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Abstract

Being motivated by a recent pioneer work Carmona and Delarue (2013), in this article, we propose a
broad class of natural monotonicity conditions under which the unique existence of the solutions to Mean-
Field Type (MFT) Forward-Backward Stochastic Differential Equations (FBSDE) can be established. Our
conditions provided here are consistent with those normally adopted in the traditional FBSDE (without
the interference of a mean-field) frameworks, and give a generic explanation on the unique existence of
solutions to common MFT-FBSDEs, such as those in the linear-quadratic setting; besides, the conditions
are ‘optimal’ in a certain sense that can elaborate on how their counter-example in Carmona and Delarue
(2013) just fails to ensure its well-posedness. Finally, a stability theorem is also included.
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1. Introduction

Let (2, F, P) be a probability space and {B;};>0 be a d-dimensional Brownian motion over
the same space equipped with a natural filtration, generated by B;, satisfying the usual continuity
conditions. A fully coupled forward—backward stochastic differential equation (FBSDE) is:

t t
XIZxO"‘/ b (s; X, Yy, Zs)ds'i'/ o(s; Xy, Ys, Zs)d By
o 7 o 7
Y; =g(Xr) —i—/ h(s; X, Yy, Zg)ds —/ ZsdBs, foranyt € [0, T],
t t

where X, Y, Z take values in R, R™ R™*d respectively, and b, o, g, h are functions with ap-
propriate dimensions. Ma, Protter and Yong [9] are the first to develop the “four-step scheme” to
establish the existence and uniqueness of solutions of the FBSDEs when the underlying forward
equation is non-degenerate. Hu and Peng [8] later proposed certain natural monotonicity condi-
tions (that allows the underlying forward equation to be degenerate) under which they can show
the unique existence of solutions to FBSDEs when both the dimensions of X and Y are equal;
Peng and Wu [11] then extended the earlier result in [8] when the dimensions of X and Y are
different under the so called G-monotonicity conditions. Besides, Pardoux and Tang [10] also
used a purely probabilistic approach to provide a comprehensive study, again under monotonic-
ity conditions, on the (local) theory of FBSDEs and their connection with quasilinear parabolic
partial differential equations, which includes the (local) existence and uniqueness of the solu-
tions of those FBSDEs, their a-priori estimates, and their continuous dependence (stability) on
the underlying modelling parameters. The paper of Delarue [7] is an original breakthrough in
the study of the well-posedness of FBSDEs based both on probabilistic techniques and on some
PDE results which contains less restrictive assumption than that posed in [9].

Mean-field type forward—backward stochastic differential equations (MFI-FBSDEs) are
forward—backward stochastic differential equations in which the coefficients involved could also
depend upon the distribution of the solution triple (X, Y, Z); see [2,1,3,4], and the references
therein for more details of their emergence and introduction, and their subtle connections with
mean-field games. The stochastic maximum principle approaches to both the solutions of mean
field game problems and optimal control problems for mean field stochastic differential equations
naturally reduce to the solutions of MFT-FBSDE systems (see [5,6]). In particulars, the frontier
works of [3,4] provided the first probabilistic analysis of mean-field type control theory and
related problems. In their interesting recent work [4], Carmona and Delarue used (Schauder)
fixed-point or Picard iterative scheme together with recursive induction (over a finite partition of
the time horizon) and localization argument (with respect to ‘monotone’ (up to a subsequence)
convergence over the relaxation of bounds on the underlying coefficient functions of the
dynamics) to build a coherent general theory of the existence of solutions of MFT-FBSDEs under
a very mild Lipschitz condition on the coefficient functions; however, the uniqueness of solutions
cannot be guaranteed in general, and a crucial counter-example (with a very simple structure)
on this failure was also illustrated in [4]. In their another work [5], Carmona and Delarue
implemented the continuation method as introduced in [11] to investigate the optimal control
problem with McKean—Vlasov diffusion processes. More precisely, by adopting convexity
assumptions on the Hamiltonian of the corresponding optimization problem, they established
the unique existence of the forward—backward system via the stochastic Pontryagin (maximum)
principle. It should note that the satisfaction of their proposed convexity assumption implies
that of our advocated monotonicity condition (A1); nevertheless, their proposed condition may
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exclude some other interesting cases that could satisfy alternative Assumptions (A2), (A3), (A4).
In contrast, in our present paper, we aim to establish that under the additional monotonicity
conditions on the coefficient functions, the well-posedness of the solutions to the corresponding
MFT-FBSDEs could be ensured. Besides, our proposed conditions seem to be ‘optimal’ in the
sense that, on the one hand, they provide a generic explanation on the unique existence of the
solutions to common MFT-FBSDEs, such as those arisen from linear-quadratic mean-field type
control problems; on the other hand, they also illuminate on how the counter-example provided
in [4] just critically fails to possess a unique solution in a ‘continuum manner’.

The organization of our paper is as follows. Section 2 devotes to the problem formulation
and settings for MFT-FBSDEs. The unique existence of their solutions is shown in Section 3.
Further results on comparison principle is given in Section 4. Two motivating examples and their
connections with our proposed monotonicity conditions are given in Section 5, and we finally
conclude in Section 6.

2. Problem formulation

Let (L2, F, {Fi}iefo,11, P), where T > 0 is an arbitrarily fixed finite number and 7 = Fr,
be a filtered probability space satisfying the usual conditions with {F;};¢[0,7] generated by a d-
dimensional Brownian motion {B;};c[0,7]. In this article, we consider the following mean-field
type forward—backward stochastic differential equation (MFT-FBSDE):

dX;=b (t; X, Y, Z,, P(x,,y,,z,)) dt +o(t; X:, Y, Z4, Prx, v, ,2,))d By,
dY, = —h (t; X, Y;, Zi, Px, v,.2)) dt + Z:d By, (D
Xo = xo, Yr =g(Xr, Px;),

for any ¢ € [0, T], where X, Y, Z take values in R”, R” R™*4_ respectively, and b, o, g, h

are functions with appropriate dimensions. Px, and Px, y, z,) = P Xo¥,.zW 7@ denote the
c ; Sodssbs sl

probability measures induced by X7 and (X, Y, Z;) respectively, where ZAEI) € R™ denotes the
ithcolumnof Z;,i =1,...,d.
In the rest of this paper, we shall adopt (-, -) and |- | to be the respective usual inner product and

1
Rm¥d we define |z1| £ {tr(zjz1)}2, (z1.22) &

tr(z’lZz) where z’l stands for the transpose of z1; for any u 2 (x1, Y1, 21), U2 £ (xa, ¥2,22) €

norm in Euclidean space; and for any z1, 25 €

1
R" x R™ x R™*4 we define |ui| = {tr(xix)) +tr(y1y)) +tr(ziz)}? and (uy,uz) =
(x1,x2) + (y1, y2) + (21, z2). We denote by M? (0, T'; RP) the set of all R”-valued F;-adapted
processes v. such that

T
E [/ |vs|2ds:| < 00.
0

Definition 1. A triple process (X, Y, Z)(w, 1) : 2 x [0, T] — R” x R” x R™*4 is called an
adapted solution of (1) if (i) (X, Y, Z) € M? (0, T; R" x R™ x R™*?); and (ii) the triple also
satisfies (1) P-almost surely.

Given a m x n full-rank matrix G, in the rest of the paper, we shall adopt the following
notations: u = (x, y, z)7,

—h(t;x,y,z, ) —G'h(t;x,y, 2, 1)
f@up 2| bt;x,y,z,0) |, Atsu,p) = | Gb(t;x, y,z, 1) |,
o(t;x,y,2, u) Go(t;x,y,2, [4)
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where 1 is a probability measure on R*™*"+"4 and Go £ (Goy, ..., Gog). Let W(., -) denote
2-Wasserstein’s distance on M (R?) defined by

1

2
Wi, p2) 2 inf{ [/ lx — y[*7(dx, dy)] 1w e M(RP x RP)
R? xRP
with marginals ©1 and o },

where M (IR?) denotes the set of probability measures with finite second order moment on R?
for some g € N. It is obvious from its definition that

B~ ELXG < W G o) < (E[ 10— %] @)

where X and X, are g-dimensional random vectors that follow the distributions @) and wo
respectively.

In the rest of our paper, we also consider those functions f(¢; u, i) that sometimes satisfy the
following additional condition:

(H): f is independent of u, while its dependence on w is only through its first moment [ v (dv).

Under (H), we adopt the notations f (t; fvu(dv)) and A (t; fvu(dv)) for f(¢;u, ) and
A(t; u, ) respectively.

Let U' 2 (X', ¥, ZY), U* & (X2,Y%2Z») € M*(0.T;R" x R™ x R™*9), define
()A(, Y, 2) L (x'—x2,y!'—y? 7! — 7%). Assume that for each (u, ) € R" x R x R"*d x
M@RrHmEmdy (x 'y € R" x M(R"), we have A(u, ) € M? (0, T; R" x R™ x R"™*9)
and g(x, ') € L? (02, Fr,P). We first list the following Assumptions (A1)—(A4): there exist
L > 0, non-negative constants 81, B2 and ay with 81 + B2 > 0,1 + 81 > 0 such that for
almost all (1, w) € [0, T] x 2, (u', "), W%, u?) € R" x R™ x R™*4 x M(R*Tm+mdy and
o3, 1), %, u) € R x M(R"),

o (A
W 1£ 05t 1) — @) < L (e =+ W, 1),
(i) lg(*, 1) — g i)l = L (I =+ W, 1h),
i) E[ (A (1 U] By gy o) = A (6 U2 Py 1)) U = U2))]
= ~BENG, 1 - 2 (BUG'T:P1 + ENG' 2,%1)
() E[[eX]. Pyy) — 8(XF, Py, GX} — XP))| 2 B [16%7 2]

e (A2)
(i) The condition (H) holds and

|7 (5 Bv1) - 7 (5 EVA)| < LBV - BIv2)

s

(i) g%, %) — g, ] = L (I = x4+ Wil ih),

Please cite this article in press as: A. Bensoussan, etal, Well-posedness of mean-field type
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(iii) E [(A (t; ]E[Utl]) —a(n E[U?]) Ul - UZ)]
A |2 , ~ |2 , A |2
< —p1 |GEIX[ - 2 (\G BT +|GEIZ]| ) ,
@) E[(s(X}.Py1) — (X3, Pya), GX} — XD))| = B 167 2]
e (A3)
() 1F@utwh) = el i) < L (' =+ Wt ).
(i) 103, 1) — g, w)] = L [BLVA] — ELVA|
i) E[ (A (1 U] Py o o) = A (5 U2 Py 1)) U = U2) ]

= —BEIGK1 - 2 (BIG T, 1+ ENG 2 1)

) E[(20ch Byp) — 806G Pye), GOx — X3)] = e [GRIZ [
o (A4)
(i) The condition (H) holds and
@BV - £ BV < LBV - BV,

(i) g, 1) — g(x*, uh < LIE[V?] = B[V,
(iii) E [(A (t; ]E[Utl]) —A(n E[Uﬁ]) Ul - U})]

3

WE [ (¢(X}. Py)) — (X3 Pya). Gx} = XD))] = 1 |GEIK ]

N 2 A
<-B \GE[X,] + ’G/E[Zt]

2 N
~ B (\G/E[Y,]

2

where V1, V2 ¢ Rrtm+md qnd V3 y4 € R” are random vectors which follow the distributions
w!, w? on R +md and 13, u* on R” respectively. Furthermore, 81 > 0, o1 > 0 (resp. S > 0)
when m > n (resp. n > m). In particular, if m = n, then either 8; > O and a1 > 0, or 8> > 0.

Remark. (1) It is known in [4] that, solely under the standard Lipschitz condition, i.e.,
b(r; x', y'2', 1) = b(ts x, y, 2o | + bt X', y'2 W) = h(ts x, y, 2, )
+lo@x', v 1) — ot x, y, 2, W
SL(x=x1+1y=YI+lz=21+W (1)),
where
L>1, v,y e R™, x',x e R", Z,ze R™? and
W, weM (R”+m+md) ;

it cannot guarantee the unique existence of the solutions of general MFT-FBSDEs. Our
technical assumptions (A1)-(A4) as stated above depict trade-off between Lipschitz and
monotonicity conditions, in the sense that a weaker (stronger resp.) Lipschitz condition
corresponds to a stronger (weaker resp.) monotonicity condition, and both of them together
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forward-backward stochastic differential equations, Stochastic Processes and their Applications (2015),
http://dx.doi.org/10.1016/j.spa.2015.04.006

20

21

22

23

24

25

26

27

28

29

30



20

21

22

23

24

25

26

27

28

29

30

31

32

33
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play a major role in ensuring the uniqueness of the solution of the MFT-FBSDEs. The
intuition behind the balance between these two conditions is hinted from the observation
in the inequalities (2); indeed, the Wasserstein’s distance of two probability measures is
bounded below by the Euclidean norm of the difference of their respective expectations,
which motivates us to consider the problem under the different influences of various Lipschitz
constraints for the measure arguments in the corresponding coefficient and pay-off functions.

(2) The matrix G is used to match the dimensions of processes X; and Y; in monotonicity
condition when they are different, and it can be arbitrarily chosen provided that it is of full
rank. In particular, when X; and Y, are of the same dimension n € N, we can simply take
G = Inxan.

(3) Assumption (A2) (i) is equivalent to

@) |f (ulsnt) = £ (0 0?)| < LBV - BV

indeed, (i)=(i’) is obvious. To show that (i')=>(i), note that if ' and 12 have the same first
moment, then f (¢; ul, ,ul) = f(t; u?, y,z) for all ,ul and uz because of (i'), and so f(; u, )
is independent of u# and depends solely on (z; f vu(dv)),ie. f(t;u, n) = f(; f v (dv)).
Similarly, by using the same argument, Assumption (A2)(iii) is equivalent to

Ll 772 1 2

Gii") E [(A (t, U, P(X,',Y,‘,Z,l)) —A (l‘, Uy, P(th’er’Zrz)) U = Uf )]

2 N 2
b (\G’E[Yt] )

The equivalence between (i’) (resp. (iii’)) and (A4)(i) (resp. (A4)(iii)) also holds by applying
the same argument.

A 2 A
< —p1|GEIX/] + |G'ELZ:)

3. Existence and uniqueness of the solutions to the mean-field type forward-backward
stochastic differential equations

Theorem 1. Suppose that one of the above Assumptions (A1)—(A4) holds. There exists at most
one adapted solution (X, Y, Z) for the MFT-FBSDE (1).
Proof. Let U! = (X}, Y}, z}), U? = (X2, Y2, Z?) be two adapted solutions of (1), we set
U2 X Y, Z) =X = X2, v} -2z} — 7D,
b2 b (X! Y ZE P ) = b (5 XE YR ZE e 2 ).

>
(1>

vl 1 1 L v2 y2 2
o (t, x!. vy, z!, P(X},YII,Z}J —o (6 X2 ¥ 22, P(X;’Ytz’ztz)> :

=
(1>

.yl 1 1 . yv2 2 2
n(6 XYL 2Py ) = 0 (6 XE YR ZEPae y2 ).

Cxl yl Sl Cx2 y2 2
f (f’ Xe Y, ZI’P(X},Y,I,Z})> - f (f» X Yo, Zz»P(X,Q,YE,Z%))-

et
(1>

An application of Itd’s formula to <1A/ ., GX z> yields
1 2 &
(s (xFPx;) — s (33 P ) 6]

T
. 1 2 1 5
=E |:/(; (A (t, U,, IP)(X,I,Ytlyz})) —A (l‘, U; ,P(thyyrz’ztz) LU, = U; >dti| .
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(1) If (A1) is satisfied, an immediate consequence of this assumption and a simple rearrangement
gives us that

T T T
oqIE[|GXT|2] + BiE U |GX,|2dti| < _BE U GV, 2dt +/ |G’zt|2dt].
0 0 0

If n > m, in this case, 8o > 0. We can have fOT |G'Y;|?dt = 0, which implies ¥, = Y2
for almost every ¢ € [0, T]; and by the continuity of ¥ I'and Y2, it also holds that IE”(Y,1 = Y,z,
vt € [0, T]) = 1. Apply Itd’s lemma to the left hand side of the equation |I?t |2 = 0, it follows
that fOT |2S |>ds = 0, and thus Z,l = th for almost every ¢t. Moreover, we can see that the process
{X:}ter0,1 satisfies the following mean-field type SDE:

dX; = bdt +6,dB,, Xo=0, te(0,T],

where the coefficients satisfy

Bl 41600 < 2y 1B +16,2 < 21l < 2L (1K1 4 W (B 1 1), Bz )
1
<L (|Xf| - (Enxfﬂ])z) : ©

Applying It6’s formula to |X/|? and by (3), we can derive that

t t
o2l Lo A2
E[I%] = 2E [[0 <bs,XS)ds} +]E[/0 1651 ds]
LN > 1 R
< 4LE [/ {|Xs| - (E[|Xs|2])2} : |Xs|ds}
0
t 1\ 2
+4L°E [[ (|fcs| + (E[|XY|2])2) ds}
0
o t R R 1
< 4L {E[/ |Xs|2ds}+/ ELIX; 1] (E[|Xs|2])2ds}
0 0
t t
+8L2{E[/ |f(s|2ds]+E[/ |f(s|2ds“
0 0

< (8L+16L2) /OIE[lffslz] ds, Viel0,Tl,

which implies that X} = X ,2, vVt € [0, T]1 N Q by Gronwall’s inequality; and by the continuity of
X! and X2, itholds that P (X} = X2, vVt € [0, T]) = 1.

If n < m, in this case, 81 > 0, a; > 0. We can have fOT |G)A(,|2dt = 0 and XIT = X%, which
implies that X,1 = X,2 for almost every ¢ € [0, T] and g(XlT, IP’XlT) = g(X%, IP’X%); and by the
continuity of X! and X2, it follows that P (th = th, vt € [0, T]) = 1. Moreover, we can see
that the process {?t}te[O,T] satisfies the following mean-field type BSDE:

dY¥, = —h,dt + Z,dB,, Yr =0, t €[0, T],

Please cite this article in press as: A. Bensoussan, etal., Well-posedness of mean-field type
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by Assumption (A1) and X ¢ = 0fort € [0, T], the drift coefficient satisfies

|ht| = L (lYt| + |Zt| + W <]P)(th’yll’ztl), IP)(X%,Y;,Z?)))

1 R 1
<L (|ﬁ| + 12+ (EUF ) + (E[|z,|2])2) : )

Applying Itd’s formula to Y12, by substituting (4) and note that ab < %az + %bz, a,beR, e >
0, we can derive that

E[|f’,|2] +E|:/[T|2S|2ds:| —E [/j(h As>ds} < thTE[lﬁs||?s|]ds

<2LfT IE[|1?Y|2]+1E[|Z_YII?Y|] +E[Y,] (]E[mz])% +E[|Ys|](E[|2s|2]>5}ds

=2 / EW”ZH]E['Z”?S']“E[WHZ]JF(E[Iﬁlz]);(E[|2S|2])5}ds
<o [ (g v )20 (4 =2 s

T
:L/
t

P

<4+ %) E[I%,P] +2¢E [|2s|2]} ds

then choose € = 4+ to get that

[lY,| ] EUT@SWS] < (8L2+4L) /ZT]E[|1A/S|2]ds, Vi € [0, T],

which implies that Z! = Z?2 for almost every #, and ¥,! = Y2, Vt € [0, T] N Q by Gronwall’s
inequality; and by the continuity of ¥ 1 and Y2, it also holds that P (Y,1 = Ytz, Vvt € [0, T]) =1.
If n = m, a similar argument can also be applied to obtain our desired result.
(2) If (A2) is satisfied, then we can similarly deduce that
2
) dt.
= 0 for almost every

N|~ #I~

+ ]E[G/Z]

2 T A2
dtf—,BQ/ (]E[G/m
0

~ |2 A 12
If n > m, then B, > 0, we can have ‘G’E Y;]l = 0and ‘G/IE[Z,]

t € [0, T], which implies ]E[Y,] =0and E[Z,] =0, a.e. Applymg 1t6’s formula to |)A(,| by the
Lipschitz condition imposed in (A2), IE[Y,] = 0 and ]E[Zt] =0, a.e., we can derive that

ElIX,[’] = 2E [ / (Bs,ffs>ds]+ / ELI6,*1ds
0 0
t t

8| [ thiidas|+ [ s 2ias
0 0

t t
< ZL/ ]E[|XS|2]ds+L2/ E[|X,|*1ds, Vi €0, T].
0 0

we[163:P] + 1 [ [mIGR,

An application of Gronwall’s inequality yields that
E[[X:1=0. Vie[0,T],

Please cite this article in press as: A. Bensoussan, etal, Well-posedness of mean-field type
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which implies that X! = X2, V¢ € [0, T] N Q; and by the continuity of X' and X2, it also holds
that P (th = th, vt € [0, T]) = 1. Moreover, we can see that the process {ﬁ}re[O,T} satisfies
the following mean-field type BSDE:

d¥, = —h,dt + Z,dB,, Yr =0, t €[0, T],

by Assumption (A2), E[X,] =0, E[l?t] =0and IE[Z,] = 0 for almost every ¢ € [0, T], the drift
coefficient satisfies

Jhul = L (|BL%0)

+ \E[ﬁ]

+ \E[Z]

) =0, a.e.,

then in light of the continuity of ¥'! and ¥?, it follows that P (Y,! = ¥, ¥t € [0, T]) = 1, and
Z} = 7?2 for almost every ¢ by standard result of BSDE.

If n < m, then @y > 0 and B; > 0, we can have E[)A(,] = 0, for almost every ¢, and )A(T =0.
By Lipschitz’s condition imposed in (A2), i.e.,
. ) , ae.,

=i

which can implies that h s 1s independent of ()A( $s )?S, Z s). Applying Itd’s formula to |)?,|2 and
noting XIT = X%, we can derive that for any ¢ € [0, T,

E[F, P +E [/T |Zs|2ds] - [(g (X}:P) - g (X%,sz)\z]

—I—ZEI: hy, Yy ds:|

IfzslsL(

—0+ 2/t (L, 1. EL71) ds

T
t
T A
< 2L/ <‘E[YS]
t

then choose € = ﬁ and apply Gronwall’s inequality to get that

A

s )ds

2 € N
s + 5 ‘E[Zs

2
] >ds, (&)

T
0

which implies that Z! = Z? and ¥,! = Y? for almost every ¢; and by the continuity of ¥
and Y2, it also holds that P (Yzl = Ytz, vt € [0, T]) = 1. Moreover, we can see that the process

{)A( t}rel0, 77 satisfies the following mean-field type SDE:
dX; = bdt + 6,dB,;, Xo=0, t €[0, T],

where the coefficients satisfy

Bel 1611 < 2y 1B, + 1622 < 21 fol = 2L ([BLR,)

then it follows that P (X! = X2, ¥t € [0, T]) = 1.

+ [EL]

+ |E12)) =

Please cite this article in press as: A. Bensoussan, etal., Well-posedness of mean-field type
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Remark. To ensure the uniqueness of (1), the terminal condition on Y can barely be a function
of (Yr, Zr) or generally P(y, z,); in other words, g in (1) can only depend on X7 or Py,.
In particular, the process {Z;};c[0,7] is only dt ® dP-a.e. defined, i.e. a prior setting for Z7
cannot be viable if there is no additional assumption imposed. g’s independence of Y7 and Py,
can be illustrated as follows: from the derivation of (5), suppose that g is a function of Py,
ie.Yr=g (XT, ]P)(XT»YT))’ then we can only achieve:

2 2
1 2 v 12
‘g (XT’ IP(XIT,Y%)) — 8 (XT’ IP(X%,Y%))‘ =< w (]P)(X%.,Y%)’ IP(X%,Y%)) = EHYT' ]7

which may not lead to a usual Gronwall’s inequality, without which uniqueness of the solution
can hardly be concluded.

(3) If either (A3) or (A4) is satisfied, a similar argument can also be applied to obtain our
desired result. [J

3.1. Existence of solution under Assumption (Al)

In this section, we establish the existence of solution of the MFT-FBSDE under Assumption
(A1) by the argument of continuity method first introduced in [11]. Let A € [0, 1], consider the
following class of mean-field type FBSDEs

dX; =[(1 = VNBa(=G'Yy) + Ab (t; Uy, Pix, v,.20) + ¢i1dt

+[(1 = VB(=G'Zy) + ro (t; Up, Pix, v,,20)) + Vi ld By,
dY; = —[(1 = WBIGX; + M (t: Ur, P(x,.v,.2)) + vildt + Z,d By,
Xo = Xxo, YTZ)\g(XT,PXT)—I—(l—)\.)GXT—}—S,

(6)

where ¢, ¢ and y are given process in M? (0, T') with values in R”, R”*¢ and R™ respectively,
£e L, Fr,P). Clearly, the existence of solution of (6) for A = 1 implies that of (1).

Lemma 1. The following system, which is that of (6) when A = 0, has a unique solution:

dX, = (~p2G'Y, + ¢)dt + (—p2G'Z; + ;) d By,
—dY, = (B1GX, + ) dt — Z,dB,, (7
Xo = xo, Yr = GXr+E&.

Proof. See Lemma2.5in[11]. O

Lemma 2. Under Assumption (A1), we also assume that there exists a constant Ay € [0, 1) for
any ¢, yr, y in M? (0, T) taking values in R", R"*¢ and R™ respectively and € € L*> (2, Fr,P),
such that (6) has an adapted solution. Then there exists a 8§y € (0, 1) which only depends on
G, L, a1, B1, B2 and T, such that for any A € [Lg, Ag + So], (6) has an adapted solution.

Proof. For each x; € L2 (02, Fr,P) and a triple uy L (x4, Vs, 2s) € M2(O, T; R" x R™ x
]R’"Xd), we take

¢t <~ (,32G/yl +b (t; U, ]P)(Xt,yuzl))) + ¢t’
wt <~ (ﬁzG/Zt +o (t; Uy, P(Xt,ynlt))) + wt’
Yy <8 (—,BlGx; +h (l; U, P(xt,yz,z;))) v
£ < 8 (g(xr, Pyy) — Gxr) + .

Please cite this article in press as: A. Bensoussan, etal, Well-posedness of mean-field type
forward-backward stochastic differential equations, Stochastic Processes and their Applications (2015),
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By assumption, there exists a constant Ao € [0, 1) such that there exists a unique triple U =
(X,Y,72) e M? (O, T;R" x R"™ x Rde) satisfying the following MFT-FBSDE:

dX; = {1 = 2)B2(=G'Yy) + hob (t; U, Pix, v, 2,))
+9 (ﬂZG/yt +b (ﬁ Ug, ]P(xr,yt,m))) + ¢t}dt
+{(A = 20)B2(=G'Z;) + oo (t; Ur, Pix, v,.2,))
+8(B2G'z + 0 (t:ur. Py, y,.2))) + Wi }d B
dY; = —{(1 = 2)B1GX; + roh (t: U, Pix, v,.2,))
+8(=B1Gxi +h (t; ur, Py, y,.2p)) + v }dt + Z,d By,
Xo = xo, Yr =208(X7,Px;) + (1 = 20)G X1 + 8 (g(x7, Pyy) — Gx7) + &,

We now proceed to prove that, if § is sufficiently small, the mapping Iy,4s : MZ(O, T,
Rrtmamxd) 5 12(0Q, Fr,B) — M?* (0, T; Rmtmxd) 5 12 (0, Fr,P) defined by I,4s
(u, x7) = (U, X7) is a contraction. L

Letii £ (%,7,2) € M* (0, T; R" x R™ x R™*) and (U, X7) £ Liy4s (i1, X1). We set

hi=E9)=0-%y-3,2-2, U=XY,2)=X-X,Y-Y,Z-2).

An application of It6’s formula to <G)A( t }A’,> yields that

AME [(GXT, g (XT, IP)XT) -8 (XT, ]P))}T>>:| + (1 —=2x)E [(GXT, G}?T>:|

+E [(G)%T, —Gér + g (xr, Pyy) — g (31, ]P’,;T)>]
T
= ME [[) <A (t; U,, P(thl’zt)) —A (l; l_]t, P()_(,,Y,,Z,)) , lA/t> dti|
— (1= )E [/OT (,81 (Gf(,, Gf(,) + B <G’f’,, G’?l> + B <G’2,, G’Z,)) dt:|
+8E[ /0 ' [81(G%,,Ga)+52(G'V0. G'51) + 2 (G' 24, G 21

+ (Ul’ A (t; Ur, P(Xn)’t,zt)) —A (t; U, P@hf’tit))) } dt]’
and now in light of the condition given in Assumption (A1), we have

@+ (1 = 20) E[[GR 7]
T A A A A A A
+E U (,31 (GX,, GX,> + B <G/Yt, G’Y,> + B <G’Z,, G’Zt>) dt}
0
R /T G (L% + Lie?) + patciz (L1 + Lisi
= o 2 t 2 t 2 t 2 t
2 QR 2 1/\ 2 r ’y
+B2GI" | S1Zi1° + S 121" ) pdt | + OE U |A (5 ur, Pisyyiz))
0
— At P, 5.2)) ‘df}

1 - -
+0E [5 (1GP1&7 12 +1GP |31 *) +1G k7| [g (x7. Py) — g (Fr. PXT)q
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<E /T Gl (L% + Lisr) + paiciz (Linz + s
= 0 2 t 2 t 2 t 2 t
181G (2122 + L) Lar
2! Tl
T A
+0E [/0 \UANGI|f (516 Py yra) —f(f?ﬁz’P@,,yt,zr)de}
1 A 2 N _
+8E[5 (1GP1%r 2 +1GP [2r[*) +1G K71 [g (xr. Pxy) —g(xT,IP,;,)q
=0k /T BUGE (21X + 2152 ) + BoAGE (219, + 215
= 0 2 t 2 t 2 t 2 t
L BIGP (212, + 2122 ) L ar
PR Tt
(e len, 1o
+L3IGIE U™+ il + 5W° (P Beasizn) ) dt
0
Lo 26 2 214 12 2.2, Lo Lo i
+E 5 |GI*|Xr|* + |G| |#7|") + LIGI*| X7| +2|xr| +2W Py, Pr;) |-

‘We also note that

!Wz (]P)(Xr,)’tylt)’ ]P)(-flsytvzf)) = E |:|)et|2 + |}A)l|2 + |2’|2:| =E [‘ﬁt}z:l ’ Vi e [O’ T]’
W2 (P, Px,) < E[IZ7]2].

Therefore, there exists a positive constant K1 which only depends on L, G, B, B2 and T such
that

@iro+ (1= 2)E 16X 1]
+E [ /0 ' (81 (6% 6X:) + B2 (61, G'Yi) + 52 (G2, G 24)) dr}
< 6K|E UOT (lie*+ 10,12) dr] +8KE[I1R712 + 57

also note that (xjAg + (1 — Xg)) > min {1, o1}, we can then obtain that

min {1, a;} x E [|G}2T|2]
T A A A A A A
+E [ /0 (81(GR. GR)+ B2(G'01. G0 + B2 (624, G'2)) dr}
r ~ 2 2 o2 A 12
§8K1IEU (I +1811 )dr]+aK1E[|XT| + 12, ®)
0
Applying It6’s formula to |X/|2, then we can derive that
A l A A
E[I%] =2E [ fo <x (1— /\0)132(—G/Ys)>d8]

+2E |:/0[<)A(S’ X0 (b (S; US’P(XS,YS,ZS)) —b (S; US’P(XSsySsZS)>>>ds]

Please cite this article in press as: A. Bensoussan, etal, Well-posedness of mean-field type
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t A
+2F [/O <Xs, 8 (B2G'9s 4+ b (s:us. Py, y, 2)) — b (ss i, P(ix,ymzx)))>ds]

t A —
+E [/(; M) Ba(—=G' Zg) + X (a (s; Us, P(XS,Y_V,ZS)) —0 (s; Us, P(X“}-,S’Zc)))
2
+ 8(BaG'%s + 0 (55 us, Py, y,,20) — 053 85, Pz 5.7,))) dS}
t A A
<E [/ (1%:12 + (1 = 20?B31G121 1) ds]
0
t 5 9 _ 2
+ A UO <|XS| + |b(s: Us Pox, v, 2) b (5 0. Bg, 7, 20 )| )ds]
r rt
+E /{5/32<|Xs|2+|0|2 55 1%)
LJO

+4 (lj\(sl2 + }b (S; Us, P(xs,ys,zs)) —b (S; Us, P(fs&sis))‘z) }ds]

1 _ 2
+E /0 {4(1—)»0) BIGPIZP + 43 |o (51 Us B, vy,2) =0 (510 Pig, 7, 7))

+402BFIG IS + 402 [0 (53 45, Py 3, ) = 0 53 s P, 5, 2| ] ds ]

by Lipschitz’s assumptions imposed in (A1), (2) and Gronwall’s inequality we can obtain that

T T
swp E[12,P] < sKiE [/ mxﬁds} + KIE [/ (19,2 +12:P) ds} | )
0<s<T 0 0
Note that
1 T oo o2
ZE| [ 1%Pds| = swp E[I%,P]:
T Lo 0<s<T
we can also derive that
T T T, N
E [/ |XS|2ds:| < STKE U |ﬁs|2ds] n TKlE[/ (|Ys|2 n |zs|2) ds:|. (10)
0 0 0
Similarly, applying It6’s formula to |¥;|2, and we can derive that
A T A
E[I%,P]+E U |Zs|2ds}
t
Ty, R -
=2E |:/ <Y3, (I =20)B1GXs + Ao (h (5: Us, Pex,.v,.2,)) — B (S; Us, P(gsyhzs)»
-4 (,61st +h (S Ug, P(xé Vs,25) ) —h (S; Ug, P(;s’)‘,hzx)))>dsi|

+E XTv]P)XT)_g<XT,PXT>>+(1_)\O)GXT

]

+8 (g (x7.Py;) — g (¥7. Pi,)) — 8Gir

Please cite this article in press as: A. Bensoussan, etal., Well-posedness of mean-field type
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r v 12 202 2 v 12
< [ [BURPI+ (- 20 BHGREIR P ds

t
T s, 5 _ 2

+ ;E[IYS| ]+6)“OE ‘h (S, US’]P)(XSsYsaZA')) - h (S, US’]P)()_(AWY_'S!ZS))‘ ds
t
r > 12 2 2

+/ 881 {BIPP1 +1GPELI% 1} ds
t
T s 2

+/ 5{E[|Ys| ]+]E[|h(s¥”s’P<xs,ys,zs>)—h(s:ﬁs’IP’@s,;s.zS))| ]}ds
t

+4A2E Ug (Xr.Px,) - g (Xr.Px, )

2 N
} +4(1 = 20)? IGPE[I X7 ]

+49°E [ (v1. Pay) — g (37, P, )] + 491G PE [137]
1

8L2°
provide a bound for sup, (o 71 E[Y; |21; and then substitute the latter back to the same inequality

to obtain the bound for fOT ]E[|2 o |2]ds. By combining the obtained bounds, we can deduce that

T T
EU (|?s|2+|2s|2)ds}sal<ﬂ@[/ !ﬁsizds]wklla[mﬁ]
0 0

T
—i—KlE[/ |Xs|2ds]+K1E[|XT|2]. (11)
0

choosing € = by Lipschitz’s assumptions imposed in (A1), (2) and Gronwall’s inequality to

(1) If n > m, then B, > 0. Then GG’ is a full-rank m x m matrix, we can easily derive that

IG'Y,| > |Y;| and |G'Z| > 1 Z4,

1 1
IGIGG)H™! IGIGG)H™!

along with (8)—(10), we can have

E [/OT |l75|2ds} +E [|)2T|2] < 5K <E [/OT |ﬁs|2ds] +E [|£T|2]> ,

where K is a constant which only depends on L, «1, 81, 82, G and T.
(ii) If m > n, then @y > 0, B; > 0. Then G'G is a full-rank n x n matrix, we can easily derive
that

A

IGX,| > X, 1,

1
IGI(G'G)~!|
along with (8) and (11), we can also have

T . T )
E [/ |US|2ds:| +E[I%X7P] = 0K (E [/ |ﬁs|2ds] +E|[#r] ])
0 0
Therefore, we always have that
T . T 5
E[/ |Us|2ds] +E[1%12] < 5k (E [/ |ﬁ5|2ds} +E |ir] D
0 0

Let §p = % it is clear that the mappings

I)\.O+5 (uv -xT) = (Ua XT) )

Please cite this article in press as: A. Bensoussan, etal, Well-posedness of mean-field type
forward-backward stochastic differential equations, Stochastic Processes and their Applications (2015),
http://dx.doi.org/10.1016/j.spa.2015.04.006




A. Bensoussan et al. / Stochastic Processes and their Applications xx (Xxxx) Xxx—xxx 15

are contraction for all § € (0, &p). It follows that there is a unique fixed point which is the solution
of (6)fork =io+38,8 €(0,80). O

By applying Lemmas | and 2, it is easy to establish the unique existence of solution for the
MFT-FBSDE (1).

Theorem 2. Under Assumption (Al), there exists a unique adapted solution (X, Y, Z) of the
MFT-FBSDE (1).

3.2. Existence of solution under Assumption (A2), (A3) or (A4)

Similar to that in Section 3.1, we first establish the existence of solution of the MFT-FBSDE
under Assumption (A2). There could be some different argument used in comparison with that
in3.1.

Consider the following class of mean-field type FBSDEs

dX; = [(1 = M) B2(=G'E[Y;]) + Ab (t; E[U;]) + ¢ 1dt

+[(1 = M)B2(=G'ElZ]) + Ao (t; E[U]) + Y 1d By,
dY; = —[(1 — M)B1GE[X,]+ Ak (¢; E[U;]) + y,1dt + Z,d By,
Xo = xo, Yr =2g(X7,Px;) + (1 - A)GXr +§,

(12)

where ¢, ¥ and y satisfy the same conditions as in Lemma 2 in Section 3.1. Clearly, the existence
of solution of (12) for A = 1 implies that of (1).

Lemma 3. The following system, which is that of (12) when A = 0, has a unique solution:

dX; = (=2G'ELY,] + ;) dt + (—B2G'EIZ/] + Y1) d By,
dY; = — (BIGE[X,] + y,) dt + Z:d By, (13)
Xo = xo, Yr =GXr +§.

Proof. Taking expectations on both sides of (13) yields

dE[X;] = (=B G'E[Y;] + El¢]) dt,
dE[Y,] = — (B1GE[X,] + Ely,]) dt, (14)
E[Xo] = xo, ElYr] = GE[X7r] + E[§].

As a special case of Lemma 1, this system (14) has a unique solution (E[X,], E[Y;]). In the
following, we follow the method adopted in the proof of Lemma 2.5 in [11] to establish our
desired result. Define

X £ X —EIX], Y2V -EY), Z 22,
¢ 2¢ ~Elgl.  nE2y—Elnl.  §25-ElEL ¥ 2y
To show the unique existence of solution of (13), it suffices to prove unique existence of
dX; = dudt + (~BG'BIZ) + ) d By,

d?[ = _?[dt + ZldBla (15)
)V(()ZO, ?TZG}?T—"-é,

which is the difference between (13) and (14).

Please cite this article in press as: A. Bensoussan, etal., Well-posedness of mean-field type
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(1) If n < m, then G'G is a strictly positive matrix, we define

X

X\ (X v\ . (. —G@G6) ')y
r|=|6r|. (Z*> - N AN I
5 o3 In—G(G'G)'G') Z

where I, is the m x m identity matrix. Multiplying G’ on both sides of the second and the
third equations in (15) yields

d%; = dudt + (~BEIZ) + i ) dB,,
dY, = —G'y,dt + Z,;dB;, (16)
X0 =0, Yr =G'GXr + GE.
Multiplying (7, — G(G'G)~'G’) on both sides of the equations involving ()?, Z) in (15)
also yields
ay; = — (1,,, — G(G/G)—IG/) vedt + Z7d By, an
vi = (I, - G(G'6)'G) .

Clearly, the solution (Y*, Z*) is uniquely determined. Consider the following mean-field
BSDE:

!—dpt = (6'Gdi +G'11) di + (G'GYi — 4y — PG/ GElai] ) dB,, s

pr = GE,
and we claim that (18) has a unique solution (p, ¢) € M? (0, T; R"™>*?); indeed, define
wy = g + f2G'GElq1],
and (18) becomes a classical BSDE:

_ '~ X I~ PN
{—dp, - (G G +G yt> di + (G G, w,) dB,. 19

pr =G'E,
whose solution (p, w) is uniquely determined. Then by definition
Elw,] = E[q: + B2G'GElg:]] = (In + p2G'G) Elg1].
thus E[g,] = (I, + ,32G’G)_l E[w,], and finally we can get
4 = w; — 2G'G (I, + prG'G) ' E[w,].
Now, let X ; be the solution of the SDE

A%, = dudr + (~P2Elg/) + 1 ) dBy,
Xo=0.
It is easy to check that

(Xt’ Y., Zt) £ (Xt, G'GX, + P> Qt)

Please cite this article in press as: A. Bensoussan, etal, Well-posedness of mean-field type
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is the solution to (16). Then the triple ()V( LY, 2) is uniquely obtained by the substitution
X
=|GG )Y +v*|;
GGG 'Z+2z*
indeed, its uniqueness follows immediately by working backward.

(ii) If n > m, GG’ is a positive definite matrix. Similar approach as in (i) can be adopted, we
now set

N« < p<

GX
vy |, xr2 (In - G’(GG’)—‘G) X.
VA
Then X* is the unique solution of the following SDE:
dXF = (1,, — G’(GG’)—lG) Godt + (1,, - G’(GG’)—lG) J.dB,,
X% = 0.

N < <
>

Multiplying G on both sides of the equation governing X in (15) yields:

dX, = Gydt + (—,BzGG’]E[Zt] n Gx}t) dB,,
d?t - _J;td[ + thBta (20)
X0 =0, Yr=Xr+E&.
To solve (20), we consider the following mean-field BSDE:
:—dpf = (G + 71) di + (G — 4, — B2GG'Elgy) dBy, on
pr=§,

and it is easy to show that (21) has a unique solution (p, ¢) by using a similar argument that
tackles (18). Let X be the solution of the SDE:

d%; = Gudt + (Gl = fGG'Elq)1) dB,,
X =0.
Then it is easy to check that

(Xh ?t, Zt) £ (Xt, Xt + b1, %)

is the solution of (20). The unique existence ()V( Y , VA ) is now evident via the following relation:

X G' (GG 'X + x*
Y| = Y ;
z V4

again its uniqueness follows from working backward. [

Lemma 4. Under Assumption (A2), we also assume that there exists a constant Ay € [0, 1) for
any ¢, V¥, y in M? (0, T) taking values in R", R"™4 and R™ respectively and & € L* (12, Fr,P),
such that (12) has an adapted solution. Then there exists a 8o € (0, 1) which only depends on
G, L,a1, B1, B2 and T, such that for any A € [Lo, Ao + So], (12) has an adapted solution.
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Proof. We use similar argument as that in the proof for Lemma 2. Taking

¢ < 8 (B2G'Elyi] + b (t; E[us]) + o1,

Y < 8 (B2G'Elz/] + o (1; Elu]) + ¥,

Yt < 8 (=P1GE[x/ ]+ h (¢; E[us])) + v4,

£ < 8(g(xr.Pyy) — Gxr) +£.
In light of the statement assumption, there exists a constant Ay € [0, 1) such that there exists
a unique triple U = (X, Y, Z) € M?> (O, T;R" x R™ x Rde) satisfying the following MFT-
FBSDE:
dX; = {(1 = 20)B2(=G'E[Y,]) + Aob (1; E[U)

+8 (B2G'ELy ] + b (3 Elu,1)) + ¢y Jdt

+{(1 = 20)B2(=G'E[Z,]) + hoo (1; E[U;])

+8 (B2G'Elz/] + o (t; Elu])) + ¥ }d By,
dY; = —{(1 — 0)BIGE[X,] + Xoh (1: E[U;])

+8 (—=B1GElx,] + h (1 Elu,]) + i }dt + Z,d By,
Xo=x0, Y7 =208(Xr,Px,) + (1 —2)GX7 +3(g(xr, Pyy) — Gxr) +§.

We aim to show that when § is sufficiently small, the mapping I, 4+s (u, x7) = (U, X7) is a
contraction. We first apply 1t6’s formula to <GX t l?[> and we obtain

WE [(G}%T, ¢ (Xr.Py,) — g (XT, }P’;{T>>] + (1= A)E [(G}?T, G}?Tﬂ

+E [(G}%T, —Gir + g (xr: Pry) — g (%1, IF’;T)>]
= E [/OT (A (t; E[U,]) — A (t; E[U,]) , f]t) dt:|
T
— (1 =) /O {81 (BIG X1, EIGR1) + g (EIG'T:1, ELG 1))
16 <E[G’Z,], E[G’Z])} di
T N ~ 15 /A 15 IA
+0 [ B (BIGK1. B1GR1) + 42 (BIG 71, BIG51) + 2 (BIG 201, ELG )} at
T ~ -
+5/0 E[(U,,A(t;IE[u,])—A(t;E[u,]))]dt.

According to the condition specified in Assumption (A2), we follow the same lines of argument
as in the proof for Lemma 2, there exists a positive constant K; which only depends on
L, G, B, B> and T such that

T
min{l,al}.}E[|G)2T|2]+E[/ <ﬂ1‘GE[)?,]
0

§8K1[/()T<]E[

2 A 12 ~ 12
+ 2| GBIV + o [ G'ELZ)| ) dt]

iy

|+ [|0;|2])dr] +KE[I1R712 + 5712] . (22)
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Next we apply Itd’s formula to both |)A( (|2 and |1?, 12, and by (iii) and (iv) imposed in (A2) and
Gronwall’s inequality we can have

T
sup E[IFP] < ok [ (BRI + L5117 + B2 s
0<s<T 0
T
i [ [ik
0
L T 2 2 2

E[/‘|X”%u];§8TKj/ (HE@H +¢E@g\+ﬂEﬁd|)ds

0 0 T 0 r A
+Tm{/ @m]dy+/‘ma]

0 0

T T
B| [ (024 122)as| <o [ (I + (B3 + B ) ds
0 0

2ds4—KﬂED2TP].QS)

2 T A 12
ds—+l/1 ‘E[Zs] ds}, (23)
0

2
ds}, 24)

T
+ 5K |E[)2T]‘2+K1/ 'E[X?]
0

As in Lemma 2, by considering the cases n > m and m > n separately, we still have

E[LTM%ﬁh}+ED27F]§6K<E[ATMA%h]+E[Mﬂq>,

where K only dependson L, G, &1, B1, Bo and T. Let 69 = % it is then clear that the mappings
Liyts (u, x7) = (U, X7),

are contraction for all § € (0, §p), therefore there is a unique fixed point which is the solution of
(12) forA = X9+ 38,8 € (0,80). O

Similar to Theorem 2, by applying Lemmas 3 and 4, it is easy to establish the unique existence
of solution for the MFT-FBSDE (1) under Assumption (A2).

Theorem 3. Under Assumption (A2), there exists a unique adapted solution (X, Y, Z) of the
MFT-FBSDE (1).

Similarly, we can also establish the existence result under Assumption (A3) or (A4).

Theorem 4. Under either Assumption (A3) or (A4), there exists a unique adapted solution
(X,Y, Z) of the MFT-FBSDE (1).

4. Stability theorem

In this section we provide a stability theorem for the solutions of the mean-field type
forward—backward stochastic differential equations when the initial and terminal conditions
are different. We consider the following two MFT-FBSDEs with different initial and terminal
conditions:

Xml =b (t’ th? Yllv Ztlv P(X},Y},Z;)) dt to (t’ Xll’ Yll’ le’ P(X},Yyl,ztl)) dBt’
Y = —h (fQ XYz, P(x},y),z})) dt + Z}dB;, (26)
Xy = %o, Y%==g1(X%»Px;)’
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and
2 . v2 y2 2 . yv2 y2 2
dX2 =b (;, X2, ¥2, 22, IP(XIZ,Y;,ZIZ)) dt + o (r, X2, v2, 72, ]P’(thsyrzszlz)) dB;,
2 L yv2 y2 A2 2
dy? = —h (r, X2, ¥2, 72, IP(XIQ,YTZ,Z%)) dr + Z2dB,, 27)
2 2 2 2 (2
X=x  vi=g(X}Py).
Suppose that the common coefficient functions and the corresponding terminal function g’s
of (26) and (27) satisfy the common one of the Assumptions (A1)—(A4). In accordance with

Theorems 2—4, the solutions of the above systems uniquely exist and we denote them by
(X', Y', 7" and (X2, Y2, Z?) respectively.

Theorem 5. Suppose that one of above Assumptions (A1)—(A4) holds. Then there exists a
positive constant C which only depends on T, o1, B1, B2, G and L such that

E[p?ﬂz] +E|:/0T|ﬁ,|2dt}

<C|E sup
(x, )R x M(R")

where %o £ xé — xg.

2
g, ) — g2 (x, m\ } + IJ?0|2> :

Proof. Applying It6’s formula to <G X, l?t> which yields that
2ffosr.o*(x.22y) - (335))) o)
T
77l ) 1 2
—E / (4 (UL P ) = A (5 VR Poayp ) UL = U2 |
0
(1) If (A1) is satisfied, then we can derive that
o E [|G}?T|2] +E [(G)%T, gl (X%, IP’X%> e (X%, PX%»] - <£0, G/E[?o]>
T T ) )
<-pis| [ 16tPar| < pur| [ (1670 416 28) ar ], (28)
0 0
by Cauchy—Schwarz inequality and ab < ea® + ﬁbz (a,b € R, e > 0), we can get that
A T A T A A
GE[IGRr | +iE [/ |GX,|2dt} + BE [/ (1672 +16'2:2) dti|
0 0
o2 1 1(y2 2 (y2 2
< E[IGX ] + E 6" (x3. Py ) - &2 (X3 P2

N 1 .
+€|GIPE[|Yol*] + ZIXOIZ

N 1
<eE [|GXT|2] + —E sup
de | (x,)eRr x M(RY)

2
g, —g? (x,u)‘ }

N 1 .
+€|GIPE[|Yol*] + E|x0|2- (29)

Please cite this article in press as: A. Bensoussan, etal, Well-posedness of mean-field type
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http://dx.doi.org/10.1016/j.spa.2015.04.006




A. Bensoussan et al. / Stochastic Processes and their Applications xx (Xxxx) Xxx—xxx 21

Applying the similar technique as in Lemma 2 to |X,|? and |¥;|? and we can obtain that

T
sup E[X,[’] < K (E [ /0 (172 +12:2) dt]-i-IfoIZ), (30)

te[0,T]

T
sup E[|Y,|2]-HE[/ |ZS|2ds]
t€[0,T] 0

2 . .
sl@(E[ sup g‘(x,m—gz(x,m\}+E[|xr|2]+1€[f |xs|2ds]>,<31>
(x, ;)R x M(R") 0

where K> is a positive constant depending only on 7 and L. Moreover, we can have that

T, . , TK
EU (|m2+|zs|2)ds}s “(E] s
0 T Al (x, )R x M(R™)
T
+E[|XT|2]+1EU |Xs|2ds:|>, (32)
0

2
g, ) — g (x,u)‘ }

2
g, — g2 (x,u)‘ }

E[Ifol?] =< KZ{E[ sup

(x, ) €R" x M(R")

A T A
+E[|XT|2]+E[/ |Xs|2ds]}, (33)
0
T R T R R
E[/ |X,|2dt}§TK2<E[/ (IY;|2+|Z,|2)dt]+I)20|2). (34)
0 0

(i) If m > n, then B; > 0, ®; > 0. Choose a small enough €, combining (29), (32) and (33) we
can deduce that

E[1%rP]+E [foT lfm%ﬂ

<C|E sup
(x, 1) €R? x M(R")

where C is a positive constant depending only on T, a1, B1, f2, G and L.
@ii) If n > m, then B> > 0. Choose a small enough €, combining (29), (30), (33) and (34), we
can also deduce that

E[|XT|2] +E[/OT |l7,|2dt}

2
<C (E{ sup g (e ) — g, )| ] + |fo|2) :
(x, 1) R x M(R™)

(2) If (A2) is satisfied, then we can derive that

WE[IGR1P|+E[(GXr. 8" (X} Py ) - & (XF. Py ))] - (0. G'ELTo))

2
g (x.p) = g2x, ) ] + |)eo|2) ,

r A2 r .2 r A2
<1 [ |orka ai—po [ |ariaf @ —po [ |aEz ar
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by Cauchy—Schwarz inequality and ab < ea” + ﬁbz (a,b e R, e > 0), we can get

wi[i6xrP]+p [ [oRIf

2 T A
dt+ﬂ2f (‘G/E[Yt]
0

2 ~
+ ]G/E[ztl

2
)dt

v 12 1 [ 1 2 2 2 2
< exfjoxr] o 5[ (15.517) - (30,2

A 1 .
+€|GIE[|Yol*] + 4—IXOI2
€

A 1
<eE [|GXT|2] + EE sup

N 1 .
+€|GIE[|Yol*] + ZIXOIZ-

_(x,u)ER"XM(R”)

2
g, —g? (x,u)’ }

(35)

By applying It6’s formula to 1X/1%, (2) and Lipschitz’s conditions imposed in (A2), for any

t € [0, T'] we can obtain that

B[R, 2] — [fo]? = 2 [/Ot <b (s; E[U;]) —b (s; E[Uf]) : )A(S)ds:|

+E|:/Ot

o (s; IE[US1

)= (e

t
<21 [ [erka| ([Brka)+ [Ei7] + [B12.]) as
0
! A R A~ N2
22 [ ((jErkal + [Bri] + [piz.]) as
t N 2 t ~ 12
< (4L+3L2)/ E[R,] ds+<L+3L2>/ E[7,1|" ds
0 0
2 ! 5 2
¥ (L+3L )/ EiZ2,1| ds
0
t n t n 2
< (4L+3L2)f E[|Xs|2]ds+<L+3L2)f E[f,]| ds
0 0
2 ! 5 2
+(L+32 )f ‘IE[ZS] ds,
0
by using Gronwall’s inequality, we can get that
. T . 12 T 12
sup E[1%:[%] < K ( [ e e+ [ iz dt+|)eo|2>, (36)
1€[0,T] 0 0
which implies that
T R T 2 T o2
EU |X,|2dz:|§TK2 (/ ‘E[Yt]‘ dt—i—/ ‘E[z,] dt+|£o|2>. 37)
0 0 0

forward-backward stochastic differential equations,
http://dx.doi.org/10.1016/j.spa.2015.04.006
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Similarly, applying It6’s formula to Mk

can obtain that

E UIT |Zg|2dsi| +E [|?,|2]

= e[ [ (o (s [02]) (s [02])as]
"82(X?’Px%)r]

+E|:g

1 (XIT, IPXI)

[ IYI
25| (1.0
s

<2 | E[|Ys|] (

, by (2) and Lipschitz’s conditions imposed in (A2), we

s )ds

g‘(x%’Px%)f}

X%, X2 -8 (XT,PXZ)‘2:|

h )ds

+2L°E (lffrl +W (PX]T’ PX%))Z]

+2E sup
(x, ) ER? x M(R")

T o
szL/ (E[mﬂ]z
t

412 {E[pmz] W

g (x,

+2E sup
(x, )R x M(R")

T ~ A
EL/, {E[|Ysl2]+\ﬂz[xs]
+L./tT{$IE[|f’s|2]+e’

+8L2E[|)2T|2] +2E[ sup

(x, ) €R" x M(R")

+E[|?S|2]+E[|?S|2]%
(Px;’Px%)z}

g (x,uﬂ

2 r
}ds+2L/ E[|Y;|*1ds
t

2
s }ds

2
g (v, —g* (x,u)‘ }

AS )ds

2
gl(x,u)—gz(x,u)‘ }

then we choose €' = ﬁ and by Gronwall’s inequality to get that

T
sup ]E[|?,|2] +]E[/ |25|2ds]
t€(0,T] 0

<K |E sup
(x, )R x M(R™)

gt — g (x, u)\}+E|XT| / ek

) . (38)
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which can imply that

T
n ~ TK
E[/ (|Ys|2+|zs|2)ds} ) sup
0 Al (x,12) R x M(RM)

. T 2
+E [1%712] + / E[X,] ds>, (39)
0

E[Ifol’] = k2 (E sup
(x, ) €R" x M(R")

+ E[1%17] +f0T B,

2
glon ) — g2 (x,u)‘ }

2
g' (o) = 82 (x, ) }

2
ds> . (40)

(1) If m > n, then B1 > 0, «; > 0. Choosing a small enough €, by combining (35), (37), (39)
and (40), we can deduce that

E[|)?T|2] +]E|:fOT|lA],|2dti|

<C|E sup
(x, ) €R" x M(R")

where C is a positive constant, which depends on T, 1, B1, B2, G and L.
(i) If n > m, then B> > 0. Choosing a small enough €, by combining (35), (37), (39) and (40),
we can also deduce that

E[|XT|2] +]E|:/0T|ZA],|2dti|

<C|E sup
(x, ) €R" x M(R")

(iii) Finally, if either Assumption (A3) or (A4) holds, a similar argument can be applied to obtain
our desired result. [

2
g (x ) — g, )| } = I)?o|2> ,

2
¢ (x ) — g, )| } + I)?0|2> :

5. Examples

In this section, we show how our previous theorems can be applied to study two representative
examples as follows. In particular, our Example 1 is motivated from [4]; while Example 2 is
arisen from [2,1]. Though these examples could be treated from the first principle, they still
illustrate that our theorems are ‘optimal’ in the sense that how their counter-examples in [4] just
fail to ensure its well-posedness in a continuous manner.

Example 1. Let us consider the following MFT-FBSDE withm =n =d =1, € R, A € [0, 1]
and 6 € [0, 1], which is motivated by [4] (in which the authors considered the case when
a=1,A=1andf =1),

dX, = aE[Y,]dt
dY; = — QAE[X,]+ (1 —-MX,)dt + Z,dB, 41)
Xo =0, Yr = 0E[X7]+ (1 - 60)XT,

Please cite this article in press as: A. Bensoussan, etal, Well-posedness of mean-field type
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where T € RT and satisfies

asin (vVaT) = Vacos (vVaT), (42)
when o > 0. Therefore, in this case the matrix G in our previous theorem is just 1 and
X, —AE[X,] - (1 = MX,
U=\|1%|, A(t: U, Pix, v, z)) = aE[Y;] ,
Z, 0
8(X,Px,) =0E[XT]+ (1 —-0)X7.

Then
E[(4(1U Py o) = A(5UR PG 2 ). Ul - UF)]
=i (E[x] - x?])z — - 0E[ - x| +a(E[Y, - YE])z ,
5[ (117) s (6-5) 0 1]
-y <IE[X1T . x%])2 +(1—6OF [(XIT - X%)z] .

(a) If o > 0, there does not exist an apparent non-negative couple (81, 82) with 1 + B> > 0
such that

2 2 2
(e[ x]) - B ) o[- 7))
2 2

=1 (E[x) - x}]) - a-nE[a] - x)? ] +e (B[ - 2])
and this observation illuminate that it is probably that none of Assumptions (A1)—(A4) could
be satisfied, which hints perhaps that (41) might possess no unique solution! Indeed, for
o > 0, taking expectation on both sides of (41) yields that

dE[X;] = aE[Y:] dt,

dE[Y,] = —E[X,]dt, (43)

E[Xo] = 0, EfYr] = E[X7],

then we can get that

2

d
WE[XI] +aE[X,] =0, E[Xo]=0,

a simple calculation yields that
E[X,]:Klsinﬁt, K eR,

by comparing its derivative with the expectation [E[Y;], we can deduce that

K
E[Y,] = \/—(1; cosat, KjeR.
We can check that E[X7] = E[Yr] holds automatically by condition (42) for any K| € R.
Therefore, the following expressions could serve as solutions for this system:
K
X; = K;sinot, Y,:—lcosﬁt, Z, =0, K;elR.
Jao
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(b) If « < 0, we analyse the solution of system (41) as follows:
(1) For A = 1 and 6 = 1, then Assumption (A4) is clearly satisfied (by taking 8; = 1 and
B2 = 0). Therefore, there exists a unique solution for the system (41); indeed, we can
solve it out explicitly as shown below:
(i) For @ < 0, taking expectation on both sides of (41), we can get
dE[X;] = «E[Y;] dt,
dE[Y;] = —E[X,]dt, (44)
E[Xo] =0, E[Yr] = E[X7].
By simple calculations, we can get

E[X,] = Ae V™% 4+ BeV™o (45)
where A, B are two constants to be determined. Since E[Xo] = 0, we can deduce
that A+ B =0,

E[X,] = Ae V™% — AeV™o, (46)
Substituting (46) into (44), we can obtain that

A A
E[Y,] = eV 2 Va 47
= —— = 47

By E[Yr] = E[Xr], we can derive that

—/—aT A v—aT __ —/—aT v—aT
e + ——e = Ae — Ae ,
N N

and then

(o )+ (2]

which implies that A = 0, and we can obtain that E[ X;] = [E[Y;] = 0. Therefore, we
first see that the solution X is
X, =0.
Note that Y satisfies the following standard BSDE:
dYy =Z.dB;, Yr =0,
by the uniqueness of the BSDE, we can conclude that Y; = 0 and Z; = 0.
(i1) For @ = 0, it is obvious that X; = 0, ¥; = 0 and Z, = 0 is the unique solution of the
system.

(2) For0 < A < 1 and # = 1, we can verify that Assumption (A3) is satisfied (by taking 8; =
1 — A and B, = 0). Therefore, there exists a unique solution for the system (41); indeed,
essentially the same calculation as in the case (b) (1) can be carried out to show that

X, =Y, =272,=0,
is the unique solution of (41).

(3) ForA =1and 0 < 6 < 1, it s easy to verify that Assumption (A2) is satisfied (by taking
B1 = 1 and B = 0), and there exists a unique solution X; = Y; = Z; = 0.

(4) For0 < X < land 0 < 6 < 1, itis easy to verify that Assumption (A1) is satisfied (by
taking B = 1 — A and B, = 0), and there exists a unique solution X; = Y¥; = Z;, = 0 for
the system (41).

Remark. 1. The case A = 1 and & = 1 can be viewed as a filtering problem in engineering. X/,
is unobservable process while Y; is the observable process, and the observation Y; is affected
directly by the mean of X;, which cannot be directly observed.

2. The Lipschitz condition provided in Assumptions (A4) cannot involve space variables; indeed,
any appearance of space variables in f and g would lead to a stronger monotonicity condition
which is classified as a case under (Al).
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Example 2. Consider the following MFT-FBSDE arisen from solving the mean-field type linear-
quadratic stochastic control problem as introduced in [2,1] with X and Y are both n-dimensional
stochastic processes,
dX; = (AtXt — B.R7'BY, + A,E[X,]) dt + o,dB,
—dY; = {(Q: + 01) X; + ArY: — Qs SiELY,] = {01 (In — SPELY1]
+ AE[Y,1}dt + Z,d B, )
Xo = xo, Yr = (Qr + Or) Xr — Or SrE[X7] — S7 OrE[X7],

where A, B, A, S are bounded deterministic matrix-valued functions in time of suitable size, Z
and o are L2-function in time of suitable size. Q and Q are non-negative definite matrix-valued
functions in time of suitable size. We also assume that R > §1,, for some § > 0. Note that since
both X; and Y; are of dimension n, we can choose G = I,,, then U, = (X;, Y;, Z,) and

A(1; U, Pex, v, 7))

—((Qr + 01) Xi — AsY; + O SEIX(1+ S, Q: (I — SHE[Y:] — AE[Y,])
= A X, — B,R7'BY, + AE[X,]
Oy

Then we can derive that
E [<A (UL Py zn) = A (5 U P e ) U = U2)]
el + ) (51, xi— ] =[s (7 - )51 x]
<Q SEX! - X2, E[x! — X,2]> + <S,’ 0,(I, — SHE[X! — X?1, E[x — xh)
< LEY) — Y2 Elx! — X2]> +E [<AI(X,1 — X2,y - Y})]
]E[(B, 1By —v2),y! — Y2>] +</L]E[X1 ~ X2, B[y} - Y}]}
- [( 0+ 0)) (Xl —X2> x! - X2>] +2<Q,S, E[x! — x?], E[X] —X3]>
S0, SEX! — X2, E[x] — X,]> ~E [(B,R; B/(Y! —v?), 1! - Y})]

| /\

“E

- s

< [ e X?] JE[X! — xf]) + z(Q,S,E[x} ~ XL E[X]! — X,Z])
— (s;0is,BLx! = xPLEX] - xP1) - B[ (B R B! - vD), v - 77
—E[{0x! - x, x! - x?)]

==E[(B&7 B! - vD) v - v2)]| - E[(0:x) - xD. X! - xP)].
where the last inequality holds by noting that
~{oE [X} - Xf] JELX] — X71) +2(0/SELX, - X7) BIX] - X7))

— (si0ismix} - X2 EIX) - x2)

= —EI(X] - X?) 1(Q) 25,0} + 5,0, ELX} ~ X}1
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= —EI(X} = X?) (@) - 25/, + 5,3/ EIX} — X7
= —BI(X! - X}) 1@ - 43, - 4@/ + S/ad/) BIX] - X;]
= —BI(X! — X7) 1(S/d — @) (S/d — ) BLX! - X71 <0,

where O, = q:q; for some g; € R"*" by its non-negative definite nature. Therefore, Assumption
(A1) is satisfied in the present case, and there exists a unique solution to this system in light of
our general theorem, which provides a generic explanation from a higher standpoint.
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