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Abstract

We study the typical behavior of Google’s PageRank algorithm on inhomogeneous random digraphs,
including directed versions of the Erd6s—Rényi model, the Chung-Lu model, the Poissonian random
graph and the generalized random graph. Specifically, we show that the rank of a randomly chosen
vertex converges weakly to the attracting endogenous solution to the stochastic fixed-point equation

> N
R=) CGR;i + Q.
i=1
where (N, Q, {C;}i>1) is a real-valued vector with N’ € N, and the {R;} are i.i.d. copies of R,
independent of (N, Q, {Ci}i>1);

D denotes equality in distribution. This result provides further evidence of the power-law behavior
of PageRank on graphs whose in-degree distribution follows a power law.
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1. Introduction

In the recent decades, a growing amount of data and computer power has motivated
the development of algorithms capable of efficiently organizing and analyzing large data
sets. In many cases, this data is highly interconnected, and can be represented in the form
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of complex networks. Some important examples include the Internet and the World Wide
Web, telecommunication networks, electrical power grids, protein—protein interactions, and the
various social networks that have become an integral part of our society. Interestingly, many
of these networks share some basic characteristics that we have learned to expect, such as
short typical distances between nodes, known as the small-world property, and highly variable
degrees whose distributions follow a power-law, known as the scale-free property. Of special
interest is the problem of identifying relevant or central nodes in these networks.

We focus on the analysis of a general form of Google’s PageRank algorithm [6], which
was originally created to rank webpages in the World Wide Web. PageRank is a popular
algorithm for ranking nodes in complex networks due to its ability to efficiently identify impor-
tant/relevant nodes. Its typical behavior on scale-free directed complex networks has also been
an important research topic, since abundant empirical evidence suggests that the distribution
of the ranks produced by PageRank follows a power-law distribution with the same tail index
as the in-degree distribution [2,23,27,30,34,35]. The first rigorous proof of why this power-
law behavior is observed was given in [8], where it was shown that the rank of a randomly
chosen node in a graph generated via the directed configuration model [9] has a limiting
distribution exhibiting power-law tails whenever the in-degree distribution is scale-free. Here,
we extend this analysis to a different class of random graph models that includes as special
cases directed versions of classical models such as the Erd6s—Rényi graph [1,4,15,16,18,22],
the Chung—Lu model [11-14,28], the Poissonian random graph [17,20,29] and the generalized
random graph [7,17,20]. Since the scale-free property of the degrees in these models (i.e., their
power-law behavior) is due to node-specific attributes which can also be used to influence the
rankings produced by PageRank, we believe they provide a more natural way of modeling
and understanding the behavior of ranking algorithms on complex networks than the directed
configuration model.

As is the case for the directed configuration model, the power-law behavior of the ranks
produced by PageRank can be explained by arguing that the limiting distribution of the rank
of a randomly chosen node can be written in terms of the attracting endogenous solution to a
stochastic-fixed point equation (SFPE) of the form

N
RE ZC,‘ Ri+ Q,
i=1
where the {R;} are i.i.d. copies of R, independent of the vector (N, Q, {Ci}i>1), with the
{C;} i.i.d. and independent of (A, Q). The random variable N corresponds to the in-degree
distribution of the network being analyzed, and the power law behavior of the rank distribution
follows from the known asymptotic equivalence

P(R>x)~KPWN > x), X — 00,

for some constant 0 < K < oo, when N has a power-law distribution [23,34]. Theorem 3.3 in
this paper shows that the same type of representation holds for the family of inhomogeneous
random digraphs studied here, provided the in-degree and out-degree of the same vertex are
asymptotically independent. Therefore, the results in this paper provide further evidence of the
power-law behavior of PageRank in scale-free directed networks.

The remainder of the paper is organized as follows. Section 2 describes the family of
inhomogeneous random digraphs mentioned above, and includes some of its most basic
properties, in particular, its ability to generate inhomogeneous directed graphs with a wide
range of degree distributions, including scale-free ones. In Section 3 we state our main result
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on the distribution of the ranks produced by a generalized form of PageRank, including the
description of a three-step approach towards its proof, and in Section 4 we provide all the
proofs.

2. A family of inhomogeneous random digraphs

As mentioned in the introduction, the fact that many of the complex networks in the
real world exhibit highly variable degrees, often with tails that appear to follow a power
law, motivates our interest in random graph models capable of generating inhomogeneous
degrees. One model that produces graphs from any prescribed (graphical) degree sequence is
the configuration or pairing model [3,20], which assigns to each vertex in the graph a number
of half-edges equal to its target degree and then randomly pairs half-edges to connect vertices.
The resulting graph, when the pairing process does not create self-loops or multiple edges,
is known to have the distribution of a uniformly chosen graph among all graphs having the
prescribed degree sequence. If one chooses this degree sequence according to a power-law,
one immediately obtains a scale-free graph.

Alternatively, one could think of obtaining the scale-free property (power-law degree
distribution) as a consequence of how likely different nodes are to have an edge between them.
In the spirit of the classical Erd6s—Rényi graph [1,4,15,16,18,22], we assume that whether there
is an edge between vertices i and j is determined by a coin-flip, independently of all other
edges. Unfortunately, this elegant and simple rule is known to produce highly homogeneous
degrees, Poisson distributed in the limit, making it inappropriate for modeling most real-
world networks. Several models capable of producing graphs with inhomogeneous degrees
while preserving the independence among edges have been suggested in the recent literature,
including: the Chung—Lu model [11-14,28], the Norros—Reittu model (or Poissonian random
graph) [17,20,29], and the generalized random graph [7,17,20], to name a few. In all of these
models, the inhomogeneity of the degrees is created by allowing the success probability of
each coin-flip to depend on the “attributes” of the two vertices being connected; the scale-free
property can then be obtained by choosing the attributes according to a power-law. We briefly
mention that it was shown in [17] that all these models also exhibit the small-world property,
i.e., small typical distances between vertices, hence, we expect the same to be true of their
directed counterparts.

We now give a precise description of the family of directed random graphs that we study in
this paper, which includes as special cases the directed versions of all the models mentioned
above. Throughout the paper we refer to a directed graph G(V,,, E,) on the vertex set V,, =
{1,2,...,n} simply as a random digraph if the event that edge (i, j) belongs to the set of
edges E, is independent of all other edges.

In order to obtain inhomogeneous degree distributions, to each vertex i € V, we assign
a nype W; = (W, W;") € R2, which will be used to determine how likely vertex i is to
have inbound/outbound neighbors.! The sequence of types {W; : i > 1} is assumed to have a
limiting behavior, in the sense that the empirical joint distribution satisfies:

Fy(u,v) = %Z (W™ <u, W <v) D Fu,v),  asn— oo, (1

i=1

I The — and + superscripts refer to the inbound or outbound nature of edges in the graph, and are not related
to the positive and negative parts of a real number.
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for all continuity points of some distribution F', where F' is defined on the space S = Ri and >
denotes convergence in probability. Let .%, = o(W,; : 1 <i < n), and define P,(-) = P(-|.%,)
and E,[-] = E[-|.%,] to be the conditional probability and conditional expectation, respectively,
given the type sequence. Later in Section 3 we will enlarge the type vectors to include additional
vertex attributes.

Remark 2.1. In general, depending on the nature of the type sequence (e.g., a deterministic
sequence of numbers), it may be necessary to consider a double sequence {Wf") i>1,n>1}
in order to satisfy (1). In practice, an easy way to avoid the need for considering double
sequences is to assume that the type sequence {W; : i > 1} consists of i.i.d. observations
from distribution F.

We now define our family of random digraphs using the conditional probability, given the
type sequence, that edge (i, j) € E,,
+

n) & .. _ Wi Wji . .
pi; =Py (G, )€ Ep) =1A o (1 + u (Wi, W), l<i#j=n, ()

where —1 < ¢,(W;, W;) as., and n-! ZLI(Wi_ + W;L) —P> 6 >0asn— oo.

We point out that the term ¢,(W;, W;) = ¢(n, W;, W;, #;) may depend on the entire
sequence #, £ {W; : 1 <i < n}, on the types of the vertices (i, j), or exclusively on n.
Here and in the sequel, x A y = min{x, y} and x V y = max{x, y}. In the context of [5],
definition (2) corresponds to the so-called rank-1 kernel, i.e., k(W;, W;) = k . (W)k_(W}),
with k(W) = W*//0 and k_(W) = W~ //6.

Example 2.2. Directed versions of some known random graph models covered by (2):
e Directed Erd6s—Rényi model:

A .,
PE}”ZE, l<i#j<n,

for 1 > 0, which corresponds to taking W,” = W;" = A for all 1 < i < n. This graph
produces homogeneous graphs with Poisson(1) degrees. Here, ¢,(W;, W;) = 0 for all
1<i#j=<n

e Directed Chung-Lu model:

+ —
L,
where L, = Y /_ (W, + Wf). This model is defined for any nonnegative sequences
(W :i > 1} and {W;" : i > 1} possessing some limiting distributions, e.g., power-
laws, usually with finite second moments. Here, ¢,(W;, W;) = 0n/L, — 1 for all

n _

pij A, l<i#j<n,

I<i#j=<n
e Directed generalized random graph:
(n) vvi+ Wj_ 1 . .
V= — <i =n,
pl_] Ln + WiJr ij 75 J

where L, is defined as above. Since the ratios in the definition of p{; are self-
normalized, it provides a more natural model for graphs with infinite variance degrees.
Here, ¢, (Wi, W)) = 0n/(L, + W W) —1for 1 <i # j <n.
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e Directed Poissonian random graph or Norros—Reittu model:

pl =1V I i<,

. —-wrwr/L, +y—
where L, is defined as above. Here, ¢,(W;, W;) = (1 —e " "7 "7")0n/(W, Wj )—1
for 1 <i #j<n.

From a modeling perspective, one can think of W;" as an attribute of vertex i that determines
how likely it is for it to have outbound neighbors, and W, as an attribute that indicates its
popularity, or likelihood that other vertices may have edges pointing towards it. In other words,
Wl.+ controls the out-degree of vertex i and W, its in-degree. In applications, e.g., the World
Wide Web, these two attributes can be used to model how trustworthy a webpage is, how

valuable/relevant is its content, or how carefully it chooses the webpages it references.
2.1. Degree distributions

Our first result in the paper establishes that the family of random digraphs defined via (2)
produces inhomogeneous graphs whose degree distribution can be modeled through that of
the type distribution. The ArXiv version of this paper [26] includes a verification of all our
assumptions for each of the models in Example 2.2 when the type sequence {W; : i > 1}
consists of i.i.d. random vectors.

Assumption 2.3. Let G(V,, E,) be a random digraph having type sequence {W; : i > 1} and
edge probabilities given by (2). Suppose further that:

(a) The type sequence {W; : i > 1} satisfies (1).
(b) The following limits hold in probability:

1 & 1 &
-1 _ 1 - = + — 1 - +
E[W™] = lim - ;W and  E[W'] = lim ~ ;:W :
with 0 = E[W™ + WT] < 0.
© & & 2 Y e |pg7) — (ri(;') A1) 5 0asn — oo, where ri(j’.’) =W W /(on).
n P _ _
d %Zi:l lejsn,j;éi lekgn,k;ei P;?)sz) — E[W-WTIE[WTIE[W™]/6% as n — oo,
with E[W-W*] < oo.

We point out that Assumption 2.3 implies that |@,(W;, W ;)| L 0asn — oo for any
i,j=1
We now define the in-degree and out-degree of vertex i € V,, according to

Dl_ = Z Xj,' and Dl+ = Z Xij»
JEVn, j#i J€Vn, j#i

respectively, where X;; = 1((i, j) € E,) is the indicator function of whether edge (i, j) is
present in the graph. Note that from the independent edges assumption, we have that the
{Xij : 1 <i # j < n} form a sequence of independent Bernoulli random variables, with
P,(X; =1 =p.

The following theorem provides the distribution of the in-degree and out-degree of a
randomly chosen vertex, i.e., a typical vertex, in a graph generated via our model. Its proof is
given in Section 4.2.
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Theorem 2.4.  Under Assumption 2.3(a)(c), the degrees (D, Dgr) of a randomly chosen
vertex in G(V,, E,) satisfy, as n — 0o,

sup [P, (D7, D) e A) — P(Z,Z") € A)| 5 0,
ACN?

and

E[W-1E[W*]
0

. ; . . - ] —
where Z~ and Z* are mixed Poisson random variables with mixing parameters, %W

’

E.[Df] > E[Z*] =

and %Wﬁ respectively, with Z~ and Z* conditionally independent given (W—, W™).
Moreover, if Assumption 2.3(a)—(d) holds then, as n — o0,
E(W-WHE[WTE[WT]

- P -
E,[D; D1 — E[Z~Z*] = -

Remark 2.5. To relate this result with scale-free graphs where at least one of the degree
distributions, usually the in-degree, follows a power-law, we point out that when W~ ( W)
has a regularly varying distribution with index —a < —1, i.e., P(W™ > x) = x~*L(x) for
some slowly varying function L, then, by Proposition 8.4 in [19], we have that Z~ (Z%) is also
regularly varying with the same index. Furthermore, it can be shown that if (W~, W) is jointly
regularly varying (possibly in the non-standard sense defined in [32]), then so is (Z~, Z1),
however, for our analysis of PageRank we will impose that W~ and W™ be independent, so
only the marginal distributions of Z~ and Z* are relevant to our main result.

3. Generalized PageRank

We now move on to the analysis of the typical behavior of the PageRank algorithm on
the family of inhomogeneous random digraphs described in Section 2. Our main result shows
that the distribution of the ranks produced by the algorithm converges to that of the attracting
endogenous solution, R, to a linear SFPE. Moreover, since the behavior of R is known to
follow a power-law when the limiting in-degree distribution does, our theorem provides further
evidence of the universality of the so-called “power-law hypothesis” on scale-free complex
networks [8]. For completeness, we give below a brief description of the algorithm, which is
well-defined for any directed graph G(V,, E,) on the vertex set V,, = {1, 2, ..., n} with edges
in the set E,.

Let D; and D;" denote the in-degree and out-degree, respectively, of vertex i in G(V,, E,).
We refer to the sequence {(D;, D;r ) : 1 < i < n} as the bi-degree sequence of the graph

G(V,, E,). The generalized PageRank vector r = (ry, ..., r,) is the unique solution to the
following system of equations:
g .
ri = Z D—{F-rj+qi, i=1,...,n, 3)
(j,i)eEn ]
where q = (q1,...,9,) is known as the personalization or teleportation vector (usually,

a probability vector), and the {¢;} are referred to as the damping factors. In the original
formulation of PageRank [6], the personalization values and the damping factors are given,
respectively, by ¢; = (1 —c)/n and ¢; = ¢ for all 1 < i < n; the constant ¢ € (0, 1) is known as
the “damping factor”. The formulation given in [8] is more general, and it allows any choice for
both the personalization values and the damping factors, provided that max;<;<, |{i| < c¢ < 1.
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We refer the reader to §1.1 in [8] for further details on the history of PageRank, its applications,
and a matrix representation of the solution r to (3).
In order to analyze r on directed complex networks, we first eliminate the dependence on the

size of the graph by computing the scale free ranks (R, ..., R,) = R £ nr, which corresponds
to solving:
Rl‘: Z CjRj+Qi7 i:l,...,}’l, (4)
(J.D)EEn

where Q; = ¢g;n and C; = g‘j/D;”. We refer to the {C;} as the weights.

On scale-free graphs, i.e., where the in-degree sequence (or both the in-degree and out-
degree sequences) follow a power law distribution, the power law hypothesis states that the
distribution of the ranks {R; : 1 < i < n} will also have a power-law with the same index
as that of the in-degrees. The first approach towards a proof of this phenomenon was given
in [23,27,35], where the tree heuristic commonly used in the analysis of locally tree-like random
graphs yields a stochastic fixed-point equation of the form

N
RZ2>CR;+Q Q)
j=1
where N is a random variable distributed according to the limiting in-degree distribution of
the graph, O has the limiting distribution of the personalization values, the weights {C;} are
i.i.d. and independent of (N, Q), and are size-biased versions of the weights {C;} in (4), and
the {R;} are i.i.d. copies of R. The connection between (4) and (5) can be understood by
interpreting R as the rank of a randomly chosen vertex, with (N, Q) denoting its in-degree
and personalization value, respectively, and then arguing that, provided the neighborhood of
the chosen vertex looks locally like a tree, the ranks of its inbound neighbors should have the
same distribution as R. That the weights {C;} in (5) are different from the {C;} appearing in
(4), and are instead size-biased versions of them, follows from the observation that vertices
with high out-degrees are more likely to be the neighbors of the randomly chosen vertex.
The heuristic described above was first made rigorous in [8], where it was shown that on
graphs generated via the directed configuration model [9], the rank of a randomly chosen vertex
converges in distribution, as the size of the graph grows to infinity, to a random variable
No
R* = ZCiRi + Qo,
i=1
where the {R;} are i.i.d. copies of the attracting endogenous solution to (5), and are independent
of (Mo, Qo, {Ci}i=1)- The vector (Np, Qp) may have a different distribution from that of (A, Q)
in (5) depending on how we choose the first vertex (it has the same distribution as (N, Q)
when the first vertex is chosen uniformly at random and the in-degree and out-degree are
asymptotically independent, which is consistent with the approach we take here). That the
solution R to (5) has a power-law distribution when A/ does has been the topic of a number
of papers [23-25,34], and together with the results in [8] (see Theorems 6.4 and 6.6) provides
the first proof of the power-law hypothesis on a complex network. We now show that a similar
result also holds for the family of inhomogeneous random digraphs considered here.

3.1. PageRank on inhomogeneous random digraphs

As with the analysis done in [8] on the directed configuration model, the key idea is to
couple the rank of a randomly chosen vertex with the rank of the root node of a tree, in
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this case, a multi-type branching process. In order to incorporate vertex information used
by the algorithm, as described by (3), we expand the type of vertex i to be of the form
W, =W, ,W", 0:,0) ¢ Ri_ x R? £ S, where the sequence {W; : i > 1} satisfies
1 n
Hn(u’ v, qv t) = - Z I(Wi7 S u, ‘/Vi+ S v, Qi S q’ ;i S t) —P) H(M, v, q’ t)v (6)
n
i=1
as n — oo, for all continuity points of some distribution H. With some abuse of notation,
we continue using %, = o(W; : 1 < i < n) to denote the sigma-algebra generated by
{W; : 1 <i < n}, along with the corresponding conditional probability and expectation
P.() = P(|#,) and E,[-] = E[|#,].
We now impose some assumptions on the extended type sequence {W; : i > 1}.

Assumption 3.1. Let G(V,, E,) be a random digraph having type sequence {W; :i > 1} and
edge probabilities given by (2). Suppose further that:

(a) The extended type sequence {W; : i > 1} satisfies (6).
(b) The following limits hold in probability:
1 1
-1 1 - - + — . - Jr
E[W ]_nlgrolonZWZ , E[W'] = lim ZWl ,

n—o0o n
i=1 i=l

1 g
E[|Q|]=nlgrc>10;;|Qil, and E[|§|]=nlggo;;|§fl,

with § = E[W™ + W*] < oo and E[|Q] + |¢]] < oo.
n n n P n _
© & =130 i P — @ AD] > Oasn — oo, where il = WW; /(0n).
@D Gl <c<lforali=1,...,n.
(e) The following limits hold in probability:
1 1
W1 — Tim —wt H1ON = Tim — +10.
E[W™W ]—nlgrolon ;W, W; and E[WT|0l] nll)ngcn ;W, 1Qil.
with EfZWTW~ + W*|Q|] < oo.
(f) The vectors (W—, Q) and (W™, ¢) are independent.

Remark 3.2. Note that Assumption 3.1(a)—(c) implies Assumption 2.3(a)—(c).

Our main result on the distribution of the rank of a randomly chosen vertex in the
inhomogeneous random digraph from Section 2 is given below. To avoid repetition, we refer the
reader to [8] or [25] for a detailed description of the attracting endogenous solution R to (5),
as well as its asymptotic behavior in terms of that of N, Q, C; = denotes weak convergence.

Theorem 3.3. Suppose that Assumption 3.1 holds, and let R; denote the rank of a uniformly
chosen vertex in the inhomogeneous random digraph G(V,, E,). Then, as n — 00,
R: = R, @)

where R is the attracting endogenous solution to (5). The distributions of all the random
variables involved in (5) are given below:

—E[WHIW™ /0 v
P(/\/:m,Qedq):E[](Qedq).e (5‘[W W~ /0) ]
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m=0,1,...,
E[1¢/(ZT+1) e d)WT]
E[WH] ’

and Z is a mixed Poisson random variable with parameter E{W~1W™/6.

P(Cy edt) =

The proof of Theorem 3.3 is based on a coupling argument between a graph exploration
process and a multi-type branching process, which is similar to the techniques used in [8] for
the analysis of generalized PageRank on the directed configuration model. Together with the
results in [8] and Remark 2.5, Theorem 3.3 provides further evidence of the “universality” of
the power-law hypothesis on scale-free directed complex networks. The ArXiv version of this
paper [26] contains some numerical examples illustrating the convergence of R; = R for all
the models in Example 2.2.

In the following section we explain the main steps involved in the proof of Theorem 3.3,
postponing all the technical proofs to Section 4.

3.2. Deriving the SFPE approximation

To make the proof of Theorem 3.3 easier to follow, we have divided it into three main
steps: (1) approximating the rank using the local neighborhood, (2) coupling with a branching
process, and (3) proving convergence to the attracting endogenous solution.

3.2.1. Approximating the rank using the local neighborhood

The first step towards proving Theorem 3.3 consists in showing that it is enough to
consider only the local neighborhood of each vertex in the graph to compute its rank. The
first observation we make is that the system of linear equations given by (4) can be written in
matrix notation as

R=RM+Q,
where R = (R}, ..., R,), Q=(0Q;, ..., Q,) and the matrix M has (i, j)th component
M;j = s5i;Ci,
where s;; is the number of edges from i to j. Recall that C; = ¢; /D;’, where D;” is the

out-degree of vertex j and |{;| < ¢ < 1 for all j > 1. Since the graphs we consider here are
simple, we have s;; € {0, 1}, however, the definition of matrix M also applies to multigraphs.
It follows that the rank vector R can be written as

o0
R=R"> =%"QM.
i=0

Next, define (Ri"’k), ooy ROy = R0 — Zf:o QM’, and note that the i.i.d. nature of the type
sequence implies that all the coordinates of the vector R"°>® — R"® are identically distributed
(they are not identically distributed given .%,). It follows from the exact arguments used in
Section 4.2 in [8] that for a randomly chosen vertex &,

B, (RO — RV = x71) < NS P ®)
§ § “l—c n =

for any x > 1.
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Note that the calculation of each of the R;"’k), i =1,...,n, requires only information about
the vertices in the graph having a directed path to vertex i of length at most k, i.e., it can be
computed using only the local (inbound) neighborhood of each vertex.

3.2.2. Coupling with a branching process

Now that we have reduced the problem of analyzing a randomly chosen component of the
vector R to that of analyzing the corresponding component of the vector R”F, the next
step is to couple Ré"’k) with the rank of the root node of a branching process. For the directed
configuration model analyzed in [8], the coupling was done with a marked Galton—Watson
process, referred to as a “thorny branching process” in [8], that was then used to define a
weighted branching process [31]. The same idea works also for the inhomogeneous random
digraphs considered here, although the coupling is more easily understood if instead of using
from the beginning a marked Galton—Watson process we first consider a marked multi-type
branching process. The marks include the number of outbound neighbors, the damping factor
and the personalization value of each vertex discovered during the graph exploration process.

As it is usual when analyzing trees, we index the nodes with a label that allows us to
trace their entire path from the root. More precisely, denote the root node ¥, and label its
offspring as {1, 2, ..., ]\A/(,)}, where ]\A/@ is the number of offspring that ¢ has. Set AO = {#} and
Al ={1,2,..., 1%;} to be the sets of individuals in generation zero and generation one of the
tree, respectively. In general, we use Ay to denote the set of individuals in the kth generation of
the tree, and a node/individual in Ak has a label of the form i = (i1, ..., i) € N’;. Moreover,
the set Akﬂ can be constructed recursively according to

A1 =G, j):ie€ A, 1< j <N},

where Ni is the number of offspring of node i, and we use (i, j) = (i, ..., i, j) to denote
the index concatenation operation; if i = , then (i, j) = j. We use throughout the paper
U = Jgoy Nt , with the convention that N = {#}.

To describe the multi-type branching process used in the coupling, we assume that each node
in the tree has a type from the set #, = {W; : 1 <i < n}, where W; = (W, Wf, 0, &).
Individuals in the tree have a random number of offspring, potentially of various types,
independently of all other nodes. More precisely, if we let Z;; denote the number of offspring

of type W; that an individual of type W; has, we have that for (m,, ..., m,) € N",
()
n e—jS (qgff));nj
Py (Zyi=mi, ..., Zy =my) = | ———, ©)
m;!
j=1 !
where

) (WJ+ Aan)(W A by)
s on
apd a,, b, > 1 are sequences to be determined later. To simplify the notation, we write
W' = W' Aa, and W, = W, A b,. Note that the random variables {Z;; : | < j < n} are
conditionally independent (given .%,) Poisson random variables with the mean of Z;; equal to

q;';). To avoid the label of a node from giving us any information about its type, we assume

, 1<i,j<n,

that all N offspring of node i are permuted uniformly at random before being assigned a label
of the form (i, j), j =1,..., N;.
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To make this a marked multi-type branching process, we give to each node i in the tree a
mark Dj, such that if i has type Wy, then

e—WfA;/(Ozl)(Ws-ﬁ-A;/(@n))m

m!

P,,(ﬁi:m’ihastypews): m=20,1,2,...,

(10)

independently of all other nodes. Here and in the sequel, A; = 3" |, W, and A = 3" | W, .
We refer to this marked multi-type branching process as a Poisson branching tree (PBT).

As mentioned earlier, it turns out that the PBT we just described can also be thought of as a
marked Galton—Watson process. To see this, note that the properties of the Poisson distribution
imply that the type of a node i in the tree is independent of the type of its parent, as the
following result shows (its proof is given in Section 4.1).

Lemma 3.4. For any node i in the PBT and any 1 <r,s < n, we have
v
:Jlr .

This means that we could construct the PBT by assigning to each node i in the tree a
number of offspring N; and then sampling their types according to Lemma 3.4, independently
of everything else. The marks ﬁ(i, j) of each of these offspring would then be sampled according
to (10). Since the type of the root node is chosen uniformly at random from the set %, = {W, :
1 < i < n}, the distribution of I\A/(,) may be different from that of all other nodes. This effect
will disappear in the limit due to Assumption 3.1(f).

We now explain how to construct a coupling of the inhomogeneous random digraph
G(V,, E,) and a PBT. We start by choosing uniformly at random a vertex in the graph, call it &,
and then exploring its in-component using a breadth-first exploration process. The coupled PBT
is constructed to be in perfect agreement with the graph exploration process for a number of
generations large enough to ensure that the rank of the randomly chosen node can be accurately
approximated by its rank computed up to that point. The exploration process will have even
and odd steps: in Step 2k — 1 we will discover the set of vertices that have a directed path of
length k to the randomly chosen vertex, in Step 2k we will uncover all the outbound neighbors
of the vertices discovered in Step 2k — 1. To keep track of this process, each vertex in the graph
exploration will be assigned one of three labels: {active, inactive, dead}; vertices that have not
been uncovered have no label. Active vertices will be those that are currently most distant
from the randomly chosen vertex, and all we know about them is that they have an outbound
edge connecting them to the in-component of the first vertex. The vertices that have already
been added to the exploration process, and whose inbound neighbors have been discovered,
will be labeled dead. Vertices that have been discovered as additional outbound neighbors of
active vertices are labeled inactive, and all we know about them is that they have an inbound
edge connecting them to a vertex in the in-component we are exploring. Fig. | illustrates this
process.

For the coupled PBT we will need to keep track of the active vertices at the end of Step 2k—1
of the graph exploration process, which will constitute the kth generation of nodes/individuals
in the tree. We will also keep track of the inactive vertices by defining a similar set composed
of all the types sampled during the creation of the marks {D;} (note that in the graph each type
appears only once, since each type can be identified with one of the n vertices, while on the

P, (> has type Wi|parent has type W,) =
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@ @

@) @ % \ Q000
VAR BATARY,
@ Active O Inactive ® Dead

Fig. 1. Graph exploration process after completing Step 4.

tree types can appear repeatedly). The notation below will help us with the construction of the
coupling.
Fork=1,2,...,let

Ay = set of “active” vertices at the end of Step 2k — 1.
k-1

T, = U A,, = set of “dead” vertices after Step 2k — 1; Ty = @.
m=0

I, = set of “inactive” vertices after Step 2k.

Ay = set of nodes in the PBT at distance k from the root.

k—1
T, = U Am = set of nodes in the PBT at distance at most £ — 1 from the root;
m=0
Ty = @.
I;, = set of “inactive” types in the PBT belonging to nodes at distance at most k from

the root.

Note: The sets 7, and fk grow in odd steps of the exploration process, while the sets I
and I; do so in even steps.

We now describe the coupling, for which we will require a sequence {U;; : 1 <1i, j < n} of
i.i.d. Uniform(0, 1) random variables that will be the same for the graph exploration process
and the construction of the PBT. To make the role that the choice of the first node plays in
the coupling explicit, we state our coupling results in terms of the first node we choose. The
coupling has odd steps and even steps, during odd steps we discover new nodes in the inbound
component of the first node, in even steps we explore the outbound neighbors (which will
become the marks) of the nodes discovered in the previous step. Throughout the paper we will
use g~ '(u) = inf{x € R : g(x) > u} to denote the generalized inverse of function g and |A| to
denote the cardinality of set A.
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Construction of the graph:

Step 0: Choose the vertex whose neighborhood will be explored, say vertex i. Set Ay = {i}
and label vertex i as “active”. To reveal all its outbound edges realize X;, = 1(U;; > 1 — pff)),
t=1,2,...,n,t Zi.If X;, = 1, label node ¢ as “inactive”, so Iy = {r € {1,2,...,n}\ {i}:
X =1}

In Step 2k — 1, k > 1, we explore the inbound neighbors of nodes in the set A;_;. For each
i €A1

(1) Forall j =1,2,...,n, j#iand j ¢ T}_;:

i. Realize X;; = 1(Uj; > 1 — P;r}))-

ii. If X;; =1 and node j was previously labeled “inactive”, relabel it as “active”.
(2) Label i as “dead”.

In Step 2k, k > 1, we explore the outbound neighbors of all the nodes in the set A;. For
each je Ayandallt =1,2,...,n,t # j and t ¢ Tj:

(1) Realize X, = 1(U;; > 1 — pi)).
(2) If X, =1, label node ¢ as “inactive”.

Step 2k ends when we have uncovered all the nodes in A, as well as their outbound neighbors.

Coupled construction of the PBT:

To each node i in the tree we will also determine its mark D; (the type of vertex i includes
the values of Q; and ¢; so we can ignore those in the coupling). This value D; will be created
independently for each node in the PBT according to (10), but will be coupled with the creation
of “inactive” vertices the first time that a type appears. As long as the coupling holds, we choose
nodes in the tree in the same order as in the graph, thus D; represents the out-degree of the
corresponding node in the graph.

Step 0: Set Ao = {J} and set the root of the PBT, {4, to have type W;, where i is the vertex
Q)
chosen in Step 0 of the graph construction. Define G;;(x) = }ijo e i (ql-(;’))’ /t! to be the
distribution of Z;;, where Z;; has the interpretation of being the number of offspring of type
W; that a node of type W has. Next, realize all the Z;; = G;l(U,-,) fort=1,2,...,n,t #1,
and Z} ~ Poisson(ql.(;')), independent of U;; and of any other Z;;, t # i. Set
Dy=2Z5+ > Zi

I<t<n,t#i

and for each Z;; > 1 (or Z} > 1) add type W, (or W;) to fo.

In Step 2k — 1, k = 1, we identify the individuals, and their types, in the kth generation of
the PBT. For each node i € A;_;:

(a) If node i is the first node in the PBT to have type W; proceed as follows:
(1) For j =1,2,...,n, j #1i:
i. Realize Z;; = G;\(U).
ii. If Z;; > 1, add Z;; nodes of type W; to the active set.

(2) Realize Z7; ~Poisson(qi(f’)), independently of anything else, and assign a number Z7;
of type W; offspring.
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(b) If node i is not the first node in the PBT to have type W;, sample a vector (V, V5, ..., V,)
of i.i.d. Uniform(0, 1) random variables, independent of the sequence {U;; : 1 < i, j < n},
and of any other V;’s sampled before, and assign to node i a number G_Ifil(Vj) of type
W; offspring, for j =1,2,...,n.

In Step 2k, k > 1, we sample the marks of all the nodes in Ak. For each node i € Ak:
(a) If node i is the first node in the PBT to have type W; proceed as follows:

i. Realize all the Z;; = G;I(Uj,) fort =1,2,...,n,and t ¢ Tj.
ii. Sample Z7, ~Poisson(q;’,’)) for t already “dead”, independently of everything else.
iii. Set
Di= ) Zu+Z+Zi+) 7,
1<t<n,t#j,i,t¢Ty =03

and add all the corresponding types (i.e., add type W, if Z;, > 1 or th > 1) to the
“inactive” set.

(b) If node i is not the first node in the PBT to have type W, sample a vector (Vy, V,, ..., V)
of i.i.d. Uniform(0,1) random variables, independent of the sequence {U;; : 1 <1i, j < n},

and of any other V;’s sampled before, and assign to node i a number G jil(Vj) of type

W; offspring, for j = 1,2,...,n. Set D; = Yo Z7, and add the corresponding types
to the “inactive” set.

Definition 3.5. We say that the coupling of the graph and the PBT holds up to Step 2k if
the graph exploration process up to a distance k from the first (root) vertex is identical to that
of the PBT, i.e., |A,| = |Am| and I, = IAm for all 0 < m < k. Let t be the step in the graph
exploration process during which the coupling breaks.

Before stating the main result obtained from this step, we need to define:
Ay =di(Fy, F), (11)

where d;(F, G) is the Kantorovich-Rubinstein distance (or Wasserstein distance of order one)
between distributions F' and G. In particular,

di(F.G)=_inf E[IX=YIl.

where the infimum is taken over all possible couplings of X and Y, where X has distribution
F and Y has distribution G. Since convergence in d; is equivalent to weak convergence and
convergence of the first absolute moments (see Theorem 6.9 and Definition 6.8(i) in [33]),
Assumption 2.3(a)—(b) implies that

P
A, =0 as n — oo.

Note that A, is measuring the distance between the empirical distribution of the extended types
and its limiting distribution, while &, is measuring the error between the edge probabilities in
the graph and their asymptotic equivalents.

Let P, ;(-) = P,(:-|Ag = {i}) or P, ;(-) = P,(-|¥ has type W;), depending on whether the
event refers to the graph or to the PBT, respectively. The main result obtained from this step
is given below, and its proof is given in Section 4.1. The theorem provides an explicit upper
bound for the probability that the coupling breaks before step 2k; we will later choose the
sequences ay, b,, c,, s, in such a way that the bound converges to zero as n — oo.
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Theorem 3.6. Fix a,, b,, c,, s, > 1 such that s, < a, N\ b,. Then, for any k € N,
Poi(r < 2k) < AW > ay) + P () + (Ha /)W (A, + 8- (bn) + anba/n)
+ Huksy (8+(cn) + cn (En + Au + g4(an) + g—(by) + anby/n))
+ P (1Tl V Tkl > 50,

where PH(i) = Y12y i D] — (7 A D, g-(x) = E[(W™—=x)*], g(x) = E[(WF—x)*],
and

H, = 1+ A, /0B +a + b+ h.

A+
3.2.3. Convergence to the attracting endogenous solution

In view of Theorem 3.6, computing Ré"’k) requires us to analyze only the first £ generations
of the PBT, provided t > 2k. In order to do so we first explain how to use the marks {ﬁi} to
compute the generalized PageRank of the root node of the PBT. For each node i in the PBT
having type Wy, we define its weight and personalization value according to

éi = — é‘s
D;+1
Using the tree-indexing notation introduced in Section 3.2.2, we iteratively compute the rank
of the root node of the PBT, denoted Ié;)"’k), according to

and Qi = Qs.

R0 ZCO DRI+ 01 k=1, R =0, (12)

where Nj is the total number of offspring that node i has. In view of Lemma 3.4 and the
observation that the type of the root node will be chosen uniformly at random, we have that
the distribution of (Ny, Qy) is given by

+

n ,AAW— X7 —
.\ N w Vs (AYW/(On))y" 1
By (R =m, 0y =q) =Y 100, =g A SODT L (13)

s=1

for m € N and ¢ € R. Moreover, for any node i # (J, we have that

IP’,,(Ni:m, Qi:q, éi:t>
‘ . . . Wi
= ZIP’,, (Ni =m, Qi=gq, G =t‘ihas type WX) Vi

n
s=1

n _iﬁ s A+ V- m R v+
310 = g CE IO By 1y = i has type W

m! Ay
é _ _ Wit
=D Qs =q,&/t =1 €N)- plm; ATWT/On) - p(&s/t = 15 AT W/ Om) - =,
s=1 n
(14)

form € Nand 7, g € R, where p(m; A) = e )™ /m!. Note that the independence of the edges
implies that the sequence {(N,, Ql, C) i € U} consists of conditionally independent vectors
given .%,.
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Now that we have explained how to compute generalized PageRank on the PBT, we
obtain, as a consequence of Theorem 3.6, the following result for Ré"’k); its proof is given
in Section 4.2.

Theorem 3.7. Let & be the index of a uniformly chosen vertex in G(V,, E,). Under
Assumption 3.1(a)—(c) we have that for any fixed k € N,

. 1 & P
P, (RO # RIY) < = Y Pusr <20 5o,
§ # / - n i=1 ’ (T - )

as n — oQ.

To make the connection with the SFPE, note that since we assume that (W™, Q) is indepen-
dent of (W™, ¢), the vectors {(Ni, Qi, {é(i,j)}jzl) 1 i € U} will be asymptotically independent,
and therefore can be used to define a weighted branching process (WBP) with generic branching
vector (N, Q, {C;};j>1), where the latter is the distributional limit of (Ni, Qi, {CA‘(i,j)}jZ]), i#0.
Moreover, the {C;};>; will be i.i.d. and independent of (N, Q). We refer the reader to [8,23]
for more details on the description and basic properties of WBPs of this form. The proof of
this convergence in the Kantorovich—Rubinstein metric (see, e.g., Chapter 6 in [33]) is given in
Section 4.4. Once this convergence is established, the convergence of Iéé)"’k) will follow from
Theorem 2 in [10]. The precise statement of this last step in the proof of Theorem 3.3 is given
below.

Theorem 3.8. Under Assumption 3.1(a)—(b) & (d)—(f), we have that for any fixed k € N the
rank of the root node in the PBT computed up to generation k satisfies

RiO=RY and B [IR]VI] D> EIRPIL 0 oo,

where R® — R a.s. as k — oo, with R defined as in Theorem 3.3.

The proof of Theorem 3.3 is obtained by combining (8), Theorems 3.7, and 3.8. All the
proofs are given in Section 4.

4. Proofs

This section includes the proofs of Theorem 2.4, Lemma 3.4, Theorem 3.6, Theorem 3.7,
Theorem 3.8, and ends with the proof of Theorem 3.3. Since some of the proofs are rather
technical and require some preliminary results, we have organized them in subsections. We
start with the proof of Theorem 3.6 followed by that of Theorem 3.7, since their proofs can
be used to give a short proof of Theorem 2.4.

4.1. Proofs of Lemma 3.4 and Theorem 3.6

The proof of Theorem 3.6 is rather long, so we split some of the technical steps into three
preliminary results to ease its reading. We point out that all of the results in this section are
proven conditionally on the type sequence #;, = {W; : 1 < i < n}, and therefore, all the
expectations that appear throughout the section are finite. In some of our results related to
the coupling, we use the notation P, ;(-) = P,(-|Ag = {i}) or P, ;(-) = P,(:|¥ has type W;),
depending on whether the event occurs on the graph or on the PBT, respectively. Similarly,
we use E, ;[-] = E,[-|Ao = {i}] or E, ;[-] = E,[-|4 has type W;] to denote the corresponding
conditional expectations.
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Proof of Lemma 3.4. We start by noting that
P, (i has type Wy|parent has type W,)

er+"'+anZli|»

_ E [ Zsr
" er + -+ an
(n)

where the {Z;, : 1 < j < n} are independent Poisson random variables with E,[Z;,] = ¢ r -
Since for two independent Poisson random variables X and Y with means p and A, respectively,
we have that X|X + Y = n has a Binomial(n, /(4 A)) distribution, then

X 1 X
E X+Y>1|= E AX+Y > 1)
X+Y PX+Y>1) |X+Y
1 21 e MM 4 1)
=—— N EXX+Y=n —2 "2
P(X—i—Yzl)nZ_;n [X|X +Y =n] nl
_ 1 ie’“’*(uﬂ)": 1
(L+MPX+Y = 1) = n! w+A
It follows that
a5 A

P,(i has type W;|parent has type W,) = d

- 5
P T}

The proof of Theorem 3.6 is divided into two parts, one that computes the probability that
the coupling breaks in Step 0 and another that computes the probability that it breaks in Step
m, m > 1. In both cases, the idea behind the proofs is to identify the possible ways in which
the coupling can break in Step m, and carefully estimate their corresponding probabilities. To
help explain the steps in the proofs that follow, it may be helpful to list the events that can
lead to the coupling breaking in Step m.

Remark 4.1. The coupling breaks at time 7 for the following reasons:

o If Ag={i},thent =01if: Z;; # X;; forany t =1,2,...,n,t £i,or Z;; > 1.
e T =2m—1,m > 1, if for some i € A,,_; any of the following happen:

a. X;; =1 for any j € I,,_; (in which case a cycle is created).
b.Zj;>1for j=iorjel,.
c. Xjj#Zjforsome j=1,2,...,n, j#i, j& L.

e T =2m,m > 1, if for some j € A,, either:

d Xj #Zj forsome t=1,2,...,n,t # j,i,t ¢ Tp.
e. thzlfortziorteTm.

A first step in the derivation of the bounds we seek is the following preliminary result
bounding the probabilities of having edge discrepancies between the exploration of the graph
and of the coupled PBT, both inbound and outbound. Recall that A, = d,(F,, F) was defined
in (11).

Lemma 4.2. Forany 1 <i < n we have

P, < max |Xj; —Zji| = 1) < min{l, (W™ >b,)+P, )+ Wi_n;},

I<j<n,j#i
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P, ( max | X;; — Z;;| > 1) gmin{l, I(W;r > an)+73;(i)+ W;rn:[},

1<j=n,j#i
where
Pri= Y | -of Priy= Y.

1<J<n JFEi I<j<n,j#i

(n) (n)
pi; —

n, = (4, + g(ay) + ayb,/n +a,b, A, /(0n))/6,
=4, +g_(b,) +a,b,/n+a,b,A,/(6n))/0,

g-(x) = E[(W™ —x)"], and  gi(x) = E[(W' —x)"].

Proof. The analysis of the two probabilities is essentlally the same, so we only prove the result
for outbound edges. Let R;; = 1(U;; > 1 — r ) with r(") W*W /(0n). The union bound
gives:
Pn( max | X;; — Z;j| = 1> < W' > ay)
I<j=n,j#i ’
HIW <an) Y Pu(Xy; — Zijl = ).
1<j<n,j#i
Now note that
Po(1Xij — Zijl = 1) =Pu(1Xij — Zijl = 1, |Xi; — Rijl = 1)
+P.(1Xij — Zij| = 1, |Xij — Rij| =0)
<P,(Xij — Rij| = 1)+ P,(IR;; — Zij| = 1).
The first probability can be computed to be:
Pu(1Xij — Rijl = 1) = |p{? = ¢ A D).
To analyze each of probabilities involving R;; and Z;;, note that

P, (lRij —Zijl = 1) =P,(Rij=0,Z;j = 1)+ Py(R;; =1,Z;; =0)
+Pu(R;j=1,Z;; >2)

_,m (n) +

+m1n{1 —ei +4q). (1 m““)}

=‘1—(1/\r§’.’))—e"

(n) (n)
-+ min {(1 /\r(")) e i (efii — qu )}

Now use the inequalities e™ > 1 —x, e ™ —14+x < x2/2 ande* —1—x < xzex/Z for x > 0,
to obtain that

_ (n) _ () (n)
Py (1Ry = Zyl 2 1) <5 — g% 4 1= g — &% | 4 7% (% —1-¢)
(n) (n) (n)
= rz(jn) q(j’l) +e - + q(n) +e iy (eq” - qu )

< (n) ql(;t)+(q(n))2
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It follows that
KW <a) Y Pu(Xy—Zyl = 1)

I<jzn,j#i
1wt za) Y (180 =P ADI+A - g + @)
I<j=<n,j#i
W W — W) (WH)? _
<P+ Y e 2 W
1<j<n j;éi I<j<n,j#i

, . (Wb, A
57?,,*(:)+ Z(W — bt + —en

To further bound the second term note that if we let (W™ W) denote a random vector
distributed according to F,, and (W~, W) a random vector distributed according to F, then

LS W byt = By [(WE = b)) < di(Fy, F)+E[(W = b)) = Ayt (b,
n 4=

And for the last term,
(Wb, A, Wia,b,
<
6n)? - 6%n
We conclude that for n;" as defined in the statement of the lemma,

Wa,b,
0%n

‘B, [WP] < (An + E[WT]).

A
W <a) Yo Pa(Xiy = Zyl = D) < PEG) + (D + (b))
1<j<n,j#i

VV,'+ anby
+ L (A + ELWTD)
< Pr@) + 0 W,
which in turn yields
P, <1 max | Xi; — Zij| > 1) <min{l, (W;" > a,) + Pf()+n W'}, O
<j=n,j#i
We now give an upper bound for the probability that the coupling breaks on Step 0 when

the starting vertex is i.

Lemma 4.3. We have
P,i(t =0) < (W;" > a,) + PrG) + W, (] + b,/(On)).

Proof. By the union bound followed by Lemma 4.2 we have,

Pn’i(l' =0)< P, < max |Xit — Zitl > O) + P, (Zl*l > 1)

1<t<n,t#i

= (n)
< UW' > a)+ P+ Winl +1— e
< 1W' > @) + P+ Whgh + qf?’

< LW > a,) + PFi)+ Wit +b,/6n). O
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We now give an upper bound for the probability that the coupling breaks in Step m for
m > 1.

Proposition 44. Fix ¢,,s, > 1 with s, < a, A b, and define for m > 0 the event
M, = [lf"ml \% |fm| < s,,}. Then, for any m > 1,

sn
At /n

Sn
P,i(t =2m, M,,) < /1+_/n (g+(cn) + A+l + Cny,:r) s

Poi(t=2m—1,M,_1) < (ng(Cn) + Ap + & + Cn)/,,—) >

where g, and g_ are defined as in Lemma 4.2,

€n=%z Yooy = A

i=1 1<j<n,j#i
and
E[W-1+ 4,
v = EIEEDD (A, g+ 2aib/n + aby B0/ O) + /o),
E(WT]+ A,
v = TR (4, g )+ 2abu /by B/ 0m) + by ),

Proof. We start by defining the following events:

F(h=1{ max |X;;—Z;|=0,Zi+ >  Zi=0¢,
e 1<j<n. j#i. jel

Gi(D)= X —Ziy| =0, Z% E Zt =0
(D) 15:5111,1112)1‘(, teDf| o il Lt . I '
1<t<n,t#j,teD

He= [ F(h-),
i€Ar—1

Jio= (") Gi(Dy).
JEAg

Now note that for any m > 1,

m—1
Poi(t=2m—1,My,_1) =Py, (Mml NJoN ﬂ (H:NJoN H,ﬁ) ,
k=1

m—1
P,i(t =2m, M) =P, <Mm NJo N () (He N J) N Hy N J,;) :
k=1

with the convention that ﬂg;l(Hk NJy) = 1.

Let F; denote the sigma-algebra that contains the history of the inbound exploration process
in the graph as well as that of the PBT, up to the end of Step ¢ of the graph exploration process.
It follows that we can write:

m—1
Poi(t=2m—1,M,_1)=E,; |:1 (Mm—l NJoN m (Hy N Jk)) Pn(Hri|f2(m—l)):| ,
k=1
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m—1
]Pn,i(f = Zm’ Mm) = En,i |:1 (Mm N J() N ﬂ (Hk N Jk) N Hm) Pn(-],fl|-/_'.2m—l):| .
k=1
To analyze the two conditional probabilities inside the expectations above note that condition-
ally on Fo(u—1), the types of the nodes in I,,_; are known. Therefore, by the union bound and
the independence among the edges, we have:

P.(H | Fam-1y) =Py U Fi(Lu—1)°| Fom-1)

iEAm_1

Z ]Pn (Fi(lm—l)c| f2(m—l))

icAy,—1

IA

IA

Z min { 1, IP’,,( max |X;; —Zj;| > I‘FZ(m—l)>

1<j<n,j#i
i€An_1 sj=mi#

+P, | Zi + Z Zii = 1| Fopn-)

1<j=n,j#i,j€ly—)

Now use the independence of the edges from the rest of the exploration process and Lemma 4.2
to obtain that

P, < max |X;; —Zj;|> l‘fZ(m—l)) =P, < max |X;; —Zj|> 1)
1<j<n,j#i 1<j<n,j#i
< (W, > b))+ P, () + W, .
The independence from the exploration process also yields
*q@*z«'q j#i,jel ‘I('r'l)
P, | Zi; + Z Zji >1 fZ(m—l) =1—e " SISIFEL S im—1
1<j<n,j#i,jely_

W _
+ +
—1_ e—T’n(Wi T 1sjsnignicy Vi)

anW.

<1l—e" gni A+hp—1D

a, W,
(T + 1D
On

IA

where in the last inequality we used 1 —e™ < x for x > 0.
It follows that

m—1
Poi(t =2m =1, My_1) < B, I(Mm_mJomﬂ(Hme) > min{l,P,,‘(j)

k=1 JEAL—1

o anW;
+77n WI + (1 + |Im—l |)
On
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Almost the exact arguments can be used to obtain

m—1
Poi(t =2m, My) <E,; | 1 (Mm NJoN () (HeNJ) N Hm> D IWF e

k=1 JE€Am

x min 4 1, P (j)

_ b,W;
0 Wi+ = <1+|Tm|>}

To analyze these two remaining expectations we note that on the events {JyN ﬂ}:’} (Hy N Jp)}
and {Jo N, (Hk N Ji) N Hy,} the coupling has not broken yet, and therefore we can replace
Am—1, Im—1, Ay and T, with their tree counterparts Am L Ln-1, A and T Also, note that by
Lemma 3.4 we have that the types of the nodes in each of the active sets Ay are independent of
the type of their parents. We will then identify the nodes in Ay (or A,,_y) as {Yy,...,7Y
(or {Yq,..., Yl/iml})’ where for any ¢t > 1,

‘Am—l‘}

T+
P, (Y, = j) = A—i j=1,2,....n.
It follows that

|Am71|

IP)n,i(": =2m — 1» Mmfl) = IEn,i 1 (Mmfl) Z min {11 P,Z_(Yt) + U;W;,
=1

a,,WY_t ~
+ (I + 1 Ln-1D)
On

and

1A
Poi(t =2m, M,) <E,; | 1(M,) ) min {1, Pl +n, Wy
t=1

s
n Wy,

On

b A
+ (1+|Tm|)}

Since on the event M), we have |ik| <s, < b, and |f"k| <s, < a,, we further obtain
that

Lsn ] WY
Poi(c =2m =1, My) < By | 3 min {1 Py (V) 4, Wy, + =221+ by)

t=1

< s, [min {1, P () + Gy + a1+ b/ @)Wy, ||
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and

Lsn ] T4
b, W.
Poi(t = 2m, M) < E, [me{l P+ 0y Wy + Y’(1+a,,)H
On

t=1

< sy [min {1, P + (0 + b1 + @)/ @m) Wi ||

It only remains to compute the last two expectations. Throughout the rest of the proof,
let (Wm, W W= W) be constructed according to the optimal coupling for F, and F,
ie, B, [[WED — W+ WD — WH|] = A,. Let (W, WD) = (WD Ab,, WD A
ay). Now let y,- = (E[W™1+ A,)(n,; + a,(1 + b,)/(6n)) and note that for any ¢, > 1,

. _ Yy -
SnEn [mln{l, Pn (Y[) + mwyl }}

i W+ . Y, -
:s”Z /li mll‘l{l, P,;(])-mej}

n

j=1
spn 1 " = n Ve - _
= AT ;ng(Wl —Cn) + An chmm{l P, (])+_[W 1+ A, W }
< E W(+ n) . + Sncn <gn yn_ En W(—,n) )
_A+/ I( —e) T+ g (& g V)
Sn _
=< m (g+(cn) + An +Cngn +cnyn ) .

Essentially the same arguments also yield for y," = (E[W']+ A, + b,(1 + a,)/(0n)),

+
i + Yn v+
sny [mln{l, Py (Y + mwh H

= (g+(cn) + A4, +c& + Cn)/n+) .

S
~ Af/n

This completes the proof. [

We are now ready to prove Theorem 3.6.

Proof of Theorem 3.6. Fix ¢,,s, > 1 with s, < a, A b,, and the event M,, as in
Proposition 4.4. Now write

Py i(r < 2k) < Pui(t <2k, M) + Py i (M)
k
=Pt =0, M)+ Y (Pui(t = 2m — 1, M) + Py (T = 2m, M)}
m=1

+ Py, i (M)

k
=Pi(rt=0+ Z {Pui(t =2m =1, My_1) + P i(r = 2m, My,)}
m=1

+ P i (M),
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where in the last inequality we used the observation that M,,,; € M,, for all m > 1. Now use
Lemma 4.3 and Proposition 4.4 to obtain that

Poi(r < 2k) < IW" > @) + PG + W (nyf 4 ba/(61))
k
+ Z S_” (Zg+(cn) + 2An + 2cngn + Cn(y_ + V+)) + P, I(MZ)
A,T/I’l n n >

< W > a,) + P + (Ha /W (A + g-(by) + anby/n)
+ Haksy (84(c) + Cu (En + Au + 84(an) + g-(By) + anby/n))
+ P (1Tl v k] > sp),
where

H, = A+ A4,/07C+a ' +b ' +cH. O

Af/n
4.2. Proof of Theorem 3.7

In view of Theorem 3.6, the proof of Theorem 3.7 reduces to showing that we can choose
an, by, ¢y, s, such that the bound in Theorem 3.6 converges to zero. The only term that is not
yet explicit is

1 n
= P (1T VIR > 5).
i=1

which we will first write in terms of a marked Galton—Watson process that does not depend
on the type sequence #, = {W,; : 1 <i < n}. To do this we need two preliminary results, the
first of which shows the convergence of the degree vectors (1%,, bg) and (1\7 1 51) in the total
variation distance.

Lemma 4.5. Define (W=, W) = (W~ Ab,, Wt Aa,) and consider the joint distributions

P, (1\7ﬂ =m, Dy =k Zp(m ATWE/Om) - plh; A7 W [Om)) -

v+
s
[ (m; EIWTIW™/0) - plk; EITW"IW*/6)],

P, (B =m. Dy =k) = Z plms AW /(0n) - plks A7 WS/ (On) -
) =

P(./\_/E)Zm, ﬁo—
P(./\_/zm,lazk)z

E[W*p(m; EIWTIW™/0) - p(k; EIWIW*/6)],
W [W* pm; EIWTIW™/6) - p(k; EIWTIW*/6)]
for m,k € N, where p(m; 1) = e *\"/m\. Then, under Assumption 2.3(a)—(b), and for any

> 1,

A A - = A2
sup [P, (M, D) € A) = PN, Do) € )| = 2 424,
ACN2 0
P, (N1, D) € A) = P(N. D) € A)| < ——=— (4eu Ay +281(an) + g+(ca
sup [Py ((F1. D) € 4) = PN D) € M| = s hen dy 4+ 28an) + 4060
+en N /0).

where g is defined as in Lemma 4.2.
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Proof. By Assumption 2.3(a)—(b) and the observations following Definition 3.5, we know that
F, converges to F in the Kantorovich—Rubinstein distance, and therefore we can pick a random
vector

(W W W w)
so that (W", W) has distribution F,,, (W~, W) has distribution F, and
E, [IWEY — W™+ (WD — W] = dy(F,, F) = A,.

Next, using this optimal coupling define (W, WHm) = (WD Ab,, WM Ag,), XM =
AFWED [(@n), XED = A=WED /(On), X~ = E[WH W/, and X* = E[W"]W* /0. Let
G, =0 (F VoW, WD W= wh)).

Now note that for any A C N2,

P (N, Do) € 4) = P (No, D) € )|
<E |

P (N, D) € 4| %,) = P (N, Do) € 4| %,)

]

<E, |:sup
BCN

P,(Ny € B|%,) — P,(Ny € B|%,)
=+ sup

BCN i|

< E, [min{1, | X" — X7|} + min{1, X" — XT]}],

P,(Dy € B|%,) — P,(Dy € B|%,)

where in the first inequality we used the conditional independence of (]\A/@, Np) and (ﬁ@, Do)
given ¥,, and in the second one we used the observation that if Poi(A) denotes a Poisson
random variable with mean A, then

sup | P(Poi(n) € A) — P(Poi(A) € A)| < P(Poi(|j — A[) = 1) < min{l, |u — Al}.

AeN
Moreover, since A¥/n = E,[W&EP] and E,[|[WED — WE|] < E,[|[WED — WE[], we have
that

+ + v+
E, [IXT" - X"|] < g—nE [IWE™ — W]+ EIWT] ’A—” LA

On 0

<

<En[W(+.n) _ W+] N E[W+]
% 0
+ 20 [, e — e

(+,n) __ + +
< (E”['W W W ]>En[|W(_’") —wel)

)E” W — W]

0 0
E[W™]

E,[[WH? — W],

and similarly,

n E,[[WED — W™l E[WT] 0
E, [|X(+. )_X+|] < < . + J En[|W(+’ )_W+|]

E[W™] .
+ TEnnW(** ) — W
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Combining the two bounds we obtain

AZ
E, [IX"" — X7 [+ X" — X¥[] < 5 24

Taking the supremum over all A gives the first result.
For the second result we start by noting that for any A C N2,

W(+,H)

P, ((Nl, Dy e A) =K, [W

P, ((Nyg, Dy) € Am)]

and

. w o -
P((N,D)eA):E[mp((NO,DO)eAW ,W*):|.

Hence, for any A C N2 and any ¢, > 1,

P, (81, Dy € 4) = P(W. D) € 4)]

W R v+ A~ A
< E, [W[P’n((l\’w, Dy) € A|gn)i| - E, [W]P’n((N@, Dy) € A|%):H
wt R y+ B
E, | ———P,((Nyg, D, AlY)| —-E,| —P, , D AlY,
+ [E[W*] ((Ng, Dy) € |g)} [E[W*] (No, Do) € |g)]‘

+‘E[ W P ((No, Do) € A| W~ W*)}
E[W"P] 07 0 9

W R .
—F mp(( O,DO)GAIW ,W)

W wt
= HEH[VVH’")] E[WA
B, (N, Do) € Al%,) — B, ((No. Do) € A| %) }
w+ w+
+ _
HE[Wﬂ EW] ]

_E [[EIWHF WD — K, [WEm W] N E[[WTE[WT] — WTE[WT]]]

+
+E o
E[WT]

- E,[WHEDE[WH] E[WH]E[W+]
wt
- = _ y- - ) _
+EH[E[_+] (min{1, [X X 7|} + min{1, | X X*l})]

_ 2B W — WH | 2EIWE — an)]
E[W+] E[W+]

w+
+E, = min{1, | X©™ — X7} + min{1, | X" — X+ ]
[E[W+] (min(1, | [} + min1, | )

2An 28+ (an) Cn

e — R, [IXT" - X7 4| X - x*
=g e g ] ]
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E[(W* —c)t]
E[W+]

< ——=— (24, +2g(@) + g4(cn) +2c, A, + ¢, A2/6) .
< E[W*]( g+ (an) + g4(c) +2¢ cn ), /6)

This completes the proof. [

The second technical result prior to the proof of Theorem 3.7 states the convergence in total
variation of the processes |f“k| and |fk |. Note that the delayed marked Galton—Watson process
appearing in the lemma still depends on n via the truncation of W+ A a, and W~ A b, but
does not depend on the type sequence #, = {W,; : 1 <i < n}. In particular, by monotonicity
of the Poisson distribution in its parameter, we have that under Assumption 2.3(a)—(b),

No, Do) / (Ng, Do) as.  and  (N,D) 7 (N,D) as,

as n — o0, for well-defined random vectors (N, Dy) and (N, D). Moreover, under Assump-
tion 2.3(a)—~(b) we have that E[Ny+Dy] < oo, although it is possible to have E[N +D] =

If the latter happens, the probability P (|ﬁ| VAVAES sn) will still converge to zero as s, — 00
for any fixed k € N, however, it may do so very slowly.

Lemma 4.6. Under Assumption 2.3(a)—(b) we have that for any fixed k > 1 and any
CnySn 2 1,

1 ¢ L - Al

=Y B (1T VIR > 50) < P(TIV G > 5,) + 52 +24,

g

+L(4c A, +2g(ay) + gi(cn) +¢ A2/9)
E[WJr an] n +\Un +\tn n

where |Tz| = 1 + ka_:ll | Al |Zi] = ka=0 ZieAm D, and A, is the set of individuals in the
mth generation of a delayed marked Galton-Watson process whose root has offspring/mark
distributed as (N, Do) and all other nodes have offspring/mark distributed as (N, D), as
defined in Lemma 4.5.

Proof. We start by noting that under the measure P,(-) = n=' Y7 P, (), |Te| and |Fy|
denote the total population and the sum of all the marks, up to generation k, on a marked
Galton—Watson process whose offspring/mark distribution is that of (1%, ﬁg) for the root node
and (Nl, Dl) for all other nodes, as defined in Lemma 4.5. Next, let (Ng, D@,NQ, Do) and
(N1, Dy, N, D) be couplings satisfying

sup (B, (N Dy) € A) = P(W. Do) & )| = Bu((Fi. Do) # (Ao Do)
ACN
and
sup [B,((%1. Dy) € 4) = PN D) & )| = Bu((S1. D) # (V. D))
ACN

which are guaranteed to exist (see, e.g., Theorem 2.12 in [21]). Construct the two marked
Galton—Watson processes s1mu1taneously using this optimal coupling of the degree/mark
vectors and let o = inf{m > 0 : (N,, D) £ (M;, Dy) for some i € A,,}.
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Now note that
¢ A L
=3 B (1B V1 > 5,) =By (1Tl V 1kl > )
i=1

= P (I 2l > 52) + o (1Tl v 1l > 50 = 1T2) v 1)
k
< P(TlVIZ > su) + D _Pu (1Tl V1 Zk| < 500 0 =m).
m=0

To analyze each of the probabilities in the sum let F,, = o ((Ni, ﬁi,]\_fi,@i) lie A;,

O§l§m> and note that for 0 <m < k:

]P)n (|7_7<| Vv |ik| = Sy, 0 = m) = Pn (|Am| =Sy, 0 = m)
=E, [1(An] < s0)Pu(oc =m|F,_1)]

IA

E, | 1(An] < s) Py

< [ 1@, Di) # (W;, D} | Fon

icAn

<E, | 10Aul <50 Y By (B, Do) # (NG, D)

L ie Ay,

= E, [104n] = 5001 = DB, (1, D) # (V. D)) |
x 1m > 1)
+ P, (N, D) # N, Do)

= 5y (81, D) # W, D) 10m = 1)

+ P, (N, Dy) # (Ko, Do)

It follows that
1< L - s N S
=3 B (1B V1l > 52) = P (Tl Tl > 5) + B (R Do) # (Ko, Do)
i=1

+ ks, (1, D)) # V. D))
The conclusion now follows from Lemma 4.5. [

We now use these two results to prove Theorem 3.7.

Proof of Theorem 3.7. Let (W™, W) be distributed according to F,. Then, by
Theorem 3.6 and Lemma 4.6 we have that
1 AF
_ ZPn,i(T <2k) <P,(WT" > a,) + & + (Hu/0) (A, + g—(by) + anby,/n)
n n
i—1

+ Huksa (g+(cn) + cn(&n +An + g+(a,) + g_(b,) + a,b,/n))
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_ _ A2
+ P (ITel v L >sn)+7"+2An

ks, )
+ EW* Aall (4cn Ay + 281 (an) + g4(cn) + ¢, A} /0)

<P.(W" > a,)+ P (Tl V [Tl > sn)
+ ]ansn (g+(cn) + cn(gn + An + g-‘r(an) + g—(bn) + anbn/n)) 5
with
B 2
T EJWED Aa, ] A E[WE Aay]

K (14+ A,/0PB +a," + b, +c;h,

and Tg, Z; defined as in Lemma 4.6. As argued right before the statement of Lemma 4.6,
lim, 00 | T¢] V |Zx| < 00 a.s. for any fixed k € N, and therefore,

lim P (|T¢l vV |Ze| > 5,) =0
n—0oQ

provided s, — oo. Clearly, lim,_, o P,(WE" > q,) < lim,.o0a,'E,[WTP] = 0

for any a, — o0, so it only remains to show that we can pick a,, b,, c,, s, such that
. P

min{a,, b,, ¢,, s,} — oo and

Sn (8+(cn) + cn(En + Ay + g4(an) + g-(by) + anb, /1)) Lo (15)
as n — oo. To this end, choose a, = b, = n''=9/% for some 0 < ¢ < 1,
Cp = (gn + An + g+(an) + gf(bn) + anbn/n)_l/27

and s, = (g4(cy) + ;)72 Assumption 2.3(a)~(c) guarantee that c, L o0 asn — oo and
our choice of s, ensures (15) holds. [J

4.3. Proof of Theorem 2.4

We now give a short proof of Theorem 2.4 using Theorem 3.6 and Lemma 4.5. A direct
proof is possible, but would involve repeating some of the arguments used earlier.

Proof of Theorem 2.4. Start by noting that (Z~, Z™) 2 (No, Dy), as defined in Lemma 4.5,
and therefore,

sup |P,((D;, D) € A)— P(Z™,Z%) € A)|

ACN2
< sup [Po((D;, DY) € 4) = Py((Ny, Dy) € 4)
ACN2
+ sup [B,((Ny, Dy) € 4) = PNy, Do) € 4)
ACN2

1 A
<~ Pui(z = D+ sup |P(Ny, Dy) € A) = P(No, Do) € A)).
i=1 ACN?
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Now use Lemma 4.3 and Proposition 4.4 as in the proof of Theorem 3.6 to obtain that
Ppi(t <1) <Py i(x = 0) + Pui(t = 1, Mo) + P i (M)
< MW" > ay) + P i) + (1) + ba/@n)W;
Sn — T
+ W(g-‘r(cn) + An + cngn + Cn¥Vp )+ Pn,i(|10| > sn)‘

n/n
Note that under P,(-) = n~! Y Pui(-) we have that |f0| 2 13@, so following the same steps
as in the proof of Theorem 3.7, we obtain

1 .

=Y Pt < D) < P(WE" > @) + Py(Dy > 5,)

n

i=l
+ Kausn (8+(cn) + cn(En + An + g4(an) + 8- (bn) + anby /1)),

where (W(—" W) ig distributed according to F, and K, is bounded. Moreover, this bound
converges to zero as n — oo for the same choice of a,, b,, c,, s, used in the proof of
Theorem 3.7. Finally, Lemma 4.5 gives that

sup

N N A2
B, (Ny., Dy) € A) = P(No, D) € )] = 22 +24, 5 0
ACN2 0

as n — 00. We conclude that

sup |IP>,,((Dg, D;) cA)—-P(Z ,ZNH e A)| i) 0 n — oo.
ACN?

To obtain the convergence of the means, let (W™, Wm) and (W™, WHm) be
conditionally i.i.d. (given .%#,) vectors have distribution F, and note that

|E,[DF]— E[Z*]] < %Z > (pﬁj)—(r,@M))

i=1 l<j<n,j#i
n
+lZ Yoo e > 1
n- . g g
i=1 1<j<n.j#i
n
HhX X -z
nb L v
i=1 1<j<n,j#i

<&+ éEn [WEDWED WD WD > on)]
1
+5 |E.[W I, [WH] — EfTWT1E[W ]|,

where &, £ 0 by Assumption 2.3(c) and E,[W MR, [WEHM] L E[WT]E[W™] by
Assumption 2.3(b). For the middle term note that

E, [W(“‘)vf/("")1(W<+~">W("”> - 9,1)]
<E, [W(J“")W(‘*”) (1(W<+~"> > Von) + 1(WE™ > «/9n))]
= B [W IR, [WEP LW > Vom)| + B, [WEDIE, [ WD 1w > Vo]

which also converges in probability to zero as n — oo since E[W™ + W] < oo.
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The result for the mixed expectation is a consequence of Assumption 2.3(d) since

— w m P EIW"WTIE[WT]E[WT]
SHCTSEED 2D DD SR 2 2
i=1 1<j<n,j#i 1<k<n,k#i

=E[Z~Z"],

as n — oo. This completes the proof. [
4.4. Proof of Theorem 3.8

In this section we prove Theorem 3.8, which establishes the convergence of R(" *1) to the
attracting endogenous solution to (5), under Assumption 3.1. The main step in the proof of
Theorem 3.8 consists in showing that the vectors {(Ni, Qi, éi) : i € U} converge, in the
Kantorovich-Rubinstein metric, to the distribution of (N, Q, C) defined in Theorem 3.3, with
C independent of (N, Q). To simplify the proof of Theorem 3.8, we show this convergence
separately.

Throughout the section, for probability measures ¢, x in R?, we interchangeably use the
notation d,(¢, x) = d,(F, G) to denote the Kantorovich—-Rubinstein distance between ¢ and
X, where F and G are the cumulative distribution functions of ¢ and yx, respectively.

Theorem 4.7. Define G*(m, q) = P,(Ny < m, Qy < q) and G,(m, q, 1) = P,(N; <m, Qi <
q, Ci <t) for i # ¥, according to (13) and (14), respectively. Define G*(m, q) = PNy <
m, Qo <q)and Gim,q,t) = PN <m,Q<q,C<t), formeN,q,t €R, according to:

PNy =m, Qy € dg) = E[1(Q € dgq) p(m; EIWTIW™/0)],

+
+
EGE (Q €dq,c/(Z* +1) € dt)

P(N:m,Qedq,Cedt)zE[

x p(m; E[W+]W/9)} ,

where Zv is a mixed Poisson random variable with mixing parameter E{W~1W*/0 and
p(m; X)) = e A" /m\. Then, under Assumption 3.1(a)~(b), we have that
di(G;, G50 and (B, 01,6 = W, Q.0)

as n — 00. Moreover, if Assumption 3.1(a), (b), (e) hold, then

d,(G,, G) L 0 asn— oo.

Proof. We start by showing the weak convergence of the vectors (1%,, Qw) and (1\7 1, 131, Q] , Z‘] );
recall that C; = /(D + 1). Let (W, Wm0 ¢y pe distributed according to H,
and define (W, WD) = (WD A b,, WD A a,). Now note that if f: N x R — R is
bounded and continuous, then the function J(x, g) = anozo f(m, q)p(m; x) is also bounded
and continuous, and by Assumption 3.1(a)—(b) we have

E, | f(R, 00| = ZZf(m Qo)p(m: AW, /(Om)

slmO

=E, [/ (@™, AT W /6m)]
L E[J(Q, EIW1IW™/6)] = ELfNo, Qo).
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as n — oo. For the second vector let g : N x R> — R be a bounded and continuous function
and note that Jy (x, y,q,2) = (WAM) Y oo > 72 p(m; x)p(k; y)g(m, q, z/(k+1)) is bounded
and continuous for any fixed M > 0. Then,

. R . n W+ oo 00 _ _
E, [g(Nl, Ql,cl)] =D~ 2. 2 plms YW /@m)plks A, W/ On))
s=1 " m=0 k=0
x gm, Qs, ¢/ (k + 1)
On? _ -
< /ﬁ—"A,En [Ju (AW On), A, WD /(0n), 0™, ¢™)]
n —
+ B [(WE = M)T] sup [gm, g, 2],
n m,q,z
and, similarly,
~ N ~ on? +1i7(—,n) — 7 (+.n) (n) 5 (n)
E, (8. 01, €0)] = =B [ (45 W 0m). A7 W 0m). 0 ¢ )]

n -
— 7B [(Wm — M)T] sup lg(m, q, ).

It follows from Assumption 3.1(a)—(b) that the limits
0
E[WH]E[W~]

BV M) cp 1gm, g, )
EIWT] g S48

< liminfE, [g(ﬁl, 01, él)] <limsupE, I:g(Nl, 01, él):l
n—oo

n—00
0

- 1w+
< FrwriErw E nEW W /6, ELWTIW/0, 0. ¢)]

ELW™ =M o 1 )l
EWH gt 0%

E[Ju(EIWTIW™ /6, EIWTIW*/6, 0, 0)]

E

_|_
hold in probability. Taking the limit as M — oo now yields (via the dominated convergence
theorem)

SOOA A P 0 . 1 — - +
B oW, 01, C0] & s Jim E [Iu(EWSIW /0, EDWTIW/6, 0, )]

Wt &
=k |:E[W+] YD plm; EIWH W™ /6)p(k; EIW™1W*/6)
m=0 k=0

x gim, Q,¢/(k + 1))]
=E[gWN, Q,0)].

This establishes the weak convergence for both G and G,.
To prove the convergence in the Kantorovich—Rubinstein distance recall that it suffices to
show that the first absolute moments converge (see Theorem 6.9 and Definition 6.8(i) in [33]).
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Under Assumption 3.1(a)—(b) we have that

. A AFweEm P E[WH W~
E, [N +100l | =B, | Zo— + 1071 | & E| =———+0]
on 6
= E [No+1Qol]
as n — 0o. We conclude that d,(G},, G*) L 0asn— 0.
For G, we have that
E, [81+1011+161]]
— B, | M+ 100+ 2 }
i D, +1
B ASE0) + 7 (=n) (n) _
S sy A T L )
L A On Ay W(+,n)/(9n)
rwmwd.n V() oM 2y (n) _
_E W W N nWwt +|Q | N 9nJ§+| ( _e_A,;Ww/(en)) ’
L 0 A, Ay Ay

where we used the observation that if Z is Poisson with mean A then E[1/(Z+1)] = %(1 —e).
The third summand inside the expectation converges under Assumption 3.1(a)—(b), however,
the first two require part (e) of the assumption. Hence, under Assumption 3.1(a),(b),(e) we have

wrw- W Q|
0 E[W+]

01¢] __EWTIWT/s
T EIWSIE[WA (1 ¢ )

En[ﬁl+|él|+|él|]iE[

w+ E[WHIW- n
EOW] 7 10|
tq _ _—EWTIWt/6
T EWww e (1 ¢ )

=E[N +|9|+Cl]
as n — oo. This completes the proof. [J
The proof of Theorem 3.8 will now follow from Theorem 2 in [10].

Proof of Theorem 3.8. Recall that the sequence {(1\:&, Qi, C‘i) i e U,i # @} consists
of conditionally i.i.d. vectors, given .%,, with (Ny, Qg, Cy) conditionally independent of

this sequence. To simplify the notation let (Q, N, C') 2 (Q 1 1\71, ¢ 1). Define ¢, to be the
probability measure of the vector

(CO,C1(N>1),CI(N >2),...)

and let ¢ denote the probability measure of (Q@, Ny). Similarly, define ¢ and ¢* to be the
probability measures of vectors

(CQO,CIN > 1),CIN >2),...) and (Q,N),

respectively, where C and (N, Q) are distributed as in Theorem 4.7, with C independent of
(Q,N).
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Next, let d; denote the Kantorovich—Rubinstein distance on S, with S either R® or R? as
needed, defined conditionally on .%,. More precisely, if we let ||x[; = >_; |x;| for x € S, then,
for any two probability measures ¢ and x on R*,

di(@, x) = IljnéEn (U = Vi1,

where U is distributed according to ¢ and V is distributed according to x, and the infimum is
taken over all couplings of ¢ and .

Let R® = Zf 0 2ica, [iQi denote the rank of the root node in the delayed weighted
branching process constructed using the i.i.d. vectors {(M, Q;, {Cq, by j>1) ie U} (see [10]
for more details). By Theorem 2 (Case 2) in [10], the convergence of R b 1o R® in the
Kantorovich—Rubinstein distance will follow once we show that

di(@. ¢*) + di(pn. §) > 0 as n — oo, (16)

That convergence in d; is equivalent to weak convergence plus convergence of the first absolute
moments follows from Theorem 6.9 in [33]

Now let G}(m, q)—IE",,(Ng<m Qg<q) G(qu)—IP’(N<m Q<q C<x)
G*(m,q) = PIN <m, Q <q), and G(m, q,x) = PN <m, Q < q)P(C < x). Note that by
Theorem 4.7 we have

d1(G,, G)+ di(G5,G*) >0 n— oo

Moreover, dl(G G ) = di(¢;, ¢*). To see that dl(G,,, G) 2o implies that d(¢,, ¢) A 0,
choose (N 0,C,N,0,0) and (Ng, Oy, Co N, ©,0) such that
E, [||(N, Q, C) — WV, 9, C)||1] = d,(G,, G), which can be done since optimal couplings

always exist (see Theorem 4.1 in [33]). Next, note that since |C’| <cand |C| <cwithc < 1,
i@ $) <E, 11 (€. C1N = 1), C1N 2 2),....)
~(€Q.CIN = 1),CINV 22),...) Iy ]

=E,|1CQ0-CQl+ ) ICIN =i)—CIWN = i)|]

L i=1

<E, [ICIIQ — QI+ 1QIIC —Cl+ Y _ICINN = i) — 1N = i)

L i=1

+C - ClIW = i)]
< B, [10 — Q| +EMIQIC — Cll+¢ Y B, [1H = 1) = 1V = )]

i=1
+E, [|é —CI> IV = i)]

i=1

=k, [|Q_ Q|] +c§:En [|1(1§f <i<N)—-IWN <i< N)|]
i=1

E,[1€ - civ +12)]
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< B, [10 - Q]+ ¢E, [IN - M| + B, [1€ - clov + 121
< cdi(G,, G) +E, [IC IV + QD]

Since En[lé -Cll1 = d4d(G,,G) L 0, then dominated convergence gives that E,
[|é —CINV + |Q|)] L0 as well.

Finally, it is well known that provided E [Zf\zfl |C,-|] = E[N]E[C;] < 1, we have
RO — R =372 ca IHQias. as k — oo (see, e.g., Lemma 4.1 in [25]). To see that the
required condition is satisfied note that

[ Wt EWHIwo e .
E[N]E[Iclll—E[E[Wﬂ- i ]E[E[Wﬂ [ ez +1>edt>}
:E[W+W-].E[ W i) }
E

0 (W] Z+ +1
_Ewl [ Wil (1- e_E[W]Wwe)]
6 E[W-1W+/6

E [|;| (1 — e—E[W’]W*/(*)] <c<1,

where we used the observation that if Z is Poisson with mean A then E[1/(Z + 1)] =
2711 — e7*). This completes the proof. [

4.5. Proof of Theorem 3.3

Finally, we combine the inequality in (8), Theorem 3.7, and Theorem 3.8 to prove
Theorem 3.3.

Proof. Fix ¢ > 0 and k € N,. Next, construct (Ré"'oo), Ré"’k), I%[(,J"’k)) using the graph
exploration and coupling described in Section 3.2.2. Then, by (8) and Theorem 3.7, the
following limit holds in probability:

n—oo

. s H(n.k
lim P, (|R§” ) _ R e)

< lim P, <|R§”’°°) — R"| > e/z) + lim P, (|1€§”'k> — R0 > e/z)

. 20k
T e(l—=o)

Also, by Theorem 3.8 there exists R® such that

ET|Q]].

lim P, (|1€§”‘> —R®| > e) —0

n— o0

in probability, with R® — R a.s. as k — oo. Choosing k sufficiently large yields
R =R

asn— oo. [
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