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Abstract

Let Z;, be a one-dimensional symmetric stable process of order o with « € (0,2) and consider
the stochastic differential equation

dX, = ¢(X,—) dZ.

For f < (1/a) A 1, we show there exists a function ¢ that is bounded above and below by
positive constants and which is Holder continuous of order f§ but for which pathwise uniqueness
of the stochastic differential equation does not hold. This result is sharp.
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1. Introduction

Let Z; be a one-dimensional symmetric stable process of order o with o €(0,2). In
this paper, we are concerned with whether or not pathwise uniqueness holds for the
stochastic differential equation

dX, = p(X,-) dZ,. (1.1)

* Research partially supported by NSF Grants DMS-9988496 and DMS-0071486.
* Corresponding author. Tel.: +1-86-04-863-939; fax: +1-86-04-864-238.
E-mail addresses: bass@math.uconn.edu (R.F. Bass), burdzy@math.washington.edu (K. Burdzy),
zchen@math.washington.edu (Z.-Q. Chen).

0304-4149/$ - see front matter (© 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.spa.2004.01.010


mailto:bass@math.uconn.edu
mailto:burdzy@math.washington.edu
mailto:zchen@math.washington.edu

2 R.F. Bass et al.|Stochastic Processes and their Applications 111 (2004) 1-15

In integrated form this can be written as
t
X=X+ [ guro)dz. (12)
0

For details concerning the stochastic calculus of processes with jumps, see Meyer
(1976).

It is relatively straightforward, using Picard iteration, to show that if ¢ is Lipschitz,
then the solution to (1.1) exists and is pathwise unique. If o > 1, it was shown in Bass
(2003) that if ¢ is bounded, has modulus of continuity p, and p satisfies

1
dx = 1.3
/o+p(x)°‘ X = oo (13)

then (1.1) admits a strong solution and the solution is pathwise unique. As an example,
if ¢ is Holder continuous of order 1/u, then (1.3) holds. Condition (1.3) is the exact
analogue of the Yamada—Watanabe condition for stochastic differential equations driven
by a Brownian motion. See also Komatsu (1982, Theorem 1).

Just as in the Brownian case, one can show that condition (1.3) is sharp. That is,
if the integral is finite, one can find a continuous function ¢ having p as its modulus
of continuity for which pathwise uniqueness for (1.1) does not hold; see Bass (2003).
However, just as in the Brownian case, the examples in Bass (2003) showing sharpness
are a bit unsatisfying: ¢ degenerates to 0 and not only does pathwise uniqueness fail,
but one does not have uniqueness in law either. In Barlow (1982), for each f < %,
Barlow constructed examples of nondegenerate (i.e., bounded away from 0 and infinity)
functions ¢ that were Holder continuous of order f3, but for which pathwise uniqueness
did not hold for the equation

dX, = ¢(X,)dB,,

driven by a one-dimensional Brownian motion B;.
Our main result in this paper is the extension of Barlow’s theorem to the stable
case. We prove:

Theorem 1.1. Let oy = (1/o0) A 1. If B < g, there exists ¢ that is bounded above
and bounded below by strictly positive finite constants and such that ¢ is Hdélder
continuous of order 3, but for which two distinct solutions to (1.2) exist.

We see from (1.3) that the result in Theorem 1.1 is sharp as far as Holder exponents
go.

See Barlow (1982) for definitions of weak, strict, and strong solutions of SDEs,
weak uniqueness and pathwise uniqueness, and for information about the implications
between the existence of weak solutions, strong solutions, weak uniqueness and path-
wise uniqueness. We just mention here that weak uniqueness and the existence of a
strong solution imply pathwise uniqueness. It is well known that when ¢ is bounded
between two strictly positive constants, a weak solution to (1.2) exists and its law is
unique (cf. Proposition 3.3 of Bass (2003)). So Theorem 1.1 implies that no strong
solution to (1.2) exists for the ¢ in Theorem 1.1. We do not pursue this here and refer
the reader to Bass (2003) for further information.
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In Section 3 of Bass (2003) it is asserted that if « < 1, there is pathwise uniqueness
for (1.2) if ¢ is bounded above and below by positive constants and ¢ is continuous.
There is an error in the proof of Proposition 3.2 there—the argument that the strong
solution constructed there is adapted is faulty. In fact, in view of Theorem 1.1 of the
present paper, ¢ being bounded between two positive constants and only continuous
is not sufficient for pathwise uniqueness.

A recent paper by Williams (2001) is also concerned with pathwise solutions for
SDEs driven by Lévy processes. The paper (Williams, 2001), however, involves the
Stratonovich stochastic integral rather than the Ito integral considered here. The reader
might notice that our Theorem 1.1 seems to contradict Theorem 3 of Komatsu (1982).
We were unable to follow the last line of the proof of Theorem 3 of Komatsu (1982),
which appeals to a technique of Nakao (1972). It seems to us that the Lemma of
Nakao (1972), which has the hypothesis that the processes have continuous paths, uses
this hypothesis in an essential way. For example, if we let M be the difference of two
independent Poisson processes of rate one and let =M, then (7) of Komatsu (1982)
is satisfied, but M is not identically zero.

Our method owes a great deal to Barlow’s paper (Barlow, 1982), but because we
are working with jump processes, there are also significant differences. We give a brief
outline of our proof.

For ¢ > 0, we let X,(¢), Y;(¢), Z(¢),Z/(¢) be processes such that Z(¢) and Z'(¢) are
independent symmetric stable processes of order o and

dX,(e) = ¢(Xi—(e)) dZ(e),  Xo(e) = xo,

dY,(e) = [p(Xi—(e) + Yi—(e)) — d(Xi—(e))1dZ(e) + edZ/(e), Yo(e) =0.
(1.4)

Suppose we can show that as ¢ | 0, the joint law of (X,(¢), Y;(¢),Z(¢),Z/(¢)) has a
weak limit (X;,Y;,Z;,Z/), where Y, is not identically zero. Then

t
Xz:X0+/ $(X,_)dz,
0

Y, = /0 [, + Y, ) — $(X, )]dZ,
and so
X+ Y, =Xxo +/ ¢(Xv— + Ys—)dzs
0

Hence X; and X;+Y; are distinct solutions to (1.1) and we have pathwise nonuniqueness.
Let Tf = inf{¢:|Y,(¢)| > b}. The main goal is to show that for some b <} the

quantity E77 is bounded uniformly in &. Once we have that, we can argue as in the

first part of Barlow’s paper (Barlow, 1982) to show that Y,(¢) has a nonzero limit.
For notational convenience we will omit the ¢ from Y,(¢) and 7. Let L=[27K 271

and I; =[27*~1,27¥2]. Roughly speaking, for some b < 3, the strong Markov property
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tells us that the amount of time Y; spends in (0,5) up to time 7} is bounded by

Z [expected number of crossings by Y; from [; to (Z})° before T3]
k

X [maximum expected time to exit /;” from I;].

(See Section 5 for details.)

The proof is now reduced to finding estimates for the terms in the last sum. Assuming
this is done, we can obtain a similar estimate for the time spent in (—b,0), then we
argue that no time is spent at 0, and thus we obtain a uniform bound on E7,. We will
now give a few more details of this strategy.

To estimate the expected number of crossings from i to (/) by Y;, we observe
that Y, is a time change of a symmetric stable process, so this is the same as the
expected number of crossings from I; to (/;)° by a symmetric stable process before
time 7,. We estimate this using a bound for the Green function of a symmetric stable
process on an interval.

The expected time for a symmetric stable process Z; to exit /;° starting from a point
in 7, is of order (27%)*, by scaling. For a constant 4, the expected length of time for
hZ; to exit I starting from I; is the same as the expected length of time for Z; to
leave (1/h)I} starting from (1/h)I;, which is of order (27%/h)*. For h we want to take
h=|¢(x + y) — ¢(x)|, because

dY; = [¢pXi— + Y1) — $(X;-)] dZ,.

To complete the argument, we would like to apply the above estimates with large 4,
but we cannot construct ¢ so that |p(x + y) — ¢(x)| is large for all x and y. We can,
however, construct it so this expression is large enough for many x’s, and that turns
out to be good enough.

In Section 2 we construct ¢, while in Section 3 we estimate the number of crossings
from the set /; to the complement of /;°. Section 4 is where the estimate on the expected
time for Y, to leave an interval is given, and all the parts of the proof are put together
in Section 5.

We use the letter ¢ with subscripts to denote strictly positive finite constants whose
exact value is unimportant. For a process V; that is right continuous with left limits,
we denote the left limit at # by ¥,_ and the jump at time ¢ by AV;.

2. Constructing ¢

_ Fix any y€(0,1). Let Y be the piecewise linear function on [0, 1] such that Y(0)=
Y(1)=0 and y (3) =1; that is,
- 2x, 0<x<j,
P) = 1
2-2x, ;<x<1L
Define o : R — [0, 1] by to(x) = Y(x — [x]), where [x] is the integer part of x. Note
that v is periodic with period 1 and agrees with { on [0,1].
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Set

Yn(x) = o(2"x) and  Px) =1+ 27" (x).

n=0

Note that the function ¢ is bounded and bounded away from 0 because ¥,(x) = 0 and
Yot 27 < o0

The family of functions which are Holder continuous with exponent # will be denoted
C". We will first show that ¢ ¢ C'* for any ¢ > 0. We have

¢y = (0) = 27" [P, (27" ) — Yn(0)] =27 2.1
Then

|¢(2_n_]) B (Z)(O)‘ > 27+£+n£
(2—n—1yr+e = >

which will surpass any positive constant if » is large enough.
Proposition 2.1. If 0 < { <7, then ¢ € C.
Proof. Since > 7, 277" is summable, ¢ is bounded. It is easy to see that

W (x) — W)/ Ix — »|°

cannot surpass the maximum value of ,(z)/z* for z€ (0,27"~']. Since Y/(z) equals
2"+ for such z,

‘//n(f) — gl =0 < o+
6

z
Therefore,
() = ()] < 20w —
and then
p(r) — d() < D 2720w — yI° <oy v -y,
n=0

since y > (. O

Let |4| denote the Lebesgue measure of a Borel set 4 in R. Let I; =[27%~1,27k+2]
and

A (0) = {x:|p(x + y) — p(x)| > 0275 for all ycI;}.

Proposition 2.2. There are positive constants ko, 0,L, and 6 such that if J is an
interval of length larger than L2, then |J N A (0)| = 6|J| for all k = k.



6 R.F. Bass et al.|Stochastic Processes and their Applications 111 (2004) 1-15

Proof. Let k >5, r=2"% n=4k — 5, and Jo a positive integer to be fixed later on.
Since v, has slope 2"*! on [0,27"!], we have for y € and 0 < x < /16

27 (x4 ) — 27 M (x) = 27720y > 2T R = oy (2.2)
where ¢; =277 If 0 < j < n, the slope of ; is positive on [0,27"], so
Vx4 ) = U6 > 0 (23)

if 0 <x<r/16 and y €. Next we see that
2—1ntjo)  2=7(o—=5)

i 27| < i e T

I=n+jo I=n+jo

Provided jj is chosen large enough,

o0

> 27| < e /A (2.4)

I=n+jo
The derivative of ; is bounded by 241 5o if yel,
277 + ) = 27 )] < 277y
< U3 = D I=) 3y —k(1=7)y7, (2.5)
So if jy is chosen to be sufficiently large and n > jj,

m ! 2(n—jo—1)(1=7)+3

S Rt ) - 2 )] < S 2k
=1
< /4. (2.6)

If 0 <& < and 0 <x < er, then since [i)j| is bounded by 2/,
n+jo—1

> 27

I=n+1

n+jo—1

< Z HI1=7)H1

I=n+1

2(n+jo)(1=7)+1 _ o(n+1)(1=y)+1
= X

27— 1

< (21—”/ _ 1)—18271(1—"/)21'0(1—”/)Jrlr“/rl—”y'

< 020017, (2.7)
Choose jj so that (2.4) and (2.6) hold, and then choose ¢ < 1'—6 small so that (2.7)
implies
n+jo—1

> 27"x)

I=n+1
Since 277"y (x + y) = 0 for all /, combining (2.4) and (2.8),

< cir'/4. (2.8)

oo

3R+ y) - 2] = — a2 (2.9)

I=n+1
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if x€(0,er] and y €. Let

o0

)= > 277(x).

I=n—jo
We obtain from (2.2), (2.3) and (2.9),

PO+ y) = d(x) = 1’2 (2.10)
if x€(0,er] and y€l}.
The function ¢ is periodic with period 2~"~/0), So if J is an interval of length at
least 2="=/0)*1 then

HxeJ:(x+ y) — ¢(x) = c1r7/2 for all ye I} = 27773, (2.11)
Using (2.6), if |J| = 2=("=/0+1 then

HxeJ:p(x + y) — ¢p(x) = c1r7/4 for all yeI}}| = e27075|J|.
This implies the proposition with ko= jo +6, 0 =c;/4, L=2/%% and 6 =205, [

3. Expected number of crossings

On a filtered probability space (Q, % ,{%}:>0,P), a real-valued stochastic process
X; is said to be an {Z,}-adapted one-dimensional symmetric stable process of order
o€ (0,2) if for every A€ R, t >0 and s > 0,

[E[eu()ms—xsqfs] _ e—t|i|“.

In other words, for every s > 0, process ¢ — X, — X, is independent of %, and is a
symmetric o-stable process starting from the origin.

In this section, ¢ is a continuous function on R that is bounded between two strictly
positive constants.

Proposition 3.1. For each ¢ > 0, xq, yo € R, there exists a filtered probability space
(Q, 7 . {F }1=0,P) with processes X;,Y,,Z;,Z], such that Z, and Z] are independent
one-dimensional {7, }-adapted symmetric stable processes of order a,

ot
X =x0+ / P(X,_)dZ, G.1)
0
and

Y=o+ / [$Xee + Y,)— $(Xe)]dZ, + eZ,. (3.2)
0

Proof. Using the substitution K; = X; + Y;, it is easy to see that the Egs. (3.1)—(3.2)
are equivalent to the following two equations:

t
Xt=x0+/ P(X, ) dZ,
o (3.3)
Ki=xo+ o+ / $(K,_)dZ, + 2.
0
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The idea of the proof of weak existence for (3.3)—(3.4) is standard; cf. Bass (1988),
Section 3. We take smooth ¢, which converge uniformly to ¢ on compact intervals
and find (unique) solutions to

dX) = ¢u(X)dZ,,  X§ =,
~ ~/
dK]' = ¢u(K! ) dZ, +edZ,,  K{=x0+ yo,

where Z, and Z~; are independent one-dimensional symmetric o-stable processes. It is
routine to show tightness and also routine to show that a weak subsequential limit
(X,K,,Z,Z') of (Xt”,Kt”,Z, ZN/) satisfies (3.3)—(3.4), where Z, 7' are independent sym-
metric a-stable processes. Then if we take Y, =K; —X,, we see that (X;, Y;,Z,Z") solves
3.1)-3.2). O

Proposition 3.2. Let (X,;,Y;) be a weak solution of (3.1)—(3.2). Define
t
A= [ 90 +70) = Ot + ey as
0

and o, =1inf{s = 0:4; >t} for t = 0. Then W, =Y, is a symmetric a-stable process
starting from yy.

Proof. The proof is a straightforward modification of arguments used in Proposition
3.1 and Theorem 3.1 of Rosinski and Woyczynski (1986). [
Recall that
Ik _ [2—k’2—k+l], [];k _ [2—k—l,2—k+2].
Let RY =inf{t:Y, € I},
S/ =inf{t >R :Y, ¢ I} and R!,=inf{t>S':v,en} fori>1.
Let
Nl (1) =sup{j: R} <1},
the number of crossings from i to (/;)°. Let 7} =inf{¢:|Y,| > b}. Recall that W, =Y,

and define R, S/, N}, and T}”" analogously, but in terms of W instead of Y.

Proposition 3.3. For b > 0, there exists ¢; = ci(b) > 0 such that
e 2Fe=D g > 1,

EN"(T)) < { cik, a=1, (3.4)

ci, a< 1.

Proof. We drop the superscripts /' from the notation. Let 7; be the first exit from /;/
by W,. Since W, €I when R; <t < §;, by the strong Markov property,
T/y oo
[E/ 1-(Wy)ds > Z E(S; ATy — R A T})
0 i=1
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=Y EE"® SR < T)]

i=1

> [E(Ni(Tp) — 1] {ig [E"rk} : (3.5)

Let Uy =inf {¢:|W,—Wy| = 27%73}, the time for W, to move a distance at least 27+73.
If x €I, E'ty > E*U; = E°U;. By scaling,

EU = c2Q7* YUy = 327
Combining with (3.6) we have

T,
ENk(Tp) <1 +C32k“[E/ 1+ (W) ds. (3.6)
0

Suppose « > 1. The Green function for W, killed on exiting [ — b, b] is bounded (see
Corollary 4 of Blumenthal et al., 1961), so

Ty
[E/ L (W) ds < calI] < es27*,
0

If o =1, the Green function is bounded by c¢glog(1/|x|) (again see Blumenthal et al.,
1961), and then

Ty
E/ 1= (Wy)ds <c6/ log(1/]x|) dx
0 I

szﬂ

= 06/ log(1/|x])dx < c7k27%.
z—k—l

Finally, if o < 1, the Green function is bounded by cg|x|*~!; see Blumenthal et al.

(1961). In this case

Ty
[E/ 1= (Ws)ds < 09/ e[ T dx < ¢1027 %
0 Iy

If we substitute the appropriate estimate for E fOT” 1;-(Ws)ds into (3.7), we obtain the
proposition. [
Corollary 3.4. For b > 0, there exists ¢y = c1(b) > 0 such that
20D g >,
ENI(T)) << ek, a=1, (3.7)
cl, o< 1.

Proof. This follows from Proposition 3.3 and the fact that ¥ is a nondegenerate time
change of W (see Proposition 3.2). [
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4. Expected time to leave an interval

Let (X;,Y;) be a weak solution of (3.1)—(3.2). We want an estimate on [Et;, where
1 =inf{t: ¥, ¢ I/} (note that here 7 is defined in terms of ¥;). Let op= é A1, choose
any f§ < o, and then fix any y € (f, ). Construct ¢ as in Section 2, and let ko, 0, L,
and 0 be as in the statement of Proposition 2.2.

Fix k > ky. For simplicity write » for 27% and set #y = »*!~7). Recall the definition
of A4;(0) from Section 2. Let

Ci=)_ lgazi=s0 -1 reanoy- (4.1)

s<t

Lemma 4.1. There is a constant ¢, > 0, independent of k > ko and such that EC,, > c.

Proof. Recall that the symmetric a-stable process Z has Lévy kernel c(«)/|z|'™* for
some c(o) > 0; see (Bertoin, 1996, p. 13). The process

V=) laz >80 1) (42)

s<t
is a Poisson process with parameter c(o)a='(80 ~'#'=7)~* (cf. Bertoin, 1996). Since
Z, is an {Z,}-adapted symmetric a-stable process, it follows that M, = V; — c(o)o™!
(80 ~'r'=7)%¢ is a purely discontinuous square integrable martingale with respect to
{Z,} (note that this filtration is larger than the natural filtration generated by M,).

Hence the stochastic integral fot La.0)(Xs—)dM; is also a square integrable martingale
with respect to {;}. It follows that

t
EC, = E / Loy (X ) dV;
0
t
=cF / Ly oy (X r 1% ds
0

t
= MITNE / Ly, 0y(X) ds. (4.3)
0

In the last equality we used the fact that X;_ = X| for all but countably many s’s.

Since X; = x¢ + jol ¢(Xy—)dZs and ¢ is bounded between two positive numbers, by
Theorem 3.1 of Rosinski and Woyczynski (1986), W, = X, is a symmetric a-stable
process starting from xq, where

o, = inf {s =>0: / (X, ) du > t}.
0

Note that do,/d¢ is bounded between two positive constants since ¢ is. Therefore, for
some ¢3 and ¢y,

do;

—dt
dt

1ty U_l(tO)
E / LX) ds = E / Luo (W)
0 0
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caty
> c;[E/ L, o)W ) dt
0

~Caly
> o;F / Loy (W) dr, (4.4)

calo/2

where we used the change of variables s=a, in the first line. If p,(x, y) is the transition
density for a symmetric stable process of order «, then there exists (see Proposition
3.1 of Kolokoltsov, 2000) ¢5 > 0 such that

ps(xn,y) = sty 1" for s € [eato/2,caty]  and |y — x| €[ — Ley* L)), (4.5)

Let J = [xo — Lt)*,xo + Lt)"]. Putting (4.4) and (4.5) together and using Proposition
22,

to
[E/ Lioy(Xs) ds = csty ™" 14,(0) N J |
0

> ety VMol = 2¢515 oL
= cgly.
Therefore, using (4.3),
EC, = ¢ tor~ =% = ¢y, O

Proposition 4.2. There exists ¢ = 0 not depending on xq, yo € R, k = ko and ¢ € (0,1)
such that P(Cy,y = 1) = cy.

Proof. With V; defined as in (4.2), we have C; <V}, and as V; is a Poisson process
with parameter cor= (177,

IEV,[? = (cator ™™ TN 4 eater™™ 1) =3 ey = c5.
By Lemma 4.1,
¢4 < [Ecto = [E[Cto;cto = 1] < [E[Vt[);ctg = 1]
2
< (EV)(P(C, = 1) = o (P(C,, = 1)
Rearranging yields the result. [

Recall that k > ko and 7, = inf{¢:Y, & I['}.

Proposition 4.3. There exists ¢ = 0, not depending on k and ¢ €(0,1), such that for
every starting point (xo, yo) for (X,,Y,) in (3.1)~(3.2), Erx < er(27%)' =7

Proof. Let Uy =inf{¢ > s:C, > 1}. Then
P(Uy > mty) < P(Ugn—1ys, > mto, Uy > (m — 1)ito)

= [E[P(U(mfl)to > ml‘o|3;(m,1),0 ); Uy > (m — 1)t0]. (46)
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The conditional law of (Xiy(n—1)i> Yieim—1)) given Fgu_1y, solves an SDE of the
same form as (3.1) and (3.2); cf. Bass (1988), proof of Proposition 3.2. This and
Proposition 4.2 give

P(Conty — Com—1yio = T m—1y,) = 2. 4.7)
Inequality (4.7) implies

P(Uin—1yi, > mto|Fm—1y,) <1 —ca.
Substituting this in (4.6),

P(Uy > mtg) < (1 — c2)P(Up > (m — 1)ito).
Using induction, P(Uy > mty) < (1 — ¢2)™, and from this it follows that

EUy < 3ty = ca(27F)" =0, (4.8)

Recall that the probability that Z and Z’ jump at the same time is 0. At time Uj
the process C has a jump so AZy, > 80 ~'#177 and Xy,_ € 4;(0). Had Y, not exited
I by that time, then ¢p(Xy,— + Yy,—) — $(Xy,—) > 0r" (by the definition of 4(0)),
and therefore ¥ would have had a jump of size at least (80 ~'»#!=7)(0r") = 8r. This
would have meant that Yy, ¢ /7. We have thus shown that 7, < Uy. This combined
with (4.7) completes the proof. [J

5. Pathwise nonuniqueness
It follows from Proposition 3.1 that for each i > 1, there exists a filtered probability

space (1), 7O, {7 PD) and processes X, ¥, Z",Z such that Z" and Z.”
are independent {7 5’)}-adapted symmetric stable processes of order o,

&WZMH:/¢@£5&$1 (5.1)
and ’

w”—/%wﬁ9+wb¢aﬁnﬂw+izﬂ (52)

0
Let 7} =inf{z: Y| > b} and define NkYm(t) analogously to N/ (¢) in Section 3.

Proposition 5.1. Let ky be as in Proposition 2.2 and b=2"%_ If k > ko, then

E/nma@nh<q@kf“”mf%nx (53)
where ¢ Ois independent of k.

Proof. We drop the (i)’s from the notation. Suppose R is any finite stopping time.
The conditional law of (X, Y,) given Z is again a solution to

dX, = p(X,—)dZ,,

4, = (B0 + %)~ $04 1 dZ + 47, (5.4)
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starting from (X%, Yz). So the argument of Section 4 shows that the expected amount of
time for Y; to leave [ after time R is again bounded by c2(27F)*1=7) (see Proposition
4.3). Let R; =R}, S; =S/ be defined as in Section 3. Then

o0

Ty
[E/ 1, (Y)ds <> E(S; ATy — R; ATy)
0 X
Jj=1

= Y E[E(S; ATy — Ry ATy Fpar )i R < T
1

j=

o0

<Y @)Y VEI R <,
=1

_ Cz(z—k)l(l—”/)[EZ 1(R/<T;,)
=1
=@ YUTN(T,). O

Recall that oy = (1/a) A1, B <o, yE€(B, %), and b =275, where ky is given in
Proposition 2.2.

Theorem 5.2. There exists ¢ such that [ET,i <c foraliz>=1.

Proof. By Proposition 5.1,

e} Ti

i ‘ i 4
[E/ Losn(YPyds <> [E/ 1, (YD) ds
0 k=1 Y0

o0
<3 ety RN (1)), (5.5)
k=1

If o > 1, then by Corollary 3.4, the right-hand side is bounded by

Z 02(2—/( )0((]—“,')63(2—/()1—0(.
k=1

As o(l —yp)+ (1 —a)=1—oay > 0, this is summable, and we have

Ty ]
E [ tanrds <
0

If o < 1, then by Corollary 3.4 the right-hand side of (5.5) is bounded by

o0 oo
> e Y ek or Y (27 es.
k=1 k=1

In either case, as y < 1, we have a(1 —y) > 0, and both series are summable.
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The same arguments with only cosmetic changes imply that

T 4
[E/ L-p0(Y)ds <4
0

with ¢4 independent of i. Since the expected amount of time a symmetric stable process
of order « spends at 0 is 0 and Y,(’) is a nondegenerate time change of a symmetric
stable process, then Y\”) spends 0 time at 0. That is,

‘Té .
[E/ 110y (Y{?)ds =0.
0
Combining, we have our theorem. [

Proof Theorem 1.1. It is routine (Bass, 1988, Section 3) to see that the quadruples of
processes (X,(i), Y,(i),Z,(i),Zt(,i) ) are tight and any subsequential limit point (X;, ¥;,Z;,Z;)
under weak convergence will satisfy (3.1)—(3.2) with yp =0 and ¢ = 0 there. By
Theorem 5.2, [ETli < c¢;. We have that X, satisfies (1.2) and so does X; + ¥;. We have
for t; > 0,

P (sup Y| < b) < limsup P (sup Y| < b)

St s<t

i
< limsup P(7;, > #;) < lim sup t—b.
i i 1

If we set t; =2c, then the right side is less than %, which proves that with probability

at least %, we have sup, |Y;| = b. Therefore, our two solutions X; and X; + Y, are

not identically equal and pathwise uniqueness fails. [
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