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Abstract

We study stationary max-stable processes {n(¢): t € R} admitting a representation of the form n(z) =
max; N (U; +Y; (1)), where Z;’il 8y, is a Poisson point process on R with intensity e "*du, and Y1, Y2, ...
are i.i.d. copies of a process {Y(f): ¢t € R} obtained by running a Lévy process for positive ¢ and a dual
Lévy process for negative t. We give a general construction of such Lévy—Brown—Resnick processes, where
the restrictions of Y to the positive and negative half-axes are Lévy processes with random birth and killing
times. We show that these max-stable processes appear as limits of suitably normalized pointwise maxima
of the form My, (t) = max;—y ., & (sn +1), where &1, &, ... areii.d. Lévy processes and s, is a sequence
such that s, ~ clogn with ¢ > 0. Also, we consider maxima of the form max;—y, ., Z;(t/logn), where
Z1,Zy, ... are i.i.d. Ornstein—Uhlenbeck processes driven by an a-stable noise with skewness parameter
B = —1. After a linear normalization, we again obtain limiting max-stable processes of the above form.
This gives a generalization of the results of Brown and Resnick (1977) to the totally skewed «-stable case.
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1. Statement of results
1.1. Introduction

Max-stable stochastic processes form a widely used class of models for extremal phenomena
in space and time. The one-dimensional margins of max-stable processes belong to the family of
extreme-value distributions. For the purposes of the present paper, it will be convenient to choose
the marginal distribution functions to be of the standard Gumbel form exp(—e™¥), x € R. Our
processes will be defined on T = R. With these conventions, a stochastic process {n(z): t € R}
is called max-stable if for every n € N,

{__IIllaX (1) —logn: t e R} T 6): 1 € RY, (1)

where 71, ..., n, are i.i.d. copies of the process 7. By a result of de Haan [10], any max-stable
process n admits a spectral representation of the form

(n(): 1 eR}f‘i"‘{ma@(w +Y)): 1 eR}, o)

where

e > 72, 8y, is a Poisson point process (PPP) on R with intensity e ™" du;

e Y1, Y, ... arei.i.d. copies of a stochastic process ¥ = {Y (¢): t € R} which takes values in
R U {—o0} and satisfies the condition Ee? ® = 1;

e > 72, 8y, is independent of {¥; : i € N}.

As usual, §, denotes the unit Dirac measure at u.

In the special case when Y (0) = O a.s. it is convenient to imagine an infinite system of
particles on R U {—oo} that start at time # = O at the spatial positions U; and move independently
according to the law of the process Y. Then, 7(¢) is just the position of the right-most particle at
time ¢. In the case when Y (0) is not 0, the starting positions of the particles are at U; + Y;(0). If,
for some ¢t € R, Y;(¢) becomes —oo, the particle i is considered as “killed” at time 7.

In this paper, we will be interested in stationary max-stable processes. One of the interesting
features of the de Haan representation (2) is that the process 7 can be stationary even though the
process Y is not. The first example of this type was constructed by Brown and Resnick [7]. They
considered a process of the form

nBR(1) = rl_nefll\i((Ui + Bi(1) — [t1/2), 3)

where By, B, ... are independent copies of a two-sided standard Brownian motion { B(¢) : t € R}.
Brown and Resnick [7] observed that the process npr is stationary and max-stable. Also, they
showed that ngr appears as the large n limit for pointwise maxima of

(a) n independent Brownian motions and
(b) n independent Ornstein—Uhlenbeck processes,

after appropriate normalization which involves spatial rescaling of the processes. Note that
statement (b) explains the stationarity of npg.

Since the Brownian motion B is both a Gaussian process and a Lévy process, it is natural to
ask whether there is a generalization of the Brown—Resnick process ngr in which the spectral
functions Y; are i.i.d.
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(1) Gaussian processes or
(i1) Lévy processes.

Regarding question (i), it was shown in [20] that if Wy, W5, ... are i.i.d. copies of a centered
Gaussian process W with stationary increments and variance o2(t) = Var W (¢), then the max-
stable process

n(t) = max (U + Wi() — a%(1)/2)

is stationary. This class of max-stable processes has become a common tool in spatial extreme
value modeling [9,15].

In this paper, we will be interested in question (ii). Max-stable processes whose spectral
functions are Lévy processes were first considered by Stoev [30]. Our aim is to describe a two-
sided version of Stoev’s construction, to generalize the construction by allowing birth and killing
of Lévy processes, and to obtain limit theorems in which Stoev’s processes appear in a natural
way as limits.

The paper is organized as follows. We start by describing a two-sided version of Stoev’s
construction in Section [.2. In Section 1.3 we generalize this construction to Lévy processes
with random birth and killing times. Stationary max-stable processes constructed in this way
will be called Lévy—Brown—Resnick processes. Mixed moving maxima representations of these
processes will be constructed in Section 1.4 and some of their properties will be studied in
Section 1.5. In Section 1.6 we compute the extremal index of a Lévy—Brown—Resnick process in
the case when the driving Lévy process has no positive jumps. In Section 1.7 we prove that the
processes introduced by Stoev [30] appear as limits of pointwise maxima of i.i.d. Lévy processes,
after applying suitable normalization procedures. Finally, in Sections 1.8 and 1.9 we generalize
the original results of Brown and Resnick [7] to the totally skewed «-stable case. The proofs are
given in Sections 2—4.

Remark 1.1. In this paper, we focus on continuous-time processes defined on R. However, our
results (except those of Sections 1.8 and 1.9) remain valid if we replace continuous time by
discrete time and Lévy processes by random walks.

1.2. Lévy—Brown—Resnick processes
Let {LT(¢): t > 0} be a Lévy process satisfying

Eel™® = 1. “

Stoev [30] showed that if LT, L;‘, ... are i.i.d. copies of LT and, independently, Zloil Sy, is a
PPP on R with intensity e~*du, then the max-stable process

n() = magf(Ui +L7@), t=0, &)

is stationary on R, . Indeed, the mapping theorem for Poisson point processes implies, together
with (4), that for any 79 > 0, the points U; + L;“(to), i € N, form a PPP with the same
intensity e”“du. By the Markov property of the Lévy processes L;L, the time-shifted process
{n(to 4+ t): t = 0} has the same law as the original process {n(t): t > 0}.

How to obtain a two-sided stationary extension of the process n? To this end, let us adopt the
particle system interpretation of the de Haan representation; see Section 1.1. Take some positive
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time 7 > 0 and look at some particle from the system conditioned to be in spatial position x
at time 7. The conditional intensity of finding this particle in spatial position y at time 7 — ¢
ise™dy ¢," (v, dx)/(e *dx), where ¢, (x, dy) is the probability transition kernel of the process
L™ (describing the forward in time motion of particles). That is, the probability transition kernel
q; (x,dy) of the Lévy process L~ (which describes the backward in time motion of particles) is
related to ¢;" (x, dy) by the duality relation

e ¥dx - g (x,dy) =eVdy - ¢, (y, dx). (6)

With other words, the process —L~ can be obtained from L™ by exponential tilting (Esscher
transform):

P[—L~(1) € Bl = E[e" 1+ ()51, (7

for all Borel sets B C R. Note that L~ satisfies Ee/” ) = 1, exactly as L*. Taking independent
realizations of LT and L—, we define the two-sided process

LY@, t>0,

L (-1, t<0O. ®)

L) = {

Theorem 1.2. Ler > (2, 8y, be a PPP on R with intensity e "du and, independently, let
Ly, Ly, ...bei.id. copies of the process {L(t): t € R}. Then, the process

n(t) =max (Ui + Li(1)), 1 €R, €))

is max-stable and stationary.

Theorem 1.2 is a particular case of a more general Theorem 2.1.

Example 1.3. e Let {B(¢): t € R} be a two-sided standard Brownian motion. The one-sided
process L1 (t) = B(t) — t/2, t > 0, satisfies (4). It follows from (7) that the dual process L~
has the same law as L™. Hence, the two-sided process L can be identified with B(t) — |¢]/2,
and we recover the original Brown—Resnick process (3).

e Let {NT(¢): t > 0} be a Poisson process with intensity A > 0. Then, the process L™ (¢) =
N7T(t) — (e — 1)At satisfies (4). The dual process is given by L™(t) = (e — DAt — N~ (1),
where {N~(¢): t > 0} is a Poisson process with intensity eA. The two-sided process L is then

NT () — (e — Das, t >0,

L(t) = {_N_(—l)_(e_l))‘t’ t <O0.

o Generalizing the above examples, one can show that if the process Lt has Lévy triple
(v, O’_%_, d;), then the process L~ has the Lévy triple (v_, o2, d_), where the variance

ofr = o2 is the same in both cases, and the Lévy measures v, and v_ are related by

v_(—dx) = e*vy(dx).

The proof follows from (7) and the well-known behavior of the Lévy triple under the Esscher
transform; see [23, Theorem 3.9]. Note that the drifts d4 and d_ are uniquely determined by
the remaining parameters and the relation (4).

Fig. 1 shows a max-stable process 1 generated by a compound Poisson process with exponen-
tial jump sizes, and the complete set of trajectories {U; + L;(-): i € N}.
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Fig. 1. Lévy—-Brown—Resnick process generated by drifted compound Poisson processes with exponential jumps.
Different colors indicate different particles contributing to the maximum process. For the color version of this figure
the reader is referred to the web version of this article.

Remark 1.4. Two-sided processes obtained by running a Markov process forward in time and
the dual Markov process backward in time, as in (8), are well-known in probabilistic potential
theory; see Mitro [26].

1.3. Generalization to random creation and killing times

In this section we generalize the construction of Lévy—Brown—Resnick processes to the case
when (4) is not satisfied. We start with a Lévy process {£(¢): t > 0} for which

V(1) :=logEetV < . (10)

We do not require that ¢ (1) = 0. Additionally, we need two parameters ;. > 0 and 6_ > 0
satisfying the relation

(1) =6_ —6,. (11)

We will construct a stationary system of independent particles which move according to the
law of the process £ and where 6 and 6_ play the role of killing and birth rates, respectively.
First, we describe the forward motion of particles, that is, we restrict ourselves to non-negative
times ¢ > 0. Let 7o = Y ;= 8y, be a PPP on R having intensity e du. Consider a collection of
particles starting at the points U; and moving independently of each other and of mp according
to the law of the Lévy process &. Then, at any time ¢t > 0 the positions of the particles form
a PPP with intensity e¥ (V’e~du. This easily follows from the transformation theorem for the
PPP. So, the intensity of the particles is not preserved except when v (1) = 0. In order to obtain a
stationary particle system, it is natural to introduce creation (in the case (1) < 0) or killing (in
the case ¥ (1) > 0) of particles. In fact, it is possible to consider both operations simultaneously.
At any moment of time ¢ > 0, let us kill any particle (independently of everything else) with
rate 6_. Independently, at any moment of time r > 0, we create a new particle at spatial position
u € R with intensity 6,e™"dudt. It is clear that the intensity of particles is preserved (meaning
that it equals e “du at any time # > 0) if and only if the rates 64 and 6_ satisfy (11).

Thus, we constructed a one-sided stationary particle system defined for + > 0. In order to
obtain a two-sided version of the system, note that when looking at the system backwards in
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time, creation of particles appears as killing and vice versa. This means that for ¢ < 0, the rates
0+ and 6_ interchange their roles. That is, for # < 0, 6_ is the creation rate, whereas 6 is the
killing rate.

Let us describe our construction in more precise terms. There are three types of particles in
the system: those which are present at time 0, those which are born after time 0, and those which
were killed before time 0. Quantities related to the particles of the latter two types will be marked
by a tilde. We assume that:

(A1) The initial spatial positions of those particles which are present at time 0 form a PPP
70 = Y oy 8y, on R with intensity e *du.

(A2) The times of birth and the initial positions of particles born after time 0 form a PPP
=32, 87+ g+ on (0, 00) x R with intensity 6,.dr x e™"du.

(A3) The killing times and the terminal positions of particles killed before time O form a PPP
=32 8~ gi—y on (=00, 0) x R with intensity 6_dr x e™"du.

We assume that after its birth every particle moves (forward in time) according to the law of the
Lévy process {L*(¢t): t > 0} obtained from {£(¢): ¢t > 0} by killing it with rate 6_. That is, the
subprobability transition kernel ¢;" (x, dy) of L™ is related to the probability transition kernel
pi(x, dy) of & by

q; (x,dy) = e % p,(x, dy). (12)

Let also {L™(¢): t > 0} be the Lévy process which is the dual of L™ w.r.t. the (in general, non-
invariant) measure e~ “du. That is, the subprobability transition kernel ¢~ (x, dy) of L™ is given
by

e Ydx - g, (x,dy) = e dy - ¢; (v, dx). (13)

Note that L™ may be killed after finite time, in general. From (13) and (11) it follows easily that

the killing rate of the process L™ is 6. Consider a two-sided process {L(¢): ¢t € R} obtained by

pasting together independent realizations of L™ and L™:
L™ (@), t>0,

Lo = {L_(—t), t <0. (14

Our assumptions on the motion of particles are as follows:

(A4) The motion of the particles which are present at time 0 is given by i.i.d. copies Ly, Lo, ...
of the process {L(t): t € R}.

(A5) The forward in time motion of particles which are born after time O is given by i.i.d. copies
I:iF I:iF ... of the process {LT(¢): t > 0}.

(A6) The backward in time motion of particles which were killed before time 0 is given by
i.i.d. copies L, L, , ... of the process {L™(¢): ¢t > 0}.

(A7) The random elements mq, 74, 7—, L;, I:f, I:f, i € N, are independent.

The trajectories of particles which are present at time ¢+ = 0 are given by the two-sided random
functions

Vi) =U; + L;(t), telR. (15)
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The trajectory of a particle which is born at time Tt.+ > 0 is given by the one-sided random
function

VAT et Pt (16)
PO e =T, =T

Similarly, the trajectory of a particle which was killed at time Ti_ < 0 is given by the one-sided
random function

S (17
—00, 1> T

{07 + LT =1, t<T°,
Note that killing of a particle is interpreted as changing its coordinate to —oo. We always
agree that L™ should be right-continuous with left limits (cadlag), whereas L~ should be left
continuous with right limits, so that L is again cadlag. We regard V;, V. i , Vlf as elements of
the Skorokhod space D of cadlag functions defined on R and taking values in R U {—oo0}.
Define the shifts 7, : D — D, € R, by T, f(s) = f(s — t). The next result generalizes
the Lévy-Brown—Resnick processes constructed in Section 1.2 by allowing random birth and
killing of spectral functions.

Theorem 1.5. The law of the following PPP on D is invariant with respect to the time shifts Ty,
teR,

i Pllﬂg

o0 o0
IR
i=1 i=1
and its mﬁmte intensity measure is

plf € D: f(t) €dxi, ..., fty) € dx,}

= e dxy - gy (xr,dog) - i Cen1, dxy), (18)
forallty <--- <tyand xy,...,x, € R. As a consequence, the process
n(t) = max{V;(0), V;*(0). V()i €N}, 1 €R, (19)

is max-stable and stationary.

The proof of Theorem 1.5 will be given in Section 2. It relies on a more general result on
stationary particle systems which is not only valid for Lévy processes but also for Markov
processes that possess an invariant measure.

Remark 1.6. By using the duality relation between ¢, and ¢, , see (13), the right-hand side
of (18) can be rewritten in the following form:

e “dxy, - qf;*fnq (xXp, dxp—1)-...- qtgle (x2, dx1).

Definition 1.7. The stationary max-stable process 1 defined in (19) will be called a Lévy—Brown—
Resnick process.

Example 1.8 (See Fig. 2). Let {B(¢t): t > 0} be a standard Brownian motion. Fix a scale
parameter o > 0 and a drift . € R. Let §(tr) = o B(¢) + At, t > 0. Then, ¥ (1) = A + %02;
see (10). Fix akilling rate 6_ > /(1) and let L™ be the process obtained by killing £ with rate 6_.



S. Engelke, Z. Kabluchko / Stochastic Processes and their Applications 125 (2015) 4272—4299 4279

N

T T T T T
0 5 10 15 20

Fig. 2. Lévy-Brown—Resnick process generated by drifted Brownian motions; see Example 1.8. Both birth and killing
times are finite. Different colors indicate different particles contributing to the maximum process. For the color version
of this figure the reader is referred to the web version of this article.

A straightforward calculation using (12) and (13) shows that the dual process L~ has the same
law as 0 B(r) — (o2 4+ M)t killed at rate 04+ == 6_ — (1) = 0. Fig. 2 shows the correspondlng
max-stable process n together with the particle trajectories. In the case when o = 1, A = _Z
and 6_ = 64 = 0, we recover the original Brown—Resnick process ngr; see (3).

Eq. (18) states that the intensity of II is the so-called Kuznetsov measure associated with the
killed Lévy process L™ and the excessive measure u(du) = e “du. Kuznetsov measures can
be associated with any Markov process and any excessive o-finite measure w; see [22]. The
excessivity means that Py < u, where P; is the transition kernel of the Markov process. In our
case, the excessivity of u w.r.t. the kernel g;~ follows from the inequality 6_ > ¥ (1); see (11).
The existence of Kuznetsov measures was established in [22] using Kolmogorov’s extension
theorem; see also the work of Getoor and Glover [17] and Mitro [26] for alternative constructions.

Remark 1.9. The measure w7 is the so-called exponent measure of the max-stable process 7,
thatis forall y1,...,y, € R,

Pn(11) < yi, ... n(ta) < yul = exp (—up{f € D: f(t;) > yi for some i}) . (20)

Remark 1.10. Denote the Lévy triple of & by (v, 0_%, d;). Let us show that the laws of
the Lévy-Brown—Resnick processes (19) are in one-to-one correspondence with quintuples
(vy, a}r, dy, 04, 60_) satisfying (10) and (11). By construction, any such quintuple determines
the law of 1 uniquely. Let us prove the converse. The law of 1 determines the exponent measure
w17 uniquely; see (20). From (18) with n = 2 it follows that ;7 determines the kernel ¢, and
hence, by (12), the law of £ (1) and the rate 6_ uniquely. By (11), 65 is also uniquely determined.
So, the law of 1 determines the quintuple (v, 0_%, d4, 04, 6_) uniquely.

Proposition 1.11. If {n(t): t € R} is the Lévy—Brown—Resnick process determined by the
quintuple (v, 0_%, dy, 04, 0_), then the reversed process {n(—t): t € R} is also a Lévy—Brown—
Resnick process with the quintuple (v_, 02, d_, 0_, 0..), where v_(—dx) = e*v (dx), 62 = o‘%

and d_ is uniquely determined by the remaining parameters.
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Proof. From the definition of the Lévy—Brown—Resnick processes it follows that the reversed
process 1(—t) has the same structure as 7(t), but the pairs (64, L") and (6_, L™) interchange
their roles. The relation between the Lévy triples of L™ and L™~ follows from the well-known
transformation properties of Lévy triples under exponential tilting; see [23, Theorem 3.9]. [

Corollary 1.12. The process n is reversible, that is, {n(t): t € R} has the same law as
{n(—=t): t € R}, if and only if & is a Brownian motion with linear drift and 6_ = 6. In
particular, if there is no killing, then n is reversible if and only if it is the original Brown—Resnick
process 1pR.

Proof. From Proposition 1.11 we immediately obtain that for a reversible process n we must
have 6L =6_andvy =v_=0. O

1.4. An explicit mixed moving maximum representation

The construction of Lévy—Brown—Resnick processes given in Section 1.3 divides the spectral
functions according to whether they are present (that is, not equal to —oo) at time # = 0 or
not. One may ask whether there is a more natural, translation invariant construction. A possible
way to obtain such construction is to choose on any trajectory from /I some “reference point”
in a translation invariant way. In the case when (1) = 64 = 6_ = 0, all paths from the PPP
IT are defined on the whole real axis (with birth at time —oo and killing at time +00). In this
case, it is natural to choose the maximum of the trajectory as the reference point. Following
this approach, Engelke and Ivanovs [14] obtained an explicit representation of 7 as a translation
invariant mixed moving maximum process.

Here, we will give a translation invariant construction of II in the case when at least one rate
6_, 64 is strictly positive. Let us assume that _ > 0. This assumption means that the birth time
of each path in /7 is finite and it is natural to consider the birth point as the reference point of the
path. The following objects will be needed to describe an alternative construction of I7:

(B1) Let py := Y 2, S(S,.*,Vl.*) be a PPP on R x R with intensity 64ds x e~ "dv.

(B2) Let L7, L;‘, ... bei.i.d. copies of the killed Lévy process {L*(¢): t > 0}.

(B3) Let the random elements o, LT, Lz+ , ... be independent.

Consider particles which are born at times Sl.Jr , have initial spatial positions V;, and move

(forward in time) according to the processes L;". The trajectories of these particles are given
by the one-sided functions

—00 t < S;’,

W+Z‘ = ’
e Vi+ Lt -5, t=S5"

21

Theorem 1.13. Let 6_ > 0. Then, the PPP II from Theorem 1.5 has the same intensity as the
PPP

[e¢)
=7 8y
i=1

Proof. Let us denote by 77 the intensity of the PPP I’ on the Skorokhod space D. We will
show that 7/ coincides with the intensity w7 in (18). Fix#; < -+ < fpand x1 < --- < x5
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Since a path f € IT’ can be born at any point (s, v) € R? with intensity 6, ds x e~Vdv, we have

wir{f € D: f(t) €dxy, ..., fty) € dxy)
1 +o00
= < / / ;s (v, dx1)9+e”dvds> ai_ (dxo) g (o). (22)
—00 J —00
Note that

+o0
/ th_S(U, dxl)e_vdv = e(]//(l)_ef)(fl—s)e—xldxl'

—0o0

Hence, the double integral on the right-hand side of (22) equals
t
fl 0, eV (D=00(1-5) g . o= 4y, — 1y,
—0o0
where we used the basic relation (11). The resulting expression for w7 coincides with the

formula for w7 givenin (18). O

In the case 64 > 0 (which means that the killing times of the particles are finite), there
is a “backward” representation of I/ analogous to the “forward” representation stated in
Theorem 1.13. For 64 > 0, the killing points of the paths (S;”, V;) form a PPP on R x R with
intensity 6_ds x e~"dv. Attaching to each point (S;", V,7) a copy of the process L™ backward
in time, we obtain a system of paths which has the same law as II. In the case when both 6
and 6_ are non-zero (meaning that both birth and killing times of the paths are finite), both
representations (the forward one and the backward one) are valid.

1.5. General properties of Lévy—Brown—Resnick processes
Let n be a Lévy—Brown—Resnick process as constructed in the previous sections.

Proposition 1.14. Fix a compact set K C R. Then, the set
J = {i € N: 3t € K such that n(t) = Vi(t) or n(t) = V¥ (t) or n(t) = V" (1)}

is a.s. finite. That is, with probability 1, only finitely many paths V;, ‘7i+, \71-7 contribute to the
process {n(t): t € K}.

The proof of Proposition 1.14 will be given in Section 3.1. Since the pointwise maximum of
finitely many cadlag functions is again cadlag, the sample paths of the process n are cadlag with
probability 1.

A convenient measure of dependence for max-stable processes is the extremal correlation
function defined by

p) =2+1ogP[n(0) < 0,n() <0] € [0, 1]. (23)
Proposition 1.15. The extremal correlation function of n is given by
o0
o(t) = e 0+t _ e_g—’/ e"PlE() > uldu, >0. (24)
0

In particular, in the case 0— = 04 = 0, we have

p(t) = Emin{l,e®}, teR. (25)
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The proof of Proposition 1.15 will be given in Section 3.2. Note that the existence of a
mixed moving maxima representation for n as shown in Engelke and Ivanovs [14] and
Section 1.4 implies that 1 is mixing. According to [30, Thm. 3.4] the latter is also equivalent
to limy, 45 p(¢) = 0.

1.6. Extremal index in the spectrally negative case

An important quantity associated with a stationary max-stable process 7 is its extremal index;
see [24, p. 67]. By the max-stability of n, for every T > 0 we can find ©(T) > 0 such that

P| sup n@) —logO(T) <x|=exp(—e™™), xeR. (26)
1€[0,T]
The extremal index of n is defined as the limit
e(r
O = lim Q 27
T—soo T

In the next theorem we compute the extremal index of a Lévy—Brown—Resnick process 7 in the
case when the driving Lévy process £ is spectrally negative. Recall that £ is called spectrally
negative if it has no positive jumps, or, equivalently, if the Lévy measure of £ is concentrated on
the negative half-axis. For a spectrally negative Lévy process &, the function

¥(u) :=log Eeé()

is finite for all u > 0; see [4, Chapter VII]. Let w_l (0) be the largest solution of ¥ (u) = 0.
The function v : [w_l (0), o0) — [0, 00) is strictly increasing and continuous, and the inverse
function is denoted by v~

Theorem 1.16. Let n be a Lévy—Brown—Resnick process generated by a Lévy process & that has
no positive jumps. Then, the extremal index of n is given by

v, if 65 =0,
6 = (6= 28
%94_, lfe.;,_ > 0. ( )

The proof of Theorem 1.16 will be given in Section 3.3.
1.7. Extremes of independent Lévy processes

The original Brown—Resnick process ngR, see (3), appeared as a limit of pointwise maxima of
independent Brownian motions, after appropriate normalization. Let By, By, ... be i.i.d. standard
Brownian motions. Let u; be any sequence such that 1 — @(u,) ~ 1/n, where @ is the standard
normal distribution function. Brown and Resnick [7] proved that weakly on the space C (R),

t t
V2logn | max B;(1+ —up )it eRY 5 dngr() + =t €eRY. (29)
i=l,..,n 2logn n— 00 2

To make the left-hand side of (29) defined for every t € R, we can extend B; to the negative
half-axis in an arbitrary way, for example by requiring that B;(s) = 0 for s < 0. The space C(R)
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is endowed with the topology of uniform convergence on compact intervals so that the weak
convergence on C (R) is equivalent to the weak convergence on C[—T, T] for every T > 0. See
also [20,8] for other classes of processes whose maxima converge to 7gR.

By using the self-similarity of the Brownian motion, we obtain that weakly on C(R),

,,,,,

{ rrl1ax Bi(2logn +t) — uy+/2logn: te]R} {nBR(t)—i—— teR}. 30)

Our aim is to generalize (30) to Lévy processes. Suppose that &1, &, . .. are independent copies
of a non-deterministic Lévy process {£(¢): t > 0} such that the distribution of £(1) is non-lattice
and

V(u) =logEe® D < 0o, forallu € [0, uso), (31)

where u, € (0, +o0c] is maximal with this property. Let s1, 52, . . . be a sequence of non-negative
real numbers such that

ao= lim —22 ¢ (0, 00). (32)

n—oo s,

We are interested in the functional limit behavior of the process
M, (t) = nllax Ei(sy +1).

To state our limit theorem on M, (t), we need to introduce some notation. Note that ¢ (0) = 0
and that the function v’ is a strictly increasing and infinitely differentiable bijection between
(0, uxc) and (Bo, Boo), Where

Bo = h?(} V' (u) =E&(1) € RU {—o0}, Boo = lTim V' (u) € RU {400}
u UTUco
The information function 7 is defined as the Legendre—Fenchel transform of 1, that is

LY @) =uy' @) — Y@, ue @ ucx). (33)

Since every B € (Bo, Boo) can be represented as 8 = v/’ (u) for some u € (0, uso), the function
I is defined on the interval (8o, Bo). Let Aoo = limgyg., I(B), so that [ is a bijection between
(Bo, Boo) and (0, Axo). Suppose additionally that A € (0, A») and denote by 6 € (0, ux,) the
unique solution to 7 (¥'(8)) = A. Define a normalizing sequence b, by
1 —log(8 /27y (6
by = I sy ~ ¥/ @)y with &, = O8N —108OV2TYTO)s) (34)
Sn n—o0o
Let L™ be the Lévy process defined by L™ (¢) = 0£(¢t) —y(6)t, ¢t > 0. Note that L™ satisfies (4).
Let L be the corresponding two-sided process as in (8) and (7).

Theorem 1.17. We have the following weak convergence of stochastic processes on the Sko-
rokhod space D(R):

{ max &(sy +1) = by teR}nngo{ (t)+¥t IER} (35)

where 1 is the Lévy—Brown—Resnick process corresponding to L; see (9).

In order to make the left-hand side of (35) well-defined for all ¢ € R, we define, say, & (s) = 0
for s < 0. The proof of Theorem 1.17 will be given in Section 4.1. The Skorokhod space is



4284 S. Engelke, Z. Kabluchko / Stochastic Processes and their Applications 125 (2015) 4272—4299

endowed with the usual Jj-metric; see [5, Section 16]. Restricting Theorem 1.17 to t = 0 we
recover a known result due to Ivchenko [18] and Durrett [12]:

max & (s,) — by —o> exp(—e ). (36)
i=1 n n—o00

.....

Theorem 1.17 is a functional version of (36). Functional limit theorems for sums of geometric
Lévy processes of the form e#% »+) were obtained in [19] with limits being certain stationary
stable or Gaussian processes. Theorem 1.17 can be viewed as the limiting case of the results
of [19] as B — +o0.

Remark 1.18. The lattice assumption on £(1) cannot be removed. If £(1) is lattice, then
Theorem 1.17 breaks down and instead we have weak convergence along certain subsequences
of n to a topological circle of limiting processes as in [25] or [21].

1.8. Extremes of independent totally skewed o-stable Lévy processes

In this section we will generalize the results of Brown and Resnick [7] to totally skewed
a-stable Lévy processes. To this end, we will combine Theorem 1.17 with the scaling property of
these processes. Let us first recall some definitions related to «-stable processes (cf. [29]). A real-
valued random variable X is said to have an «-stable distribution S, (o, 8, ;) with parameters
a€(0,2],0 >0,8 €[—1,1]and u € R if its characteristic function has the form

exp {—0®101%(1 — iBsign(0) tan(ra/2)) + inb), a #1,

Eexp(i6X) = 2. . )
exp{—0|9|(1+;zﬂ51gn(9)log|9|)+zu9}, a=1,
for all 6 € R. In general, a-stable distributions possess heavy power-law tails and are thus in the
max-domain of attraction of the Fréchet (rather than Gumbel) distribution. An exception, which
we will focus on, is the case of «-stable random variables that are totally skewed to the left, that
is, B = —1.

Let X be a random variable with distribution S, (1, —1, 0). It is known that in the case
a € [1,2], X has positive density on the whole real line, whereas in the case « € (0, 1) the
density is concentrated on the negative half-line. Asymptotic formulas for the right tail of X near
its right endpoint x* (which is 400 for « € [1, 2] an O for & € (0, 1)) are well-known; see [1]
or [29, Eq. 1.2.11]. For @ # 1 the tail asymptotics has the form

P[X > x] ~ Agx 7@ exp {—Baxaaj} . x 1 x¥, (37)

with certain explicit constants A, and B,. Suppose now that X, X», ..., are i.i.d. copies of
X ~ S4(1,—1,0), where o € (0,2]. Using (37) and standard asymptotic calculations, see
Theorem 3.3.26 in [13], one can obtain that there is a sequence b,  (see (40)) and a number
Oy > 0 (see (39)) such that

(logn)a max Xi — bpo 5> exp(—e %), (38)
i=1,..,n n—>oo

We will obtain a functional version of (38). For & € (0, 2] consider a Lévy process {&,(¢): t >
0} such that the distribution of &,(¥) is Sy (z, —1, 0). It is well known, see Proposition 1.2.12
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in [29], that for u > 0 we have

s aF
_ uta (1) _ JCalt”, a#1, . _ cos 4¢
Vo) = logEe {clulogu o=l with ¢, = )
—, a=1.
14
Note that ¢, > 0 for a € [1, 2], while ¢, < 0 for @ € (0, 1). Let us apply Theorem 1.17 to &,. A
straightforward computation yields that the information function I = I, from (33) is given by

1

/3 a—1
Io(B) = (a_1)<a%a) b azl

b
cier -, oa=1,

where the interval (8o, Boo) On which I is defined is (0, 400) in the case « € (1, 2], (—o0, 0)
in the case @ € (0, 1), and (—o00, +00) in the case « = 1. Take 5, = logn (so that A = 1). We
easily compute that the solution to I, (¥, (6y)) = 1 is given by

(@ — Do) o, a#l,
bo=1n e (39)
2’ o

Applying the Taylor expansion of I, ! to (34) and discarding the o(1) terms, we obtain that the
normalizing sequence b, = b, 4 is given by

1 1
— ( logn — = log(ZJwtlog n)) o #1,
Oy \ax —1
bya = (40)

2 1
( log —) logn — — 1og(2n logn), o=1.

Let now &1 4, %24, ... be i.i.d. copies of &,. Applying Theorem 1.17 we obtain that weakly
on the Skorokhod space D(R) it holds that

1 6
max E,O,(logn+t)— o't €R —r;a(t)+w( a)t:teR , (41)
i=l,..., _>°° O O
where 7, is a Lévy—Brown—Resnick process defined as in Section 1.2 with
L*(1) = Opba(t) — Y ()1, 1 =0. (42)

Note that in the case a = 2, with &; (t) = B;(2t), we recover Brown and Resnick’s result (30).
Using the self-similarity of &, we can also generalize (29). Let us denote the limiting process
in (41) by 74:
1/f( Ou)

1
Na (1) == G_Ua(t) +— (43)

Theorem 1.19. For a # 1, we have the following weak convergence of stochastic processes on
the Skorokhod space D(R):

{(1ogn)i max g ( + ) —byg:it € R}n%o{ﬁa(z): t e R}. (44)

logn
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For a = 1 we have, weakly on D(R),

t ~
{logn max & | (1 + —) —bp1(t): 1 € R} = {fi@t): t R}, (45)
i=1,...,n logn n—oo

where by 1(t) = by,1 + % (logn)(loglogn)t.

Proof. It is well known [29, Section 3.1] that for o # 1, the process &, is 1/«-self-similar, that
is forall ¢ > 0,

{Ealet): t = 0} L {2, (1): 1 > 0). (46)

Combining (41) with the self-similarity, we obtain (44). In the case « = 1 the self-similarity
breaks down and instead one has

2
{&1(ct): tzO}i{cél(t)——(clogc)t: tzO}. 47
b4
Combining (47) and (41), we obtain (45). O
1.9. Extremes of independent totally skewed o-stable Ornstein—Uhlenbeck processes

In addition to their result (29) on extremes of i.i.d. Brownian motions, Brown and Resnick [7]
proved a similar result for Ornstein—Uhlenbeck processes. Let Yy, Y3, ... be i.i.d. copies of the
stationary Gaussian Ornstein—Uhlenbeck process

Z(@t) =e'?B("), teR.

Then, with u,, satisfying 1 — @(u,,) ~ 1/n, Brown and Resnick [7] proved that

t
{leogn( max Z; (1 + ) —u,,) re R} = (r(): t € R} (48)
i=l1,..., n 210gn n—oo

weakly on C(R). We now establish a generalization of this result in the totally skewed «-stable
case. As in the previous section, let {£,(¢): t > 0} be a Lévy process with &,(¢) ~ S, (¢, —1,0),
where a € (0, 2]. The associated Ornstein—Uhlenbeck process {Z(¢): t € R} is defined by

e g, (eh), o # 1,

Zo(t) = 2
a(®) e g+ =1, a=1.
T

(49)
The self-similarity of &, (or (47) in the case o« = 1) implies that the process Z, is stationary with
So (1, —1, 0) margins. Let Zy o, Z3 ¢, ... be 1.i.d. copies of Z,.

Theorem 1.20. For a # 1, we have the following weak convergence of stochastic processes on
the Skorokhod space D(R):

‘ 1
{(1ogn)i max zi,a< ) —bpgite R} LN {g—na(r): ‘e R}, (50)
n o

1=1,..., log n n—o00

where 1y is a Lévy—Brown—Resnick process defined as in Section 1.2 with L™ as in (42). For
o = 1 the result takes the form

t " 2
{(logn) max Z; | (—) —by1(1): 1 eR} L {—m(l‘): t GR}. (51)
i=l,..,n logn n—oo | T

,,,,,
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Theorem 1.20 will be deduced from Theorem 1.19 using (49). The proof will be given in
Section 4.2. The study of the pointwise maximum of many independent stochastic processes
over an infinitesimal interval (see Theorems 1.19 and 1.20) is closely related to the results,
due to Albin [1-3], on the maximum of a single totally-skewed «-stable process over a finite
or increasing interval. The drifted process LT, see (42), appeared in the works of Albin as
an extremal tangent process describing the behavior of a totally skewed a-stable process after
reaching a high level.

2. Proofs: Stationarity results
2.1. Stationary systems of independent Markov processes

Let (E, dEg) be a Polish space with metric dg and Borel o-algebra £. Let {P,+: t > 0}
and {P; : t > 0} be two Markov probability transition semigroups on E which are in duality
w.r.t. some locally finite measure w. This means that

/ P,Jr(x, B)u(dx) = / P (y,A)u(dy), forallA,Bef. (52)
A B
In particular, the measure y is invariant w.r.t. both P," and P,":

/ P,+(x, B)u(dx) = uw(B) = / P/ (x, B)u(dx), forall Beé.
E E

Consider a system of particles located in E and moving independently of each other according
to the following rules. The positions of particles at time 0 form a Poisson point process (PPP)
mo = »_; Sy, with intensity measure x. The motion of particles is described as follows. For each
i € N consider Markov processes {E{"(t): t > 0} and {& (¢): r = 0} which both start at U;
and have transition semigroups PtJr and P; , respectively. We assume that the processes Sf, &,
i € N, are conditionally independent given mp. Then, the position of particle i € N attime r € R
is given by the two-sided process

L JET®, =0,
sl(’)_{si(—t), r<0.

We assume that the sample paths of the Markov process {E;r(t): t > 0} are right-continuous
with left limits (cadlag), whereas the sample paths of {§; (¢): t > 0} are left-continuous with
right limits. Then, the sample paths of &; are cadlag.

The positions of the particles at time r € R are given by the point process m; = Y, 8¢ ()
(which is a PPP on E), whereas the complete evolution of the particle system can be encoded
by the point process I = ), 8, (which is a Poisson point process on D(R, E), the Skorokhod
space of cadlag functions from R to E). Denote by T; : D(R, E) — D(R, E) the shift operators
givenby T; f(s) = f(s —t) with f € D(R, E) and s, € R.

Theorem 2.1. With the notation from above, the Poisson point process I = Y, 0 is
stationary, that is for anyt € R,

Z 8, f'id. Z 81, -
1 1
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Proof. At least in the one-sided case the result is well known, see [6] and the references therein,
but we give a short proof for completeness. Fix some times | < --- <, <0 <fu4] < --- <
tm+n- The intensity measure of II is given by

Hﬂ{f € D(R, E): f(tl) € d-xla R f(tn+m) € dxm+n}

/M(dx)P tm (x,dxp) .. 12 tl(xZ, dxl) l(x’ dxng1)

+
Ptm+n*fm+nfl (xm+n_1 ’ dxm+n)

Repeatedly using identity (52) to replace w(dx) P, (x, dy) by Pt+ (y, dx)u(dy), we obtain
Mﬂ{f € D(R, E): f(tl) € dxla e f(tn+m) € dxm-‘rn}

= / () Py (x1, dxa) ... PE (o, d0) P (3, dongn)
E
+
Ptl11+n_tm+n 1 (-xm-‘,-n—] ’ dxm""n)
=Pl (i, dx) P s X)L P 1 AXn),

where in the last step we performed integration over dx and used the formula

fE P, G AP (6, ) = Py Gty 1),

Clearly, the resulting expression for pj; does not change if we increase all #;’s by the same
value. [

2.2. Proof of Theorem 1.5

In order to encode a motion of a particle which has random birth and death times, it is
convenient to introduce an extended state space E = R?; see Fig. 3. For a point (x, s5) € R?, the
first coordinate x is the usual spatial position of the particle. The second coordinate s indicates
whether the particle is not yet born (s < 0, in which case |s| is the time remaining to the birth),
it is alive (s = 0), or it has already been killed (s > 0, in which case s is the time elapsed after
the killing event), respectively.

Consider a Markov process Z+ on R? which can be described as follows. Suppose that at time
0 the process Z* starts at (xg, so) with so < O (the particle is not yet born). Then, at any time
t € (0, |sg]) the particle is still not born meaning that Z*(t) = (xo, so + t). At time t = |sg|
the particle is born, and it appears on the real line at position xg. After the birth, its coordinate x
changes according to the Lévy process L™, while the time coordinate s remains equal 0 (meaning
that the particle is alive). After an exponential time = ~ Exp(6_), the particle is killed while
being located at some spatial position denoted by x; = xo + LT (rT). After the killing, the
particle disappears. Formally, this means that its spatial coordinate x = x; remains constant,
whereas the time coordinate s increases at unit rate as the time goes on. To summarize, if the
process Z7 starts at time 0 at (xq, So) € R? with so < 0, then

(x0, 50 + 1), ifso+1 <0,
ZH(t) = { (xo+ LT (s0 +1),0), ifO<so+r<tt,
(xo+LT@h),so+t—1F), ifth <so+1t.

The description of Z™ in the cases so = 0 and 59 > 0 is similar. Let P,+, t > 0, be the probability
transition kernel of the process Z7.
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Fig. 3. Visualization of three different realizations of the Markov process Z*. The top figure shows the dependence of
the spatial coordinate x on time ¢. The bottom figure shows the dependence of s on ¢.

Theorem 2.2. The following o -finite measure on R? is invariant for the Markov process Z7 :
v(dx, ds) = e "dx (Ls<of+ds + Jo(s) + Ly=00-ds), (53)
where 04 and 0_ satisfy (11).

Proof. In the sequel, we write z(dx) = e *dx, x € R. Fix some time # > 0. Let B C R> be a
Borel set. We need to verify that

f P ((x,s), B)v(dx, ds) = v(B).
E

CASE 1. In the case B C R x (—o0, 0), we obtain

/P,+((x,s),B)v(dx,ds):/ v(dx, ds) = v(B).
E

B—(0,1)

CASE 2. In the case when B = By x {0}, where By C R is a Borel set, we obtain

0
/ P ((x, ), B)v(dx, ds) = f /R G5 (X, Bo)Oe(dx)ds + /R g, (x, Bo)pu(dx). (54)
E —t
The second summand on the right-hand side of (54) equals
/Rq,*(x, Bo)u(dx) = e u(Bo)Ee" ) = VO u(By) = e u(By), (59

where we used (11) for the last equality. With this observation, the first summand on the right-
hand side of (54) equals

0
1w(Bo) | e U0, ds = pu(By) (1 —e ).

—t

Thus, (54) equals w(Bp) = v(B).
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CASE 3. Consider finally the case B C R x (0, +00). Take some point (y, #) € B. Let first
0 <u < t. We have

/ P ((x,s), (dy, du))v(dx, ds)
E

0
:/ 9+ds/RM(dx)q,tm(x,dy)e_du+/Ru(dx)q,tu(x,dy)9_du
u

—t
—0_ (1 - e—9+<’—“>) ((dy)du + 6_e= =0 4 (dy)du
=6_u(dy)du.

In the case # > ¢ the computation is the same as in Case 1. [

We are now going to define the dual of the process ZT w.r.t. the invariant measure v. Replacing
in the definition of Z™ the killing rate by 6, and the driving process by L~, and reversing the
time direction, we obtain another Markov process on R? denoted by Z~. For example, if the
process Z~ starts at time 0 at (xgp, So) € R2 with s9 > 0, then in the first stage the coordinate
s decreases linearly at unit rate to 0, in the second stage the coordinate s stays 0, while the
coordinate x changes according to a Lévy process L™ until its killing after time t~ ~ Exp(64),
and finally in the third stage the coordinate s decreases linearly at unit rate while the coordinate
x stays constant. More precisely, we have

(x0, 50 — 1), ift —so9 <0,
Z (t) =4 (xo+ L™ (t — s50), 0), if0<t—so<t1,
(xo+L (7)), T —t+s0), ift” <t—s0.

The probability transition kernel of Z™ is denoted by P ™.

Theorem 2.3. The Markov processes ZT and Z~ are in duality (in the sense of (52)) w.r.t. the
invariant measure V.

Proof. We need to establish the equality
P ((x,9), d(y, w) v(dx, ds) = P ((y, w), d(x, y)) v(dy, du), (56)

for any (x, s), (y,u) € R2. With regard to the definitions of Ztand Z—, showing (56) breaks
down to several cases depending on the signs of s and u. We exemplarily consider the case s > 0
and u < 0. Letr > s — u because otherwise the transition density is 0. We have

P ((x,s),d(y, u)) v(dx,ds) = 0,4, ¢, ,(x,dy)due " dx 6_ds

=0_qg;" ., (y,dx)due Ydy 6 ds

= P ((y,u),d(x, ) v(dy, du).
The second equality uses the duality relation (13). [
Proof of Theorem 1.5. Consider particles on R? forming a Poisson point process on R? with
intensity v defined in Theorem 2.2. Let the forward motion of the particles be given by the
independent Markov processes Z T, whereas the backward motion of particles be given by the
independent Markov processes Z~. By Theorem 2.3, the Markov processes Z and Z~ are in

duality w.r.t. the measure v. By Theorem 2.1, the resulting system of processes is stationary
on R?. Discarding the coordinate s (responsible for the “age” of the particles) and putting the
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spatial coordinate x to —oo whenever s # 0, we obtain the same particle system as described in
Theorem 1.5.

By the stationarity of the particle system, the left-hand side of (18) is shift-invariant, whereas
the right-hand side is shift-invariant by definition. Hence, when proving (18), there is no
restriction of generality in assuming that r; = 0. But in this case, the functions \7i+ and 17l._
make no contribution to the intensity of II on the left-hand side of (18). The contribution of the
functions V; is given, by the transformation formula for the PPP, by the right-hand side of (18).

The stationarity of the process 1 in (19) now follows immediately from the above. The max-
stability condition (1) can be verified by noting that the union of » independent copies of the
PPP 7 (similarly, 74, w_) has the same intensity as the original process spatially shifted by
logn. O

3. Proofs: General properties and extremal index
3.1. Proof of Proposition 1.14

We follow the idea used in the proof of Proposition 13 in [20]. By stationarity, we can assume
that K = [0, T]. Then, the paths V;” make no contribution to the process n on K. Fix some
I € N. For k € N consider the random event

Al = { inf  max (U; +L;(®)) > —k} .
tel0,T]i=1,...,1

Clearly, the event A; := Uyen Ay has probability at least 1 — (1 — e~ T0- )l (which is the
probability that at least one of the paths U; + l:i (1), 1 < i < I, will not be killed in [0, T]).
On the event A; , the set J is contained in I U / + where

Iy =3{ieN:Uj+ sup L;i(t) > —kq,
1€[0,T]

LF=1ieN: U+ sup L}(t) >k, T;7 €[0,T1}.
te[0,T]

The cardinality of I; has Poisson distribution with parameter

A :=fe‘“lP sup L(t) >u—k du:ek/e”IF’ sup L) > v |dv. (57)
R 1€l0,T] R 1€[0,T]

By an inequality of Willekens (see Equation 2.1 in [31]), we have the estimate

IP’|: sup L(t) > v:| < CP[L(T) > v —1]
1€[0,T]

for all v > 1 and some finite constant C. Since Ee’(") = 1, the integral on the right-hand side
of (57) converges and A is finite. It follows that the set I is finite a.s. on the event A; k. Similarly,
the set I is finite a.s. on Ay k. It follows that the set J is finite a.s. on A;. But we can make the
probability of A; as close to 1 as we wish by choosing appropriately large /.
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3.2. Proof of Proposition 1.15

The event {n(0) < 0, n(¢) < 0} occurs if and only if the following 3 independent events occur
simultaneously:

1. there isno i € N such that U; > 0;
2. thereisnoi € N such that U; < 0but U; + L (1) > 0;
3. there isno i € N such that s := Ti+ € [0, t] and Ui+ —+ L;L(t —s5) > 0.

With v := ¢t — s we have

—logP[n(0) <0, n(r) < 0]

0 t +o00
=1+e 0 / e "PlE(r) > —uldu + 64 / e 0-v / e “PlE(v) > —u]dudv
0 —00

—00

00 1
=1+ efg"/ e"PlE(¢) > uldu + 9+/ e -V gy,
0 0

Since Eef®) = e¥(? by (10) and ¥ (1) = 6_ — 64 by (11), the third term is equal to 1 — e =0+,
The desired formula (24) follows easily.

3.3. Proof of Theorem 1.16

First, we compute ©(T) as defined by (26). Recall that L™ is the process obtained by killing
& with rate 6_. Write M (t) := SUP,e[0.1] L™ (u). Then, by the definition of Lévy—Brown-Resnick
processes given in Section 1.3, we have

—logIP’|: sup n(t) §x:|

t€l0,T]

+00 T p+oo
= / e “PIM(T) > x —u]du + 6+f / e “P[M(s) > x — u]duds
0 —00

—0oQ
T
—e ¥ (EeM(T) + 6, / EeM <S>ds).
0

Note that the first integral is the contribution of particles which are present at time 0, whereas
the second integral is the contribution of particles born at T — s, where s € [0, T]. Writing
f(t) = EeM® we obtain that

T
O(T) = f(T) +9+/0 f(s)ds. (58)

We determine the behavior of @(T) as T — oo.
CASE 1. Let 6, = 0. We will prove that

O(T) = f(T) ~ ' (DT asT — +oo. (59)

Let T(A) ~ Exp(A) be random variable which has an exponential distribution with parameter
A > 0 and is independent of everything else. Then,

/00 f(T))\e_ATdT:Ef(r(k)):Eexp ( sup L+(s)) = Eexp ( sup é‘(s)) .
0 ] se(l

s€[0,7(%) 0,7(A+6_)]
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Since £ is a Lévy process with no positive jumps, Corollary 2 on page 190 of [4] states that

sup  £(s) ~ Exp(y ' (h +62)).
s€[0,t(A+6-)]

It follows that

v lo+e) YD)
A=t +6-)—1) 22
where in the last step we used that /(1) = 6_, see (11), and hence, ¥ ~1(6_) = 1. Since the

function f is non-decreasing, we can apply to (60) the standard Tauberian theory, see Theorem
4 on page 423 in [16], to conclude that (59) holds. This proves the first case of (28).

CASE 2. Let 64 > 0. We will prove that

/mfﬂk”%T= asi | 0, (60)
0

-1
0_
C:= lim f(T)=FEexp|supLT(s)) = W—() < 00. 61)
T—o0 s>0 yle-) -1

The equality of the limit and the expectation follows from the monotone convergence theorem.
We have to compute the expectation. Since L™ is obtained from & by killing it with rate 6_ and
since £ is a Lévy process with no positive jumps, we can again use Corollary 2 on page 190 of [4]
to obtain that

sup L (s) ~ Exp(y ™' (6-)).

s>0
Note that 1//‘1(9_) > 1 because ¥ (1) = 6_ — 64 < 6_ by (11). Recalling the Laplace trans-
form of the exponential distribution, we obtain (61). Together with (58) this clearly implies that
O(T) ~ COLT as T — oo. The proof of the second case of (28) is complete.

4. Proofs: Convergence results

4.1. Proof of Theorem 1.17

STEP 1. For n € Ndefinei.i.d. random variables Uy ,, ..., U, , and i.i.d. stochastic processes
Lin,....Lpy by

Uin = 0(&i(sn) — by), (62)

Lin@) =0 (sp+1)—&(sn) —¥©@), teR. (63)

If we restrict the L; ,’s to the positive half-axis ¢+ > 0, then the U; ,’s are independent of the
L;,’s and the L; ,’s are i.i.d. copies of the process

L*(1) = 05(0) — y ()1

On the other hand, let > (2, 8y, be a PPP on R with intensity e “du. Independently, let
Ly, Ly, ...bei.id.copies of L, a two-sided extension of the one-sided Lévy process L™; see (8).
We have to show that weakly on D(R),

nngo {n(z) = HllaXn(Ui +L,~(t))}

i=

{nn(l) = max (Ui, + Li,n(t))}
i=1,...,n teR

,,,,,

teR

It is known that weak convergence on D(R) is implied by the weak convergence on D[—T, T]
for every T > 0; see [5, Theorem 16.7]. Fix some T > 0. We proceed as follows. In Steps 2-5



4294 S. Engelke, Z. Kabluchko / Stochastic Processes and their Applications 125 (2015) 4272—4299

we will prove weak convergence on the space D[0, T]. The two-sided convergence on D[—T, T']
will be established in Step 6.

STEP 2. We prove that the point process Y+, 8y, , converges weakly to Y .2, 8y, as n — oo.
The point processes are considered on the state space (—oo, +00]. By [28, Proposition 3.21], it
suffices to show that for every u € R,

lim nP[U;, > u] =e*. (64)

n—oo

By the precise large deviations theorem of Bahadur—Rao—Petrov [27], we have

1
P[E(r) > Bt] ~ e 1Pt 4o, (65)
I'(B)2ry" (I (B))t
uniformly in f as long as it stays in a compact subinterval of (8o, Bo). Let B, = (by + ) /sn,
so that lim,, .0 B = ¥/ (@) € (Bo, Boo) by (34). Note that lim,,_, o, I'(B,) = 6 because I’ is the
inverse function of . It follows from (65) that

_ N 1 —1(Bu)sn
IED[Ul,n >ul= ]P}[g:(sn) > Busnl Qme , h— 0OQ. (66)

Using the definitions of 8, and b, (see (34)) together with Taylor’s expansion, we obtain that
u
I(Buysn =1 (1%) + 5) sn = logn — log(6/2m 9" (@)sy) +u + o(1),
n

where we used the fact that 1 =1 (%,,) converges to It = ¥’ (), see (34), and that I’ (' (0)) =
6. Inserting this into (66), we obtain the required equation (64). At this point note the following
consequence of (64):
d _el
max U, —> e ¢ . (67)

i=l1,..., n n—oo
STEP 3. For a truncation parameter a € N we define the truncated versions of the processes 7,
and n by

() = max Uin+Lin@), 00 = max (Ui + Li1). (68)

Uznv;lcz 171 >—a

We prove that for every fixed a € N, the process r],(,a) converges to 7@ weakly on D[0, T7].
Consider a bounded, continuous function f : D[0, T] — R. We need to show that

Jim Ef (i) = Ef(n'). (69)

Let M be the space of locally finite integer-valued measures on R = (—o00, +00]. As usually,
M is endowed with vague topology. Let M, be the (open) set of all © € M such that
w({4o0}) = u({—a}) = 0. Define a function f : M, — R by

f (Z 814[) =Ef ( max a(“i + Lz())) .

iuj>—

Note that any measure u € M, has only finitely many atoms above —a. Using this, it is easy
to check that the function f is well-defined and continuous on M,. On M\ M, we define f
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to be, say, 0. Observe that M, has full probability w.r.t. the law of the PPP > 72, §y,. By the
continuous mapping theorem, see [5, Theorem 2.7], it follows that

f(Z(SU,-,n> n_)igof(ZBUl.).
i=1 i=l

It follows that we have the convergence of expectations of these uniformly bounded random
variables:

n

Ef(n”) =Ef (Z 5u,-,,,> TLEf (Z 5,,,.) =Ef(n').
i=1

i=1
This completes the proof of (69).

STEP 4. We prove that n) converges to 1 weakly on D[0, T'], as a — +oc. It suffices to show
that

lim P[3r € [0, T]: n(t) # n“ )] =0.
a—>+o0
But this follows directly from Proposition 1.14.
STEP 5. We prove that

lim limsupP[3t € [0, T]: n,(t) # n'® ()] = 0.

a—>+0 p—oo
Define a process {8\ : t € [0, T} by

8, (1) = max (Ui + Lin().

S
5
A

It suffices to prove that

lim li P| inf 1)< -b|=0, 70
pam lim sup Lellg’” M (1) < } (70)
lim limsupP| sup 8“(r) > —b|=0 forallbeN. (71)

4=+ p—soo 1€[0,T]
Proof of (70). Leti, € {1, ..., n} be (for concreteness, the smallest) number such that U;, ,, =

max;—1,...n Ui . Then,

IF’|: inf 1, (1) < —bi| < IP’|: inf (Ui, + Li,n(t)) < —b}
1€[0,T1 1€[0,T}

b b
<P . < —— +]P> inf L) < ——1.
- [U’"’” - 2] I:tel[l(},T] 0 = 2]

By (67), the first term on the right-hand side converges, as n — o0, to exp(—e®/?), which, in
turn, converges to 0 as b — +o00. The second term on the right-hand side does not depend on n
and converges to 0 as b — 4-00.
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Proof of (71). Let S, = sup;eo,71 L1.2 (%) and denote by u the probability distribution of S,
(which does not depend on n). Note that S, and U; , are independent. We have

P| sup 8(t) = —b | <nP[Uin < —a,Upn+ Sy = —b].
te[0,T]

In order to prove (71) it suffices to show that for some ¢ > O and all b € N,

lim nlP [S,, > (1+¢)logn — b] =0, (72)
n— oo
(14¢)logn—b
lim limsupn[ P [UL,, > —b— s] wu(ds) = 0. (73)
a—>+00 p_500 a—b

Proof of (72). By a result of Willekens [31], the following estimate is valid for all u > 1:

P[S, > u] = IP’[ sup LT(t) > uj| < CP[LY(T) > u—1].
te[0,T]

Using this estimate, the fact that Ee£"(7) = 1 and the Markov inequality, we immediately obtain
that (72) holds for all ¢ > 0 and b € N.

Proof of (73). We have

P[Uin>—b—s]= P[é(sn) > by — é (b+S)} =P[&(sn) > $nBn(5)]

with

b, b
Buls) = = - 2

Sn Os,

Suppose that s stays in the range between a — b and (1 4 ¢) logn — b. By (34) and (32), for every
8 > 0 we have, for sufficiently large n,
(I+e)r Y@ er

8 —— =4 Bu(s) < ¥/ (0) +3.

Pn(s) = ¥ (0) — 7 7 2

Since By < @ < ¢¥'(0) < Boo by convexity of ¥, we can take &, § > 0 so small and n so large
that B, (s) stays in a compact subinterval of (8p, So0). Then, we can use the uniformity in (65).
By convexity of I, we have

-1 b+s rer—1
I(Bu(s))sp =1 (1 M) — Os )Sn > Sy — I'(T7 (M)

> logn — log(0+/ 27" (0)s,) — (b + s),

where we used that I'(I 71 (1,)) < I'(I71 (1) = 6. Using the uniformity in (65) we obtain the
estimate

b+s
0

CR =1GaN3n < cob s,

Son

n]P’[ULn > —b—s] <
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It follows that

(1+¢)logn—b
limsupn/ P [Ul,n > —b — s] u(ds)
a

n—o00 —b

o0
5/ Ce’™ u(ds) = CehE[eSn]lSn>a7b]~
a—b

Since the law of S, does not depend on n and EeS" < 0o, we obtain that the right-hand side goes
to 0 as a — +o00. This completes the proof of (73).

Taken together, the results of Steps 3, 4, 5 imply that n, converges to n weakly on D[0, T];
see [5, Theorem 3.2 on p. 28].

STEP 6. Finally, we prove weak convergence on the two-sided space D[—T, T']. Consider a
modified sequence 5, = s, — T which also satisfies (32). The corresponding sequence b, is
given by

S
B)
|

_ <logn - 1og(e§ znwe)fn)) 5= 60— Y07 1oy, o

where we used the Taylor expansion. By Steps 1-5 we have, weakly on DI[O0, 2T,

{ max E,(sn—i—t) En:fe[o,zr]}n%o{— (t)~l—¥t 7elo, 2T]}

,,,,,

Introducing the variable ¢ = f — T, we can rewrite this as follows: Weakly on D[—T, T,

{nn(t)+bn — byt e[-T, T]]nngo{— (t+T)+M(t+T) tel[-T, T]}
Using (74) and the stationarity of 1, we obtain the required weak convergence on D[—T, T].
4.2. Proof of Theorem 1.20

Fix T > 0. Let first @ # 1. Let &1 o, &2, . . . be 1.1.d. copies of the a-stable Lévy process &, .
Consider the process

Fin.a (1) = (logn)@ _max Ei e/ 18m) — (75)

,,,,,

Let y,, (¢) be a function such that

t

e¥n(/logn _ ,
logn

teR. (76)

Solving this equation w.r.t. ¥, (¢) and using Taylor’s expansion we obtain that
lim (y,(t) —t) =0 uniformlyin¢ € [-T, T]. amn
n—oo

From (44) (recall also the notation introduced in (43), (75), (76)) we know that weakly on
D[-T,T],

(ina(n(@): 1 € [=T. TN} = {ia(t): 1 € [T, T1}. (78)
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Since by (77) the Skorokhod J;-distance between 1), o (¥n(-)) and 7, () goes to 0 as n — oo,
we also have

{fina(®): t € [=T, T} => {iia(t): t € [-T. T1} (79)
n—oo
weakly on D[—T,T]. Recalling that Z;,(t) = e /% 4(e') are iid. a-stable
Ornstein—Uhlenbeck processes, consider
1 t __t __t
(logm)# max Zig (—) — b = & T g (1) by (€770 — 1)) (80)
i=1,..,n logn

By (79), the first term on the right-hand side of (80) converges to 7, () weakly on D[—T, T],
whereas the second term is deterministic and converges, uniformly on [—T, T], to —y (6y)t /6,
by (40) and (39). It follows that the right-hand side of (80) converges to 74 (t) — ¥ (64)t/6y =
N (t) /6y weakly on D[—T, T].

The proof in the case o = 1 is similar, but it is based on (45) and uses l;nyl instead of b, .
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