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Abstract

The rate of convergence (in the uniform Kolmogorov’s distance) for probability distributions of
parabolically rescaled solutions of the multidimensional Burgers’ equation with random singular
Gaussian initial data (with long-range dependence) to a limit Gaussian random field is discussed
in this paper. (© 1998 Elsevier Science B.V. All rights reserved.
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1. Introduction

Consider the n-dimensional Burgers’ equation
.

ou

Ot

subject to the initial random condition

+ (u, VIYu=udu, pn=>0, (L.1)

u(0,x) =up(x) = V<E(x) (1.2)
of the gradient form. The equation describes the time evolution of the velocity field
u(t,x)=[u1(,x),...,u,(t,x)], (t,x)€[0,00)x R", n=>1.

The potential &(x), x € R", is a scalar field, V' denotes the gradient operator on R”,
and 4 stands for the n-dimensional Laplacian.

Eq. (1.1) is a parabolic equation with quadratic, inertial nonlinearity, which can be
viewed as a simplified version of the Navier—Stokes equation, with the pressure term
Vp omitted and with the viscosity coefficient u corresponding to the inverse of the
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Reynolds number. With random initial data, the problem (1.1)—(1.2) is also referred
to as the Burgers turbulence problem.

Burgers’ turbulence describes various physical phenomena, such as nonlinear acous-
tic shock waves and formation of cellular structures (sheets, filaments, nodes) in the
distribution of self-gravitating matter in the late stages of the universe (see, for exam-
ple, Burgers, 1974; Chorin, 1975; Gurbatov et al., 1991; Witham, 1974; Shandarin and
Zeldovich, 1989; Weinberg and Gunn, 1990; Kofman et al., 1992; Woyczynski, 1993,
1998; Vergassola et al., 1994; Molchanov et al., 1997), and other types of irrotational
flows. Equations related to the one-dimensional Burgers equation have been proposed
in financial market models (option pricing) (see, Hodges and Carverhill, 1993).

Rosenblatt (1968, 1987) was one of the first to have considered the Burgers equation
with random initial data from the rigorous perspective of probability theory and, more
recently, numerous researchers studied solutions of the Burgers equation depending
on different types of random initial conditions. In particular, Bulinski and Molchanov
(1991), Giraitis et al. (1993), Albeverio et al. (1994) and Funaki et al. (1995) stud-
ied solutions of the Burgers equation when the intial condition was either a Gaussian
random field or a shot-noise (or Gibbs—Cox) random field with weak or strong depen-
dence. They obtained Gaussian and non-Gaussian distributions as parabolic scaling lim-
its (u(t,a\/t), t — oo) of distributions of the Burgers equation’s solution random fields.
Leonenko et al. (1994, 1995a,b), and Leonenko and Orsingher (1995) also obtained
Gaussian and non-Gaussian limit distributions in the same context of parabolic scaling
in the case when the initial condition is either a Gaussian random field or a chi-square
field with long-range dependence. Analogous results under suitable non-Gaussian initial
conditions with weak dependence can be found in Surgailis and Woyczynski (1994a),
Hu and Woyczynski (1994), Leonenko and Deriev (1995) and Deriev and Leonenko
(1997). In the Gaussian model with non-integrable oscillating correlations, the limit law
of the solutions is non-Gaussian (see, Surgailis and Woyczynski, 1994a). For other re-
sults concerning limiting distributions of averaged solutions of Burgers equation see
Rosenblatt (1987) and Hu and Woyczynski (1995b).

Other types of random problems for the Burgers equation have also been consid-
ered recently in the mathematical litarature. Sinai (1992), Albeverio et al. (1994),
Molchanov et al. (1995), Avellaneda (1995), Fan (1995) and Hu and
Woyczynski (1995a) considered the statistics of shocks in the zero-viscosity limit and
related problems of hyperbolic limiting behavior (u(¢,at), t — c0). This type of scal-
ing is of importance in physical applications (see, for example, Gurbatov et al., 1991;
Vergassola et al., 1994). Recent results on the non-homogeneous Burgers equation
taking into account external forcing can be found, e.g., in Sinai (1991), Holden et al.
(1994, 1995), Saichev and Woyczynski (1997) and Molchanov et al. (1997). A general
survey of the area is provided in Woyczynski (1998).

The study of important numerical simulations of Burgers turbulence (and a large
number of those appear in the astrophysical literature, see, e.g., Kofman et al., 1992),
questioning the rigorous estimation of the rate of convergence of the above-mentioned
approximations, has begun only recently although some results on the rate of con-
vergence to the normal law for integral functionals of homogenous isotropic random
fields under strong dependence conditions were considered earlier by Leonenko (1988)
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(see also Ivanov and Leonenko, 1989). Bossy and Talay (1994, 1995, 1996) have
studied the rates of convergence (in the L' norm) for the interacting particle system
approximation related to the propagation of chaos result for the Burgers equation, and
Leonenko et al. (1996a) found the rate of convergence to the normal law of the solu-
tions of the one-dimensional Burgers equation with singular Gaussian data.

In this paper, we provide a rate of convergence (in the uniform Kolmogorov’s
distance) of probability distributions of the parabolically rescaled solutions of the
n-dimensional Burgers’ equation with random singular Gaussian initial data (with long-
range dependence) to a limiting Gaussian random field. The singularity of the initial
data is of physical importance (see Vergassola et al., 1994) but is also a source of
analytic difficulties.

The paper is organized as follows. Section 2 deals with preliminaries on the Burgers
equation solutions with random initial conditions, including two known results concern-
ing the parabolic scaling limit. In Section 3, we assume that the initial velocity potential
is a Gaussian, homogencous and isotropic random field with the singular covariance
function of the form L(|x|)|x|™%, 0<o<n/2, with slowly vaying L, and formulate our
basic result which shows that the rate of convergence of the Kolmogorov’s distance
between the distribution of the rescaled solution M (¢)u(t,a\/t) (M is a normalizing
matrix-valued function) and the standard n-dimensional normal distribution is bounded
from above by t~*°L3(\/t) as t— co. The proof of this main result is given in
Section 5 which is preceded by a series of auxiliary lemmas in Section 4. Finally,
Section 6 contains a discussion of a possible extension of our main result to the case
0 <a<n. This can be done but at the price of slower convergence rates.

2. Solutions of the Burgers’ equation with random initial conditions

A crucial property of Eq. (1.1) is that it admits a linearization by the so-called
(Forsyth—Florin-) Hopf—Cole substitution (see, e.g., Forsyth, 1906; Florin, 1948; Hopf,
1950)

u(tax) = —2,UV log q(tax)a

which reduces Eq. (1.1) to the linear diffusion equation

A

oq
— =ud 2.1
a1 (2.1)
subject to the initial condition
q(0,x)= exp{—é(x)} . (2.2)
2u

Using the well-known formulas for the solution of the initial-value problem
(2.1)—(2.2) one obtains the following explicit solution of the Burgers’ initial-value
problem (1.1)—(1.2):

I(t,x)

u(t,x)=—2uVlogJ(t,x)= T(tx)’

(2.3)
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where

10 = [ g = el =i/}

(2.4)
Iy = [ atex = y)exp{=c(/2m) dy
and where
g(t,x — y) = (4nut) ™" exp {— x;u;”z } . x,yER" >0 (2.5)

is the Gaussian (heat) kernel.
In all results presented in this paper, it is essential that the initial velocity potential
&(x) satisfies the following assumptions which we put under one umbrella as

Condition A. The initial velocity potential &(x) = E(x, ) is the zero-mean, measurable,
almost surely differentiable, homogeneous and isotropic real Gaussian random field on
R" x Q, where (Q,F,P) is the complete probability space. In addition, its variance
EE(x)=1, and its covariance has the form

L(|x[)

x|

B(|x|) =E&(0)é(x) = , O<a<n, xeR",

where the function L(t), t >0, is slowly varying for large values of t, and is bounded
on each finite interval. Recall, that L :(0,00)— (0,00) is said to be slowly varying if,
for all >0, lim,_, . L(At)/L(t)=1.

With the initial data being random, we focus our attention on the statistical properties
of solution (2.3) and, in particular, its scaling limit distribution as ¢ tends to infinity.

Let u=u(t,x), (t,x) € (0,00) x R", be the solution of the initial-value problem (1.1)—
(1.2) with random initial condition satisfying Condition A. The main result of this
paper concerns the so-called parabolic scaling limit for u, i.e., the limiting behavior
of the random field u(z,a\/t), a € R", when t — oo. Utilizing the techniques developed
by Dobrushin and Major (1979) and Taqqu (1979) for analysis of general functionals
of Gaussian random fields and fields with long-range dependence one can prove the
following theorem (see, e.g., Albeverio et al., 1994; Surgailis and Woyczynski, 1994a;
Leonenko et al., 1994; Leonenko and Orsingher, 1995):

Theorem 2.1. Let u(t,x), (t,x)€[0,00) x R", n=1, be a solution of the initial-value
problem (1.1)—(1.2) with random initial data satisfying Condition A. Then the finite-
dimensional distributions of the field
1/24a/4 v
X(a)= ———u(t,av't), acR",
(@)= Jig eV
converge weakly, as t — oo, to the finite-dimensional distributions of the homogeneous
Gaussian random field X (a), a € R", with EX(a)=0 and the covariance function of
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the form

R(a,b)=R(a — b)=(R;j(a — b))1<ij<n =EX(a)X (b)Y

hy—1—ap2 WiZj
=@ </ / w—z—(a—b)/V2u|* PN Bn(z) dz>1<i,j<n’

(2.6)
where 0<a<n,w=(wi,...,w,) €R", z=(z1,...,z,) €R", a,be R",

$u0)= ),,/2 { } H¢(w, 2.7)
and

o(w)= Texp{ w22}, weR. (2.8)

Remark 2.1. The limiting random field X(a), a€R”, has singular spectral proper-
ties that are of independent interest and worth mentioning. In the paper by Leonenko
et al. (1996a, b) the following spectral representation is given in terms of stochastic
integrals (see, e.g., Kwapien and Woyczynski, 1992): if the random field &(x), x € R”,
has the spectral density f(1)= f(]4]),A€R", i.e.,

o= [ e, (29)

where W(.) is the complex Gaussian white noise and, if that density is a decreasing
function for |4| =79 >0, then

1 & 2 i(Jsa)
where
g(2) = Zexp{—u(% )}, LeR”, (2.11)
aina=2r(1+2)r(%) / r(” - “) L am=20" [ Tm2). 212)

Condition A implies, via the Tauberian theorem (see, Leonenko and Olenko, 1991),
the following asymptotics for the spectral density of &(x):

71(n,oc)c (n)L<|;>i|°‘", O<a<n, (2.13)

as |A| — 0, so that f(|A|) T oo as || — 0. From Egs. (2.10) and (2.11) we immediately
obtain the spectral density of the homogeneous random field X (a), a€R", in the form

)= Giaae™ 121~ e

%
ci1(n,o)ca(n)
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with 0<a<n, A=(44,...,4,)€R". Thus, the long-memory property of fj(1) follows:

0 if max{0,n —2}<a<n,
tri(A)y=<¢1 if a=n—2,n=3,
oo if O<a<n—2,n=3.

lim Cl(l’l, O()CZ(n)
[2]—0

3. Rate of convergence to the parabolic scaling limit

Let
H[c,d]={ueR" ¢;<u;<d;, i=1,2,...,n}

be a paralellepiped in R”, and let X and Y be arbitrary n-dimensional random vectors.
Introduce a uniform (or, Kolmogorov’s) distance between distributions of random vec-
tors X and Y via the formula (see, e.g., Bhattacharia and Ranga Rao, 1976; Rachev,
1991)

H(X,Y)= sup|P(X € II[0,z]) — P(Y € II[0,z])|. (3.1)
In view of the symmetries in the initial data and the Hopf—Cole formula, it will suffice
to consider only positive vectors z in definiton (3.1).

Consider the following orthogonal matrix (also called the Helmert matrix, see, e.g.,
Basilevsky, 1983):

L L L L L L
x{ﬁ x/f Vn Vn Vn Vn
., s vas woas ! 0 0
= B B 3 » i 0
Vii=1 \fii—1) ii—1) (-1 i)
N N N T N n—1
\/n(n—1)

\/n(n—l) \/n(n—l) \/n(n—l) \/n(n—l)

\/n(n—1)

1
— 0 ...0
n
1
0 —— ... 0
= V12
e 1
0 0 ...—
\/n(n—1)
1 1 11 .1 1
1 =1 00 ..0 0
x| 1 1-20..0 0 (3.2)
1 1 11 1 —(n—1)
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and the diagonal matrix

W, = diag{d;(t).....d.(t)}, (3.3)
where

di(t)=[4,(t) + (n — DBy(1)] "2,

dy(t)= -+ =d,(t)=[4;(t) = By(1)]""*

and for 0 <o <n/2,

() (215 /( | /( e DB — 2|2

lw — z|*L(\/t)
_ —1—a/2 ¢,1(W)¢,,(Z)L((‘W _Z|\/TW)
Bu)=2n) /(a ) /(a z)WlZ2 W —z|*L(V/1) dwdz

where w=(wy,...,w,) €R", u=(uy,...,u,) €R", and L(¢) is a slowly varying func-
tion (see, Condition A), and, finally

1/2
a t
u+ —\| < | =— , ac€R", t>0. 34)
\/2u‘ <2u> }

We note that 4;(¢) # B1(t). Bearing in mind properties of slowly varying functions
(see, e.g., Ivanov and Leonenko, 1989, p. 56) we have, for 0 <o <n, as t — oo,

Ay= lim 4y(1)=p)~"" “/2// ‘M )¢"(Z)d dz, (3.5)

Aa, t)= {uG[R":

By = lim By()= Qu)~'~ “/2/ / dedz. (3.6)

| o

We note that 4, # B;.
Similarly, for 0 <o <n/2, we introduce

() (201 /( | /( e DONDLw =2V

|[w — z|2L(\/t)
o —1—a/2 ¢,1(W)¢,,(Z)L((‘W — Z|\/TW)
B0)=(20) /(a ) /(a z)WlZ2 lw —z[2*L(V/1) dw dz :8)
and
Ay = lim Ao(1)=(2p)"'" “/2/ / Wizi ¢”( )¢’|“2(f)d dz, (3.9)
By = lim By(1)=(20)"'"~ “/2// ¢”(W)¢T2(f)d dz, (3.10)

where w=(wy,...,w,) €R", u=(uy,...,u,) €R". We note that 4, # B,.
Next, we introduce the following positive constants:

Ay +(n—1)B;

T e - 1)

n, Qo) =
Qi) = DB 5

(3.11)
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where 4;,B;, j=1,2, are defined by Egs. (3.5), (3.6), (3.9) and (3.10),

Qz(n,oc):/n Ranwdz, O<a<n (3.12)

and
1
=47 el/(“"z) —1—-—.
c3(p)=4p [ e
The nature of these constants will become clear later on.
At last, we will also introduce the matrix

T, = W,0, (3.13)

where the matrices O and W, are defined by Egs. (3.2) and (3.3), respectively.

The main result of this paper describes the rate of convergence (as ¢ — oo) of the
one-point probability distributions of the parabolically rescaled solution of the Burgers’
equation to the n-dimensional standard Gaussian random distribution and is contained
in the following

Theorem 3.1. Let u(t,x), (t,x)€(0,00) x R", n>=1, be a solution of the initial-value
problem (2.1)—(2.2) with random initial data satisfying Condition A for 0 <o <n/2,
and let N be an n-dimensional non-singular Gaussian random vector with zero mean
and unit covariance matrix. Then,

(/6 {\/2+o/4
lim su H
ool LB (\/1) (Ll/wi)

where the matrices T, are defined by Eq. (3.13),

- ) V2/m for n=1,
o= { (1= DI((n = Dy2)/(V2L(1/2))  for n>2 1)

3
T,u(t,a\/i),zv> <§vf/3v§/3<oo, (3.14)

is a universal constant, depending only on the dimension n, and

Ox(n, )
4u2 ’

V2 =va(n, p, ) = (3.16)

2
W (C3(ﬂ)Q1(n, W o) +

where Qy(n, u,o), Qx(n, o) are defined by Egs. (3.11) and (3.12), respectively, is a
constant depending on the dimension n, viscosity pu, and the singularity type o.

4. Auxiliary lemmas

Let ACR",n>1, be a closed and bounded convex set, 4° be the set of all points
at distances less than 6 >0 from 4, and 477 be the set of all points u € R” such that
the open ball of radius p>0 centered at u is contained in 4. The following auxiliary
result is due to Bhattacharia and Ranga Rao (1976), Theorem 3.1:

Lemma 4.1. Let g be a nonnegative differentiable function on [0,00) such that
(i) b= [,° |g'(t)|"~" dr <oo; and
(i) lim; o g(¢)=0.
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Then, for every convex subset A CR", and every pair of d, p=0,
[ atudusbie + pw 1), (4.1
AN\A—P

Let X, Y be two arbitrary n-dimensional random vectors, #(.,.) be the Kolmogorov’s
distance (see Eq. (3.1)), and N be a standard n-dimensional Gaussian random vec-
tor with zero mean and unit covariance matrix. In the sequel, vector N will be
called the standard Gaussian vector. The following lemma provides an estimate of the
Kolmogorov’s distance of a sum of random vectors from the standard Gaussian vec-
tor. It is a multidimensional version of Petrov’s lemma (see, e.g., Petrov, 1960, 1995;
Haeusler, 1984).

Lemma 4.2. Let X,Y be two arbitrary random vectors and N be a standard Gaussian
vector such that, for all a,be R",

|P(X € II[a,b]) — P(N € Il[a,b])| <K,
where K =0 is a constant. Then, for any >0,

H (X +Y,N)SK + P(Y & II[—he, ¢h]) + evi(n), (4.2)
where vi(n) is defined in Eq. (3.15), and h=(1,...,1) e R".

Proof. For any ¢>0,
P(X 4+ Y eI[0,u])
=P(X +Y€elll0,u],Y € lI[—¢h,eh]) + P(X + Y € I[0,u], Y ¢ II[—¢h, h])
and
P(X eIl[e¢h,u — &h],Y € II[—¢h, eh])
<PX +Yell0,ul,Y € lI[—¢h,ch])
SP(X el[—eh,u+ eh],Y € lI[—¢h,¢h]). (4.3)

Note that if u; <2¢, the inequalities ¢ <X; <u; — ¢ mean that X; =¢, where X = (X,...,
X,). Thus, we obtain

0 < P(Xelllehyu—¢eh]) — P(X €Il[¢h,u — ¢h],Y € II[—¢h, eh])
=P (X €[eh,u — ¢h],Y ¢ H[—¢eh,ch]) <P (Y ¢ II[—¢h,¢h]). (4.4)
It follows from Egs. (4.3) and (4.4) that
P(X € I[eh,u — eh]) — P(Y ¢ I1[—¢h, eh])
SP(X +Yel[0,ul,Y € [I[—eh,eh]) <P (X € I[—¢h,u + ¢h]).

Adding the expressions we have

PX +YellI[O,ul,Y ¢ [I[—¢h, eh]).
Applying the inequality

P(X + Y e€Il[0,u],Y ¢ H[—¢h,ch]) <P (Y ¢ II[—¢h,eh]),



150 N.N. Leonenko, W.A. Woyczynskil Stochastic Processes and their Applications 76 (1998) 141-165

we obtain that

P(X € H[ch,u — ¢h]) — P (Y ¢ H[—¢h, ¢h]) <P (X + Y € I[0,u])
<P (X €[—sh,u+ ch]) + P (Y ¢ H[—¢h, ch]). (4.5)

Using the inequality (4.1) of Lemma 4.1 with the function g(¢)= ¢,(u) for any u
such that |u|=¢ (see formula (2.7) of Theorem 2.1) we obtain inequalities

P(N ell[—eh,u+ ¢h]) — P(N €II[0,u])

:/ du(ld]) da<evi(n),
H[—ehu+en]\II[0,u]

— (P(N €II[0,u]) — P(N € Il[¢h,u — ¢h]))
= —evi(n), (4.6)
where v;(n) is defined by Eq. (3.15). So, from Eq. (4.6), we get that
P (X € H[—¢h,u+ ¢h]) — P (N € I1[0,u])
<P (X € H[—¢eh,u+ e¢h]) — P(N € H[—¢&h,u + ¢h]) + evy(n) 4.7)
and
P (X € H[eh,u — e¢h]) — P(N € II[0,u])
=P (X € l[eh,u — eh]) — P(N € H[eh,u — eh]) — evi(n). (4.8)
Finally, subtracting the expression P(N € II[0,u]) from Egs. (4.5)—(4.8), we obtain
—K —evi(n) — P(Y ¢ II[—c¢h,eh]) <A (X + Y,N)
<K +evi(n) + P (Y ¢ II[—¢h,eh]). O

The next lemma estimates the Kolmogorov’s distance from a standard Gaussian
vector to the ratio of a random vector and a random variable. Its one-dimensional
version is due to Michel and Pfanzagl (1971).

Lemma 4.3. Let X be an n-dimensional random vector and U >0 be a random vari-
able. Then, for any ¢>0,

HXIUNYSHXN) +P(|U = 1|>e) + & (4.9)

Proof. Since the assertion is trivial for ¢>1 we shall assume that ¢ €(0,1). The in-
equality X € [][0, (1 — &)z] implies that either X/U € I1[0,z] or U <1 — &. Hence,

P (X €II[0,(1 — &)z]) <P (X/U € M[0,z]) + P(|U — 1|>¢). (4.10)
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Furthermore, using the properties of normal distribution,

|P(N € II[0,z]) — P (N € II[0, (1 — &)z])|

< min (2 "1 —(1 —8)"]Hz,»(21t)_”/2 exp{—|z|*(1 —8)2/2}>
i=1

<min27",[(1 — &)™ — 1]2ne) ") <¢", (4.11)
together with Eq. (4.10), implies that

P (X/U € I[0,z]) — P (N € I[0,z])
— |P(X €[0,(1 — &)z]) — P(N € [0,(1 — &)z])| — P(|U — 1| >¢) — &".
(4.12)

Similarly, for 0 <e<1, the inequality X/U € II[0,z] implies that X € I1[0, (1 + ¢)z]
or U>1 + ¢. Hence,

P(X/U € I1[0,z]) <P (X € H[0,(1 +&)z]) + P(|U — 1| >¢).
Thus,

P(X/U € I1[0,z]) — P (N € I[0,z])
<sup |P(X/U € I[0,z]) — P(N € [0,z])| + P(|U — 1| >¢) + &". (4.13)

Now, Egs. (4.12) and (4.13) imply the statement of the Lemma 4.3. [J
Combining the results of Lemmas 4.2 and 4.3 we immediately obtain:

Lemma 4.4. Let X,Y be two random vectors such that for all a,be R"
|P(X € I[a,b]) — P(N € I[a,b])| <K
where K >0 is a constant, and let U >0 be a random variable. Then, for any ¢>0,
H([X + YJJUN)K + P(Y ¢ [I[—¢h,eh]) + P(JU — 1| >¢) + vi(n)e + ¢,
where vi(n) is given by Egq. (3.15).

In the proof of Theorem 3.1 we will also have need for the following estimate on
the tails of the maxima of a general second-order random vector’s components (see,
e.g., Theorem 4.1 in Karlin and Studden, 1966).

Lemma 4.5. Let Y=(Y1,...,Y,) be a random vector with mean EY =0 and the
covariance matrix EYY' =X = (0;;)1<i j<n. and let Z; =Y;/(k;0;), where o =0y, and
Ki,...,Kk, >0, are some constants. Then

P(max |Z|>1) 2(\f+\/(nq—s)(n—1)

1<i<
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where g=trIl, s=(h,IIh), II =EZZ' =(m;)i<ij<n Tij =0;/(0i0;K;K;), and h=
(1,...,1).

The following result is obvious and is just recorded here for easy reference.

Lemma 4.6. Let W,T be two arbitrary random vectors. Then, for any ¢>0 and
arbitrary 0<o<1,
P(W + T ¢ Il[—¢h,eh])
<P (W ¢ I[—d¢h,0eh]) + P(T ¢ II[—¢e(1 — 0)h, (1 — O)eh]).

Also, we quote here another well-known result (see, e.g., Kwapien and Woyczynski,
1992, p. 177) concerning Hermite polynomials

dm
Hm(u)z(—l)’”euz/zwe‘”z/z, ueR, m=0,1,... (4.14)

with leading coefficients equal to 1.

Lemma 4.7. Let (¢,1) be a two-dimensional Gaussian random vector with EE=En=0,
EE*=En*=1, Eén=r. Then, for any m,q>0,

EH,(&)H,(n)=0Lr"m!.

Finally, we provide a lemma that is quite traditional in spirit; we only sketch its
proof.

Lemma 4.8. Let X =(X1,...,X,) be a Gaussian random vector with zero mean
and the covariance matrix R=EXX'=(rij)i<ij<n such that the diagonal elements
ri=A, i=1,...,n and the off-diagonal elements r;; =B, i #j,i,j=1,...,n. Then, the
Gaussian random vector

X =wox

has zero mean and unit covariance matrix, where the orthogonal matrix O is de-
fined by Eq. (3.2) and the diagonal matric W = diag{d,,...,d,}, where d=[A+
(l’l — I)B]il/z’ al/ld d2 = v :dn — [A o 3]71/2_

Proof. It is well known that the equation

det [R — pl| = (u — ) — )" =0

has two roots: u; =4 —(n—1)B of multiplicity 1, and y, =A4 — B of multiplicity n— 1.
The eigenvalue u; corresponds to eigenvector (1/4/n,...,1/4/n), and the eigenvalue
Uy corresponds to n — 1 eigenvectors

1 1 (i—1) ,
(m,...,\/i(i1),—\/1_(1_1),0...,0), 2<i<n.
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If we take these eigenvectors as rows of the orthogonal Helmert matrix O, then the
random vector OX has zero mean and the diagonal covariance matrix diag {yy,..., i),
where ;= 1, 2<j<n. Now, it is obvious that the Gaussian vector X =WOX has
unit covariance matrix. [

5. Proof of the main result

This section contains a proof of Theorem 3.1, the main result of the paper. It is based
on the expansion of the Hermite polynomials {H,(u)}5°, (see Eq. (4.14)); recall that
the latter constitute a complete orthogonal system in the Hilbert space L(R!, ¢p(u) du),
where the function ¢(u) is the Gaussian density defined by Eq. (2.8) (see, e.g.,
Dobrushin and Major, 1979; Taqqu, 1979; Ivanov and Leonenko, 1989; Kwapien and
Woyczynski, 1992). The plan of the proof is as follows:

e The exponential exp(—¢&(y)/(2u) appearing in the numerator of the Hopf—Cole for-
mula (2.5) is expanded in the Hermite series;

e The rescaled solution T,u(t,a\/t) is split into two parts, the first contains the integral
of the first term of the Hermite expansion (but integrated only over a bounded set
{y:]y|<t}) and the remainder;

e The first part, properly normalized, has a standard normal distribution;

e The remainder is explicitly estimated using auxiliary lemmas of Section 4.

Let G:R'+— R! be a function such that EG*(¢(0)) <oo, where &(0) is a random
variable with the Gaussian density (2.8) (see Condition A in Section 2). Then, in
Ly(R', p(u) du), we have the following expansion:

6wy =S LW, - / G () Hy (1) (ae) du. 5.1)

k!
k=0

By Parceval equality it follows that

0o oo C2
/_m G*(w)p(u)du="Y k—’; <oo.

k=0

In particular, in view of Eq. (5.1), the coefficients of the Hermite expansion of the
function

G(u):exp{—%}, ueR!

are given by the formulae

1 1 1 1 1
a-er{gaf = gerlaa) Gmger{aat

1 o0 u+u?
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In turn, these classical results imply the following expansion in the Hilbert space L?()
of random variables with finite second moments:

<) — ~ Hi(&(»))
NEaRE

where the Ci’s are defined by Eq. (5.2).
Now, consider the random vectors

\/ y

ni(t,a) = ——g(taVt = ))H(&(y))dy, k=0,1,..., (5.42)

Dn(1)

where Z,(t)={x e R": |y|<t}, a,y € R". It follows from Lemma 4.7 that
Enu(t,a)nj(t,a) = S,Eq(t,a)p(t,a), k=1, j=1, acR",

where
En(t,a)ni(t,a) = (l///ii,j(t))l<i’j<n

and

V2 () —k'/ / ait —yi apt—yy
2, (1) =k .
" g Jaw 1 t

x g(t,av/t — y1)g(t,av/t — y2)BX(|y1 — y2|)dy1 dya,

where y1 =11,..+> Y1), Y2=0n21,..., V), and B is the correlation function from
Condition A. Changing variables via the transformation

w; _ (avi—yu) z (@i —yu)

- - i—1,...,
2 qu 2 du 0 T o"

and utilizing basic properties of the slowly varying function L (see, e.g., Ivanov and
Leonenko, 1989, p. 56), we have, for 0<a<n/k,k>1, and t — oo,

2uk!
=12 /A B /A I8 D — =) de

_ Zuk!Lk(f) LA(/ZRiw — 2|)
- W /A(a t) /A(a t) lej¢n(w)¢ﬂ( )M{W dzdw

k L*(V1)
=)' ke (ko) 1+(ka)/2(1+0(1)) k=1,2,...,t — o0,

where A(a,t) is defined by Eq. (3.4), and
e (ko) = / / W’Zﬁ"(_wz)lﬁ"( Wiz oI 44 i
In order to apply Lemma 4.4, we shall represent the rescaled solution appearing in

Theorem 3.1 (see Eq. (3.14)) in the following form:

(1/2+a/4 X, + Yz
L1/2(\[) Tou(t, a\/) U,

(5.5)
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The random vectors X;, Y, and the random variable U, are defined via the formulae

1 tl/2+cx/4 a\/z_ y
X;=Ce —_ t,avt — y)H dy, 5.6
=G xp{ 8#2}L1/2(\/E) o g(t,av't — y)H\(&(y))dy,  (5.6)
1 t1/2+x/4
Y, =exp {—8—'u2} mTt[Sz + Vi, (5.7)
where
C
Si=y o m(ta).
k>2
av/t — q
Vz=/ Vi yg(t,a\/?—y)eXp{—M} dy
R\Z() L 2u
and
1
U,J(t,a\ﬁ)exp{g—uz}, (5.8)

where J(t) is defined in Eq. (2.5).

Note, that Cyno(t,a) —0, ¢t— oo (the random vectors #; were introduced in
Eq. (5.4a)), that Hy(u)=u, uc€R!, and that &(y),y€R", is a Gaussian field (see
Condition A). So, the random field

(1/2+a/4

RO
is also Gaussian, and in view of Egs. (5.4a) and (5.4b) with k=1,

i, =i (t,a)=Cre™ /¥ (t.a
1 1

~ of

Eiiy = (Gizj(t))lsi,j@,

where

7=

A(a,t)

dwdz, O<a<n.

/ Wiz Pu(W)Du(2)L(|w—z|\/2ut)
Mart) lw — z|*L(\/1)
(5.9)

We note that, from Egs. (3.4)—(3.5) and (5.9),
o t)=oh()=A1(t), i=1,....n
and
o () =0h,(t)=Bi(t), ij=1,....n, i#].
By Lemma 4.8, for every ¢>0, the random field
Xe =T (t,a),

where T, = W;0, the matrices W, and O defined by Egs. (3.2) and (3.3), respectively,
has the standard Gaussian n-dimensional distribution. Thus, for all a,b € R",

\P(X, € II[a,b]) — P(N, € II[a,b])| =0, (5.102)

so that we may choose K =0 in Lemma 4.4.
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From Lemma 4.6 and Eq. (5.7), for any ¢>0 and an arbitrary ¢ € (0, 1),

P (Y, ¢ H[—¢h,eh]) < P (A, T:S; & [ [[—e0h, edh])
+P ATV, ¢ [[[—e(1—)h,e(1—)i]), (5.10b)
where
t]/2+c</4 1 t1/2+oc/4
LP(Ji) — 2pCy LIP(V)

and the matrix 7, = W0 is defined by Eq. (3.13).
For <k, the function

_ 2
A[ =¢ 1/8u

A(w,2) = B'(\/2utlw — z|) — B*(/2ut|w — z[) >0.

Therefore,
2ot YR 2
rif () Vi () _“/ Dn(W)n(2)A(w,2)
7! k! tJa@n J A ! ! ’

x dwy - - dw_1d(wi/2) dwy iy - - -dw, dz; - - - dz,
x d(z2/2)dz,41 - - - dz, =0

and for r <k,

1)

1 2
E‘pk,i,j(t)< F r,i,j(t)a

so that, for 0 <a<n/2,

g =wEATSNATSY =42 w0 (Ci/k!)#0'W;
t T
k=2

L(t a1 c?
< 5/2)(2/1) 2= &) wmoro'w,,
t C} & k!

where ¥,k = (ki j(O)<ij<nr P = (pij(t))1<ij<n, With Yy ;(¢) defined by Egs. (5.4a)
and (5.4b), and

1 wiz; (W) (2)L(w — z|\/2ut)
i) =)= / i V2D g dz 0<a<n/.
’ Hat) J Aa,1) lw — z2*L(\/1) /

where A(a,t) is defined by Eq. (2.4) and w=(wy,...,w,), z=(z1,...,2z,) € R". We
note that py1(¢) =42(t), p12(t) = Ba(t), where A,(t) and B(t) are defined by Egs. (3.7)
and (3.8), respectively. We used the fact that the matrix O has negative elements only
on the diagonal.

From Lemma 4.7, we obtain

OP,0" = diag{4(t) + (n — 1)Ba(t),A2(t) — Ba(2),...,A2(t) — B2(1)},
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so that
LD (
e S
2 C12 k=2
Ax(t) + (n — 1)By(1) Ax(t) — Ba(2)
—1)——= 5.11
PR o 0 R i 1D
In view of Lemma 4.5 (in our case, s=g¢, and Z = ()" '4,T;S,),
P(A,T,S, ¢ I[—edh, e5h])
= P((¢0) " A,T;S, ¢ [ —h, h])
L) .,
<P (lrgggn |z,.|>1> <(e3)7 ti/z)(zﬂ) Pes()Q1(n p, %), (5.12)
where
1 (o)
(= Z = ( / (e p(u) du — C§ — Cf)
G k>2 Ci -
= [ = (1= @) )12 e !
=42 — 1 — 1/447)
and
Ax(t) + (n — 1)By(1) Ax(1) — Ba(t)
= —1)———. A
QD=4+ - e " Vo~ B 13
It is obvious that
tl—lglo Qll‘(na ,u,OC):Q1(7’l, ,u,OC),
where Qi(n, i, o) is defined by Eq. (3.11).
It is also easy to see that
EVAY =GO <ij<ns
where
el/2un et/
|yl](t)|<—/ / |w,uj\qbn(w)d>n(u)dwdu<const (5.15)
"\A(a,t) J R\ 4(a,t)
From Egs. (5.10b), (5.12) and (5.15),
L 1
POg M-shan) < [M00 L2 cxoun ) + (1 -0 k).
(5.16)
where, as t — oo,
—t/p 402
R, <consto— (5.17)

L(V1)
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We also note that

U, — 1=¢ /8¢ / g(t,av/t — y)(e V2 — VY dy = 3y (1) + Za(1) + Z3(1),
Rﬂ
(5.18)

where

S(n=e e / g(t.avi — )EQ) dy,

Z20)

nn-et | daVi= DI
k=2 o

S =e V8 / g(t,av/t — y) (e S _ g8ty 4y,
R\ Z(1)
Estimating and analyzing the limiting behavior of the above integrals shows that

Var () <(2u) 72 0x(n, )Lffz)a (5.19)

where

(W) Pn(2)

lim QOa(n, o) = Os(n,2) = /
1—00 o S (W —z|*

dwdz, O<a<n,

0s(n,o) is defined by Eq. (3.12), and

Var (1) <(2p0)*Qu(n,2%) 2(\/ 4 >0, (5.20)

Var 3(1) =0 (L(;/Z)> : (5.21)
So, from Egs. (5.18)—(5.21),

P{U, - 1]|>¢ }<— [ E;//Z_)(Zu)_“/z_z&_zta(n,oc)+ |, (522)
where

Wi=o(t™"?L(V1)). 1 oo (5.23)

Applying Lemma 4.4 to Eq. (5.5), and using Egs. (5.9), (5.16), and (5.23), we obtain,
for any £>0, that

f1/2+a/4
/(Ll/z(\/)Tu(t av't), N)

<K+ P (Y, & H[—¢h,eh]) + P(JU, — 1|>¢) + evi(n) + &"
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<V1(n)8+ - |:L(\/_) (63(u)Q1t(naM’a) + QZI(”?“))

(2tu)™2 0?2 44262

+(1 =) 2R+ W,| +¢", (5.24)

because we may choose K =0 (see Eq. (5.10a)). In order to minimize the first two
terms of the right-hand side of inequality (5.24), set

_ LB —1/3

ROl " <2C3(M)Q1z(n 1, ) + ta( “))

Thus, we arrive at the following inequality:

(1/2+a/4
%(Ll/z(\/)Tu(t av't), N>

LYA(V1) 2 Oa(m,2)\ 1"
N {vf/3 [52(211)%/2 (Q(#)Qlt(”»ﬂ»“)"‘ 24:2”

RAKCD) { 251 Ou(n.)

1 ’ 1/3
126 v [2 I <C3(H)Q1x(n, o) + 4”2”

L)
L(\/—)(CSRt + CGW)} ( t1/6 ) 5

where c¢s, cg > 0.
Now, the above inequality and the relationships (5.14), (5.17), (5.22) and (5.24)
imply Theorem 3.1. [

6. Extensions and generalizations

Theorem 3.1 gives the convergence rate to zero of the Kolmogorov distance between
the rescaled solutions and the multivariate Gaussian law only for o € (0,1/2). On the
other hand, it follows from Theorems 2.1 and 2.2 (see also Albeverio et al., 1994;
Surgailis and Woyczynski, 1994a,b; Leonenko et al., 1994, 1995a) that the asymptotic
normality of the rescaled solutions of the Burgers’ equation is obtained for all o € (0,7)
(see, Condition A). As it turns out, our method is also applicable in the broader interval
o€ (0,n) but at the price of slower convergence rates.

Theorem 6.1. Let u(t,x), (t,x)€(0,00) x R", n=1, be a solution of the initial-value
problem (2.1)—(2.2) with random initial data satisfying Condition A, and let N be an
n-dimensional Gaussian vector with zero mean and unit covariance matrix. Then, there
exists a p €(0,3) such that

toc/2fpot 173 ZL1/2+z>c/4 23 173
li ———| H| ———=—Tult t), N ) <32 , 6.1
i [L(r'/z—ﬂ)] (Ll/wi) v > s D
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where vy is defined by Eq. (3.15),

vy = v3(n, o) = 2¢3 ()21 2 O5(n, i, )

and
CFi4-DE
Os(m o) = I = = (6.2)
with Ay and B defined by Egs. (3.5) and (3.6), and
Fi=Qu)~'" */2/ i ¢"(Z)¢”(:V)dzdw, O<oa<n, i=1,2, (6.3)
n R)Y

and w=(wi,...,w,), z=(z1,...,2,) € R".

Proof. We follow the scheme of the proof of Theorem 3.1, including necessary mod-
ifications. In particular, we have Egs. (5.5), (5.6) and (5.9). Let us introduce the sets

Yi={we€ 4d(a,t), z € A(a,t);|w —z|\/2,ut<t1/2”’},
Yo ={w € A(a,t), z € A(a,1);|w — z|\/2ut > 1"/>7},

where p € (0, %) is fixed.
We note that, for all k=2,

2 1 ~2 1~2
Ve OV, i (O <590,,(0),
where, for k=1,2,...,
5 2uk! k
Y ()= E wizj (W) pa(z) B*(|w — z|\/2ut) dw dz
Ma,t) J Aa,t)
and
~2 2,uk r
Vi () =—— » )|w,zj|q'>,,(w)gb,,(z)B (|lw — z|\/2ut) dwdz.
Aa,t) J A(a,t

Hence,

~ 2
B O0=2 ([ [+ ] [ ) mzlbsonn@ 8w =212 aw
— Ui(1) + Un(0).

On the set Y, we have B?(.)<1, and on the set 1>,

B*(Jw — z[\/2ut) <B(t"*7")B(|w — z|\/2ut),
such that

L(V1)

L)< 5n (l+a/2

Bt FTPYF (1), (6.4)
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where
L 2t
F0= " [ [ st s i'L{fT))d & O<a<n
(6.5)
Note, that
2w~ lim Fy (1) =Fi;=@u) '~ “/2/ / Iwz1|¢n(W)¢n(z)| B dwdz

for O<oa<n, and Fi1()#Fi2(t), Fiu(t)=Fi(t), i=2,....n, Fi(t)=F;;(1),

Lj=1,...,ni#]j.
In view of Eq. (6.3), it is also clear that

Fi=F,i=1,...,n, Fro=F;; i,j=1,...,ni#j, Fi1#F,.
For Ui(t), we have the estimate
Ui(t)<cre g 12=0) >0, (6.6)
so that, for 0 <a<n, instead of Eq. (5.11), we obtain

q = trE[4, ;S [A. TS,
c?

< B ( = Z X ) Os..(n, g, %) + o(B(t'*77)),

1 k=2
where

Fia(0) + (n — 1F15(2) b 1)F1,1(f)+F1,2(f)
A1 (2) + (n = D)Bi(1) Ay(t) + Bi(1)

Fy,1(t) and F) »(¢) are defined by Eq. (6.5). It is clear that

Q3,t(ns i, OC) = (2'u)—2 |:

Jim Qs (n, 1, ) = Os(n, 1, ),

where Qs(n, u,0) is defined by Eq. (6.1). Now, instead of Eq. (5.12), Lemma 4.5
implies that, for 0 <o <n,

P(A,TS, ¢ I[—edh, sah])

S 2152 [ B(:'*~ p)(z EE 3(#)Q3,z(n,ll,ot)+o(B(t1/2”))]. (6.7)

Hence,

P (Y, ¢ [[—¢h, ¢h])

églz {B(zl/z—ﬂ) c3(u)0s,(n, o) + (1 — 5)_2Rt:|

(2u)*?
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with
R, =o(B(1'*77)) (6.8)

and from Eq. (5.18) we have
P(|U — 1|>¢)< Rt, Ry =o(B(1'*77)). (6.9)

To apply Lemma 4.4 to Eq. (5.5) in the case 0 <o <n, and utilizing Egs. (6.7)—(6.9),
we obtain, instead of Eq. (5.24), the following estimate: for any ¢>0,

/204
%( Tu(t,a\/t), N)

L‘/Z(\f D)
3(1)Qs./(n. . )

_ 1/2—p 1/2—p n
<vie+ SZB(t ) [ 2(2)" + o(B(¢ D]+ €. (6.10)

In order to minimize the right-hand side of Eq. (6.10), set

e :Bl/3(tl/27p)vl—1/3(2'[1)71/6572(203(#)QSJ(”, L, O())I/S.

Thus, we derive the following inequality:

1/2+0€/4 L1/3(t1/2 p) 3 B

where

2e3(p)

V3(t):W

Os.(n, o) —v3, t— o00.
Theorem 6.1 follows directly from the last relationship. L[]

Remark 6.1. All the results of this paper can be extended, without much additional
effort, to the more general parabolic limit (see, e.g., Albeverio et al., 1994; Surgailis
and Woyczynski, 1994a,b)

ﬂlim MByu(tp,x\/B), >0, xeR",

where M(f) is an appropriate normalizing matrix-valued function. For ¢ =1, this limit
reduces to the limit considered in this paper, and we deliberately considered only the
simpler case to make our presentation more readable.

The proposed method is also applicable in the case of non-Gaussian limit distribu-
tions (see, Albeverio et al., 1994; Surgailis and Woyczynski, 1994a, 1994b; Leonenko
and Orsingher, 1995; Leonenko et al., 1994, and others), but additional modifications
are needed (see, Remark 4.1). We will return to that problem in another paper.
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