (52)

N(@©,1), t— oo,

lim, o0 G(x)c*(x)x~' = 0, where c(x) is any positive function which satisfies lim,_, o
@) _ g
c2(x)

3 Actually the cited result treats the finite-dimensional convergence.
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o P& > x} ~ x_’“Z(x),x — oo for some ¢ € (1,2) and some ¢ slowly varying at
oo and limx_,oo G(x)cz(x)x’1 = 0, where c(x) is any positive function which satisfies
2lew) _

limy 00 ()
The replacement is not possible if either of the following two conditions holds:
o &2 = o0, f[o ] y2P{E € dy} ~ Z(x),x — 00, where 7 is slowly varying at oo;

G(x) ~ £(x),x — oo, where £ is slowly varying at oo, and | lim, o0 GCx)2x)x~ ! = oo,
2le@) _ g
A T
o P{§ > x} ~x "‘Z(x) x — oo, for some o € (1,2) and some ¢ slowly varying at oo;
G(x) ~ xPex), x —> oo, for some B € [0,2/a — 1] and some ¢ slowly varying at oo;
limy s 5o G(x)cz(x)x = oo if B = 2/a — 1, where c(x) is any positive function which
*fer) _ 1

T

where c(x) is any positive function which satisfies lim,_,

satisfies limy_ oo

In these cases
Vo - fo GO dy o

n =12 c(t)G (1)

, t — 00,

where in the first case « = 2 and X éN(O, 1), and in the second case X 4 f[o 1 vP dZw),
where (Z(v))ve[0,1] 1s an a-stable Lévy process with characteristic function (10).’

To justify these statements, we first note that mimicking the proof of Lemma 3.3 we can
check that relation (52) holds under the standing assumptions of this section. Let E be a random
variable with the standard exponential distribution which is independent of everything else. We
claim that

- / N(logx)e™ dx < R(t) =Y (G(t — S) — 9t — )15,y
[1, 00) k>0

A

N(|logx|)e™ dx, (53)
[0, 11

A

where
N(t) :=inflk e Ng: Sy > 1} and @(t) :=Eexp(—e'~"), t>0.

Using the subadditivity of t — tT,t € R and the distributional subadditivity of N (t) (see (19))
we obtain

/[0 ](1{n>,_y} ~ Vtog E+y=r—y}) AN(y) = N((t —n —log E)*) = N((t — p)™)
ot
(¢t —m*t + dog E)™) — N((t — ™)

N((log E)7).

=

A A

Hence

R(t) = ]En,E/ (Ly=r—y) = Llog E+n=1-}) dN ()
[0, 7]

A

E, £N((log E)7) =/ N(llogx|e ™™ dx
[0, 1]

The lower bound in (53) can be proved similarly.
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With (53) at hand, we conclude that Lemmas 3.4 and 3.6 are still valid if ¢(7) is replaced
by G(t) and C(¢) is replaced by Zkzl G(t — Sk—l)l{i,lsr}' It remains to combine these
generalizations of Lemmas 3.4 and 3.6 and our extended version of (52).
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Appendix

Lemma A.1, which is our main technical tool for proving Theorem 2.1, is a rather particular
case of a Toeplitz—Schur theorem (see Lemma 8.1 in [11]). On the other hand, this result follows
immediately by an application of the Lebesgue bounded convergence theorem.

Lemma A.1. Let (s,),eN be a sequence of real numbers such that lim,,_, s, = s € (0, 00) and
(cn. m)neN.meN an array of nonnegative numbers which satisfy (A) limy— o0 Cn, m = 0, for each
meN, and (B) Y ) _cnom =1 Thenlim,_o0 Y 1| Cn, mSm = S.

Lemma A.2. Let & and n be positive random variables. The relation
P{§ < x}

—= — =ce[0,00
BBy =x O
entails
Ee ¢
lim =c

y—>o0 [Ee=Y1
Proof. By symmetry, it suffices to consider the case ¢ € [0, 0c0). For any ¢ > 0 there exists
xo > O such that P{& < x}/P{n < x} < c+ ¢ forall x € (0, xo]. With this xo we have

Ee—Yé _ Jo e PlE < x}dx + jx‘jfe*mmg < x}dx

Ee—yn — Jo? ey P(n < x} dx
(c+¢) f(fo e Py < x} dx 4+ y~le 0

f(;“’ e Y*P{n < x} dx
y=le=rxo

f;;o/z e Y*P{n < x} dx

IA

(c+e)+

<(c+e) +

P{n < xo/2}(e¥*0/2 — 1)
Sending y — oo and then ¢ — 0 proves

Ee ¢

lim sup
y—00 €

The lower limit (when ¢ > 0) can be treated similarly. [
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Before stating the next result we recall notation: ¢(r) = Eexp(—e'(1 — W)), k(t) =
f[o . ¢(y) dy. The functions g(¢) were defined in the paragraph preceding Lemma 3.4.

Lemma A.3. Assume that v = oo and that either conditions (4) and (5) or (7) and (8) hold, or

0?2 < 0. Then

i 80O Jo.1 80 d(=0(»)
t—=o00 /k(r) - an =00 m -

(54)
2

Proof. Case o

g2(e*() 1@ (1)
— = const ——
k(1) k(1)

< 00. The first relation in (54) is immediate:
<constp(t) > 0, t— oo.

Condition v = oo is equivalent to lim,_, k(t) = oo. Therefore if the integral f[o ) yl/2

d(—¢(y)) converges the second relation in (54) holds trivially. Assume that lim;_, o f[o . yl72
d(—¢(y)) = oo. Integrating by parts, we have

1
V(1)
By I’Hbpital rule,

f Y2 d(=p(n) ~ / ey~ 2 dy, 1 0.
[0, ¢] [0, ¢]

1
2k

\/%/[1 ]<p(y)y7]/2dy~2\/k(t)/t—>0, t — 00,
ot

which proves the second relation in (54).
Case when conditions (4) and (5) hold. Let n be a random variable with distribution such that

1

=T @ o

x |} 0.

Then (5) is equivalent to
P{l1 — W < x}
im— =
xl0 Pfn < x}
By Lemma A.2,
t
vo _

1m
t—o0 [Fe—n

Since, by Theorem 1.7.1° in [4], Ee™" ~ (£*(log ))~2, t — oo, we conclude that
lim @(1)(€*(1))*> = 0.
11— 00

Hence

2% (1) 1 (1) (1)
—_— ~const —

% (2
k(1) k(1) < constp(t)(£*(t))" — 0, t— oo.

If the integral f[o, 00) g(y) d(—¢(y)) converges the second relation in (54) holds trivially.
Assume that lim;_ o f[o,t] g(y) d(—¢(y)) = oo. According to Theorem 1.8.3 in [4], we can
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assume, without loss of generality, that g is differentiable. Then, g'(z) ~ consts~l/ 21&*(t),
t — oo. Integrating by parts, we have

1
d(— ~ dy, 1 .
V() /[O,tjg(y) (=) Wfl tjw(y)g (y) dy — 00
By I’'Hopital rule,

1
T o, e a2 k(r)~const¥\/k(t>, t = oo, (55)
I

If (1) ~ (£*(t))~2, t — oo then, by Proposition 1.5.8 in [4], lim;_, o g(t)v kO 1, Therefore,
the right-hand side of (55) goes to zero, as t — 00, if condition (5) holds.
The case when conditions (7) and (8) hold can be treated similarly, and we omit details. [l

Let (S})ken, be a zero-delayed random walk with positive steps. Set
N*(x) :=inf{k € No: §§ > x}, x>0.

Lemma A.4 is used in Section 3 for investigating the asymptotics of moments.

Lemma A.4. Suppose EST < oo, and the law of S} is non-lattice.

(a) Letr : [0, 00) — [0, 00) be a nonincreasing function such that

lim r(y) dy = o0

Then
]Ef r(t —z) dN*(z) ~ (EST)_I/ r(z)dz, t— oo.
[0, 7] [0, 7]

(b) Let r1, 2 : [0, 00) — [0, 00) be nondecreasing functions such that ri(t) > ro(t),t > 0, and

. ri(t) +ra(t)
| _ dy = d i
A% Lo (nG) —r()dy=o0 and lim Jio,n () —r2() d

Then

= 0. (56)

E / (r1(t — 2) = r2(t — 2)) AN*(2) ~ (ES]) ™! / (@ —n@)dz, - co.
[0, 1] [0, ¢]

Remark A.5. The conclusion of Lemma A.4(b) is in force whenever ri is a nondecreasing
function of subexponential growth satisfying f[o, 00 "1 (y)dy =occand rp, = 0.

Let us further note that the second condition in (56) cannot be omitted. Indeed, assuming
that r;(f) = e’ and r, = 0 we infer Ef[()’ qr =y dN*(y) ~ (1 — Ee~S)~l¢!, whereas

ESH™! fig 11 () dy ~ ESP el

Part (a) of Lemma A.4 is a fragment of Theorem 4 in [20]. The proof of part (b) requires only
minor modifications and is thus omitted.

Lemma A.6. Let 0 < a < b < oo. Assume that X;(-) = X(), ast — oo, in D[a, b] in the
M, topology. Assume also that, ast — o0, (1 converges weakly to i on [a, b], where (u;) is a
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family of Radon measures, and the limiting measure |4 is absolutely continuous with respect to
the Lebesgue measure. Then

d
f Xi(pe(dy) — / X()p(dy), t— oo.
[a,b] [a,b]
Proof. It suffices to prove that

fim [ oy = [ o, 57)
©© Jla,b] [a,b]

whenever lim;_, o h;(y) = h(y) in D[a, b] in the M topology, for the desired result then follows
by the continuous mapping theorem.

Since h € D[a, b] the set Dy, of its discontinuities is at most countable. By Lemma 12.5.1 in [22],
convergence in the M topology implies local uniform convergence at all continuity points of the
limit. Hence E := {x : there exists x; such that lim;_ ~ x; = x, but lim;— o i, (x;) # h(x)} C
Dy, and we conclude that u(E) = 0. Now (57) follows from Lemma 2.1 in [5]. O
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