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Abstract

Asymptotic expansions are derived as power series in a small coefficient entering a nonlinear multi-
plicative noise and a deterministic driving term in a nonlinear evolution equation. Detailed estimates on
remainders are provided.
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1. Introduction

A description of the evolution of dynamical systems of concern in disciplines like physics,
biology, chemistry, ecology, geology, engineerings, economics in terms of differential equations
is often appropriate. Sometimes it is natural to investigate to which extent an external small
perturbation (forcing) can change the deterministic evolution. This can be discussed in the sense
of asymptotic expansions in powers of a small parameter in front of the perturbation.

This problem has been studied in particular for the case where the perturbation is an addi-
tive noise of the Brownian or, more generally, Lévy type. In the case of evolution equations
in a Hilbert space with global Lipschitz coefficient and Brownian additive noise, see [49]. For
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stochastic partial differential equations, related to evolutions on a Hilbert resp. Banach space, the
problem has been discussed with non globally Lipschitz coefficients in a situation of dissipativity
in [3] for the case where the additive noise is given by Brownian motion, and in [15] for the case
of additive Lévy type noise. For related work determining the invariant measures in such cases,
see, [4] resp. [3,5,6], (see also [50] for the special case of globally Lipschitz coefficients and
additive Gaussian white noise).

In the present work we consider the finite dimensional case with multiplicative noise of Gaus-
sian or Lévy type. Even for this relatively simple case to the best of our knowledge rigorous
mathematical results seem quite scarce, despite the conceptual importance of the perturbation
problem in relation, e.g., to classical mechanics. Rigorous “perturbation theory” is either limited
to (general) linear systems and associated semi groups in Hilbert spaces, where a rich mathe-
matical theory has been developed, particularly in connection with spectral problems in quantum
theory (see, e.g., [35,45,51,56]), or else to particular nonlinear cases (see, e.g., [32,34,42,57]).
For further motivations, mainly from physics,biology, engineerings and mathematical finance,
see, e.g., [37,47,62].

A classical area where asymptotic perturbation methods originally arise is classical celestial
mechanics (since the work by, e.g., S. Laplace, S. Poisson, C.F. Gauss, H. Poincaré). Here
nonlinear and singularity effects are essential and particular methods have been developed, see,
e.g., [25,27]. These are also related to perturbation theory around the solutions of the classical
motion of harmonic oscillators, see, e.g., [28,29,57]. The stochastic case of Hamiltonian systems
is studied in [11,10,63,64].

Perturbation theory in infinite dimensional systems has been studied in connection with
hydrodynamics(small viscosity expansions, see, e.g. [7], small time expansions [32]), quantum
field theory [8,9,12,35,42,40,41,60], neurobiological systems [2,3,15,53,61].

Let us also briefly mention connections with Laplace and stationary phase methods, see,
e.g. [1,12,13,17,20,30,61].

The present paper considers deterministic, resp. stochastic finite dimensional differential
equations, which are first order in time, and have smooth coefficients satisfying growth restric-
tions. The driving multiplicative forcing term resp. noise is of the general Lévy type. An asymp-
totic expansion in powers of a small parameter on which the diffusion coefficient depends is
exhibited with good detailed control on remainders.

Some possible applications are mentioned at the end.

The structure of this paper is as follows:

In Section 2 we present the concrete small noise expansion (once it is assumed to exist) of
the original stochastic differential equation, in terms of solutions of linear random differential
equations, assuming that solutions exist and are unique.

In Section 3 we discuss existence and uniqueness of solutions of the original SDE. In Section 4
we discuss the solutions of the random equations for the expansion coefficients.

In Section 5 we prove the asymptotic character of the expansion. Section 6 is reserved to some
comments on applications.

2. Small noise expansion of an evolution equation

We consider the evolution equation:

t t
u(r) =M(0)+/0 /5‘(14(5))ds+/0 ¢ (u(s)) n(ds)

u©0) = u®, u®) e RY, 1 €0, 00), ¢ > 0.

ey
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B():RY — R4 d e N, 0,() : RY — R4*4 are measurable functions resp. d x d matrix
functions satisfying some additional assumptions (e.g., globally Lipschitz conditions).

n can be a signed bounded variation measure (in which case the integral is understood as a
Stieltjes integral) or the heuristic derivative of a Lévy process in R? (in which case the integral
should be interpreted as a stochastic integral). For simplicity of notations we use the unified
notation n(ds), e.g., n(ds) = dB(s), if B is a Brownian motion. Moreover if n has a jump
component u(s) in (1) should be understood as u(s~). We hope the meaning is always clear
from the context in which we operate. See Section 3 for precise assumptions.

Our purpose is to show that under certain assumptions on B, o,, 1 the solution u = u, of the
evolution equation (1), assumed to exist, can be written as:

ug(t) = uo(t) + eur() + -+ &"um(t) + Ru(t, &), 2

with u; : [0, 00) —> R? measurable and ||R,, (¢, €)|| < Ci ()™, forallm e Nand e > 0
sufficiently small, for some C,,(f) > 0 independent of . Here ||| denotes the norm in R¥, for
any k € N.

To obtain the desired expansion we shall assume that there are Taylor expansions of B(x) and
0¢(x) in their variable x € R? and, moreover, & —> o (x) is CM+1 M e N, for every fixed
x e R4,

Let us first introduce some useful notations:

Foroa = (ay,...,ag) € Ng (withNg ={0JUN, N={1,2,...}),and x = (x1,...,xq) €
RY, we define:

e The length of @ by |o| =1 + a2 + -+ - + g
o ol :=aqlag!---ay!
1,02

o x% = x]"x)% - xye.

The derivative of a function f of order || € Ny is defined by:

alal ¢

LIPS oy
8x1 8x2 -~-3xd

f@=p"f= Df =t 3)

We have the following lemma:

Lemma 2.1. Let f be a complex-valued function in CPTL(B(xp, 1), r > 0, x9 € Rd,for some
p € Ny, n € N, where B(xo, r) is the open ball in RY of center xo and radius r.

Then for any x € B(xg, r) we have Taylor’s expansion formula:

DC{
o= 3 T Ry (10 00, ). @

le|<p

with D f (xo) the evaluation of D* f at x = xo and R, (fP*V(xo, x)) = Dlal=pt1 & =
x0)* D* f (xo + © (x — x0)), with t € (0, 1). Alternatively

(x — x0)*

1
R, (f(p+l)(x0,x) = (/0 (1—s)pDo‘f(x0+s(x—xo))ds).

!
ol=p+1 P
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Moreover, setting for |a| = p + 1:

Cp(xo,x) = ﬁ <f01(1 — )P D% f (xo + s(x — xp)) ||ds>, we have the bound

1Ry (£ 0. 0)) | < Cplxo, ) x = xoll 7+, 3)
with [ Cp (x0, 1)l < 557 sUPseo,17 1D f(xo +5(x = x0))Il-

Proof. This is an easy consequence of, e.g. [38]. O

Using the previous lemma, we have the following:

Proposition 2.2. Let u(s) be a CN*t! function of 0 < & < &g for some N € Ny, with values in
R9. Then

u(e) = uo +euy +&%uz + -+ eNuy + R (e), (6)

with u; € RY independent of e, and IRy &) < Cy eVt with 0 < Cy =< é;{, =
Nli-l SUPse 10,17 SUPse [0,e0] DN+ u(s e)|l, where CN is independent of €. Moreover for any
f e CPTYRY), with p € Ny, we have:

DOl
flue) = J; ( D (o) — o)+ R (£ (o, ue)

le|<p

-y 2L Daf(“‘)) <Zsu + RY (e)) + RO (17 o, we) . D)

lel<p
with RS® (£ (u, u(e))) defined as R, in (4) with f(x) replaced by f (u(e)).
On Rz(g) (f(p“) (uo, u(s))) we have the bound:

> ujel + RiCe)

j=1

p » p+l
P Cpuo, u(e)) (Z lujll & + CY el ) .®

R;(s) (f(P+1) (uo, u(s)))

IA

ePt Cp(uo, u(e))

IA

and

0 < Cp(uo, u(e))

<

sup  sup  sup
PH 1 5c(01] jal=p+1 e€[0,]

P
D* f <u0+s (Z ujel +RZ(8))>H, ©))

Jj=1
Cu = Cu with Cu = p+1 SUPse 0,11 SUPse [0,¢0] IDPHY f(u(se))].

Proof. This is immediate from Lemma 2.1, with x € R? replaced by u(e) € R and xq replaced

by ug € R?, and denoting the remainder R pin (4) by RZ(S), to recall that it refers to the function
f(u(e)) instead of f(x), and using (6). [
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Remark 2.3. We point out that the remainder R}, (¢) in (6), referring to the asymptotic expansion

of u(e) as a function of ¢, should not be confused with the remainder R,",(S) (FPD (ug, u(e)))
in (7), for p = N (which refers to the function f(u(¢))).

Now for any N € Ny we have, by the definition of x* given before and the binomial formula
for the powers of the components y; of the vector y = Y1, &lu; + RY% () in R? on the left hand

side of (10), to be taken to the multi power «, i.e. y* = I—[?=1 yf”:

N o
Zslul + Ry (e)
=1
d
_ l—[ Z o;! QT2 ek Nay i 0L 02
= — ) 1,0 72,i

.. .
l=1 O‘l,i _____ aN+l,i:O al,l' aN+1,l'
o ttaN g =0
N, i u AN+1,i
(R (@)™ ], (10)
uji,i=1,...,disthe ith component of the vector u; € R, j=1,...,N,and R]”\,J.(s) is the

ith component of the vector R}, (¢) € R4,
ANtLi . . o
Note that (R”N i(a)) is bounded in norm by a positive constant (C,L(,)QN 1 times

g Fhen+ti (since || RY (e)]| < Ch eN T, C% > 0 from (6)). We also point out that; € Ny, i =
1,...,d are the components of o € Ng. We have ;. € Ng withaj; € Ng, j=1,...,N+1
restricted by the conditions appearing under the summation.

Thus we get, from Egs. (7), (10) and by the assumption on u(e) in Proposition 2.2, for
N € Ny, p € Np:

D f (up) 1* ;! eyt Nan
Ju(e) = E — 1_[[ E ﬁgm,ﬂr it Nay,;
lel=p ®- i=l T ap ey =0 FLiTTTTOEN+L
oy jtteN 4=
a1 Q3 aN,i o N 1
)y ugi o uy (R ()™ ] + RZ(S) (f(p+ ) (uo, M(8))> , (11)
witha = (aq,...,04) € Ng.

We can rewrite (11) by grouping the terms with the same power k of ¢, 0 < k < N. Denote the
term of exact order k, 0 < k < N, in ¢ appearing on the right hand side of (11) by [f (u(¢))]k.
To compute it we first observe that we have to take ayy1; = 0, i = 1, ..., d, otherwise, due

to the bound on Ry, the effective presence of (Rj(,,i(s)) would give a term small of order at

least N + 1 (by the nature of R}lv, ;(¢),and N + 1 > k). Then we have to take the sum over the
aj; €{0,1,...,¢0;}, j=1,...,N,i=1,...,drestricted by o; € Ny and satisfying:

d N .
LY Zj:l Jaji =k,
2. o = Zj’vzl aji.
For k = 0 we must then have «j ; = 0 for all j, i and thus:
Lf @w(e)]o = f(uo). (12)

For k = 1 we have from 1 that a1; = 1 for some i, all other «;, I # i being 0, for all
j=1,...,N. Thisimpliesa; ; = 1,i =1,...,d, aj; =0, j=2,...,N,i=1,...,d.
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Inserting this into (11) we get [f (u(s))l1 = Y4_, 337

the short notation 9; f(ug) = 337 f (y)|),:u0). We have thus:

f (y)‘):u0 u1,i, (where we introduced

d
[f (N = Z 0; fuo)uy,i. (13)

i=1
For k = 2 we have from I: Z?:l Z?’:] jaji = Zle Z?:] jaji = 2. This gives the
possibility j = 2 and ap; = 1 for some i, a0 = 0,k # i,k # i,aqp = 0,1 #
2,I" = 1,...,d. This provides the contribution Z?:l 9; f(uo)uz; to [f (u(e))]2. Another

contribution is given by the case j = 1 and a1; = 1,1y = 1 for some i,i’ = 1,i # i/,
witheaj; =0,Vj#1,I=1,....,danda;, =0,VYm#i', m=1,...,dora; =2, ajy =
0,1,' =1,...,d,1#1 Inthis case we get the contributions:
d d 82
> FO i unis 10 [f (@)l (14)

{7 9yi dyir

1

Denoting 9;0; f (ug) = % f(y)|y:uO, we have in total:

d 1 d d
Lf e = 3 0 fluo)uait 5 3 Y idr fluo)uriwy i (15)

i=1 i=1 i'=l

In a similar way we can get the contribution [ f (#(e))]x of order k > 3. It is easy to see that it
contains the term uy ; only linearly and that it depends in a homogeneous way of total order k in

components of the coefficients uy_1, ux—o, ..., u1, ug. Thus introducing the short notation:
ak
d1---0 = L 16
1+ O f(uo) P VA DI (16)
we have
d 1 d
Lf @)l =) 9 f(uo) uri + o D Oy O fuo)ur iUy g,
i=1 iy, ir=1
+ B (o, ... wi—1), (17
for some function B,{ which is a sum of monomials in components of the variables uo, . . ., ux_1.

Let us summarize what we obtained from (6) to (17) in the following:

Proposition 2.4. Let f, u(e) be as in Proposition 2.2. Then, for any ¢ € [0, gol, the asymptotic
expansion of f(u(g)) in powers of € € [0, eo] up to order p (with N < p) is given by (11), with
the estimates

| (RYy ()™ | < Cly eV HD v, (18)
where
1

0<Cy,; < élu\,(’l) = sup  sup ||(DN+l u(,-)>(s all, (19)
N +1 5c10,1] ec0.e0]

with é:;’l) independent of ¢, and u (s €) denoting the ith component of u(se), i =1,...,d.
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The term RIM,(E) (f(PH) (uo, u(e))) in (11) satisfies the estimate (8) with (9) and RZ(E)
satisfying | R ()] < Che? 1,0 < Ci < C = 15 subc 0,1y 0Pseo.eg) (D7) (5211

We can also write the asymptotic expansion in powers of ¢ up to order p in the following
form

p
fu@) =Y [f @)k + Ry, (20)
k=0

with [ f (u(e))]x defined by (12)~(17), R4 being defined as the sum of all terms in (11) having
absolute bound of order at least p + 1 in . More precisely

Sue D f (uo)
Ry = Z

lel=p o
> jay
X 1_[ [Zm e ) (Rl ()
+ RY® (f(p+1) (o, u(e))) , e
ng meaning sum over «;; € {0,...,0;},j = 1,...,N + 1, an+1; € {1,...,a;},

Y e =, T @ =lal.
The following bound holds:

" 1D f (o)l 14 1 ;!
IRO) < et 30 It T [

O51,11 o ON41i

lel<p ’ i=1 aj;
N
glja'” [ o oz o
8(1)7 llllu2211 : Nl }(RN z( ))” e I:I

+ | Ro (£ o, u(s))) 22)

with the estimates on R} ;(¢) and RZ(e) (fP*D (ug, u(e))) given by (18), (19) resp. (8), (9).

N
D% f(u d a;! L Jeii
”Ru(E)H < 8[7“1‘1 Sup Sup f( 0) 1—[ I:Z i 8(])_1
lal<p e€[0,0] a! ol Fa ot av!
N
]_[ o1 sup  sup DN+1f(u(l-)(sa)) ] i=1,....d. (23)
izl N +1 1017 e€[0,50]

In an entirely similar way we prove the following:

Proposition 2.5. Let f € CPTY(R?) and consider for N € No, & € [0,&],y € RY, yj €
RY,j=0,...,N; f(Z?;o gl yj + gN+1 y)~ This function has an asymptotic expansion in
powers of €. Calling f;(yo, ..., y;) the coefficient in the term of exact order j in the asymptotic
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expansion of f(Z =0 Y yj+ g+l ) in powers of &€, we have

N P .
P e+ e ) =D e fiG0 v+ Al (24)

=0 =0

with y := (yo, ..., YN, ) € RWV+2d gnq |A£(X; &) < ePTV K, N ey with
% )
D® f(uo) | 14 1 ;! gl H )
Ky Ng = sup sup |———— [ e — O o j,i|%5
p =) lel<p e€[0,50] a! 11] O[JZI al’i!-.-aN_;'_lJ'! 0 ]1:[1 Js

1
sup  sup
N+ L 510,17 e€[0,]

N
DN+1f<Z shel yi 4 N+l N+l y(i)>H]’ (25)
j=0

Yj,G) resp. Y standing for the ith components of the vectors y; resp. y € R, i=1,...,d

Moreover, limg g~ (P+D Af; (X; &) exists and is equal to

Da d x !
ACOR § B U | F S S I (26)

ot G

Proof. Itsuffices to replace u(e) resp. u j resp. R}, (¢) in Proposition 2.4 by Z =0 Y yj +elN+ly

resp. y;, resp. eN+ly Then fi®o,....yj) = [f(z i—0 sfy + Nt )] ; are given by (12)—
(17). We also have Ag(z; g) = Ié,, (Z?’:O ely;j + N+l y), with R,,(Z o &y +eNt! )

denoting Ry as defined by (21) with u(s) replaced by Z?’:O el y;+eNtly
The final estimates follow from (23) with the estimate on the right hand side as in the estimate
of (22) in Proposition 2.4. [J

Assume now the components f;, [ = 1,...,d of g in (1) are in CNT!(R?). By replacing
simply f by B; formula (17) yields the term of exact order 0 < k < N, in the asymptotic
expansion (20) in powers of ¢ of the /th components of the coefficient B(u(¢g)) in (1), with
remainders estimates given by (22).

In order to get a corresponding expansion in powers of ¢ for the matrix elements (o%); 1 (u(¢)),
I, =1,...,d of the matrix o, in powers of ¢ we have to take care of the fact that, as opposite
to f and B;, (o,); 1 also depends on ¢, not only on its argument.

Let us assume that, for ¢ € [0, &g):

M
oe(x) =Zaj(x)ef + R§,(e)(x), forany x € RY (27)
j=0

with sup, cgd | R (x, &)|| < Cp, &M+ (|||l denoting here the norm of the matrix R¢ 5 (%, 8),
and Cy , > 0. Note that the o; are coefficients of o, the expansion in powers of g, and
should not be confused with the values of o, for ¢ = j. Let us also assume that the elements
(oj Dy, 1,1'=1,...,d of the matrix o (x), j = 1,..., N, belong to C>T! (R¢) as functions
of x € R4,
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For any M, N € Ny, s € Ny we have, from (2), (27), using the right hand side of (11):

M
oe (u(e)) = Y _0j (u(e)) e/ + Ry (e)

=0

N
of (Z eFup + R}‘V(s)) e/ + RY(e)
k=0

o)

j=0

J Dyaj(u()) = k u ’ oj o
£ |Z|: — kzoe ug + R (e) —uo | + Ry |+ Ry (e)
LIyi=s =

o)

~
Il
(=)

Y~ d Yi N
3 D70, (uo) n > vi' VLA 22t tN Y

y! L'yl yNgLi!

I
NE
m\.

Jj=0 lyl<s i=1 Vi YN+1,i=0
L YLit YN+
Vi Y2.i YN, u(e) YN+Li oj .
XUy Uy Uy ; (RN (8)) + Ry’ | + Ry (o). (28)

Here jo is a short notation for jo (Z,?’:O X up + Ry, (8)).

Let us note that (28) is a relation between matrices, to be understood element by element.
DY o (up) has to be interpreted as D? applied to the elements (o)), , [,I' = 1,...,d of the
matrix o, evaluated then at ug.

Proceeding as in the case of the expansions of f and f; we exhibit the coefficient [0, (u(€))]k
of the power k, 0 < k < min(M, N) in the development of o, ;; (u(¢)) on the right hand
side of (28). We shall write [0, (#(€))]x in matrix form, but it should be understood element
by element. As we did for f, for this we have to set yy4+1;, = 0,i = 1,...,d. More-
over we observe that (28) contains a sum of products of &/ times a sum of terms with power
Zle (yl,,- +2wmi+---+N yN,,-) in ¢, hence the analogues of (1), (6) we had for [ f (u(¢))]x
are:

. d N .
Lj+>i i ivni=k j=0,...,M.
2.y =Y v withy; ={0,1,...,%), [=1,....N,i=1,...,d,y; € Ny.

We see from 1. that we must have j < k. Let us first compute the terms for k = 0, 1, 2. We
have:

[oe (u())]o = o9 (uo) , (29)

since k = O implies j =0, y;; = Oforall j, i. To obtain [o, (u(¢))]; we observe that from 1. we
have the possibilities (a) j =0and y;; = 1 forsome i, y;; =0Vl # i, ypi=---=yn;i =0,
foralli =1,...,d,or(b) j =1, y5; =0, VI, i. Thus we have:

d
[oe (u@)]1 = Y _ 9 00 (o) uri + o1 (uo) . (30)

i=1
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For k = 2, we have for j = 0 only the possibilities we already discussed for [ f (1(¢))]2, so we
get a contribution

d 1 d

D diooGuo uai+ 57 Y Bidy ooluo) i (31)

i=1 ii'=1
For j = 1 we have the possibilities given by Z?:l (J/Li +2yi+ -+ N )/N,i) = 1, which
are those discussed for [f (u#(¢))]1, and the possibility y;; = 0,Vj,i. Hence we get the
contribution Zflzl 9; o1(up) uy,; + o2(up). In total then we get forany [, /' =1, ..., d:

d d
1
(o (Nl = Y 8 ooluo) uzi + o5 Y 8idir oo(uo) ur

i=1 T =1
d
+ Z 0; o1 (up) uy,; + o2(uop). (32)

i=1

In the general case k > 2 we see that

d
[0 (u(e))lk =) 9 00(uo) ug i

i=1

1 d

where A7 (ug, ..., ur—1) is ad x d matrix which depends only on the indicated variables. Note
that (33) is also valid for k = 2, with Ag (ug, uy) = Zle 0; o1 (uo) uy ;.

We shall now apply the formulae we have obtained for [8 («(¢))]r and [o: (u(¢))]k, k € No,
to the case where u(¢) is replaced by the pathwise solution u,(s) of (1), assumed first to exist
and to have an asymptotic expansion in ¢ of the form (6), (see Section 5 for the justification of
this assumption). By matching coefficients of the same order k on both sides of (1), i.e. ug ()
resp. [u(0)]x + fot [B (ug(s)]k ds and fot [o: (s (s)) ]k n(ds), we get the following proposition:

Proposition 2.6. Let us assume that the coefficient o, is C M+1 0 ¢ € [0, &o) for some g9 > 0,
in the sense that (27) holds. Moreover assume that B € CPTY(R?), o, € C*TYRY), for any
e € [0, &), for some p € No, s € No. Furthermore assume that the stochastic equation (1) has
a pathwise solution ug for all t € [0,T], T > 0, and the solution u.(t) is cmtl, for some
m €N, ine € [0, &), i.e. (6) holds for u(e) = u.(t). Then the expansion coefficients uy(t) of
the solution u.(t) of (1) satisfy the following equations:

t t
ug(r) = u® + /0 Buo) ds + /0 o0 (u0)n(ds); (34)

d t
,Z [/0 0; Buo) uy,ids + /(;

=1
t t
fo [8 (e (s)]1 ds + /O (0% (e (s)T1 n(ds), (35)

t

t
wi () 0100 o) s 1) + [ o) i)
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with
d
[B (ue(s)]1 =Y 8 Buo) uni, loe (ue ()11 = 0 o0 (uo) u1,i + 01(uo);
i=1
t 1 t d
o) = Y[ [ e+ 5 [ a0 porurunas]
i=1 : iil=1
d t 1 d
+ / [3i o0(uo) Ui + 5 Z 9; 07 o0 (o) u1,i uy, i
i=1 70 =1
t
+0; Gl(uo)ul,i]n(dS)Jr/O 02 (u0) n(ds)
t t
= /O [B (ue(s)]ads + fo [oe (ue(s)]2n(ds), (36)
with
1
[B (us(s)]2 = 8; B(uo) uz,; + o 0;0ir Buo) uy i uy i (37)
and

1 d
Lo (ue(s)]2 = d; oo(uo) uz.i + 5 Z 0; 07 o0 (o) uy,i uy,ir

i,i'=1

+0; o1 (up) u1,; + o2(up); (38)

and forall 1 < k <min(Mp, Ns):

t

t
ug (1) =/0 (B (ue () Ik ds+/0 [oe (ue ()] n(ds), (39)

where [B (us(5)) ]k and [oe (us(s))]x are given in (17), (by replacing f by B and u(e) by u.(s)),
resp. in (33) (u(e) being replaced by u.(s)).

Proof. The proof was already carried through before the proposition. [

Remark 2.7. 1. For the existence and uniqueness of solutions of (1) see Section 3.

2.

If B(x) = Ax + b, (with b € R? independent of x and A a d x d-matrix independent of x)
and o:(x) = o9 + €o01(x), withog = c and (o1 (x));;r = Ay xp, x € R?, with ¢, A constant
d x d-matrices, theno; =0, i =1,...,dand 0;,---0;, =0, n = 2,...,d. Moreover,
@B = 4 S Apxi=Ay, i,l=1,...,dand thus

d
> By ki = Aug, keN. (40)
i=1
Moreover,
3,'| s 8ik Oo(x) = 0, Vk e N, X € Rd, (3,’0‘1()6))1)1/ = )»1’,' 5,"11, (41)

with §; ; the Kronecker symbol, /,I',i = 1,...,d.
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Furthermore 9;, ---9;, 01(x) = 0, Yk > 2, 0;,--- 0, 0j(x) =0, Vj > 2,k € Np.
Hence from Proposition 2.6 we get:

t t
uo(t) = u® + [ Auo(s)ds + b / uo(s) ds + en(t), (42)
0 0
and
t d t
e = [ uomids + 3" hi [ s,
0 = 0
Il=1,...,d, keN. (43)
3. B and o, are as in 2., however with o9 = c replaced by og(x) = Il x, Il a constant

d x d-matrix, x € R4, then (40) holds, the first equation in (41) is for k = 1 replaced by
(0, II x); = I ;,, thus (42) is replaced by

t t
uo(t) = u® + / Aug(s)ds + b / uo(s)ds + IT n(t), (44)
0 0

and

t d t
) = A /0 (nids + 3 A /O (o ()i (ds)
i=1

d t
+ le 1, /0 uri ni(ds), 43)
Z

fork>2,1=1,...,d:

t d t
(ur ()1 =/0 (Aur(s))rds + ZM,V/O (uk—1(s))rnr (ds)

I'=1

d t
+Y M /0 w i mi(ds). 46)

4. If B(x) = Ax + F(x),Aasin 2., F € CPT'(R?) and oy = 0, o1(x) = A, with A a constant
d x d matrix, so that (1) has additive noise, then

t t
up(t) = u® + / Auo(s)ds + / F(ug)ds, 47
0 0
and
t d t
uy () =f Aulds—i—Z/ 3 F(uo) uyids + An(r). (48)
0 = Jo

The uy(t), k > 2 are in this case given by linear nonhomogeneous stochastic equations with
random coefficients, depending only on the ug, ..., ur—_1, without any external noise term.
The expansion is then a particular case of the one explicitly given in [6] (specialized to our
present case where the Hilbert space is R?).

5. Eq. (34) is of the same type as Eq. (1) with ¢ = 0. Only for o9 = 0 we have a purely
deterministic equation. For og # 0 the expansion in powers of ¢ of the solution of (1)
is really useful whenever (34) can be better handled than the original equation (1), which
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happens whenever og has a simpler dependence on x than o, itself. See Section 6, for some
examples.

Let us also underline that Egs. (35)—(39) for the u(¢) are linear nonhomogeneous, with
random coefficients involving only ug, ..., ux—1, hence to be solved recursively.

6. If the coefficient 8 in (1) depends itself on ¢ € [0, g9) and is in CM+1 a5 a function of ¢, thus
has an expansion B(x) = Z,Z] Bi(x) el + Rf;[(e, x), Vx € R4, then the expansion (12)—
(17) with f replaced by any component of 8 has to be replaced by (29)—(33), with the matrix
elements of o, replaced by the components of S, i.e. [B:(u(g))]o = Bo(uo), [B:(u(e))]l1 =
Zle 9; Po (uo) u1,; + P1 (uo) and correspondingly for (32). (33) holds for g replaced by
Bo, whereas in the equations for the ux(t), k € N we have to replace [B (u(s, €))]x by
[Be (u(s, &)k, with

d

Z 8i1 -~-3,’k ﬂo(“O)ul,ilulsiz"'ulvik

d
1
[Be (uls, &)l = ; 0 Po(uo) ki +

+ Br(uo) + AL (o, ..., ug_). (49)

3. Existence and uniqueness results for the original SDE

Letf:RI > RY, g=(B',....64, pi R R, i=1,....d andleto = (aj'i),with
a]’: :Rd—>R,i,j= 1,...,d.
We assume that g is globally Lipschitz, i.e. [|[8(x) — B())|| < kgllx — y||, forallx,y € R,
for some constant kg > 0.
We also assume a; are globally Lipschitz, i.e. ||o}(x) — a} W < killx — yll, for some
J

constant ki > 0 (independent of x, y) and all x, y € R4, i,j=1,...,d.
J

Let L(t) be a Lévy process on R?, without Gaussian and deterministic component, i.e. with
characteristic function:

E (ei<u,i(t))> = oy (€4 =1=itu,y) x5 ()vdy). (50)

u € RY, B the unit ball in R?. v is the intensity measure, also called Lévy measure, satisfying
fRd\ {0}(|y|2 A D v(dy) < oo. For information on Lévy processes and related equations, see,
e.g., [23,31,48,52,58].

The following Lévy-Itd decomposition holds (see, e.g., [18,19], ([23, p. 108-109]), [48]):

L =/x1§f(t,dx)+/ xN(t,dx), t>0, (51)
B RI\B

with N a Poisson random measure on R} x (R? — {0}) (the Poisson random measure associated
with the jumps AZ, == L; — L,_, i.e. N([0,1) x A) = {0 < 5 < t|AZ; € A}, for each 1 >
0, A € BRI\{0}), N(r, A) :== N(r, A) — tv(A), for all A € B(R?, {0}), 0 € A, A the closure
of A). We have v(A) = E(N(1, A)); foreacht > 0, w € 2, ]\7(t, -)(w) is the compensated
Poisson random measure (to N (z, -)(w)) on the Borel o-algebra B(R4\{0}); N, A), t > 0is,
in particular, a martingale-valued measure.
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It is known that the solution u(z) of (1) with n(ds) = dLy; + bds + dBa(s), b € RY, B4 a
Brownian motion in R? with covariance matrix A, can be identified with the solution X ¢ of the
following equation, see, e.g. [23]:

t
Xi(x) =x —i—/ B(Xs )ds+bt+ 0. (X; )dBa(t) —i—/ oe(X, )N (dt, dx)
0 0

<|x|<1
[ aCtoNndn. (52)
|x]|>1
The following theorem holds:

Theorem 3.1. If the coefficients B, o satisfy the above global Lipschitz conditions and n is as
above then there exists a strong, cadlag, adapted solution of the SDE (1) or (52) and the solution
is unique, for any initial condition u® resp. x € R4,

Proof. This is a particular case of results given, e.g., in ([39, pp. 237]), [55], ([43, p. 231])
and [14]. O

Remark 3.2. Other existence and uniqueness conditions are known. Particularly the Lipschitz
conditions can be relaxed to local ones, with a condition of at most linear growth at infinity see,
e.g., [39,59]. This (and the previous result) also holds for the non autonomous case where 8, o
have an additional explicit measurable dependence on ¢ and all constants entering the Lipschitz
and additional growth conditions are uniform in ¢.

4. Discussion of the equations for the expansion coefficients

In this section we shall provide solutions as explicit as possible to Egs. (39), for the expansion
coefficients of the solution of (1) in powers of the small parameter £. We first observe that (39)
is a nonhomogeneous linear equation in uy of the form:

d
duje (1) = [ﬁk,z(t) + ) Pt uo)(t)uk,z/(f)} dt

I'=1

d
+ Z Gk,l,j(t, uo(1), ur(t)) dn;(r)
=

d
+ ) Bt ugydny (), keN, k<K, forsomeK >0,1=1,....d, (53)
I'=1

with
Fie () = [Bi(u(t, &)k (with, [.]x given by (12)~(17), fork > 2), Fi () =0;

Vi toug) =opPi(ug), 1=0'=1,....d, keN;
d
Gr1,j(t ug(®), up () =Y 900, (uo() uy ;. and, for k > 2, (54)
i=l1
1 d
~ (e
8k (1) = 0 Z 0y -+ 0 o0 (o) Uy j U1 iy -+ - U1y + Ok (g) + AY (g, ..., ug—1).
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We observe that (54) constitutes a set of recursive equations, where the kth order equation,
for Xi;, ! € {1,...,d}, only involves the components of X, in a linear way, with random
coefficients fi, gr depending on the vectors Xy, ..., Xx—1, and with a random inhomogeneity
depending on Xy, I # . It is thus of the form

dXp (@) = fi(Xo, ..., Xe—1) X dt + ge(Xo, - .., Xp—1) Xig n(dt) + hi(Xo) n(dt)
FhXoy .. Xe—p)dt, U=1,....d, ' #1,1=1,....d k=1,...,K.(55

Under Lipschitz assumptions and at most polynomial growth at infinity in the space variable
for B, o, and their derivatives up to order K, we can apply methods similar to the one used
in [6,15] (in the infinite dimensional case, however with additive noise) to show that existence
and uniqueness of solutions hold. Also proofs can be adopted to cover our case starting from
literature on the martingale method, see, e.g., [54].

Yet still in the additive noise case and even for n a Brownian motion no “explicit” solutions
are known.

In general, even in the 1-dimensional case, it is difficult to find explicit solutions. In fact
already the equation for u; is a nonhomogeneous linear stochastic differential equation involving
random coefficients and an inhomogeneity depending on the solution u(, and the coefficients are
in general nonlinear in u.

In the special d-dimensional case where o1(y) = a y and oo(y) = by for some constant d xd
matrices a, b, and 8(x) = cx + d, for some constant coefficient matrix c and d € R, x € Rd,
then the linear equations for u(, u| have constant coefficients and it is easy from (39), (17) and
(33), to see that also the equations for the uy, k > 2 are of this type. In this case, at least for
n = B a Brownian motion, we can apply results on systems of linear equations with terms of at
most first order in the state variables, which are to be found, e.g., in [24,36], to find an explicit
expansion for uy.

In this special case we can thus apply to the discussion of (39) results on the solution of linear
deterministic resp. stochastic evolution equations, according to the following proposition:

Proposition 4.1. Consider a system of K coupled linear stochastic evolution equation with
random coefficients, the coefficients of the equation for the kth component k = 1, ..., K being
only dependent of the components of index 0, 1,2, ...,k —1. The equation for the lth component
of the kth vector, X ; is of the form:

d m
dXp (1) = [Fk,m) + > Ve @) Xk,m)} dt+ Y Gr,j(t, Xe(1) dBj(t)

I'=1 =1

d
+ > gkar () dBp (1), (56)
1"=1

with all components of yi, gk independent of X, and Fy; as well as Gy j linear in the
components Xy of Xk and independent of other state variables.

All coefficients F, vy, G, g are supposed to be locally Lipschitz and satisfy the linear growth
conditions, with constant uniform in t. The explicit dependence of all coefficients on t is supposed
to be measurable.
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The solution of (56) is given by:

t
Xii(t) = Z ¢k,1,kf,z/(t){z /0 @;jlak”,,u(S)[Fk”,z//(S) — G 7(8) g 1 ($)]ds

k.l k.1

t
+ Y /0 Bty o 1 (5) gy () dBy (s)}, (57)
k1
the summation being over k', k" = 1,...,K andl',)]" = 1,...,d, forallk = 1,...,K, ] =
1,...,d. Fork =0, X (t) is the solution of (34).

@ is the fundamental Kd x Kd matrix of the corresponding homogeneous equation, i.e.
Eq. (56) with F = g = 0, normalized so that ®(0) is the unit matrix, and the integrals being
understood in It0’s sense.

Proof. The proof uses Ito’s formula to identify d X, as given by the derivative of the right hand
side of (57) with the right hand side of (56). The presence of &() is for similar reasons as in
Lagrange’s method for systems of ODEs, see [24,36], to which we refer for details. [

Remark 4.2. For K = 1, d = 1, the fundamental Kd x Kd matrix reduces to a scalar . In
this case we have (see e.g., [36, p. 113]):

B t _-1 ) 1t
@(r)_exp( 0 [y(s) 3G (s)]ds+ i G(s)dB(s)). (58)

In the case where 7 is the sum of B and a jump component ; we have instead:

t t
#0 =exo( [ [r0) =560 ]as+ [ 6601aB) T] A+ anstonesn®,

O<s<t

(59)

where Any(s) = ny(s) — ny(s™), is the jump of n; between s~ and s. The product term is the
Doléans-Dade exponential of a Lévy jump process, see, e.g. [23, p. 247], and [59].

Remark 4.3. 1. The corresponding results hold also in the deterministic case where B is
replaced by a function 1 of bounded variation.
The concrete expression for ¢ changes, due to the fact that there is no correction term in
the exponents as in the Brownian motion exponential. For example instead of (58) we simply
have then

t t
o(1) :exp(/o y(s)ds—l—/o G(s)n(ds)), (60)

the second integral being a Stieltjes one.
2. In the case where n contains a nontrivial jump component, we were not able to find in the
literature a general result of the type of (57).
For particular cases, see however [46,33]. As in (59) in the expression for ¢ an additional
Doléans-Dade term (stochastic exponential of a Lévy jump process) appears.

As we stated before Proposition 4.1, that proposition can be applied to the case where
n = B and, as in Remarks 2.7.2 and 2.7.3, f(x) = Ax + b, 0:.(x) = op(x) + €01(x), with
o1(x) = Ax, og(x) = Il x forall x € R?, b € R4,
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From Proposition 4.1 and (54) we get the following:

Proposition 4.4. Let B(x) = Ax + b, 0.(x) = 0p(x) + c01(x), 01(x) = A x, oo(x) = II x for
allx e R4, b e RY. A, A, IT are constant d x d matrices. Consider the solution of the equation
du = Bu)dt + o.(u) n(ds).

Let uy, k € Ny be the expansion coefficients which satisfy the equations in Proposition 2.6.
Then the lth component uy | of uy is given, fork =1,..., N, by

w0 =Y e ®f= / ) k1 (5)

k/ l/ k// 7
X ()\1,,' upr i(s)ds +Ap;dB; (S)) } (61)

& is the fundamental matrix of the system

d
dug (s) = (Aug)(s)ds + Z I ;juridBi(s), k=1,...,N,[=1,...,d. (62)
i=1

Moreover uy(t) (with components ug i, i =1, ...,d) solves (34).
5. The asymptotic character of the expansion

In this section we shall prove the asymptotic character of the expansion of the solution u, of
(1) in powers of €.

Let B € CPTI(R?; R?), for some p € N. Consider as in Proposition 2.5, y = (yo,...,
wv.y) € RV Let Af(yie) = BTN el yj + eNtly) — Ef’odﬁﬂmwu,w)ﬁj
being the coefficients in the term of exact order j in the asymptotic expansion of 8 (Z o0& yi+

eN*t1y) in powers of ¢ € [0, gy]. By Proposition 2.5 applied to the components Biy, i =

.,d of B we get || A,ﬁ,(z; &) < ePt! Kﬁ,N’SO with Kﬁ N.eo defined according to Proposi-
tion 2.5, with f replaced by B, by:
B — Ba
KPNS ._l_rrll?i KPNEO (63)
with
>
) Da 2 ]0‘/1
Kﬁ(l]:/'g = sup sup ﬁ(z)(uo) l—[[z 86_1
R al<p eel0,60] i1 “ar ap!-aygr!
N
T Mgl sup sup [ DN+ gg >( s el i+ eV sV e )]
]1:[1 PN 4T 5e101) ee0.60] Z
(64)
From this we have 8’(1’+1)||A’3(y' & < Kﬁ N.eo ,0<e <ep.
Similarly we show that e~(P*D | A9 (y; &) < KJ ne» 0 < & < eo, with A7 (y;e) resp.

KU

DN .co defined in a corresponding way with S replaced by o = 0.
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The quantities K ﬁ N.e and K ; N are by construction independent of ¢ € [0, g9]. Hence we
have

: —(p+1) Y (- 14
{;lil(} sup ¢ ”AP(X’ e < Kp,N,€0’ (65)

with y standing for § resp. o.
On the other hand, since by assumptions 8 and o, are smooth, we also have (from the expres-

sion for A{; in the proof of Proposition 2.5 with f replaced by y) that lim, o 8’(1’+1)A}; (s e)
exists and from (22) it is equal to the expression given by (26) (for f replaced by y).

Let us now consider the case where yo = ug, y; = u;(t), j € N, with u;(¢) solutions of the
recursive system of equations in Section 3, which we assume to exist. Let us consider

N
w8 =M ue) = Y el uj 0] (66)

=0

Since u, satisfies by assumption Eq. (1) we have

t
wt.e) =V [u@ + [ B ds
0

t N
+ [ o s = Yo 0], (©7)

j=0

By the definition (66) of yy (¢, €) we have

t t N
/ B (uc(s)) ds = / Bl s, o)+ Y el (o) |ds, (68)
0 0

=0

and correspondingly

t t N
fo 0 (s(5)) n(ds) = /0 o[V yn (s, ) + Y el i) @), (69)
j=0

Inserting this into (67) we get (minding u(0) = u%):

t N
e = e [0 [ B[N s+ 30 w0 Jds
j=0

N N
+ /0 o[V (s e) + D e i) [nds) = Y el ujn) . (70)
=0 =0

From Proposition 2.4 we have, on the other hand, for j € N:

t
0

t
uj(t) =/0 [Bue(s))]; ds +/ [0 (ue(s))]j n(ds). (71)
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Inserting into (70) we get:

N

t
v (t, ) = e NFD [uo —i—/ ﬂ[8N+1yN(s, &)+ Zej uj(s)]ds
0

j=0

t N
[ e+ Yoo w0 ns)
0

j=0
N )
~Y e [f [B(ue ()], ds+/ [o: e ())1; 1) |- (72)
—0 0 0

Recalling the definitions of A§(23 g) and A‘I’\,(X; £), as A{\‘, in Proposition 2.5, with f replaced by

B resp. o, we can write this as

t t
ity =M [0 [ A gends + [ A%z enias) 73)
0 0
with y = y() = fuo(®) 1), ...k (5), ¥ yw (s, 0}
From this, noting that from (66) we have yy (0, &) = O for all ¢ € [o, g9], we see that yy
satisfies the stochastic differential equation

{dyw, &) = ay () e)dt + af(y(1); e)ndn), =0, a4
yn(0,8) =0,

with a}(,(z(t); g) = e~ V+D A%(X; €), where y stands for 8 resp. o.
We saw before that the coefficients a}(, (y(1); ¢) satisfy:

sup sup |aK,(X; )| < K]]\/,’SO, (75)
£ €[0,60][0,T]
with K }\’,’80 independent of ¢, and converge P-almost surely as ¢ | 0 (P-being the underlying
probability measure).

Remark 5.1. We only obtain P-a.s convergence since our solutions u; in Section 3, are, in
general, only P-a.s.

Assuming the noise n in (1) is either a Brownian motion or is deterministic, or has also a
jump component given by a Poisson process as in [39, p. 279], then because of our smoothness
assumptions on 3, o, and the results on the u; in Section 3, we can apply Theorem 4 in chapter
2, Section 8, p. 279 in [39] (cfs. also Theorem 2 and Corollary 1, p. 52-53, for the case where 7
is a Brownian motion,) and obtain that there exists yy (¢, 0) € L2(P) such that

lim sup E{llyw(t, &) = yw(t, 02} =0, (76)
evV0<t<T

Let us summarize these results in the following

Theorem 5.2. Let us consider the stochastic differential equation (1) with B, o, which are

CHt1 k e Ny in the space variables and such that o, is CMineg, ¢ €0, &ol, for some M > k+1,
with uniformly bounded derivatives.
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Assume that n is such that solutions u(t) of (1) and the u j(t) of the equations in Section 3 ex-
ist in L*(P), with P the underlying probability measure. Moreover assume that the solution
of (1) depends LZ(P)—continuously on g, ¢ € [0, &) Then the solution uc(t) of (1) has the
following asymptotic expansion in powers of € € [0, &o]:

N
ue(t) = eluj)+ " ynt o), >0, (77)
j=0

with yn(t, €) € L2(P) forall t > 0, with

imE] sup ly(r,e) =y (s, 02} = 0. (78)
el0  lo<i<r

The remainder yn (t, €) satisfies the estimate

l ~
sup [Ellyn(t. &))" = .1 9

0<t<T

with I%N,T,go > 0 independent of ¢ for all ¢ € [0, go].

Remark 5.3. The idea of the proof comes from a sketch given in [37]. The same basic conclu-
sions can be drawn whenever one has an L2(P)-result on continuity of solutions of stochastic dif-
ferential equations with respect to parameters appearing in the coefficients. Gihman—Skorohod’s
result is only one among other possible results. Let us note that it is formulated with intrinsi-
cally random coefficients only for n being a one-dimensional Brownian motion (cf. Theorem. 2,
in [39, pp. 52-531). In the case of R and with non intrinsically random coefficients this problem
is discussed in [39, p. 279]. An adaptation to our case is possible, but we are not aware of any
specific reference.

The case of dissipative semi-linear stochastic equations with additive Lévy-type noise has
been treated by us in details in finite or infinite dimensions, [15,6].

Similar results should be obtainable replacing the L?(P)-continuity by other types of continu-
ity in the probabilistic sense. However we were not able to locate specific references in this sense.

6. A remark on some applications

Heuristic asymptotic expansions in small parameters, to a certain order and more often without
any proof of their asymptotic character (because of lack of suitable estimates on the remainders)
appear often in the literature. E.g, in neurobiology, stochastic models of the Fitz Hugh Nagumo
type without space dependence have been discussed extensively, at least with additive Gaussian
noise. Our method can be applied to them. Examples are discussed basically with additive noise,
e.g.,in [2,61].

Another area where we find examples is mathematical finance. If we take ogp = 0, o1(x) =
ox,0 >0, B(x) = rx, x € R, ie., we take the model of example 2 in Remark 2.7, then u,
satisfies the equation of a Black—Scholes model with volatility parameter € 6 and our expansion
is then a small volatility expansion, see also [47]. If we take instead op(x) = 6 x, 0;(x) # 0
for some i € N, 8(x) = rx, x € R, then we have a stochastic volatility model with leading
order given by the Black—Scholes solution and the expansions yields corrections around the
Black—Scholes model.
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Similar applications can be given to the multidimensional Black—Scholes model, see, e.g.,
[47,62] and the AS-model for interacting assets discussed in [16,21,22,47].
For other applications in this area see also [26,44].
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