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Abstract

We consider continuous-state branching processes that are perturbed by a Brownian motion. These
processes are constructed as the unique strong solution of a stochastic differential equation. The long-term
behaviours are studied. In the stable case, the extinction and explosion probabilities are given explicitly.
We find three regimes for the asymptotic behaviour of the explosion probability and five regimes for the
asymptotic behaviour of the extinction probability. In the supercritical regime, the process conditioned on
eventual extinction has three regimes for the asymptotic behaviour of the extinction probability. Finally, the
process conditioned on non-extinction and the process with immigration are given.
© 2016 Elsevier B.V. All rights reserved.
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1. Introduction

A [0, oco]-valued strong Markov process ¥ = (Y¥;,t > 0) with probabilities (P,, x > 0)
is called a continuous-state branching process (CB-processes for short) if it has paths that are
right-continuous with left limits and its law observes the branching property; i.e. for any x, y > 0,
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P,y is equal in law to the convolution of P, and IPy. CB-processes may be thought of as
the continuous (in time and space) analogues of classical Bienaymé—Galton—Watson processes.
CB-processes have been introduced by Jirina [13] and studied by many authors including
Bingham [5], Grey [11], Lamperti [18], to name but a few. The branching property implies that
the Laplace transform of Y; satisfies

E, [e_”’] = exp{—xu;(A)}, fora >0, (1)

for some function u;(X). According to Silverstein [23], the function u; (1) : [0, co) — [0, oo]
solves the integral equation

t
ur (1) +/ Y(us(A))ds = 4, )
0
where i satisfies the celebrated Lévy—Khintchine formula, i.e.
Y\ =—q—ar+y*A’ + / (7™ — 14 Axe<qy)p(dy),
(0,00)

where ¢ > 0,a € R, y > 0 and p is a measure concentrated on (0, c0) such that
f(O,oo)(l A x?)1(dx) is finite. The function ¥ : [0, 0c0) — (—00, 00) is convex and is known as
the branching mechanism of Y.

Observe that 0 and oo are two absorbing states. In other words, let

To=inf{t >0:Y; =0} and Ty =inf{t >0:Y; = oo}

denote the extinction and explosion times, respectively. Then ¥; = O for every ¢+ > T, and
Y; = oo for every t > T. More precisely, let  be the largest root of the branching mechanism
¥, ie.n = sup{d > 0 : ¥ (@) = 0}, (with the convention that sup{?}} = o0). Then for every
x > 0:

() ifn =00 oriffOo do /vy (0) = oo, we have Py (T < o0) = 0,
(i) if n < oo and [ d9/¥ (F) < oo, we define

¢<r>—fmd—9 t € (. 00)
— ) vey 109

The mapping ¢ : (n, 00) — (0, 00) is bijective, and we write ¢ : (0, c0) — (1, 00) for its
right-continuous inverse. Thus

P.(Ty < 1) = exp{—xo(0)}.

@iii) if n =0or iffOJr do/|y(8)| = oo, we have P (Too < 00) =0,
@iv) if n > 0 and fo+ do/|1¥(8)| < oo, we define

(r)——ftﬂ te . n)
$O=7) vey $-

The mapping g : (0,n) — (0, 0c0) is bijective, we write y : (0,00) — (0, n) for its
right-continuous inverse. Thus

Py (Too > t) = exp{—xy (1)}
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From (ii), we deduce that P, (Ty < oo) = exp{—xn}. Hence, the latter identity and (i) imply that
a CB-process has a finite time extinction a.s. if and only if
®  du d ¥'(04) >0
n < 0o, —— <00 an > 0.
¥ (u)
Similarly from (iv), we get that P, (Too, < 00) = 1 — exp{—xn}. Hence from the latter and (iii),
we deduce that a CB-process has a finite time explosion with positive probability if and only if

du
/ <oo and n>0.
o+ 1Y@l

When n < 00, n > 0 is equivalent to ' (0+) < 0.

The value of ¥'(0+) also determines whether its associated CB-process will, on average,
decrease, remain constant or increase. More precisely, under the assumption that ¢ = 0, we
observe that the first moment of a CB-process can be obtained by differentiating (1) with respect
to A. In particular, we may deduce

E,[Y,] = xe V'O fors>0.

Hence using the same terminology as for Bienaymé—Galton—Watson processes, in respective
order, a CB-process is called supercritical, critical or subcritical depending on the behaviour of
its mean, in other words on whether ¥’ (0%) < 0, ¥'(0%) = 0 or ¥/(0™) > 0.

The following two examples are of special interest in this paper since the Laplace exponent,
i.e. the solution of (2), can be computed explicitly in a closed form. The first example that we
present is the so-called Neveu branching process (see [20]) whose branching mechanism satisfies

dx
Vo) =itogty =ct [ (e =1t 5.
(0,00) X
where ¢ € R is a suitable constant. In this case ¥’'(0+) = —o0, n = 1, the process is supercritical

and satisfies the integral conditions of (i) and (iii). Thus, the Neveu branching process does not
explode neither become extinct at a finite time a.s. According to Theorem 12.7 in [15], we have
that the Neveu branching process becomes extinct at infinity with positive probability. More
precisely, if (¥;, t > 0) denotes the Neveu branching process, then

}P’x<lim Y,:O) —e*, x>0
—o0

The second example is the stable case with drift, in other words the branching mechanism
satisfies

Y() = —ar +cprltP

B+ 1),3 — dx
= —aki + Cz)» l{ﬁ nteg—r—0r (= IB) }/(‘O )( Ax + )Lxl{ﬂ>0}) x2+8
,00

with 8 in (=1, 0) U (0, 1] and cg is a non-zero constant with the same sign as B. It is known
that its associated CB-process can be obtained by scaling limits of Bienaymé—Galton—Watson
processes with a fixed reproduction law. Moreover, the case 8 = 1 corresponds to the so-called
Feller diffusion branching process.

The case B € (—1,0) has a particular behaviour. Its corresponding CB-process is
supercritical, since ¥'(04+) = —oco. We observe that 7 is infinite or finite according to whether
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a > 0ora < 0. The process satisfies the integral conditions of (i) and (iv). Thus the stable CB
process with 8 € (—1, 0) does not become extinct at a finite time a.s., and it has a finite time
explosion with positive probability. Moreover, the asymptotic behaviour of P, (T, > t) can be
computed explicitly.

The case 8 € (0, 1] has a completely different behaviour. Its associated CB-process is
subcritical, critical or supercritical depending on the value of a, since ¥’ (0+) = —a, and satisfies
the integral conditions in (ii) and (iii). We also have that n = 0 or n > 0 according as a < 0 or
a > 0. In other words, the stable CB-process with 8 € (0, 1] does not explode at a finite time
a.s., and it becomes extinct at a finite time with positive probability. Moreover the asymptotic
behaviour of P, (Ty < ) can be computed explicitly.

For our purposes, we recall that CB-processes can also be defined as the unique non-negative
strong solution of the following stochastic differential equation (SDE for short)

t
Y,:Yo—i-a/ Yds+/ 2y2Y,dBy
0

Y Y-
f / f zN(ds dz, du) +/ / / zN(ds, dz, du), 3)
0,1) 1,00]

where B = (B;,t > 0) is a standard Brownian motion, N (ds, dz, du) is a Poisson random
measure independent of B, with intensity dsA(dzN)du where /A is a measure on (0, oo] defined
as A(dz) = 140,00} (2)t(dz) + g8c0(dz), and N is the compensated measure of N, see for
instance [10].

In this work, we are interested in studying a particular class of CB-processes in a random
environment. More precisely, we are interested in the case when the random environment is
driven by a Brownian motion which is independent of the dynamics of the original process.
A process in this class is defined as the unique non-negative strong solution of a stochastic
differential equation that conditioned on the environment, satisfies the branching property. We
will refer to such class of processes as CB-processes in a Brownian random environment.

Our motivation comes from the work of Boinghoff and Hutzenthaler [6] and
Hutzenthaler [12], where they consider the case of branching diffusions in a Brownian random
environment i.e. when the branching mechanism has no jump structure. The authors in [6]
introduced this type of processes using a result of Kurtz [14], where a diffusion approximation of
Bienaymé—Galton—Watson in random environment is studied. The scaling limit obtained in [14]
turns out to be the strong solution of an SDE, that conditioned on the environment, satisfies the
branching property. Boinghoff and Hutzenthaler computed the exact asymptotic behaviour of
the survival probability using a time change method and in consequence, they also described
the so called Q-process. This is the process conditioned to be never extinct. Similarly to the
discrete case, the authors in [6] found a phase transition in the subcritical regime that depends on
the parameters of the random environment. Hutzenthaler studied in [12], the supercritical regime
and found that supercritical branching diffusions in a Brownian random environment conditioned
on eventual extinction also possesses a phase transition which is similar to the phase transition
of the subcritical case.

Another class of CB-processes in random environment has been studied recently by Bansaye
etal. [1]. The authors in [1] studied the particular case where the random environment is driven by
a Lévy process with paths of bounded variation. Such type of processes are called CB-processes
with catastrophes, motivated by the fact that the presence of a negative jump in the random envi-
ronment represents that a proportion of a population, following the dynamics of the CB-process,
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is killed. Similarly to the diffusion case, CB-processes with catastrophes were also introduced
as the strong solution of an SDE and conditioned on the environment, they satisfy the branching
property. It is also important to note that CB-processes with catastrophes can also be obtained
as the scaling limit of Bienaymé-Galton—Watson processes in random environment (see for in-
stance [2]). Bansaye et al. also studied the survival probability but unlike the case studied in [6],
they used a martingale technique since the time change technique does not hold in general. In the
particular case where the branching mechanism is stable, the authors in [1] computed the exact
asymptotic behaviour of the survival probability and obtained similar results to those found in [6].

One of our aims is to study explosion and extinction probabilities for CB-processes in a
Brownian random environment. Up to our knowledge, the explosion case has never been studied
before even in the discrete setting. In order to study explosion and extinction probabilities for
a process in this class, we follow the martingale technique used in [1] to compute the Laplace
exponent via a backward differential equation. With the Laplace exponent in hand, we are able
to determine whether a process is conservative, i.e. that does not explode a.s. at a fixed time, or
become extinct with positive probability. Nonetheless, it seems very difficult to deduce necessary
and sufficient conditions for explosion and extinction probabilities. This is due to the fluctuations
of the random environment. However, the stable and the Neveu cases will help us to understand
the different situations that our main results cannot cover.

We give special attention to the case when the branching mechanism is stable i.e. ¥ (1) =
—oA+ Cﬂkl"’ﬁ, for B € (—1, 0) U (0, 1]. Here, the Laplace exponent can be computed explicitly
and we will show that it depends on the exponential functional of the random environment.
Whenever 8 € (—1, 0), we can compute the explosion probability at a fixed time and establish the
asymptotic behaviour of the probability of no-extinction where we find three different regimes.
Up to our knowledge, this behaviour was never observed. In the case when 8 € (0, 1], we
study the extinction probability and also establish the asymptotic behaviour of the survival
probability where five different regimes appear. In the supercritical regime, we study the process
conditioned on eventual extinction and we find three regimes for the asymptotic behaviour
of the probability of survival. The asymptotic behaviour depends on the study of exponential
functionals of Brownian motion.

From the speed of survival in the stable case, we can deduce the process conditioned to be
never extinct or Q-process using a Doob h-transform technique.

We finish this paper studying the immigration case, which represents an example of affine
processes in a random environment. More precisely, this family of processes is an extension of
the so-called Cox—Ingersoll-Ross model, which is largely used in the financial literature, under
the fluctuations of a random environment.

The remainder of the paper is structured as follows. In Section 2, we define and study
CB-processes in a Brownian random environment. Section 3 is devoted to the long-term be-
haviour of this family of processes. In particular, we study explosion and extinction probabilities.
In Section 4, we analyse the stable case. Here, we study the asymptotic behaviour of the no-
explosion and survival probabilities as well as the process conditioned to be never extinct and the
process conditioned on eventual extinction. Finally in Section 5, we study the immigration case.

2. CB-processes in a Brownian random environment
Motivated by the definition of branching diffusions in random environment (see Boinghoff and

Hutzenthaler [6]) and CB-processes with catastrophes (see Bansaye et al. [1]) we introduce, using
the same notation as in the SDE (3), continuous state branching processes in a Brownian random
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environment (in short a CBBRE) as the unique non-negative strong solution of the following
stochastic differential equation

t t t
7 = Zo+a/ sts+/ ,/ZyZZSdBS+a/ Z,dB
0 0 0
t Zg_ ~ t Zs—
w [T @ [ [T N, dz . *
0 J(,1) JO 0 J[1,00] JO

where B(®) = (B,(e), t > 0) is a standard Brownian motion independent of B and the Poisson
random measure N, and o € R. The Brownian motion B(®) represents the random environment.
We also observe that the drift coefficient can be written as « = a + g, where a is the drift of the
underlying CB-process and « is the drift of the environment.

The following theorem provides the existence of the CBBRE as a strong solution of (4) and,
in some sense, characterizes its law given the environment. In order to introduce our main result,
we define the auxiliary process

0,2
K, =oBY — 1 forr >0,

that represents the random environment.

Theorem 1. The stochastic differential equation (4) has a unique non-negative strong solution.
The process Z = (Z;,t > 0) satisfies the Markov property and its infinitesimal generator L
satisfies, for every f € Cg(R.Q,l

Lf(x) = axf (x)+ (%szz " yzx) £
+x /(0 ] (f(x+2)— f(x) = 2f ()1 z<qy) A(dz). )

Furthermore, the process Z conditioned on K, satisfies the branching property and for every
t>0andz>0

Ez[expl—kzle_[(’ } ‘K] = exp{—zvt(O, A, K)] a.s., (6)

where for every (A, 8) € (R4, CRy)), vy : 5 € [0, 1] = v (s, A, §) is the unique solution of the
backward differential equation

)
a—v,(s, A, 8) =Sy (s, A, 8)e ™), vt A, 8) =4, @)
S

and r is the branching mechanism of the underlying CB-process.

1 R4 = [0, 00), R4 = [0, 00] and Cg(]l_h_) = {twice differentiable functions such that f(oo) = 0}.
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Proof. First, we prove the existence of a unique strong solution of the SDE

t t t
Zt(n) — Z(()n)—i-()l/ (Z§'l) /\n)ds—l—/ /2)/2(2‘571) /\n)st-i-/ (Zs(n) /\n)dBS(")
0 0 0
' (2% Any— _
+/ / / (z An)N(ds, dz, du)
0 J(,1)J0

' (2 An)—
+ / / / (z An)N(ds, dz, du). (8)
0 J[1,00] JO

Let E = {1, 2} and 7(dz) = 81(dz) + §2(dz) a measure in E. Define W (ds, dz) := dB;51(dz)
+ dBS(e)Sz(dz), a white noise on [0, o0) x E with intensity dsz(dz). Then, the SDE (8) can be
written as follows

t
z" =2 +a / (Z" An)ds
0

t
+f / (1{2_1}\/2)/2(Zs(n)/\n)+01{Z_2}(Zs(")/\n)) W (ds, dz)
0 JE
t (2" Any— .
+/ / / (z An)N(ds, dz, du)
0o Jo.nJo

' (2 Ap)—
+ / / / (z An)N(ds, dz, du). 9)
0 J[1,00) JO

Following the notation in [8], the conditions from Theorem 2.5 in Dawson and Li [8] are satisfied
by taking the spaces; E = {1,2}, Uy = U; = (0,00] x (0, 00), the measures; w(dz) =
81(dz) + 82(d2), po(dz, du) = Tiz<yyu(d)du, 1 (dz, die) = 11 <z o0t (d2)du + g8oo(dz)du,
and the functions

b(x) = a(x An), o (x,2) = 1=1)y/2y2(x An) + ol —2y(x An),

go(x,z,u) =z An)ly<xan),  &1(x, z,u) = (2 An)ljy<xrn)-

Then, there exists a unique non-negative strong solution to (9) and therefore there exists a unique
non-negative strong solution to (8). For m > 1 let 7,, = inf{r > 0 : Zt(m) > m}. Since 0 < Z,(m)
<mfor0 <t < 1, the trajectory ¢ — Z,(m) has no jumps larger than m on the interval [0, t,,,).

Then, we have that Z,(m) satisfies (4) for 0 <t < 1. Forn > m > 1, let (Y;,t > 0) be the
strong solution to

t t
Y, = Zg:)_ + a/ (Yy A n)ds +f \/272(Ys An)dBy, 15
0 0

t t (YsAn)— -
+ f (Ys AmdBY  + / / f (2 An)N (5 + ds, dz, du)
0 0 J(,1) JO

t (YyAn)—
+ / / / (z An)N(t, +ds, dz, du).
0 J[1,001 J0

Next, we define Yt(") = Zt(m) for0 <t < 1, and Yt(n) =Y, fort > 7,. It is not difficult
to see that (Y,(")) is a solution to (8). By the strong uniqueness, we get that Z[(") = Y,(") for all
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t > 0. In particular, Zt(”) = Z,(m) < m, for0 <t < 1,. Consequently, the sequence {T,};>1 is
non-decreasing. We define the process (Z;, t > 0) as follows

oo iftr> lim 1.
m—0oQ0

( .
Z — {Z,m) ift < t,,

Therefore, the process (Z;, t > 0) is a weak solution to (4).
Now, we consider Z’ and Z”, two solutions of (4) and define

7, =inf{t > 0: Z, > m}, T =inf{t > 0: Z/ > m},

and o, = 7, AT,,. Thus, Z" and Z” satisfy (8) on [0, 0,,), implying that both processes are indis-
tinguishable on [0, 0,,,). If 050 = limy,— 00 0, < 00, We have two situations to consider, either
Z' or Z" explodes at 0o, continuously or by a jump of infinite size. If Z’ or Z” explodes contin-
uously then both processes explode at the same time since they are indistinguishable on [0, 0y,),
for all m > 1. If Z’ or Z” explodes by a jump of infinite size, then this jump comes from an
atom of the Poisson random measure N, so that both processes have it. Since after this time both
processes are equal to oo, and since the integral with respect to the Poisson process diverges, we
get that Z’ and Z” are indistinguishable. Then according to Theorem 137 in Situ [24], there is a
unique strong solution to (4) that we denote by (Z;, t > 0). The strong Markov property follows
since there is a strong solution, the integrators are Lévy processes and the integrand functions are
not time dependent (see for instance, Theorem V.32 in Protter [21], where the Lipschitz prop-
erty is just needed to guarantee the existence and uniqueness of the strong solution) and by It6’s
formula it is easy to show that the infinitesimal generator of (Z;, t > 0) is given by (5).

The branching property of Z; conditioned on K, is inherited from the branching property
of the underlying CB-process. Its proof follows similar arguments as those used in Caballero
et al. [7, see p. 77-79]. More precisely, we consider (Z;, ¢t > 0) and (Z;, ¢t > 0) two solutions
of (4) starting from x and y, respectively, which are independent conditioned on the Brownian
random environment (Bt(e), t > 0). In other words, we consider (B (ON ]X (1)) and (B(z), N (2)) the
Brownian motions and Poisson random measures associated to Z and Z, respectively, which are
mutually independent. Then conditioned on the environment, we observe

t t
Z =7 +7Z =x+y+oz/ Z;ds—l—/ 2y27,dB"
0 0

t t
+/ 2y2ZSdBS(2)+a/ Z/dB® + U, + V,,
0 0

where

' Zo_ t 7o
Uy = / f / N (ds, dz, du) + / f / N (ds, dz, du)
0 J[1,00] J0 0 J[1,00] JO

and V; represents the sum of the integral terms with the compensated Poisson random measures.
By the Lévy’s Characterization Theorem, we deduce

' 2y2Z,dB" + \/2y2Z,dB® ' "
Wz=/lz<0 +/lz’_=od3
o T B, o

is a Brownian motion, since (W); = ¢, fort > 0.
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Next, we introduce M (ds, dz, du) an independent Poisson random measure, with intensity
ds A(dz)du and define
N(ds, dz, du) = 1g,-z, NV (ds, dz, du)
1z, cuczi NP (s, dz, du) + 171 _, M(ds, dz, du).

Using the same arguments as in [7, (p. 78-79)], one can deduce that N is a Poisson random
measure with intensity ds A(dz)du, and

t Z_ t Zi_
U; =/ / / zN(ds, dz, du) Vi =/ / / zN(ds, dz, du).
0 J[1,001J0 0 J(.1)JO

Therefore, given the environment, Z’ satisfies the SDE (4) with Z, = x + y, implying that it
satisfies the branching property.

In order to deduce (6), we follow similar arguments as used in Bansaye [1]. To this purpose,
we introduce Z, = Z,e K and take F € C'2(R,, Ry). An application of Ito’s formula guar-
antees that F(z, Z,) conditioned on K is a local martingale if and only if for every ¢t > 0,

79 0 e 92
0= 8F(s Z)+aZa—F(s Z)+)/e SZa—F(s Z) ds

/ / (F(s, Zy+ze K —F(s, Zy) - %F(s, Zo)ze K1 z<1}) A(dz)ds.

If in addition, F is bounded, it will be a true martingale if the previous equality holds. By
choosing F(s,x) = exp{—xv:(s, A, K)}, where v;(s, A, K) is differentiable with respect to
the VarNiable s, non-negative and such that v,(f,A, K) = A for all A > 0, we observe that
(F(s, Zg), s <t) conditioned on K is a martingale if and only if

9
o vi(s, A, K) = —gef —avi(s, A, K) + 72 (0 (s, A, K))2e 5
S

oo
+ eKA'/ S B C W O F TR PO
0

which is equivalent to v;(s, A, K) satisfying (7). Since ¥ is locally Lipschitz on (0, co), the
existence and uniqueness of v; follows from the Picard-Lindeldf theorem.

The above implies that the process (exp{— Z vi(s, A, K)},0 < s < 1) conditioned on K is a
martingale, and hence

E, [exp {—AZNt} |K] =E, [exp {—Zovt(O, A, K)} |K] =exp{—zv/(0, 1, K)},
which completes the proof. [J
Remark 1. Observe that in the case when |/ (0+)| < 00, the auxiliary process can be taken as
follows

K(O) B(e) +ms, fort >0,

where
2

m = —y/(04) — %

Following the same arguments as in the last part of the proof of the previous theorem and
replacing K with K@, one can deduce that v; (s, A, K©) is the unique solution to the backward
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differential equation

0 o 0)
(s, 0 KO) = K "Wo(vi(s, 1, K©)e K, (10)
S
where
Yo(A) = —q + y2a2 +/ (e_“ -1+ Ax),u(dx). (11)
0,00)

In this case, the process Z conditioned on K O satisfies, for everyt > (0andz >0,

E, [exp{—)»Zte_Kf(O)HK(O)] = exp{—zv,(O, A, K(O))} a.s. 12)

Before we continue with the exposition of this manuscript, we would like to provide some
examples where we can compute explicitly the Laplace exponent of the CB-process in a
Brownian random environment.

Example 1 (Neveu Case). The Neveu branching process in a Brownian random environment has
branching mechanism given by (1) = u log(u), for u > 0. In this particular case the backward
differential equation (7) satisfies

0
SoV(5 3, 8) = (s, 2, 8) log(e % v, (s, A, 8)).
)

Providing that v, (¢, A, §) = A, one can solve the above equation and after some straightforward
computation we deduce

t
v (s, A, 8) = exp {ex (/ e "8,du + log()»)et)} .

Hence, from identity (6) we get
t
E, [exp{—kZ,e‘K’ ] ‘K] = exp {—zket exp {/ e’ sts}} a.s. (13)
0

. o . 2
Observe that the r.v. fé e % K,ds, is normal distributed with mean —"7(1 —e T —te™") and

. 2

variance "7(1 + 4e™t — 36_2’), for ¢ > 0. In other words, the Laplace transform of Z,e_Kf can
be determined by the Laplace transform of a log-normal distribution which we know exists but
there is not an explicit form of it.

Example 2 (Feller Case). Assume that 1 (0, o) = 0, thus the CB-process in a Brownian random
environment (4) is reduced to the following SDE

t t t
Z, :Z0+a/ sts+a/ Z,dB® +/ 2y2Z,dB;.
0 0 0

This SDE is equivalent to the strong solution of the SDE

2
4z, = %Z,dt + Z:dK, +/2y2Z,dB;,

dK, = apdt + odB',
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where @y = « — 0'2/2, which is the branching diffusion in random environment studied by
Boinghoff and Hutzenthaler [6].
The backward differential equation (7) satisfies

0
a—v,(s, A, 8) = —avi(s, A, 8) + yzvtz(s, A, 3)6_8“.
s

If v, (¢, A, §) = A, the above equation can be solved and after some computations one can deduce

t -1
(s, A, 8) = e ((Ae‘“)‘ + y2/ e“ﬁ““)du) :
N

Hence, from identity (6) we get
' -1
E, [exp{—kzte_(K’J“’”)HK] = exp {—z <A_l + y2/ e_(K”+°‘“)du> } as. (14)
0

The r.v. fot e~ Kutam) qy s known as the exponential functional a Brownian motion with drift,
and it has been deeply studied by many authors, see for instance [4,9,19].

Example 3 (Stable Case). For our last example, we assume that the branching mechanism is of
the form

Y() = —ar+cprfT L >0,
for some 8 € (—1,0) U (0, 1), @ € R, and cg is such that

cg <0 ifBe(—1,0),
cg >0 ifBe(1).

Under this assumption, the process Z satisfies the following stochastic differential equation

t t t [o0] Zg_ —
Z :Zo+a/ sts—i—G/ Z,dB® +/ / / zN(ds, dz, du) (15)
0 0 0 JO 0

where B‘® is a standard Brownian motion and

N(ds,dz,du) if g € (—1,0),

N(ds; dZ7 du) = {N(ds, dZ, du) lfﬂ S (07 l)v

where N is an independent Poisson random measure with intensity

cgB(B+1) 1
—F(l — ﬂ) Zz—+ﬂdeZdu,

and N is its compensated version.
In this case, we note
ey _ | oo ifB e (=1,0),
v+ = {—oc if B e (0, 1),

Hence, when 8 € (0, 1), we have K t(o) = K; +at, for t > 0. In both cases, we use the backward
differential equation (7) and observe that it satisfies

ad
a_”’(s’ A, 8) = —av(s, 4, 8) + Cﬁvfgﬂ(s, 1, 8)e P
N
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Similarly to the Feller case, assuming that v, (¢, A, §) = X, we can solve the above equation and
after some straightforward computations, we get

‘ ~1/p
Vs, A, 8) = e ((Ae‘”)_ﬁ + Beg / e—ﬁ<5u+““>du> )
s

Hence, from (6) we get the following a.s. identity
t -1/
E, [exp{—AZte_K’ } ‘K] =exp{—z <()\e°")_/3 + Beg / e_ﬁ(K”Jr“”)du) ,
0
which clearly implies the following a.s. identity

t —-1/8
E, I:exp{—)»Z;e_(K’+at)}‘K] =expjy—z <X_ﬂ + ,BC/S/ e—ﬂ(Ku+om)du> } . (16)
0

We finish this example by observing that the r.v. fé e PKutaw) qy is the exponential functional
of the Brownian motion with drift (8(K, + au), u > 0).

3. Long-term behaviour

Similarly to the CB-processes case, there are three events which are of immediate concern for
the process Z, explosion, absorption and extinction. Recall that the event of explosion at fixed
time t, is given by {Z; = o0o}. When P,(Z; < oo) = 1, forall ¢t > 0 and z > 0, we say the
process is conservative. In the second event, we observe from the definition of Z that if Z; = 0
for some ¢ > 0, then Z;; = 0 for all s > 0, which makes 0 an absorbing state. As Z; is to be
thought of as the size of a given population at time ¢, the event {lim;_, o, Z; = 0} is referred as
extinction.

Up to our knowledge, explosion has never been studied before for branching processes in
random environment even in the discrete setting. Most of the results that appear in the literature
are related to extinction. In this section, we first provide a sufficient condition under which the
process Z is conservative and an example where we can determine explicitly the probability
of explosion. Under the condition that the process is conservative, we study the probability of
extinction under the influence of the random environment.

In our particular case, the events of explosion and absorption are not so easy to deduce in full
generality. In the next section, we provide an example under which both events can be computed
explicitly, as well as their asymptotic behaviour when time increases.

3.1. Explosion and conservative processes

Recall that ¢/ (0+) € [—00, 00), and that whenever |4’ (0+)| < 0o, we write
/ 0—2

The following proposition provides necessary conditions under which the process Z is conser-
vative.

Proposition 1. Assume that ¢ = 0 and |'(0+)| < oo, then a CBBRE with branching mecha-
nism \ is conservative.
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Proof. Recall that under our assumption, the auxiliary process takes the form
K? =6B® +mt, fort >0,

and that v, (s, A, K©) is the unique solution to the backward differential equation (10) with
q = 0. From identity (12), we know that

E, [exp{—AZ[e_wa)” = E[exp{—zv, O, A, K(O))}].

Thus if we take limits as A | 0, we deduce that for z > 0
. 2@ )
P,(Z, < 00) = lim ]Ez[exp{—kzte ki }] =E [exp {—z lim v,(0. 2. K“”)” :

where the limits are justified by Monotonicity and Dominated Convergence. This implies that a
CBBRE is conservative if and only if

limv, (0, A, K@) = 0.
20

Let us introduce the function ¢(1) = A‘ll/fo(k), where Y is given by (11) and observe that
#(0) = ¥j(0+) = 0. Since ¥ is convex, we deduce that & is increasing. Finally, if we solve
Eq. (10) with ¥o(X) = A P(1), we get

t
vi(s, A, K) = Aexp {—/ B(e K (r, A, K))dr}.
S
Therefore, since @ is increasing and ¢(0) = 0, we have
t
0 < lim v;(0, A, K) = lim Aexp {—/ d(e Krv,(r, 1, K))dr} < limx =0,
A—0 r—0 0 r—0

implying that Z is conservative. [

Recall that in the case when there is no random environment, i.e. 0 = 0, we know that a
CB-process with branching mechanism v is conservative if and only if

/ du
— =00
o+ ¥ )]

In the case when the random environment is present, it is not so clear how to get a necessary
and sufficient condition in terms of the branching mechanism since the random environment is
affecting the monotonicity of i in the backward differential equation (7).

We now provide two interesting examples in the case when ¢'(04+) = —oo, that behave
completely differently.

1. Stable case with § € (—1, 0). Recall that in this case ¥ (u) = —au + cﬁuﬂﬂ, where
a € R and cg is a negative constant. From straightforward computations, we get

¥4 a [ 2
= —o00, an — <X
0+ [ W)l

On the other hand, from identity (16) and taking limits as A | 0, we deduce that for z > 0

t —-1/8
P, (Zl < oo‘K) = exp {—z (,365/ e_ﬁ(K”"’“”)du) } a.s., (17
0
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implying

t -1/B
P, (Z, = oo‘K) =1—exp !—z (ﬂc,g/ e_ﬂ(Ku-‘rau)du) } =~ 0.
0

In other words the stable CBBRE with § € (—1, 0) explodes with positive probability for any
t > 0. Moreover, if the process (K, + au, u > 0) does not drift to —oo, i.e. &« — 02/2 > 0, we
deduce from Theorem 1 in Bertoin and Yor [4],

t
/ e Pt gy 5 50, ast — oo,
0

implying

lim Z, =00, as.
11—

On the other hand, if the process (K, + au, u > 0) drifts to —o0, i.e. @ — 02/2 < 0, we have
an interesting long-term behaviour of the process Z. In fact, we deduce from the Dominated
Convergence Theorem

00 -1/8
P, (ZC>o = oo) =1—E|expi—z (ﬂc,g/ e—ﬁ(Ku+au)du) )
0

The above probability is positive since
o0
/ e PEt gy « 50 as.,
0

according to Theorem 1 in Bertoin and Yor [4]. In this particular case, we will discuss the
asymptotic behaviour of the probability of explosion in Section 4.
2. Neveu case. In this case, recall that ¢ () = u log u. In particular

du
— =
+ |ulogul

¥’ (0+) = —oco and /
0
By taking limits as A | 0 in (13), one can see that the process is conservative conditionally on
the environment, i.e.
P, (Z, < oo|K) =1,
for all r € (0, 00) and z € [0, 00).

3.2. Extinction probabilities

Here, we consider CBBREs that are conservative. The following result provides a criteria
that depends on the behaviour of the auxiliary process K, which allows us to compute
the probability of extinction of a CBBRE. Recall that the event of extinction is equal to
{lim; - 0 Z; = 0}.

Proposition 2. Assume that ¢ = 0 and |y’ (0+)| < oo. Let (Z;,t > 0) be a CBBRE with
branching mechanism given by { and z > 0.

() If m < 0, then P, <lim,_>oo 7 = 0’1((0)) =1, as
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(i) If m =0, then P, <lim inf; o0 Z; = O‘K(0)> =1, a.s. Moreover if y > 0 then

IP’Z< lim Z, = O‘K(O)> -1, as

—>00

@iii) If m > 0 and
/ooxln(x)u(dx) < 00,

then P, (1im inf, o0 Z; > O‘K(O)) > 0 a.s., and there exists a non-negative finite r.v. W
such that

_x©® .
Zie "t — W, as and {W:O}: lim Zt=0}.
—00 11— 00
Moreover if y > 0, we have
P, (lim Z = O‘K(O)> >0, as
—00

and,

2m

2\~

]P’Z(lim ztzo) > (1+%> .
11— 00 J/

Proof. Recall that under our assumption, i.e. [{'(0+)| < oo, the auxiliary process can be written
as

K =0B® +mt, fort>0,

and the function v (s, A, K ©) satisfies the backward differential equation (10).
.. ©
Similarly to the last part of the proof of Theorem 1, one can prove that Z,e~X:" is a non-

negative local martingale. Therefore Z,e_Kf(0> is a non-negative supermartingale and it converges
a.s. to a non-negative finite random variable, here denoted by W. This implies the statement of
part (i) and the first statement of part (ii).

In order to prove the second statement of part (ii), we observe thatif y > 0, then the backward
differential equation (10) satisfies

0 (0)
a—vt(s, A, K(O)) > yzvt(s, A, K(O)) e K
s

Therefore

) 1 s [f o\
v (s, A, K) < X-I—J/ e s ds ,
N

which implies the following inequality,

t —1
P,(Z, = 0|K®) > exp {—z (yZ/ e’(x(o)ds) } (18)
0

Since m < 0, we deduce from Theorem 1 in Bertoin and Yor [4]

t
/ e Ky — 00, ast — oo. (19)
0
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In consequence, we have
P, ( lim Z, = o‘ K<0>) —1 as
—>00

Now, we prove part (iii). We first note that v;(-, A, K ©)), the solution to the backward
differential equations (10), is non-decreasing on [0, ¢] (since v is positive). Thus for all
s € [0,1], ve(s, A, K(O)) < A. From the proof of part (ii) in Proposition 1, we know that the
function (1) = A~ !yg(1), is increasing. Hence

ol ©) ©)
vl b KO = v (s, KO By, 1 K™ 7) < wi(s. 0 KO) @™,
s
Therefore, for every s < ¢, we have
) ! _K©
ve(s, A, K*) > dlexpq— d(re” "5 Hds ¢ .
N
In particular,
o0
L ©) _x©
htmmfv,(O, A, KY) > Aexp{— d(he™ "5 Hds ¢ .
— 00 0
According to Proposition 3.3 in Salminen and Yor [22], we have
o _K© ‘ . o _
/ P(he " )ds < oo as., ifandonlyif / P(he™M)dy < 0.
0

0
Observe

00 A )
/ d(re™)dy :/ Ldé‘
0 o 0
* de
=i [ G [ @ o
0 07 J0.00
2 b e do
:yk+/ u(dx)f (e_)‘—1+9)c)—2
(0,00) 0 0

Ax dy
=92\ —i—/ X < (e —1+ y)—2> n(dx).
(0,00) 0 y
Since the function
AX d
—V y
gA(x):/ (e —1+y)—2,
0 y
is equivalent to Ax /2 as x — 0 and equivalent to In(x) as x — oo, we deduce that

o0 o0
/ d(re V)dy < oo if and only if / xIn(x)p(dx) < oo.
0

In other words,

© _k© . . o
/ P(he ™ )ds < oo as., ifandonly if / xIn(x)u(dx) < oo.
0

If the integral condition from above is satisfied, then

.. (0) o kO
l1tm infv, (0, A, K*%) > Lexp{— d(he™ "5 )dsp > 0,
— 00 0
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implying
0 o0 0)
Ez[e*AW‘K( )] < exp{—z A exp {—/ (P()»e*KS )ds}} <1,
0

and in particular P, <lim inf; o0 Z; > O‘K (0)> > 0 a.s. Next, we use Lemma 20 in [1] and the
branching property of Z, to deduce

(W=0}= {tl_i)rglozt - o}.

Now assume y > 0. From inequality (18) and the Dominate Convergence Theorem, we deduce

0 2 [ k0 N
P, (lim Z; = O‘K( )> >expy—2 (y / e s ds) a.s.
—00 0

On the other hand, since m > 0, we deduce from Theorem 1 in Bertoin and Yor [4] (or Proposi-
tion 3.3 in Salminen and Yor [22])

® kO
e ™ ds <00, as., (20)
0

implying that P, (lim/—, o Z; = 0|K?) > 0, a.s. Finally, according to Dufresne [9],

o x© -1
e "¢ ds has the same law as (Zfz%.) , 21)
0 o

where [, is Gamma r.v. with parameter v. After straightforward computations, we deduce

2m
. 202\ o?
IPZ(hmtho)z 1+ % .
—00 J/
The proof of Proposition 2 is now complete. [

Remark 2. When m > 0, we also have an upper bound for the probability of extinction under
the assumption

o0
y >0 and « :=/ xz,u(dx) < 0.
1

More precisely, under the above assumption we have, for z > 0

_2m _2m
)T p (lmzim0) < (14227} 7
ta,2) = (Jim 2 =0) = Y3 1x)

The upper bound follows from the a.s. inequality

0 (0)
s, KO < 2 +10)u(s, 2, KO)2e K5,
S

It is important to note that when the branching mechanism is of the form ¢ (u) = —au +
Cﬁuﬂ+1 for B € (0, 1], one can deduce directly from (14) and (16) by taking A and ¢ to oo, and
(19) that

lim Z, =0, a.s.,form<0.
11— 00
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Similarly, using (20), in the case when m > 0 we have

00 —1/B
P, (lim Z = O|K> =exp{—z <,805/ e_ﬁ(K”Jr“”)du) ,  as.,
11— 00 0

and in particular

00 K ) -1/B
IP’(W - 0) - Pz(tll)rgo Z = 0) —E, |exp]—z (ﬂcﬁfo e~ PKutau du) .

The latter probability can be computed explicitly using (21).
We finish this section with a remark on the Neveu case. If we take limits as A 1 oo, in (13),
we obtain that the Neveu CBBRE survives conditionally on the environment, in other words

P.(Z, > 0|K) =1,
for all t € (0, 00) and z € (0, o). Moreover since the process has cadlag paths, we deduce the
Neveu CBBRE survives a.s., i.e.

PZ(Z, >0, forall 7 > 0) —1, forallz > 0.

On the one hand, using integration by parts we obtain
t t 0.2
/ e Kyds = a/ edBY — (1 —e™)— — e 'K,.
0 0 2

Since

' o? : o2
<O’/ eSdBS(e)> =—(l-e*) <00 and E |:<a/ esst(e)> ] =,
0 t 2 0 o0 2

we have that

t o] 02
lim e *Kyds = a/ efsdBA@ -,
t—>0 Jo 0 2

. . . . . 2 . 2 . ..
exists and its law is Gaussian with mean —"7 and variance "7 Hence, if we take limits as ¢t 1 oo

in (13), we observe
o0
K] = exp {—zexp {/ e“'sts” , forallz > 0.
0

Since the right-hand side of the above identity does not depend on A, this implies that

E, [exp{—k lim Z,e K ]
t—00

o
IPZ( lim Z,e % = O’K) = exp {—zexp {/ e_SKSdsH , forallz >0,
—>00 0
and taking expectations in the above identity, we deduce

o0
Pz(lim Zie ki = o) —E [exp {—zexp {/ eSsts}” , forallz > 0.
11— 00 0

In conclusion, the Neveu process is conservative and survives a.s., but the extinction probability
is given by the Laplace transform of a log-normal distribution.
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Finally, if we multiply (13) by eX", differentiate with respect to A and then we take expecta-
tions on both sides, we deduce

E, [Zt exp[ —2Ze K ”

t t
=ze A TIE [exp{K,—i—/ e Kyds — z0° exp{/ essts}}i| .
0 0

Taking limits as A goes to 0, it is clear

E,[Z;]]=00, fort>0, z>0.

4. Stable case

The stable case is perhaps one of the most interesting examples of CB-processes. One of the
advantages of this class of CB-processes is that we can perform explicit computations of many
functionals, see for instance [3,16,17], and that they appear in many other areas of probability
such as coalescent theory, fragmentation theory, Lévy trees and self-similar Markov processes to
name but a few. As we will see below, we can also perform a lot of explicit computations when
the stable CB-process is affected by a Brownian random environment.

In the sequel, we shall assume that the branching mechanism satisfies ¥ (1) = —ou +c5uﬂ“,
foru > 0,and 8 € (—1,0) U (0, 1). Recall that « € R, and

cg <0 ifge(-1,0),
cg >0 ifge(01).

Boinghoff and Hutzenthaler [6] studied the particular case when 8 = 1, also known as the Feller
diffusion case. The authors in [6] gave a precise asymptotic behaviour for the survival probability
and also studied the so-called Q-process. In this section, we prove similar results for the case
when 8 € (0, 1) and we obtain new results on the asymptotic behaviour of non-explosion for the
case when 8 € (—1, 0).

Recall from identity (16) that the stable CBBRE Z = (Z;, t > 0), satisfies

t —-1/8
Ez[exp{—AZ,e*(’(ﬁ“””K] = exp {—Z (kﬂ + ﬁcﬁ/ eﬁ(Kquotu)du) } )
0

If we take limits as A goes to 0o, in the above identity we obtain for all z, ¢ > 0,
t -1/B
P, (Zl > 0|K) =1—exp{—z (ﬁclg/ eﬁ(K”+au)du> 1g-0;, as., (22)
0

where the same holds true for the Feller case by taking 8 = 1 and cg = y2.
On the other hand, if we take limits as A goes to 0, we deduce that ¢, z > 0

t -1/
P, (Zl < OO‘K) = exp {—z (ﬁclg/ e_ﬂ(K“-Hm)du) } 1g<0) + 10y as.
0

It is then clear that if 8 € (—1, 0), then the survival probability equals 1, for all + > 0. If
B € (0, 1] then the process is conservative.

From the above identities, a natural question arises: can we determine the asymptotic
behaviour, when t goes to oo, of P,(Z; > 0) for B € (0, 1] and P,(Z; < o0) for B € (—1,0)?
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We observe below that the answer of this question depends on a fine study of the asymptotic
behaviour of

t —1/B
E|exp{—z (ﬁc/g/ e—ﬁ(Ku+au)du) )
0

For this purpose, let us recall some interesting facts of the exponential functional of a Brownian
motion with drift.

4.1. Exponential functional of a Brownian motion with drift

In what follows, the following functional will be of particular interest. Let It(") be the
exponential functional of a Brownian motion with drift € R, in other words

t
I,(") :=/ exp{Z(ns + Bs)]ds, t € [0, 00).
0

The law of such random variable have been deeply studied by many authors. Up to our knowledge
this is the unique example for which there exist an explicit formula for the joint distribution of
(I,(") , B; + nt), see for instance Proposition 2 in Matsumoto and Yor [19]. In particular, for all
t, u € (0,00) and x € R, we have

2t 2 1
P (I,(n) € du|Bl +nt = x) = un exp {;_t} exp {_Z(l + ezx) } BOex u(t)du,
where
nZ &°] y2
0,(t) = \/%ef /0 e~ 2 7MW ginh(y) sin (?) dy, r>0.

The following lemma generalizes Lemma 4.2 in [6] from p = 1 to p > 0.

Lemma 1. Let n € R and p > 0. Then for every t > 0, we have

() E [(1}’”)‘"} — 2P =2pig [( ,t(mzp)))!’] ’
-2 _ _
(i) E [(1}'”) P } < (@P-2p0ig [( ,t(/—zw—zp))) P] E [( If(/(g_zp))> p} .

Proof. Using the time reversal property for Brownian motion, we observe that the process (nt +
By —n(t—s)— B;—s, 0 < s <) has the same law as (s + Bs, 0 < s < t). Then, we deduce that

t t
/ 2M5+Bs)qg has the same law as > +51) / e 25t Bs) g,
0 0

We now introduce the exponential change of measure known as the Esscher transform or Gir-
sanov’s formula
dp®
dpP

2
=M =T fora e R,

Fi

where (F;);>0 is the natural filtration generated by the Brownian motion B which is naturally
completed. Observe that under P*), the process B is a Brownian motion with drift A. Hence,
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taking A = —2p, we deduce

t -P
E (/ e2(ns+Bs)dS>
0
t -p
— ]E e—2p(7’1t+Bt) (/ e_z(ns+Bs)ds)
0
) t -p
— e—2p7]t62p tR(=2p) (/ 6—2(775+Bx)ds>
0
) t -P
— 2PN 2P </ 8—2((n—2p)s+Bs)ds) ;
0

which implies the first identity, thanks to the symmetry property of Brownian motion.
In order to get the second identity, we observe

t t/2 t/2 -
/ 20154 By) g / 205+B) g 4 oM +2B1)2 / 205 +B) g,
0 0 0

where By = Bgi1/2 — By2, s > 0, is a Brownian motion which is independent of (B,,0 < u <
t/2). Therefore, using part (i), we deduce

t —2p
E ( [ e2<ns+Bs>ds>
0
12 -p 12 -r
S]E er}t+23,/2/ 62(7]S+Bs)ds E / 62(77S+Bs)ds
0 0

2 2 2, 7 (~—2p)\ 7P
< P | [ o+ B,/z/ 205t80gs) | E [(,m n-2p ) ]
0

On the other hand from the Esscher transform with A = —2p, we get

/2 P ) 12 -r
E| (o280 / Q205+ g — P PIR(-2P) / S2005+B) g
0 0

5 /2 -p
_ PP / 2-2ps+B0gs) |
0
Putting all the pieces together, we deduce

Cosasoa ) T 272 (-2p)\ P (—(-2p)\ P
E (/0 25+ .v)ds> ge(p_” p)lEl:(lt/;i 17) ]]E|:(Iz/2n 17) :|

The proof of the lemma is now complete. [

We are also interested in

o0
Iég) ::/ exp{Z(ns + B‘g)}ds,
0
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which is finite a.s. whenever n < 0. We recall that according to Dufresne [9],

—1
Iég) has the same law as (2]l,7> , (23)

where [, is Gamma r.v. with parameter v.
4.2. Explosion probability

Throughout this section, we assume that 8 € (—1, 0). As we will see in the main result of this
section, the asymptotic behaviour of the probability of explosion depends on the value of

o2

m=o— —.
2
We recall that when o = 0, i.e. there is no random environment, the stable CB-processes ex-
plodes with positive probability. Moreover, when o = 0, we can compute explicitly the asymp-
totic behaviour of the probability of explosion.

When a Brownian random environment affects the stable CB-process, the process behaves
completely different. In fact, it also explodes with positive probability but we have three different
regimes of the asymptotic behaviour of the non-explosion probability that depends on the
parameters of the random environment. Up to our knowledge, this behaviour was never observed
or studied before. We call these regimes subcritical-explosion, critical-explosion or supercritical-
explosion depending on whether this probability stays positive, converge to zero polynomially
fast or converges to zero exponentially fast.

Let
2 2\ /B
n=—-———m and k= po” )
,302 26‘/3
and define

g(x) =exp {—kxl/ﬂ] , forx >0.

From identity (17) and the scaling property, we deduce for 8 € (—1,0) and n > —1,

B 00
z
P.(Z <o) =E | g | — = / 8P ) Prop 4, V)V, (24)
Zlﬁzazr/4 0
where p, ; denotes the density function of 1/ 215'7) which according to Matsumoto and Yor [19],

satisfies
2 2
Pvp(x) = e e /2VF (77 * 2) e_xx_("H)/z/OO /00 E2/20 g(=1)/2 y=xs
’ V22 /v 2 o Jo
sinh(§) cosh(§) sin(w & /v)
X n+2
(s 4+ cosh(§)?) 2

déds. (25)

‘We also denote

1/
L,5(0) = E[e*”—n ] for 6 > 0.
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Theorem 2. Let (Z;,t > 0) be the stable CBBRE with index 8 € (—1, 0) defined by the SDE
(15) with Zg = z > 0.

(1) Subcritical-explosion. If m < 0, then

tl_l)rglo P, (Z; < 00) =L, p (zK) .

(ii) Critical-explosion. If m = 0, then

V2 /Ooe_zkxl/ﬂ_xd_x
ﬁﬁo 0 x'

(iii) Supercritical-explosion. If m > 0, then

lim v/t P, (Z; < 00) =
—00

lim r2e2 P, (Z; < 00) = ~ 503 8(z"v)¢y, (v)dv,

where

[ 1 n +2 —v..—n/2, (n—1)/2_—u Slnh(éj) COSh(S)g
o (V) :/ / — T <—>e v M2y =012, Zrdédu.
n 0 Jo V2 2 (u+v cosh(S)Z)T2

Proof. Our arguments follow from similar reasoning as in the proof of Theorem 1.1 in Boéinghoff
and Hutzenthaler [6]. For this reason, following the same notation as in [6], we just provide the
fundamental ideas of the proof.

The subcritical-explosion case (i) follows from the identity in law by Dufresne (23). More
precisely, from (23) and (24) and the Dominated Convergence Theorem, we deduce

lim P (7, < 00) =E [exp {—zkrl/,f}] = L, (K).

In order to prove the critical-explosion case (ii), we use Lemma 4.4 in [6]. From identity (24)
and applying Lemma 4.4 in [6] to

x— /B
forx >0, (26)

g(zﬁx) = exp {—zkxl/ﬁ} <
zk

we get

2 (o282 B
lim ViP.(Z <o00) = —— lim | "Z P g|g| 2
t—00 Bo 1= 4 21(77)

B202t/4
_ \/E ooe—zkx'/ﬂ—x%
VrBo Jo

X
which is finite since the inequality (26) holds.

’

We now consider the supercritical-explosion case (iii). Observe that for all n > 0,

forx > 0.

—n/B
By — oy /B X
g(z"x) = eXp{ zkx } < pTERYE
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Therefore using the above inequality for a fixed n, Lemma 4.5 in [6] and identity (24), we obtain
that for each 0 < m that satisfies m < no2/2, the following limit holds

B
lim £3/2 em21/2021p>z (Z, > 0) = lim 1312 eﬂzﬂzczt/SE <
t—00 t—00 21(71)
B2021/4
8 ©kollb
= —_ﬁ303 / e zkv ¢7](U)dv,
0

where ¢, is defined as in the statement of the theorem. Since this limit holds for any n > 1, we
deduce that it must hold for m > 0. This completes the proof. [

4.3. Survival probability

Throughout this section, we assume that 8§ € (0, 1). One of the aims of this section is to
compute the asymptotic behaviour of the survival probability and we will see that it depends on
the value of m. We find five different regimes as in the Feller case (see for instance Theorem 1.1
in [6]) and CB-processes with catastrophes (see for instance Proposition 5 in [1]). Recall that in
the classical theory of branching processes, the survival probability stays positive, converges
to zero polynomially fast or converges to zero exponentially fast, depending of whether the
process is supercritical (m > 0), critical (m = 0) or subcritical (m < 0), respectively. In the
stable CBBRE there is another phase transition in the subcritical regime. This phase transition

occurs when m = —o 2. We say that the stable CBBRE is weakly subcritical if —6%> < m < 0,
intermediately subcritical if m = —o? and strongly subcritical if m < —c2.
Recall that
2 ,30'2 1/B
n=———m and k=|—
Bo? 2¢p
and define

f(x):=1—exp {—kxl/ﬂ] , forx > 0.
From identity (22) and the scaling property, we deduce for 8 > 0 and n > —1,
7P

()
21,3202:/4

P,(Z>0)=E|f = fo F@P0) Py, W)dv, 27)

where p, ; denotes the density function of 1 /215'7) and is given in (25).

Theorem 3. Let (Z;,t > 0) be the stable CBBRE with index € (0, 1) defined by the SDE
(15) with Zy =z > 0.

(1) Supercritical. If m > 0, then

o0 7 F z—
| B e T (5-n)
Jim P (Z, > 0) =1 - n;; n! I'(—n)

(28)
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(ii) Critical. If m = 0, then

: V2 (—zk)"
tl_l)IglO\/;]P’Z (Z, > 0) = fﬁa Z pr r (ﬂ) ) (29)
(iii) Weakly subcritical. If m € (—o2, 0), then
m2s
tlggotzezow (Z, > 0) = Fod f F&Pv)p,(w)dv, (30)
where
¢y (v) = /OO /OO Lp ('H'Z) o—Vy—1/2,(1=D/2 —u sinh(§) Cosh(%‘)i2 dEdu,
o Jo Van 2 (4 + v cosh(£)2) 5
(iv) Intermediately subcritical. If m = —o?, then
. o%t)2 _ V2 l
tgrgoﬁe P, (Z; > 0) = zﬁﬂakf (ﬁ ) (31)
(v) Strongly subcritical. If m < —o2, then
—1
lim e~ 2Cm+odip (7, < ) = M. (32)
=00 FTm—2/p)

Proof. As in the proof of Theorem 2, and following the same notation as in [6], we just provide
the fundamental ideas of the proof.
The supercritical case (i) follows from the identity in law by Dufresne (23). More precisely,
from (23), (27) and the Dominated Convergence Theorem, we deduce
n
r(s-n)

nil'(=n)

In order to prove the critical case (ii), we use Lemma 4.4 in [6]. From identity (27) and applying
Lemma 4.4 in [6] to

o0
. 3 17 _
lim P.(Z; > 0) =E [1 —exp {—zkf_n }] —1— ,;)(_Zk)n

gx) =1—exp {—zkxl/ﬂ] <zkx!®, x>0, (33)

we get

. 2 . l0‘2/32 ) 1/
2202 2 i [T 8[| o

= % /000<1 — exp {—zkxl/ﬁDex:dx.

By Fubini’s theorem, it is easy to show that, for all ¢ > 0

/Ooo (1 —qxl/ﬁ) dx——i(_nl!)nf(%)qn,

n=1

which implies (29).
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We now consider the weakly subcritical case (iii). Recall that inequality (33) still holds, then
using Lemma 4.5 in [6] and identity (27), we obtain

B
lim 372 em21/2021p>z (Z, > 0) = lim 32 eﬂzﬂzdzt/SE g <
t—00 t—00 21(71)
82021 /4

= % /OOO (l — exp {—zkvl/ﬁD ¢y (v)dv,

where ¢, is defined as in the statement of the theorem.
In the remaining two cases we will use Lemma 4.1 in [6] and Lemma 1. For the intermediately
subcritical case (iv), we observe that n = 2/8. Hence, applying Lemma 1 with p = 1/8, we get

E [(1,(”)_1/'3} _ 7R [(It(o’)_l/ﬂ] and
E [(1;"))_2//3} - eiﬁ%f]E [(It%))—l/ﬁ]z |

Now, applying Lemma 4.4 in [6], we deduce

lim 7 E _(21(,7))—1//3_ /oo 1 @ B4 1 r ( 1)
m = —_——a a = —— -,
t—00 i ! ] 0o 27 a N2 B

and

] e
lim /7 E (21,(")) = 0.

—00

-1/B
Therefore, we can apply Lemma 4.1 in [6] with ¢; = /7 ¢*/#” and ¥, = (21,(") ) , and
obtain

—-1/8
lim 7" 2P, (Z, > 0) = lim v/7e” 2B | 1 — exp | —zk (21(2) 2 )
t—00 t—00 Bo-t/4

s 272 () —1/p
= lim 1e”"/*kE [(21ﬂ202t/4)

()

Finally for the strongly subcritical case, we use again Lemma | with p = 1/8. First observe that
n—2/B > 0. Thus, the Monotone Convergence Theorem and the identity of Dufresne (23) yield

—(n— —-1/B
. (=(n=2/8)
lim E |:(211/2 ) i|

t—00

_ —m-20\" V| _ gl L —=1/p)
_E [(2100 ) } —E [(F,,,z/,g) ] iyt

goes to oo as t increases, from the Monotone Convergence Theorem, we get

178
lim E [(21(” 2““) ] =0

t—00 /2

Since I,(nfz/ﬂ)
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-1/8
Hence by applying Lemma 4.1 in [6] with ¢; = e~ ?/ B2=20/B)t and Y; = (21}'”) we obtain
that

t—00 B202t/4

-1/
lim e 2™ p_ (7, > 0) = Am cpogo, 4B [1 —exp {_k (21(") ) ”
_ kL =1/B)
= K152/
This completes the proof. [

4.4. Conditioned stable CBBRE

Here, we are interested in studying two conditioned versions of the stable CBBRE: the
process conditioned to be never extinct (or Q-process) and the process conditioned on eventual
extinction. Our methodology follows similar arguments as those used in Lambert [17] and extend
the results obtained by Boinghoff and Hutzenthaler [6] and Hutzenthaler [12] in the stable case
with 8 € (0, 1). In particular, we obtain that the supercritical stable CBBRE conditioned on
eventual extinction possesses a similar phase transition as the subcritical stable CBBRE. It is
important to note that such a phase transition has not been reported in the discrete case. For the
continuous case, it was only observed in [12] for 8 = 1. In contrast with the subcritical regime,
the phase transition is given at So2. We say that the supercritical stable CBBRE conditioned
on eventual extinction is weakly supercritical if 0 < m < Bo?, intermediately supercritical if
m = Bo?, and strongly supercritical if m > Bo?.

4.4.1. The process conditioned to be never extinct
In order to study the stable CBBRE conditioned to be never extinct, we need the following
lemma.

Lemma 2. Foreveryt > 0, Z, is integrable.

Proof. Differentiating the Laplace transform (16) of Z; in A and taking limits as A goes to 0, on
both sides, we deduce

E, [Z,|K] _ Zemt+ane)’

which is an integrable random variable. [J
Recall that
2 ﬂO’z 1/B
n=———m and k=[— .
2C/3
We now define the function U : [0, co) — (0, co) as follows

V2 & (k)" (n .
At r(3)  imeo

n=1

8§ [ ke ,
. W/o (1_e k w) ¢p(v)dv ifm e (—o?,0),
)= N |
Zﬁﬂakp(ﬂ> ifm=—o",
ka ifm < —o?,
I'(n—-2/p)
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where the function ¢, is given as in Theorem 3. We also introduce

0 ifm:O,

m? . )
0:=0m,0)=135,2 ifme (—07,0),
2 2

_m—-l—a ifm < _o2.

2

Let (F:)>0 be the natural filtration generated by Z and Tp = inf{r > 0 : Z; = 0} be the
extinction time of the process Z. The next proposition states, in the critical and subcritical cases,
the existence of the Q-process.

Proposition 3. Let (Z;,t > 0) be the stable CBBRE with index B € (0, 1) defined by the SDE
(15) with Zy = z > 0. Then for m < O:

(i) The conditional laws P, (- | To > t + s) converge as s — 00 to a limit denoted by Pi, in the
sense that for any t > 0 and A € F;,

lim P, (A | Ty >t +s) =PI (A).
§—>00

(ii) The probability measure P? can be expressed as an h-transform of P based on the martingale
D, = "U(Zy),
in the sense that

D,

dpg|ﬁzmdﬁnz|ﬁ.

Proof. We first prove part (i). Let z, s, # > 0, and A € F;. From the Markov property, we observe

R0 > 4s) [fatzz0)

P.(A|Ty>t+s)=
(1T ) P, (To >  +5) P, (Zi4s > 0)

1A1{To>t}] . (34)

On the other hand, since the mapping ¢ +— I,(") is increasing and the function f(x) = 1 —

exp { —kx /8 is decreasing, we deduce from (27) and the Markov property that for any z, y > 0,
p g property yz,y

~1/p
. _ )
0. BZ>0 E[l e"p{ k(202,10) ”

TP (Ziys > 0) m —1/p
E|1-exp|—zk (2102 ehe) 4)

-1/
()
YE [(2102/32s/4) }

< .
- —-1/B
E |:1 —exp {—zk (21;'2525/4) ”
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I[( )

Moreover, since diverge as t goes to oo, we have

~1/8
()
KE [(2102/3%/4) }

-1/8
)
> <E |:1 — exp {—zk (2162}323/4) ”

—-1/B
()
ki |:<zlazﬁ2s/4> } ’

for s sufficiently large. Then for any s greater than some bound chosen independently of Z;(w),
we necessarily have
< IP)Z,(w) (ZS > O) 2

< —Z:(w).
Pz, 2 0) - 4@

IA

0

Now, from the asymptotic behaviour (29)—(32), we get

lim Pz () (Zs > 0) _ !'U(Z(w))
s=o0 P (Zigs > 0) Uix)

Hence, Dominated Convergence and identity (34) imply
MU Z) | ]
U(2) '

Next, we prove part (ii). In order to do so, we use (35) with A = {2 to deduce

lim IP’Z(A|T0>t+s)=EZ|: (35)
§—>00

E [¢"U(Z)] = U().
Therefore, from the Markov property, we obtain

B [/ U (Z144)

]—'s] = "By, ["U(Z)] = U (Zy),
implying that D is a martingale. O
4.4.2. The process conditioned on eventual extinction

Here, we assume that m > 0 and define for z > 0.

=\ (—zk)" T'(n/B— 1)
U, = .
) ;) T

In the supercritical case, we are interested in the process conditioned on eventual extinction.

Proposition 4. Let (Z;,t > 0) be the stable CBBRE with index B € (0, 1) defined by the SDE
(15) with Zg = z > 0. Then for m > 0, the conditional law

PI() =P, (- | To < 00),
satisfies for any t > 0,

U« (Z))
* —
d]P)Z|.7:, - ll*(Z) d]P)zi]-'t

Moreover, (Ux(Z;),t > 0) is a martingale.
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Proof. Let z, t > 0 and A € F;, then
P, (AN{T P, (AN{Z;: s =0
P, (47 < oo) = AN <o0D _ i P40 Zirs =)
P, (To < 00) §—>00 Us(2)

On the other hand, the Markov property implies

P, (AN {(Zigs = 0D = By [Po(Zoss = 0|7 )14 | = B [Py, (7 = 0)14]
Therefore using the Dominated Convergence Theorem, we deduce
E, [PZ, (zs - 0)1 A] IEZ[U*(Z,)I A]
P, (A‘To < oo) = lim = .
§—00 U (2) U (2)

The proof that (U.(Z;),t > 0) is a martingale follows from the same argument as in the proof
of part (ii) of Proposition 3. [

Observe that P} (Z, > 0) goes to 0 as t — oo. Hence a natural problem to study is the rates
of convergence of the survival probability of the CBBRE conditioned on eventual extinction. As
we mentioned before, we obtain a phase transition which is similar to the subcritical regime.

It is important to note that the arguments that we will use below also provides the rate of
convergence of the inverse of exponential functionals of a Brownian motion with drift towards
its limit, the Gamma random variable. The latter comes from the following observation. Since
U.(Z;) is a martingale, we deduce

PAZ >0) =P, (Z >0| Ty < o0) = (Us(z) =P (Z; = 0))

U, (Z)

- i (oo {-aer2t]] -2l - et )

Another important identity that we will use in our arguments is the following identity in law

1 (d) 1
—t >0 = +2I'_,,t>0¢,
1(77) I(_rl)

t t

It(frl)

where I'_,, and
We also introduce

are independent (see for instance identity (1.1) in Matsumoto and Yor [19]).

h(x,y) = exp{—kxl/f}] —exp{—k(x +y)1/ﬂ}, x,y>0.

Then
1 B
PHZ > 0) = 5B | h I, (f7 : (36)
x(Z 21/32(72[/4

where I'_; and It(_n) are independent.
Theorem 4. Let (Z;,t > 0) be the supercritical stable CBBRE with index 8 € (0, 1) defined by

the SDE (15) with Zy = z > 0.
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(i) Weakly supercritical. If m € (0, o), then
ok
lim 12e22P}(Z; > 0)
t—00
S [ ren e e tanay,

~ Bo 3F(Ifll)U*
where

% oo n+2\ _ 02 =12 —u Sinh(§) cosh(§)§
o= [ [T (M) ey £ dsdu
' 0 Jo V2m A 2 (u + ycosh(§)2) '

(i) Intermediately supercritical. If m = Bo?, then

kv2 & (—zk)" 1
lim /7P 2PH(Z, > 0) = V2 Z( &) F("+ +1).
1—00 Bro/mU(z) = n! B

(iii) Strongly supercritical. If m > Bo?, then

(@m—Bo2)t % —zk(n+2) o (—zK)" <n+1 o )
tlg})loez P (Z;, > 0) = ﬁU*(Z)F(—Y})nz:(:) . r 5 n—1]J.

Proof. Similarly as in the proof of Theorems 2 and 3, and following the same notation as in [6],
we just provide the fundamental ideas of the proof.
We first consider the weakly supercritical case (i). Note that for each x, y > 0

k
h(x,y) < Exl/ﬂ”(y v yl/hy.

Since I'_; and [, ,(7") are independent, we deduce

B B
Elh|fr, ———||=E|g| -
)] a7-M
B2a2t/4 B2a2t/4
where g(u) == E [h (zP I'—,, u)]. From the inequality of above, we get g(u) < C(u V u'/?) for
C > 0 that depends on k, 8 and 7.

Following step by step the proof of Lemma 4.5 in [6], we can deduce that the statement also
holds for our function g with b = 1. Actually in the proof of Lemma 4.5 in [6], the authors use
the inequality on their statement in order to apply the Dominated Convergence Theorem and they
split the integral in (4.24) in [6] into two integrals, one over [0, 1] and another over (1, co0). In
our case, we can take on the integral over [0, 1] the function Cu and on the integral over (1, c0)
the function Cu!/# and the result will not change. Therefore

lim ¢3/2 m’t/20° PX(Z, > 0)

1—00
132 en2ﬁ2021/8 P
— 00
#Z 21132 24
—_— h(zPx, 2P y)ppy () x " Le dxdy,
s 3F(|n|)U*(z)f / i

where ¢, is defined as in the statement of the theorem.
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In the remaining two cases we use the following inequalities, which hold by the Mean Value
theorem. Let € > O then, foreach x, y > 0

K K 1/8—1
Ee_kxl/ﬂxl/g_ly <hr.y) < Ee_kxl/ﬁ ((x Leol/B-ly 4 (f + 1) yl/ﬂ). (37)
€

For the intermediately supercritical case (ii), we note that —n = 2. From Lemma | (with p = 1)
and Lemma 4.4 in [6] we deduce

1 1
lim V7e?E| — | = —.
t—00 th(Z) /27-[

On the other hand, from Lemma 4.5 in [6] with g(u) = ul/B, we have

1 t
lim 32K | ———— =f u w)du,
Jm (211(2))1”3 A gw)go(u)

where ¢, is defined as in the statement of the theorem. Therefore by the previous limits, the
independence between [» and It(z), identity (36) and inequalities (37), we have that for ¢ > 0
the following inequalities hold

IA

kv2 18 _
__kv2 g [e—sz 2 )/ 1] lim /e 12P¥(Z, > 0)
,82(7 \/EU* (2) =00
- kV2
T ProymU(2)

Thus our claim holds true by taking limits as € goes to 0.

Finally, we use similar arguments for the strongly supercritical case (iii). Observe from
Lemma | and the identity in law by Dufresne (23) that

E [e*kZFZI/ﬂ P+ 6)1//371] .

!
. —2(14n)t —
lim ¢ E _—th(—n>:| E[l-@+2)], (38)
where I'_(; 12y is a Gammar.v. with parameter —(n+2). If —n < 2/, Lemma 4.5 in [6] implies
. 3/2 n*t)2 [ 1 * /B
lim °/“e E s | T Y/ Py (y)dy, (39)
t—00 _(2It n )1/,‘} 0

where ¢, is defined as in the statement of the theorem. If —n = 2/, from Lemma 1 and Lemma
4.4 in [6], we get

. 2 1 I'(1/p)
1 2R = ) 40
1500 Vie |:(21t(—n))1//3i| V2 (40)

Next, if —n > 2/, from Lemma 1 and the identity in law by Dufresne (23) we get

1
o =21(1/B+n)/B _ 1/8 ]
tlggo ¢ E |:(21t(77))1/,3 :| =B [F*(nJrZ/ﬂ) ’ @1

where I'_(,12/) is a Gamma r.v. with parameter —(n +2/8). Therefore, from the independence
between I, and I,(fn), inequalities (37) and the limits in (38)—(41), we deduce that for € > 0,
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we have
k kel p1/p=1 L b em— o)
,BU*(z)JE [e g E[I-¢+2)] < tlggoe 2 PX(Z; > 0)
Pk 1
< —keLP P 1/,3—1:|
S E e n (Z F_ + 6) ]E ]—‘_ »].
BU.(2) [ n [T—+2)]

The proof is complete once we take limits as € goes to 0. [
5. The immigration case

In this section, we introduce continuous state branching processes with immigration in a
Brownian random environment. In particular, this class of processes is an extension of the
Cox-Ingersoll-Ross model in a random environment. For simplicity, we introduce such class
of processes under the assumption that the branching mechanism possesses finite mean.

Recall that a CB-process with immigration (or CBI-process) is a strong Markov process taking
values in [0, oo], where 0 is no longer an absorbing state. It is characterized by its branching
mechanism,

Y(u) = —ou+ )/zu2 +/ (e™ — 1 4+ ux)u(dx),
(0,00)

and its immigration mechanism,

¢ u) = du + /00(1 —e"Hu(dr),
0

where @ € R, y,d > 0 and

/Oo(x/\xz)y,(dx)—i—/oo(l A x)v(dx) < oo. (42)
0 0

It is well-known that if (¥;, ¢ > 0) is a process in this class, then its semi-group is characterized
by

t
E, [e*”’] = exp {—xul(k) — / qﬁ(us)ds} , for A>=0,
0

where u; solves
du (1)
at

According to Fu and Li [10], a CBI-process can be defined as the unique non-negative strong
solution of the stochastic differential equation

==Y (X)), uo) = A.

t

t
Y, = Y0+/ (d 4+ aY,)ds +f 2y2Y,dB;
0 0

' Yoo '
+ / / / ZN(ds, dz, du) + / / zM(ds, dz),
0 J(0,00) JO 0 J(0,00)

where B = (B;,t > 0) is a standard Brownian motion, N (ds, dz, du) and M (ds, dz) are two
independent Poisson random measures with intensities dsu(dz)du and dsv(dz), respectively,
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satisfying the integral condition (42) and N is the compensated measure of N. The processes B,
N and M are mutually independent.

Motivated from the definition of CBBRE, we introduce a continuous state branching process
with immigration in a Brownian random environment (in short a CBIBRE) as the unique non-
negative strong solution of the stochastic differential equation

t t t
Z, = zo+/ (d—}—osz)ds—i—/ 2y2Y,dB +a/ Z,dB®
0 0 0

t Zo '
N / / / N (ds. dz. du) + / / M (ds, dz), 43)
0 (0,00) JO 0 (0,00)

where o > 0 and (B,(e), t > 0) is a standard Brownian motion independent of B and the Poisson
random measures N and M. Similarly as in the case with no immigration, we define the auxiliary
process

K,(O) = aBt(e) +ms, forr >0,
where

o2

m=o——.
2

The following theorem provides the existence of the CBIBRE as the unique strong solution of
(43).

Theorem 5. The stochastic differential equation (43) has a unique non-negative strong solution.
The process Z = (Z;,t > 0) is a Markov process and its infinitesimal generator A satisfies, for
every f € CF(R}),

AF@) = 3072 1@ + (xe +a) /) + 22

+ /(O )(f(x +2) — f(x)v(dz)

x /(0 (4D = £ = 2 0) i) (44)

Furthermore, the process Z, conditioned on K9, satisfies the branching property and for every
t>0

)
E, [exp {—AZ,e_Kf } |K(O)]

t
=exp{—zvt(0,k,K(O))_f ¢(v,(r,,\,K<0>)e—Kr‘°>)dr} as., (45)
0

where for every (A, 8) € (R4, CRy)), vy : 5 € [0, t] = v (s, A, §) is the unique solution of the
backward differential equation

3
a—v,(s, A, 8) = B yo(ui(s, A, 8)e ™),  w(t, A, 8) = A, (46)
R

and Yo(A) = Y (A) + aA, for A > 0.
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Proof. We just explain the main steps of the proof, since it follows from similar arguments as
those used in Theorem 1. The proof of the existence and uniqueness of a strong non-negative
solution of (43) is analogous to Theorem 1 and we omitted. The uniqueness implies the strong
Markov property and by Itd’s formula it is easy to show that the infinitesimal generator of Z
satisfies (44).

The branching property of Z, conditioned on K© is due to the CBI-process. Let Z =

0) - . ~ ..
Zie K and F e C 1’2(R+, R4), Itd’s formula again guarantees that F (¢, Z;) conditioned on
K © is a local martingale if and only if for every ¢ > 0,

/9 9 k0~ 32 ~
0= 8F(s Z)—l—da—F(s Z)+ye AZBZF(S,ZS) ds
~ 0 ~ 0 ~ _x©
F(s,Zs+ze " )= F(s, Zy) — 51’(& Zs)ze™ ™) u(dz)ds
~ _g©® ~
+ F(s, Zo+z¢ Ky Z Fs, ZS)) v(dz)ds.
0 JO

0
We choose F(s,x) = exp{—xv,(s,k, K ) —f;¢>(v,(r,)», K(O))e’K'g ))dr} where v;(s, A,

K ©) is differentiable with respect to the variable s, non—negativg and such that v; (7, A, K©) =
A for all A > 0. We observe that F is bounded, therefore, (F (s, Z;), s < t) conditioned on K ©
is a martingale if and only if

d (0)
FPACES KOy = y2(u,(s, &, K©))2e s
S

o [ O ©)
+ ek / (e_e U ARz g oKy (5,0, K(O))Z> n(dz),
0

which is equivalent to the backward differential equation given in (46). The existence and unicity
of v; follow from the Picard—Lindelof theorem.

~ 0
Therefore, the process (exp {—val(s, X, KOy — fst ¢ (v (r, A, K(O))e_Kr( ))dr] ,0<s < t)

conditioned on K© is a martingale, and hence

~ ! 0
E. [exp{—kzz}lK“”]=exp{—zvf<o,x,K<°>>— / ¢(vt(r,A,K<°>>e—Kr”>dr}. O
0

We finish this section with some examples of CBIBRE, all of them related to the stable
CBBRE.

Example 4 (Stable CBIBRE). Here we assume that the branching and immigration mechanisms
are of the form Y (L) = —aA + APt and o) = AP, where Be,1),c,k >0anda € R.
Hence, the stable CBIBRE-process is given as the unique non-negative strong solution of the
stochastic differential equation

t Zs_
z,_zo+/a2ds+a/2d3(f>+/f f ZN(ds, dz, du)
/ / ZM(ds, dz),
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where B is a Brownian motion, and N and M are two independent Poisson random measures
with intensities

cBB+1) 1 kg
Hl——ﬂ) 2+ﬁd d dM and F(l — IB) deZ
Its associated infinitesimal generator A satisfies, for every f € C*(Ry),
_1 2.2 pn / K:B _ ﬁ
Af() = S0 f7) + xaf (x) + Ta=5 o Oo)(f()C+z) FO) 35
cpB+1D
T8 o (fa+2) = f0) —2f'0) 575 M (47)

From (45) we get the following a.s. identity

' -1/8
E, [exp {—)»Z,ein(O)} |K(O)] = exp {—z (ﬁc/ eiﬁkfw)ds + k’g) }
0
t
X exp {_,BL In (ﬂckﬂ / e_ﬁKJ@ds + 1>} . (48)
c 0

.. ©)
If we take limits as z goes to 0, we deduce that the entrance law at O of the process (Z[e_Kf ,

t > 0) satisfies

Eq [exp [ AZ,e‘K } |K(O)] = exp {_/3— In <,3ckﬂ fo ﬁK}O)ds + 1)} .

If we take limits as A goes to oo in (48), we obtain
IP’Z(Z, > O‘K(O)) —1, forz>0.
Similarly if we take limits as A goes to 0 in (48), we deduce
IP’Z(Z, < oo‘K(O)) =1, forz>0.
In other words, the stable CBIBRE is conservative and positive at finite time a.s.

An interesting question is to study the long-term behaviour of the stable CBIBRE. Now, if we
take limits as 7 goes to oo in (48), we deduce that when m > 0,

K(O) oo K(o) —1/B
o [ o e )] el o (e [T 0 )
o0
X exp {—i In (ﬁckﬂ / e*ﬂK‘(O)ds + 1) ”,
Bc 0

where we recall that f 0 =P K" ds has the same law as <2F _,,) , with I',, is a Gamma r.v. with

x© e
parameter v. In other words, Z,e X" converges in distribution to a r.v. whose Laplace transform
is given by the previous identity.
If m < 0, we deduce

—K©

lim Ze =00, P,—as.
11—
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We observe that when m = 0, the process K © oscillates implying that

lim Z; =00, P,—as.
11— 00

Example 5 (Stable CBBRE Q-Process). Here, we assume m < —o02. From Proposition 3, we
deduce that the form of the infinitesimal generator of the stable CBBRE Q-process, here denoted
by LF, satisfies for f € Dom(£)

U'(2)
U ( )

(f(y+z)—f(z))(U(z+y) U() ‘;ﬂ,

Lif(z) = L)+ 2202 f (@)

pB+D =z
TA-B UR)
where U was defined as
2 1
V2 kF( ) ifm=—o?,
U(z) = \/_,30
sz (n—1/B)
I'(n—-2/8)
Replacing the form of U in the infinitesimal generator £” in both cases, we get

cBB+1) [ dz
T b (f@”)—f(x))xl—w

(fx+2) = f@) —xf'(2) 5z M

ifm < —o2.

Lf(z) = %ozzz @)+ (@ +0DHzf (z) +

Cﬂ(ﬁ +D

‘Ta-p (0,00)
From the form of the infinitesimal generator of the stable CBIBRE given in (47), we deduce that
the stable CBBRE Q-process is a stable CBIBRE with branching and immigration mechanisms
given by

Y =—(@>+a)r+cA! P and p(h) = c(B + DAL,

and random environment (o Bt(e), t>0).
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