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Abstract

This work is devoted to switching diffusions that have two components (a continuous component and a
discrete component). Different from the so-called Markovian switching diffusions, in the setup, the discrete
component (the switching) depends on the continuous component (the diffusion process). The objective of
this paper is to provide a number of properties related to the well posedness. First, the differentiability with
respect to initial data of the continuous component is established. Then, further properties including uniform
continuity with respect to initial data, and smoothness of certain functionals are obtained. Moreover, Feller
property is obtained under only local Lipschitz continuity. Finally, an example of Lotka—Volterra model
under regime switching is provided as an illustration.
© 2017 Elsevier B.V. All rights reserved.
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Keywords: Switching diffusion; Continuous-state dependent switching; Smoothness; Feller property

1. Introduction

In the past two decades, a considerable research effort has been devoted to the study of
switching diffusion processes that are also called hybrid switching diffusions. Much of the
interest stems from pressing need of treating complex systems involving both continuous
dynamics representable by using solutions of stochastic differential equations, and discrete
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events that cannot be written as solutions of the usual differential equations. Such hybrid systems
are prevalent in a wide range of applications including ecological and biological modeling [21],
control systems and filtering [19], economics and finance [9,20], networked systems [8], among
others. These switching diffusions can be represented by a two-component process (X (¢), «(t)),
where X(¢) is a continuous component (also called “continuous state”) taking values in R”
and «a(t) is a discrete component (also called “discrete state”) taking values in a finite set
M = {1, ..., mp}. The interactions of the continuous and discrete components make the models
more versatile and suitable for a wide range of applications. On the other hand, these interactions
make the analysis of such processes much more difficult. It is interesting to note that such
processes are similar to the usual diffusions, but they could behave much differently from the
usual diffusion processes qualitatively. For example, suppose that we have two linear diffusions
together with a continuous-time Markov chain. The Markov chain serves as a modulating force
making the process switch back and forth between these two diffusions. Depending on the
switching frequency, even if each of the diffusion is stable, the switched system can be unstable
or vice versa; see for example, [15, pp. 229-233]. Likewise, we may have both of the individual
diffusions being recurrent, but the switching diffusion is not. In a way, the switching diffusion
processes display many peculiar properties.

Because of their importance, hybrid systems in general and switching diffusions in par-
ticular have drawn resurgent attentions. For some of the recent progress, we mention the
work [2,7,11,13,14,18,22] and references therein. Systematic treatments and comprehensive
study of these stochastic processes can be found in [10] and [16]. Both of these references
consider systems that have pure jump random switching in addition to the noise processes driven
by Brownian motions; the first reference mentioned above concentrates on switching diffusions
in which the switching mechanism is given by a continuous-time Markov chain independent
of the Brownian motion, whereas the second reference focuses on the switching processes
depending on the current state of the diffusions. In what follows, to distinguish these two types
of switching diffusions, the first type process is referred to as Markovian switching diffusions (or
Markov chain modulated switching diffusions), and the second type process is called continuous-
state-dependent switching diffusions.

This paper aims to study continuous and smooth dependence on the initial data of solutions
to stochastic differential equations corresponding to continuous-state-dependent switching dif-
fusions. These properties are all related to the well-posedness in certain sense. In the book of
Applebaum [1], similar properties for stochastic differential equations, are also referred to as
flow properties. These properties vividly highlight the distinctions between Markovian switching
diffusions and continuous-state-dependent switching diffusions. For example, it is well-known
that a diffusion process is smooth in the L? sense with respect to its initial data under suitable
conditions; see [6, VII, Section 4]. Such a smoothness property readily carries over to the case
of Markovian switching diffusions because the Markov chain is independent of the Brownian
motion and the initial state of the continuous component does not influence the dynamics of
the Markov chain. In this paper, we show that this phenomenon becomes markedly different in
the case of continuous-state-dependent switching diffusions, which is in sharp contrast with that
of Markovian switching diffusions and diffusions. In lieu of L? convergence, we demonstrate
that the smoothness with respect to initial data is in the sense of L? for any 0 < p strictly less
than X, with A < 1 being the Holder exponent of the generator for the switching process; see
Theorem 3.1 for the precise statement. Moreover, we provide a counterexample to demonstrate
that the estimates above is in fact sharp; we cannot expect L' convergence, neither can we
get L? convergence in the current case. Next, we examine uniform estimates of two solutions
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if their initial data are close. Furthermore, we establish smoothness of certain functional of
switching diffusions. As an application of the uniform estimates, we revisit the issue of Feller
property. Although Feller properties for continuous-state-dependent switching diffusions have
been established in the literature, see, for example, [13,14] as well as Chapter 2 in [16], this
work aims to relax the commonly used global Lipschitz condition and to provide a simple proof.

The rest of the paper is arranged as follows. Section 2 presents the switching diffusion setup.
Section 3 focuses on the differentiability of the switching diffusions with respect to the initial data
of the continuous state; also presented in this section is a counter-example of the differentiability
under L' convergence. Section 4 studies further properties, in which Section 4.1 furthers our
investigation on uniform estimates on a finite time interval of solutions with different initial
data and Section 4.2 investigates smoothness of a functional of the switching diffusions. Using
results obtained in Section 3, in Section 5, we first provide an alternative proof of the Feller
property under global Lipschitz condition. Then we obtain the Feller property by using only
local Lipschitz continuity. Finally, we close the paper with an example in Section 6, a competitive
regime-switching Lotka—Volterra model, which illustrates our results.

2. Switching diffusions

Let (£2, F, F;,P) be a filtered probability space, where (2 is the sample space, F is the
o -algebra of subsets, {;} is a filtration (that is, {F;} is a family of o -algebras satisfying F; C F;
for s < t), and P is a probability measure. We assume that F; is complete in that it contains
all null sets, and that F; satisfies the usual condition in that F; is complete and {F;} is right
continuous. Let M = {1, ..., mg} be a finite set, and suppose that b(-,-) : R" x M — R”
and o(-,+) : R" x M — R’ In this paper, we consider a switching diffusion process, a
two-component Markov process (X (¢), «(t)) whose generator is given by

Lf(x,i)= Vf/()C )b(x, i)+tr(V2f(x DA(x, 1)) + Q(x) f(x, )(@)
8 2
_ ZM /- z>+ Z w0

Oxdx;

+ Q(x)f(x, (@), for any (x, i)eR x M, 2.1

for a C?-function f(-,i) (whose derivatives with respect to x up to the second order are
continuous) for each i € M, where V f(x,i) and V2 f(x, i) denote the gradient and Hessian
of f(x,i) with respect to x, respectively, and

mg
Q) f(x, )i) = Z%‘j(x)f(xv J), and
i=1
A(x, i) = (ay(x, ij)) =o(x,i)o’(x,i) e R,

The dynamics and transition rules of (X, o) may also be presented as follows. Suppose that w(#)
is an R?-valued Brownian motion, a(t) is a pure jump process taking value in M, and X(¢)
satisfies

dX(t) = b(X(t), a(t))dt + o (X(t), a(t))dw(t), (2.2)

such that the jump intensity of «(¢) depends on the current state of X (#) in that the generator of
a(r) is given by Q(x) = (gi;(x)) with ¢;;(-) : R” — Rfori, j € M, g;j(x) = 0 fori # j, and
>_;49ij(x) = 0 for each i € M, satisfying

Pla(t + A) = jla(r) =i, X(s), a(s), s <t} = qi;(XO))A + o(A)if i # j. (2.3)
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Alternatively, the evolution of the discrete component «(-) can be represented by a stochastic
integral with respect to a Poisson random measure (see, e.g., [12]). Forx € R" and i € M, let
A;j(x), j € M\ {i} be disjoint intervals of the real line, each having length ¢;;(x). Define a
function 2 : R” x M x R +— R by

mo
h(x,i,2) =Y (j = Dzea o) (2.4)
j=1

That is, with the partition {A;;j(x) : i, j € M} used and for each i € M, if z € A;;(x), then
h(x,i,z) = j —i; otherwise h(x, i, z) = 0. Then the dynamics of the discrete component «(-)
can be represented by

da(t) = / h(X (@), a(t—), 2)p(dt, dz), (2.5)
R

where p(dt, dz) is a Poisson random measure with intensity d¢ x m(dz), and m is the Lebesgue
measure on R. The Poisson random measure p(-, -) is independent of the Brownian motion w(-).
Thus, the switching process (X, o) can be presented by the system of stochastic differential
equations given by (2.2) and (2.5). Let the initial condition of the switching diffusion be
(X(0), 2(0)) = (x,@) € R" x M. To ensure the existence and uniqueness of solutions to (2.2)
and (2.3), we have the following theorem, which is proved in [16, Theorem 2.7].

Theorem 2.1. Assume that b(x, i) and o(x, i) are locally Lipschitz in x for each i € M, and
that Q(x) = (gi;(x)) is bounded and continuous. Assume further that there exists a function
V() : R" x M + R, that is twice continuously differentiable with respect to x € R" for each
i € M and a constant K > 0 such that

LV(x,i) < KV(x,i) forall (x,i) e R" x M
Vg :=inf{V(x,i):|x| > R,i € M} > 00 as R — o©.

Then the system given by (2.2) and (2.3) has a unique strong solution for each initial condition.

Note that for Markovian switching diffusions, the switching process is a homogeneous
continuous-time Markov chain with a constant matrix as its generator, and the Markov chain and
the Brownian motion are independent. In lieu of such a structure, we are dealing with a much
more complex system. Starting from the next section, we focus on deriving certain smoothness
and continuity properties of the underlying processes.

3. Differentiability with respect to initial data

This section is devoted to differentiability with respect to initial data of the switching
processes, or equivalently, the smoothness of the solutions of the switched stochastic differential
equations with respect to the initial data of the continuous component. This section is divided
into two parts. The first part derives the main result. The second part presents a counter example
indicating our result is sharp.

3.1. Differentiability
In [17, Theorem 4.2], we stated that X(¢) is twice continuously differentiable in mean square

under certain conditions. There is an error in the proof of [17, Lemma 4.3]. In particular, in the
last line of equation (4.13) on page 2421 of the aforementioned paper, a diagonal entry term of
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the form g; 1 ;. (x, X) in the generator of the coupling was inadvertently left out in our proof,
resulting an error in the proof of the said theorem. We correct this error here and demonstrate
that the switching diffusions do possess the smoothness properties. However the results about the
differentiability in mean square is in general not achievable if the generator Q(x) = (g;;j(x)) of
a(t) depends on the current state of X (¢); see the simple yet illuminating example in Section 3.2.
The differentiability in mean square needs to be replaced by differentiability in pth moment
for an appropriate p. It turns out that the proof is interesting in its own right. In a way, it
really displays certain aspects of the salient features of the continuous state-dependent switching
processes.

If we consider a Markovian switching diffusion process, the switching times and hence the
switching process can be generated beforehand because «(?) is independent of the Brownian
motion. As can be seen in the proof of this section, the main difficulty we face is that the
switching times depend on the continuous component X(z). To illustrate, consider a one-
dimensional X (¢) as an example. Denote the solution of (2.2) with two different initial data for the
continuous component (X (0), @(0)) = (x, @) and (X(0), 2(0)) = (¥, «) = (x + 4, «) by X**(¢)
and XZ*“(tN), respectively. The differentiability is concerned with the limit of the difference
quotient w In the Markovian switching diffusions, the difference X f’“(t) — X*%(1)
can be calculated much the same way as in the diffusion case in [6, VIII, Section 4, pp. 403—412].
That is, we can simply subtract one from the other. The «(¢) does not really come into the picture
because even x # X, the sample paths of «(¢) are the same. For our continuous-state dependent
switching, care must be taken. The analysis is more delicate in places because o**(¢) and o (1)
can take different values infinitely often. In the analysis to follow, one of the main insights is the
use of the first time when the switching processes o™*(¢) and a*(t) are different.

To proceed, we first setup the notation. For a multi-index or a vector 8 = (B4, ..., ;) with

nonnegative integer entries, put |8] = >_;_, B; and define
1B
DP = 3—
b .
8x1ﬂ Lo oxET

Next we define the L? differentiability of a smooth random function @(xy, ..., x,, ). Its partial
derivative in probability with respect to x; is defined as a random variable ¥(xy, ..., x,, t) such
that

1
Z(@(xl,...,xi—i—h,...,x,,t)— @(xl,...,x,-,...,x,.,t))

— ¥(xy,...,x,, t)in probability

as h — 0. If for some p > 0,

p

|
E‘E(é(xl,...,x,-—i—h,...,x,,t)— @(xl,...,xi,...,x,,t))— U(xps ... % 0)

—0ash—>0

we say that &(xy, ..., x,, t) has partial derivative with respect to x; in L”. We proceed to obtain
the smoothness of the switching diffusion with respect to the initial data in the L? sense.

Theorem 3.1. Assume that b(x,i) and o(x,i) are Lipschitz in x for each i € M. Let
(X*%(t), a™%(t)) be the solution to the system given by (2.2) and (2.3) with initial data
(X(0), a(0)) = (x, ). Assume that for eachi € M, b(-,i) and o (-, i) have continuous partial
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derivatives with respect to the variable x up to the second order and that
IDEb(x, D]+ Dfox, D] < Ko(l + [x[7), 3.1
where Ko and yy are positive constants and  is a multi-index with |B| < 2.

(a) Suppose that Q(x) = (gi;j(x)) is bounded and continuous. Then X*%(t) is twice
continuously differentiable with respect to x in probability.

(b) Replace the conditions for Q(x) in the assumptions of part (a) by Q(x) is bounded and
qrj(x) is locally Holder continuous with Holder exponent A for some A € (0, 1] in that
there are K > 0 and y; > 0 such that

D 1) — a0 < Ko+ [x '+ [y")lx — yI, Vx, y € R (32)
k,jeM

Then X**(t) is twice continuously differentiable in LP with respect to x forany 0 < p < A

Proof. For ease of presentation and without loss of generality, we prove the result when X (f)
is one dimensional. Fix (x,a) € R x M and T > 0. Let (X(¢), «(¢)) be the switching-
diffusion process satisfying (2.2) and (2.3) with initial condition (x, «) respectively. Likewise,
let (X(¢), &(t)) be the solution process with initial condition (X, @), where X = x + A for
0 < |A| « 1. Consider the joint process (X(z), )?(t), a(t), a(t)). By the basic coupling method

(see e.g., [3, p. 11]), we can consider them as the solutions to
dX(t) =b(X(t), a())dt + o(X(t), a(t))dw(t) (3.3
{d}?(;) = b(X (1), &(t))dt + o (X(1), &))dw(t) 3)

with initial condition (x, x + A, «, &), where («(¢), a(t)) has the generator Q(X (1), X (1)) which
is defined by

O(x, %) f(k, 1)

3o Guaio@ D (FU. ) = Fk.D)
(j.ieMxM)
= Y lgy®) — g (FG. D — fk.D)
JEM
+ ) 1 ®) — a1 (Flk, j) = Flk, D)
JEM
Yl (0) A q®IF G ) — Flk, D). (3.4)
jeM
Define
4 =inf{t > 0 : a(r) # @(1)}. (3.5)

Since a(t) and @(t) are the same up to 74 and b(-, i) and o (-, i) are Lipschitz continuous for
each i € M, by standard arguments (see e.g. [10, Lemma 3.3]), we obtain that

E sup {IX()— X(0)*} < Klx — %% (3.6)
0<t<T ATl

Recall from [17, Lemma 3.2] that for any m > 0 and 0 < R < oo, thereisa C,,(R, T) > 0 such
that for any pair (xg, ag) with |xg| < R and ag € M,

E sup {|X%@)["} < Cu(R, T). (3.7)
1€[0,T)

Please cite this article in press as: D.H. Nguyen, et al., Certain properties related to well posedness of switching diffusions, Stochastic Processes and
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First, we show that
P{t2 <T}—> 0as A — 0.

Let f(k, ) = 1yry, where 14 is the indicator of the set A. By the definition of the function f
we have

O(x, V) f(k, k)

> @) — g1+ Y g = g0l

jeM, j#k JeEM, j#k
= Y lgg) — gy ®)] = px, %, k). (3.8)
JeM, jF#k
Applying the generalized Itd formula to (3.3) and noting that a(f) = @(t),t < 72, we obtain
that
Pt < T} = Ef ((T A T2), &(T A T2))
TArd - - -
= E/ Q(X(1), X(1) f (ee(t), a(1))dt
0
TAr4 -
= Ef p(X(1), X(1), (t))dr. (3.9)
0
In view of (3.6),
sup  |X(1) — X(t)] — 0 in probability as A — 0. (3.10)

re[0,TATA]

By the dominated convergence theorem, it follows from (3.10) and boundedness of p(:, -, -) that

TArd
lim P(z2 < T} = lim IE/ p(X (), X(t), a(t))dt = 0. (3.11)
A—0 A—0 0

Moreover, if (3.2) is satisfied, then by Holder’s inequality, estimates (3.2), and (3.7), we have
TATA »
Pt =) =B [ o0, K. atr
0

T/\rA
<E / Ki(1+ X0 + XX (1) — X(0)|dr
0

< KTE sup (1+ X" 4+ IXO!")IX() — X(@)* (for some K > 0)

t<TAtA
2\ B o
=KT(E swp (14 X0 +1X0P)77) * (E swp X(0) - X))
t<TATA 1<TATA

< I?,\|A|A (for some I?;L > 0). (3.12)

Asin [17], put ZA®1) = w for t > 0. Then we have
1 t/\rA ~
ZAt AT =1+ Z/ [b(X(s), a(s)) — b(X(s), a(s))]ds
0

a4
+ %/{; [o()?(s), a(s)) — o (X(s), Ol(S))]dw(s),

Please cite this article in press as: D.H. Nguyen, et al., Certain properties related to well posedness of switching diffusions, Stochastic Processes and
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Now, we evaluate the drift:
1 t/\‘L'A ~
Z/ [D(X(s), a(s)) — b(X(s), a(s))] ds
0
I ~
=3 f 1oy [BX(5), a(s)) — B(X(s), a(s))] ds
0
1 t 1 d -
= —/ 1 .4 / —b(X(s) + v(X(s) — X(s)), a(s))dv ) ds
A 0 - 0 dv
t 1
= / ZA(S)I{SSTA} / b (X(s) + v(X(s) — X(5)), a(s))dvds.
0

0

t 1
zf Z2(s A tA)l{SgA}/ be(X(s) + v(X(s) — X(s)), a(s)dvds.
0 0

In view of (3.13) and a similar evaluation for the diffusion part, we have that Ux(¢t) = Z(t A T

satisfies the equation

Un() =1+ / Aa()Ua(s)ds + / BA(S)UA@S)dw(s)
0 0

where
1

Aa(s) = I{JSTA}/ b (X(s) + v(?(s) — X(s)), a(s))dv,
0

1
Ba(s) = l{sS,A}/ o, (X(s) + v()?(s) — X(s)), a(s))dv.
0
By (3.10) and (3.11),as A — 0,
AA(s) = b (X(s), a(s)) and Ba(s) — 0,(X(s), a(s)) in probability.
In view of [5, Theorem 5.2.2],
E‘ X(T AT2) = X(T AT2)

2
—E(T)| =E|Ua() —&T)|" > 0as A — 0

A

where £(¢) is the solution to

t t
=1 +/O b (X (s), a(S))S(S)dSJr/O 0x(X(5), ()& (s)dw(s).

Note that
X(T)— X(T) _ X(T At2) — X(T AT2)
A - A
X(T)—X(T ATt2) = X(T)+ X(T AT2)
7 )

+1{‘L'A§T}
In light of (3.11),
X(T)— X(T At2) — X(T) + X(T A1T2)

(3.13)

)

(3.14)

(3.15)

(3.16)

14 A — 0 in probability as A — 0. (3.17)
It follows from (3.14), (3.16), and (3.17) that
X(T)— X(T)

1 — &(T) in probability as A — 0.

This proves part (a) of the theorem.

(3.18)
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Next we prove part (b) of the theorem. For p < A, letting 6 = T” we have

Elja_p | X(T) = X(T AT2) = X(T) + X(T A2
< 2B oy sup (X0 +1X0)])”

1€[0,T]

<V Elag) T (E( sup {|X()] + |55(r>|})">

1€[0,T]
< K| AP (for some K, using (3.7) and (3.12)), (3.19)

which implies that
X(T)— X(T At2) = X(T) + X(T AT2) “’

El{fAsT}) - — 0as A — 0. (3.20)
As aresult of (3.14), (3.16) and (3.20), we obtain that
X(T) — X(T
E‘% S &) > 0as A— 0. (3.21)

Thus, X(¢) is differentiable in L? for p < X if (3.2) is satisfied. Likewise, it can be shown that
X (¢) is twice differentiable in probability and in L” for p < X under the condition (3.2). [

Remark 3.2. In the proof, we use the boundedness condition on Q(x) to derive (3.11)
from (3.10) using the dominated convergence theorem. If we assume the polynomial growth
lgi;(x)] < Ko(1 + |x]™), we will have p(x, X, k) < Ko(l + |x| + |x])¥ for some Ky > 0. Thus,
we have

2

TAT
E( / p(X (), f((r),am)dr) < T?K3E sup (14 |X(0)| + |X(©))*,
0 1€(0,T]

TArd

mxgx?uxaa»n:Ae(Qlﬂ.Asa

result, we derive from (3.10) and the Vitali convergence theorem that (3.11) still holds if we
replace the boundedness of g;;(x) by the condition |g;;(x)| < Ko(1 + [x|™). All the remaining
arguments in the proof of Theorem 3.1 still carry over.

which results in the uniform integrability of { f

3.2. A counterexample for smoothness under L' convergence

The smoothness with respect to the initial data was obtained in the last section. The
convergence is in the sense of L” convergence. One immediate question is: Can we do better? Is
it possible to get, for example, L' convergence? In _general, this question has a negatlve answer.

The intuitive arguments are as follows. X(#) and X () evolve similarly up to 74, the moment

W using the (local)

X(T)—X(T)
A

a(t) and a(r) switch apart. Thus, if T < 4, it is easy to estimate
Lipschitz condition of the coefficients. However, if 7 > 4, we cannot expect that
is bounded since X (¢) and X (¢) follow different equations after 4. Using this observation, in
the proof of Theorem 3.1, we decompose XDO-XD) jnto two parts in (3.16). The first term on
the right-hand side of (3.16) converges to £(T) in L? while the second term converges to 0 in

probability. Thus, if w were to converge in L' as A — 0, we would expect that

X(T) — X(T At2) — X(T) + X(T A 12)
Laoy A

—0in L%
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Since X () and X (t) evolve completely differently after 74, we cannot expect that X(T) —
X(T) — 0as A — 0in the event {T > t2}. Thus,

X(T) — X(T At2) = X(T) + X(T At4)
A
On the other hand, it follows from (3.8), (3.9), and the Holder continuity (3.2) that

=04 HYasA—0if T >12. (3.22)

P{T > 12} = O(A*) as A — 0. (3.23)

ST A A A
As a result of (3.22) and (3.23), we can see that 1,4 _, XO=XTATD)-XDOFXTATT) Goeg not in
{2 <T} A

general converge to 0 in L? for p > A. Because the Holder exponent A cannot exceed 1 except
for the case when the Q-matrix is constant, we cannot, in general, obtain the Lt convergence.

In this section, we provide an example showing that the process X**(t) is not differentiable in
L?orin L' although the coefficients b(-, -), o (-, -) and Q(x) are smooth and bounded. In order to
simplify the calculations, we consider an example in which the Q-matrix is reducible and there
is no diffusion part. It is possible to construct a counter-example with irreducible Q-matrix and
nondegenerate diffusion. However, it will involve more cumbersome and tedious calculations.
It appears to be more instructive to construct an example with structure as simple as possible
to highlight the distinctions of x-dependent switching and Markovian switching. Thus, we omit
such an example here.

Let M = {1, 2} and consider the equation

dX(t) = b(a(t))dt (3.24)

where b(1) = 0 and b(2) = 1. Suppose that the switching process «(¢) has generator Q =
7{)(” / 'g‘) , where f(x) is a smooth positive function with compact support and f(x) = x for
x € [1,2]. Let Ajp(x) = [0, f(x)), Az1(x) = @. The process «(t) can be defined as the solution

to
da(t) = / X (), alt=), Dp(dt, d2)
R

where h(x, 1,z) = 1ien,,00) and A(x, 2,z) = 0, p(dt, dz) is a Poisson random measure with
intensity dt x m(dz) and m is the Lebesgue measure on R.

Let y > 0 and (X”''(¢), «”''(¢)) be the solution with initial data (v, 1). Let T¥ = inf{t > 0 :
o 1(t) = 2}. For x € [0, 1] we have X'**1(t) = 1 + x, V¢ € [0, T'**], and o' T (¢) stays in
state 2 once it jumps into 2 since the jump intensity g,;(x) = O for any x € R. Thus,

XNy =14+x+T—-T A" and
XMTy=1+T-T A1l

As aresult,

XU = XUT) (T AT =T AT
X X '

7z = (3.25)

. . 1
If Z'** converges in L' to a variable Z, then the sequence Z'*# must be a Cauchy sequence
in L'. Then it follows that,

E|Z'*% — 25| > 0asn — oo. (3.26)

Please cite this article in press as: D.H. Nguyen, et al., Certain properties related to well posedness of switching diffusions, Stochastic Processes and
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Now, we show that (3.26) cannot be satisfied. Let
t
Yo=inft >0: / / 1{16[0'1)}]3(61.8‘, dz) # O} s
0J R
t
Y, = inf tzO:/ / 1(ze[1,1+‘)}p(ds’dz)7é0}’
0 R n

t
Y, = inf IEOI/ / 1{z€[1+1_1+z)}p(ds,dz)7&0}.
0 ]R n’ n

Since [0, 1),[1,1 + %), [1 + %, 1+ %) are disjoint sets, we have that Yy, Y, Y, are three
independent exponential random variables with parameter 1, -, 1, respectively. Note that

t
it =inf{t20:/ / 1(ze[0,1+x)lp(d5vd2)7é0}' ©27)
o) r
Thus, 7' = Yp, '+7 = Yy A ¥y, and 7 = Y5 A ¥y A Y. From (3.25), we have
‘Z“r% _z%a| = ‘H[T AT =T ATa]— %[T AT =T AT (3.28)
Let A = {Y1 <Y < Ly e [%T,T]}. When o € A, T At = ' = ¥,
TATHY =T A7+ = Y:. As aresult, when w € A,
T
1215 = 2145 = [athy - v = S0 — Y| = S0 - Y = - (3.29)

By direct calculation,

T 2T
P{Ylin,Y1<§}xIP’{Yoe[ T”

P(A) 3

% (1 - exp(—<1 i %)g)) x (exp(—%T) - exp(—T)). (3.30)

In view of (3.29) and (3.30),

BIZ'E - 214 2 B1,(2' - 20| = <R
(il 2)0) < ) o)
— % <1 — exp(—%)) X (exp(—zTT) — exp(—T)) #0asn — oo.

As a result, {Z i e 7.} is not a Cauchy sequence in L'. Thus neither is it Cauchy in
L?, p > 1. In the example, the continuous-state dependence makes the switching diffusions
markedly different from that of the Markov modulated switching diffusions.

4. Further properties

Continuing on our investigation, we derive further properties in this section. It is arranged in
two subsections.
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4.1. Uniform continuity with respect to initial data

This section aims to obtain uniform estimates on a finite interval for the difference of two
solutions X ;*"‘(t) — X*%(¢) with distinct initial data on the continuous component. Again, such
a property is distinctly different from that of the Markov modulated switching diffusions; see
Remark 4.2 for details.

Theorem 4.1. Assume that b(x, i) and o (x, i) are globally Lipschitz in x (with Lipschitz constant
k) for each i € M, and that Q(x) = (q;j(x)) is bounded and for some y; > 0 we have

D 1) — gy < Ki(1+ [x ! + [y")]x — yl, Vx, y € R (4.1)
k,jeM

Then, there exists a constant Cy depending only on T, Ky, and « such that for any x,X € R’,
and o € M, we have

E sup |[XT%(r) — X*4(t)| < Cr(1 + x| 4 X 2)|F — x|. 4.2)
t€[0,T]

Proof. By [22, Proposition 3.5], for any m € Z,, there is a constant C,, depending only on the
Lipschitz constant « such that

E ( sup |XX0""0(t)|’"> < Cp(1 + |x0|™) exp(C, TV (xg, 09) € R" x M, T > 0. (4.3)
t€[0,T]

Let (X (1), ?(r), a(t), a(t)) be as in the proof of Theorem 3.1. Again, denote A = X — x and
recall the definition of T2 in (3.5). Then

sup |X(1) — X(1)] < sup |X()— X0+ sup |X(1) — X ().
t€[0,T] te[0, T AT te(TATd,T]

Hence

t€(0,T]

E ( sup |X(t) — )?(t)|>

1[0, TATA) te(TATA,T)

<E ( sup |X(0) - i(r)|) +E (msn sup  1X(1) — )?(r>|) . 4.4)

Let F;,,a be the o-algebra generated by the processes (X (%), X (1), a(r), a(t)) up to the time
T A 2. We have that

E[l{rﬂg} sup |X(t)—§(t)|:|
te(TATA,T)

—E E(l{TAET} sup |X(r)—)?(t)|)fTMA)]

L te(TATA,T]

—E IITA<T}]E< sup |X(t)—§(t)|‘f"T,\TA>i|

L B te(TATA,T]

<E|1ganE( sup {|x<r>|+|)?<t>|}\fma)}

te(TATA,T]

Please cite this article in press as: D.H. Nguyen, et al., Certain properties related to well posedness of switching diffusions, Stochastic Processes and
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EE[1{7A<T}E( Sup {|X(t)|+)?(t)|}‘]:7"/\rA):|

te(TATA, TATA+T]

<2C1eE [Lpapy (1 + 1X(T AT+ 1X(T AT))], 4.5)

where the last inequality follows from the strong Markov property of (X(¢), X (), a(2), a(t)) and
(4.3). Note that the coupled process (X (¢), X(¢), a(r), &(2)) is the solution to (3.3). Fork,[ € M,
let Ay, be the generator of the diffusion

d{(t) =b(Y (1), k)dt + o (Y (), k)dw(t) 46
dY(t) =b(Y (1), dt + o (Y (1), Ddw(t). (4.6)

Then the generator L of (X(1), )~((t), a(t), a(t)) is given by
Lfx, % k1) = Auf, %k, D)+ O, D) f(x, %k, 1). (4.7)

Define U(x, X, k,1) = V(k, )(1 + |x|> + |X*) = L (1 + |x]* + |X]?). Clearly, when k = [,
U(x,X,k, k) = 0, for all x and X. Thus, A U(x, X, k, k) = 0, which combined with (3.8)
implies that

LU, %,k k) = O(x, DU(x, %, k, k)
= (14 xP+ 170, DV, k) = (1 + [xP? + ¥k, 5. k), (4.8)

where p(x, X, k) is defined in (3.8). Since all moments of X(¢) and X (#) are bounded, applying
Dynkin’s formula, we have

EU(X(T A t2), X(T AT2),a(T AT2), 3T A T))

TAt4
= U, X, a,0)+ E/ LUX(s), X(s), a(s), &(s))ds
0

T/\rA
E /0 (L+ X)) + X)X (s), X(5), als))ds, (4.9)

where the last equality above follows from (4.8) and the fact a(f) = &(¢) if t < 4. Then by
Holder’s inequality, estimates (4.1), and (4.3), we have

T/\‘[A - -
E /0 (L4 1XOF + 1XOPpX (@), X(1), a(t))dt

TATA
IE/ K+ X + X0 X (1) — X(1)|dt (for some K > 0)
0

IA

<KTE sup {(1+ X"+ X0 )X(@0) — X(0)]}
t<TATA
> . ; SN,
=Rr(E swp {1 +1xOP 2+ X0 2)) (B sup {1X0) - K0)?})
t1<TATA 1<TAtA
< Kir(1 + x| + X" *2)| Al (for some K, 7 > 0), (4.10)

where the last inequality follows from (3.6) and (4.3).
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In view of (4.5), (4.9), and (4.10),

E (1{r4<r} sup | X(7) — )N((l)|)

te[TATA,T]
<2C1eE (Lpapy (1 +1X(T AT+ 1X(T A T2)))
< 6C1eE (Lpap) (1 +1X(T AT+ |X(T AT4P))
< 6C1eCTEU (X(T A t), X(T AT2), (T AT2), 8T A1)
<6C1eC1T Ky p(1+ |x 1112 4+ R AL (4.11)
The proof is complete by applying (4.11) and (3.6) to (4.3). [

Remark 4.2. In contrast to switching diffusions with Markovian switching, in which the
switching is independent of the Brownian motion, in our case, we have to estimate X (1) — X (¢)
after 72 if 2 < T. Note that the difference |X(r) — X(¢)| after 2 cannot be estimated by
something related to |x — X| sirlce after 72, the evglutions of X(¢) and X (t) are quite different.
We can only estimate |X (1) — X ()| by |X(t)| + | X(¢)| for > 2. For this reason, in general,
it does not seem that Cr(1 + |x|'*2 4 |X|"1*2) in (4.2) can be replaced with a constant K
independent of x and X, even under the condition that Q(x) is globally Lipschitz. However, if we
assume b and o are bounded, C7(1 + |x|”*2 4 |X]"1*2) in (4.2) can be replaced by a constant
K. Finally, we remark that if the condition for Q(x) is reduced to

> 1) — g < Ki(L+ [x]7 + [yPhlx =y,
k,jeM
forall x,y e R" andsome 0 <X <1

then we can obtain

E sup |X¥ () — X0 < Cr(l + x| T2+ 7)"F)|% — x|,
t€[0,T]

4.2. Smoothness of a functional of the switching diffusion

Continuing on our investigations, this section obtains smoothness of nonlinear functional of
the switching diffusions. Once again, the continuous-state dependent switching presents much
difficulty. Our task is to untangle the process o™ “(¢) and af""(t) as in the previous sections.
As alluded to in Remark 4.2, the difficulty due to the continuous state dependent switching is
particularly pronounced.

Theorem 4.3. For eachi € M, assume that b(x, i) and o (x, i) are globally Lipschitz in x (with
Lipschitz constant k), that b(-, i), o (-, 1), q;;(-) € C?, that there is a ¢(-, i) € C?, and that

IDPb(x, i) + |DPo(x, i) + |DPp(x, i) < K1+ |x]"),i e M, |B| < 2. (4.12)

for some positive constant y. Assume further that | DP g;;(-)| are Lipschitz and bounded uniformly
by some constant M for |B| < 2. Then, u(t, x,i) = E[¢(X*'(¢), a™'(2))] is twice continuously
differentiable with respect to the variable x.

Proof. Again, for simplicity, we work out the details for the one-dimensional case. Denote by
(0/9x)¢(-, i) for each i € M, and (d/dx)q;;(-) the derivatives of ¢ (-, i) and ¢;;(-) with respect
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to x, respectively. Let x(¢) be the Markov chain in M with generators g;; = 1if i # j,
Gii = —mg + 1. Let 6,° be the nth jump time of x(¢) given that x(0) = i. Let Z*0/o(¢) be
the solution with initial value Z*0-(0) = x, to

dZ(t) = b(Z(t), x(@))dt + o (Z(t), x())dw(t). (4.13)

Let 7, 00 be the nth jump time of o*00(¢). By a change of measure (see [4]), we have

X0,10 x0.i0 . . .
B[O 00T, ooy _roio, [T oo,y

— — X0510 i . . ,
= exp((mo I)T)E[¢(Z (T)’l")1{9205T<0,§<1]}(E1{x<9,§°>=ik}>

< exp|- [ : 420 (s)ds | ﬁ(qikik+. Z0@8)) . (4.14)

where g;(x) = Z#iq,'j(x). Now, fix x and @ = iy and let (X(¢), a(?)), (X(¢), &(t)) be the
switching-diffusion processes satisfying (2.2) and (2.3) with initial conditions (x, @) and (X, ),
respectively, where X = x + A, a = ig. Likewise, let Z(z), 2([) be the solutions to (4.13)
with initial conditions x, X respectively. By standard arguments (e.g. [10, Lemma 3.3] and
[17, Lemma 3.2]), we have
E sup |Z(t) — Z®)|* < K A* for some K > 0,
1€[0,T]

E sup |Z()|" < K,n(1 + |x|™) for any m > 0.
1€[0.7]

(4.15)

Adapting the proofs of [5, Theorems 5.5.2, 5.5.3] with a slight modification in replacing fixed
times by stopping times, we can show that

__EZ®») = Z) — n(MAP?
MA = sup

sup “ — 0as A — 0, (4.16)
e

where 7(¢) is the derivative of Z(¢) with respect to the initial condition x which exists in L?-sense
and 7T is the set of all stopping times that are bounded above by T almost surely. Note that n(t)
satisfies

) =1+ fo n(s)ba(Z(s), x(s))ds + fo 0(5)0(Z(s), x(s)dw(s).

Using the above equation, (4.15), the Burkholder—Davis—Gundy inequality, Gronwall’s inequal-
ity and standard arguments in [17, Lemma 3.2] or [5, Theorem 5.2.2], we can show that

E sup |n(t)|* < C(T, x), (4.17)
1€[0,T]

where C(T, x) is a constant depending on 7" and x. By Taylor’s expansion, it can be easily shown
that

eXp{— /: qm(Z)ds} - exp{— /: qX(S)(ZX)ds}

T - d T
+( / (Z<s>—Z(s))d—qx<s><Z(s)>ds>exp{— / 4 (Z(s))ds |
0 < 0
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T
< M/ |Z(s) — Z(s)|*ds. (4.18)
0

In view of (4.18)

’% (exp{_ /qu(s)(zs)ds} — exp{— /: qX(S)(ZS)dS})

T

+( / () qx<s><Z<s>>ds> exp| - [ ao(zisys]
0 0
1 T

Z exp{— /: qx(s)(z,)ds} — exp{— fo qx(s)(ZS)ds}

T J ,

+ (/(; (Z(s) — Z(S))—qx(s)(Z(s))ds) exp{— /0 qx(s)(Z(S))ds}
! Z( Z(s) T

+‘ (/0 [ - S)A . ]d C’X(”(Z(S))ds> exp{ - / 0 G Z(s)ds |

M [T~ ~
< Z/ (1Z(s) — Z()I* + | Z(s) — Z(s) = An(s)|) ds. 4.19)
0

=

We have from Taylor’s expansion
Giii 1 ZOk1) = dii o1 (ZBks)

d
7 Tl(9k+1)—61ikik+1(Z(9k+|))‘

A

1 d
< 5 [ ZO) - qlk,kH(zwm))—(Z<9k+l)—2<9k+l)) Do (ZOci1)

1
+ A ’Z(Qk-H) — Z(Os1) — An(Gis1)] ‘d—%kikﬂ(z(ekﬂ))‘
M
— k+1) — k+1 k+1) — k+1) — ANOk4+1 .
< 3 (1Z0k4) = 2Ol +1Z60) = ZOin) = AnBes)]) - (4.20)

Similar to [5, (5.22) on p. 123], we have

Z(T), x(T)) — ¢(Z(T), x(T 9
d(Z(T), x( ))A¢( (1), x( ))_n(T)a_qu(Z(T),x(T))‘

— 0in L*(2)as A — 0. 4.21)

To simplify notation, we drop the superscript of 6.2 and for each n € Zy, let
Ay = {0, ..., dp1) ik €M g F ik, k=1,...,n+ 1}
Foreachl = (iy,...,i,411) € Ay, let

n
fI = 1{9r1§T<9n+1}(1_[ I{X(Gk)zik}).

k=1
We compute

1 ~ T ~ n—1 ~
’Z[¢(Z(T), infiexp- [ 4rnZnds | [T (2
k=0

n—1

T
—pzm.infien(- [ 4 Z60ds | [T s (Z6ka) |
k=0
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9 T n—1
= 1(T) - @(Z(T).in) frexp| - / gu(Z(6)ds | [T o (706

n—1

T
— Y HZT) i) frexp| - f x2S @35 (206 10)
j=0

n—1

[T i (@@

k=0,k#]

T T
romyinfies|- [ au@ons)( f 6) =00 (25
0
n—1
x Hqikik+l<2<9k+1)>'
k=0

< CHM" [w + (L4 1ZT)) +1Z(T)|")

/T 1Z(s) — Z(s)]? + | Z(s) — Z(s) — An(s)|

X ds
0 A

+(+IZDI +1ZD)

" NZBj41) — ZO1 )P +1Z(0j41) — Z(0;41) — An(0;41)]
X Z ks ks A“ ths ks } (4.22)
j=0
Let Z‘n(T) be defined by
R 9 \ n—1
&(T) = IEZM[H(T)W(Z(T)’ in) fiexp| - f 4(Z())ds | ]"[q,k,w(zwkm)

n—1 T
+ Y BT frexp| - f G 2N |16 ) -, (20610
Jj=0

n—1

[1 i (261D

k=0,k#j
T
—pryinsies|- [ g Znas|( / 16) -0 (2057

n—1

x Hqikik+l<Z(ek+1>)}.

k=0
Note that ZIE A, Jf1 = L. It then follows from (4.22) that for eachn € Z, g:,,(t) such that

1
EZZ

IeA,

n—1

T
(o infiesn]= [ aoZonds| [Taui o

k=0

— $(Z(T), in) frexp| / qm)(zm)ds]quk,w(zwkm) _;,,m'

< M"Ely,<r<0,,)¥2
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C ~
+—M"Ely, <6, (1 + [Z(T)" + |Z(T)]")

A - .
x / (1Z) = 2P +1Z(5) = Z() = Do) ) ds
0

C ~
+ —~M"Elig,<r<6,, ) (1 + |Z(DI" +1Z(D)|")

A n+1
x Y (1ZOj41) = ZOj )" +12041) = ZBOj11) — An(@;41)]) - (4.23)
j=0

By Holder’s inequality and the fact that
exp(—moT )(moT)"
n!

we can obtain the following estimate:

HD{Gn =< T < 9n+1} = . (424)

1
2

Elpg,<r g,V < (Plon = T < 001 }EV3)

< (eXP(—mo T)(moT)"

n!

1
2
> E2)3. (4.25)
Similarly, with the aid of H6lder’s and Minkowski’s inequalities, we have
1

By =7 <o, (1 + | ZD +1Z(D1)

T
x /0 (1Z6) = 2P +1Z(5) = 2(5) = Dn(s)] ) ds
< (Ptow = T < 0,)) " (1+ ®ZT)™)s + @IZ(T)7)Y)
1 T - % T - %
x5 [/O (E|Z(s) N Z(s)|4) ds +/0 (JE|Z(s) — Z(s) — An(s)|2> ds>

<K (CXP(—moT')(moT)"
n!

1
>4(A + /LZ) (by (4.15) and (4.16)) . (4.26)
Likewise,

1 ~
ZE[l{ansk@nm(l +1Z(D))” +1Z(D)I")

x Y (1Z0;41) = ZO; )1 +1Z0j11) — ZOj11) — An<9j+1)|)]
j=0

<K <6Xp(—moT)(mOT)”

n!

1

4 1
) (A+ p). 4.27)
Applying (4.25), (4.26) and (4.27) to (4.23) to obtain

E),
IeA,

1 N T ~ n—1 N
SleGm.innes|- [ 4rnZ0ds | [T i (2
k=0

T n—1
— o infien(- [ 4o Z60ds | [T n (20| - &(T)‘
k=0
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exp(—moT)(moT)"
n!

1
<o+ 1)1?M"< )4(/1%4 +(EY3)? + A) (4.28)

for some K independent of x. It is not difficult to show that

n!

00 n %
3+ 1)EM"<eXp(_m°T)(m°T) ) < 0. (4.29)
n=0

Moreover, by virtue of (4.16) and (4.21), we have

1
lim (4 + (B9 + 4) =0,
Thus,
> 1 ~ . T - n—1 N
y n2=(; I; Z[(p(Z(T)’ i exp{— /0 qX(S)(Z(S))dS} gqikik-H (Z(Ok+1))
T n—1
_ ¢(Z(T), in)fl GXP{_/ qX(A)(Z(S))dS} HCIikik+1(Z(9k+l))] - {n(T)‘ — 0 (430)
0 k=0
as A — 0.

Similar to (4.28) and (4.29), by using Holder’s inequality, (4.17), and (4.24), we can obtain
that

E < C(T, x) < co. (4.31)

D (D)
n=0

As a result of (4.30) and (4.31), we deduce

1 . ;
Z[u(T, x+ A D) —u(T, x,i)]

1 ~ py
= SE($X(@). ET) — $X(T), (1))
n—1

00 T
—SEY Y [e@mninsiew|- [ auo@onds| [au @

n=0IeA, k=0
T n—1
— om0 infien(- [ 4o Z60ds | [ i (2061010
k=0
= IEZ tu(T)as A — 0. (4.32)
n=0

We have therefore proved that u(¢, x, i) is differentiable with respect to x with

a . N
St x, ) =Eei ) Gu(T),

n=0

With Taylor’s expansion up to the second order and using the same method, we can show that
u(t, x, i) is twice differentiable with respect to x. [J
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Remark 4.4. If (4.12) holds for any 8 < n, then we can use a change of measure argument,
Taylor’s expansion, and arguments in the proof of Theorem 4.3 to obtain differentiability up to
order n of u(t, x, i). However, the estimates would be more complicated.

5. Feller property under non-global Lipschitz condition

This section is devoted to obtaining Feller properties of switching diffusions under non-
Lipschitz condition. There has been much work on Feller properties of switching diffusions
in the literature. However, to the best of our knowledge, all of the work up to date has been
concentrated on the case under a global Lipschitz condition; see for example, [13,14,16]. When
the global Lipschitz condition is violated, will the processes still possess Feller property? We
address this issue in what follows.

Theorem 5.1. Assume that the hypothesis of Theorem 2.1 is satisfied. Then the solution process
(X(2), a(2)) for the system given by (2.2) and (2.3) is a Markov—Feller process.

Proof. The Markov property follows from standard arguments. In what follows, we focus on
the proof of the Feller property. First, we suppose that b(x, i) and o (x, i) are Lipschitz in x for
each i € M. In fact, the Feller property was obtained in [16, Section 2.5] under global Lipschitz
condition. The proof was rather long. Here, using our results of the current paper, we provide
an alternative proof. Let f(-,-) : R” x M +— R be a bounded and continuous function. Fix
(x,a) € R" x M and ¢t > 0. Let {x,} be any sequence converging to x as n — oo. By the
definition of the limit superior of a sequence, since f(-, -) is bounded, we can always extract a
subsequence {IE f (X %(t), o (1))} from {IE f (X**(¢), «**(t))} such that

klim Ef(X*e%(t), a™%(t)) = limsup E £ (X*%(2), ™% (1)). 6D
—00 n—00
In view of (3.10) and (3.11), (X™*(¢), ™% (¢)) converges to (X**(¢), «**(t)) in probability as
k — oo. Then it has a subsequence converging almost surely to (X% (¢), a™*(¢)). Without loss of
generality, we may assume that (X" “(¢), o (¢)) converges almost surely to (X**(¢), a*(t))
as k — oo. Then the dominated convergence theorem and (5.1) imply that
limsup E f(X*™(¢), a*%(t)) = klim Ef(X™ %), o™ %(t)) = Ef(X*4(@), ¥ %(1)).
—00

n—oo

Likewise,
liminfE £ (X* %), ™ %(t)) = Ef(X*%(@), ¥ %(1)).

Thus, we obtain the Feller property under the condition that b(x, i) and o (x, i) are Lipschitz in
x for eachi € M.

Next we relax the condition and assume only the local Lipschitz continuity as in the statement
of the theorem. It is proved in [16, Theorem 2.7] that for any R > 0, ¢ > 0, and ¢ > 0, there is
an Hy > 0 such that

P{|X*%(s)| < Hg foralls € [0,]} > | — ¢ if |x| < R. (5.2)

Now fix (x,«) € R" x M and R > |x|+ 1. Let f(-,-) : R" x M R be a continuous function
satisfying | f(x, @)| < 1 for all (x, @) € R" x M. Let ¥(:) : R" — [0, 1] be a smooth function
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with compact support satisfying ¥ (x) = 1 if |[x| < Hpg. By the first part of this proof, the process
(X (1), a(2)) satisfying

{df((r) = Y(XOBE ), &(1)dt + Y (X))o (X(®), &(O)dw(®),
P(a(t + A) = jla(r) = i, X(5), &(), s < 1) = qi;(XO)A + o(A)if I # j

has the Feller property. Thus, there exists some § € (0, 1) such that

(5.3)

‘IE) FXH@), & (r)) — Ef(X5r), 5%(1))| < € forany h € R”, |h] < 8. (5.4)

where ()A(X'“(t), a**(1)) denotes the solution of (5.3) with initial value (x, ). By the definition
of {(x) and (5.2), we have that

P{X*H (1) = X1, o (1) = @) > 1 — e if |h| < 1. (5.5)

In view of (5.4) and (5.5) and the assumption that | f(x, )| < 1 for all (x,®) € R" x M, we
obtain

E f(X* % (0), a* (1)) — Ef(X*%(1), «*%(1))| < Teforany h e R", |h| < 8.  (5.6)

The Feller property is therefore proved. [

6. An example

As an application of the well-posedness properties studied in the previous sections, this
section deals with a competitive Lotka—Volterra system with regime switching. Such a model
and many of its variants were extensively investigated in the literature; we refer the reader to [21]
and many references therein for the recent developments.

Example 6.1. Consider a stochastic competitive Lotka—Volterra model with regime switching

dXi(t) = X;(1) | bila®) — Y ay (@)X (1) | dt

j=1

+ X;@®)oi(a()dW;(t), i =1,...,r, 6.1)
where b; (), 0;(-),i € {1,...,r},a;;(-),i, j € {1,..., r}are functions from M to R and a;; (k) >
0,a;;(k) > 0,i,je{l,....r},k e M, Wy(t),i € {1, ..., r} are Brownian motions, a(¢) is the
switching process taking value in M = {1,..., mo} with generators Q(x) = (qij(X))mgxmq-

Assume that g;;(-), i, j € M are bounded and continuous. (6.1) can be written in the matrix
form

dX (1) = diag(X (1)) [b(ee(r)) — Ala (1) X ()] dt + diag(X (1))diag(o (e(1))dW (),  (6.2)

where b(k) = (bi(k), ..., by(k)), A(k) = (a;j(k))rxr, 0(k) = (o1(k), ..., 0.(k)) and W(t) =
(Wi(2), ..., W.(¢)). The model (6.1) with Markovian switching, that is, when Q(x) is a constant
matrix, was studied in [21]. Although we are considering a more complex model with state-
dependent switching, following the proofs of [21, Theorems 2.1, 3.1], we can still obtain that

e For any x € ]Rf,’_" = {(x1,...,x) :x; > 0,i = 1,...,r}, there exists a unique global
solution (X**(t), a®“(t)) with X*%(¢t) = (Xf’“(t), ..., X;°%(t)) to (6.1) with initial value
x. Moreover,

P{X*(t) e R}°Vt > 0} = 1.
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e For any m > 0, there exists a constant K,, > 0 such that
E|IX*(1)]" < Ku(1 4 |x|™) forallx € R, ¢ > 0, (6.3)
where we use the norm |x| = Y_;_,|x;| for x = (x1,...,x,) € R".

We aim to show that the model (6.1) satisfies the conclusions of the theorems in previous sections
whose proofs rely on estimates (3.6) and (3.7). Since the coefficients of (6.1) is not Lipschitz, to
obtain the desired results we need to use (6.3) and the following lemma.

Lemma 6.2. Let R > 0. Forany x, y € R} and |x| Vv |y| < R.

E sup {|IX**(t A7) = X"“C AT} < Kprlx — y% (6.4)
t€[0,T]

where Kg 1 depends only on R and T and
T =inf{r > 0: a™%(@) # o> %(1)}.

Proof. Using the elementary estimate |diag(x)A(k)x — diag(y)A(k)(y)| < Ca(lx| + |yDIx — y|
for some C4 > 0, we obtain

X5t A T) — XVt A T))

<l —yl+) / b (X4 (s) — X} (s))\dt
i=1 70
+Ca / (1)) + (XN 1(X(5) — XT(s))lds
0

)
i=1

It follows from the Cauchy—Schwarz inequality that

/ ai (@)X ()~ X[ (s)dWi(s)| -
0

IX5%(t AT) — X2%( AT

<Clx—yP+ C(/O (1 + X0+ X)) X (s) — Xy'“(s))|ds>

2

r AT 2
+C Z / oi(a()(X; () — X" (s))d Wi(s) (6.5)
i=1 140
for some constant C > 0. By the Burkholder—Davis—Gundy Inequality,
r tAT , 2
CE sup Z / oi(a ()X () — X" (s))d Wi(s)
reo.m1 | 5o o
A Tt
<CE / | X5 (s) — XV%(s)|ds (6.6)
0

for some constant C. In view of Holder’s inequality,

t€[0,T]

AT 2
E sup {C(/ (1+I(XX"’(S)I+IX”’“(S))I)I(X"’“(S)—X~""’(S))|dS> }
0
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2

TArT
= ClE(/ (141X + [ X)) [(XH(s) — Xy’“(s))lds>
0
TAT N4
<cC [E/ (1+ X5 + |X~V’°‘(t)|)2dti|E/ X2 — X2 i
0 0
TAT
<KA+T)A+ x>+ |y|2)E/ | X5 () — XV%(1)|2dt (due to (6.3))
0

T
<K(1+7T){A+ x>+ |y|2)E/ sup {IX¥(s A7) — X¥(s A T)|*} dt (6.7)

0 sef0.]
for some K > 0. Taking the supreme over [0, T'], followed by taking the expectation on both
sides of (6.5), and using (6.6) and (6.7), we have

E sup {IX““(t AT)— XV AT}
t€[0,T]

<Clx —yP+ KA+ T)1 + x>+ [yHE

T
X / sup {IX*%(s A7) — X¥%s AT)*}dt (6.8)
0

s€[0,1]

for some constant K > 0. Then (6.4) follows from the Gronwall inequality. [

Although the coefficients of (6.1) are not globally Lipschitz, the estimates (6.3) and (6.4) are
sufficient for us to derive the following results.

Theorem 6.3. Assume that q;;(-), i, j € M are bounded and continuous. Let (X**(t), a™*(t))
be the solution to (6.1) and (2.3) with initial value (x, «) € R}° x M. The following assertions
hold:

1. X*%(¢) is twice continuously differentiable with respect to x in probability. If in addition,
qrj(x) satisfies (3.2) then X*%(t) is twice continuously differentiable in L? with respect to
x forany 0 < p < A, where A is the Holder exponent in (3.2).

2. If qij(x) satisfies (4.1) then for any R and T > O, there is a Cg r > 0 such that for any
x, X € R}, x| v |X| < R, and o € M, we have

E sup [XV9(0) — X (1) < Crrl% — xl.
tel0,7T]

3. Assume that for each i, j € M, g;(-) € C? and |D’3qij(-)| are Lipschitz and bounded

uniformly by some constant M for |B| < 2. Let ¢(-, i) € C? satisfy

IDPpx, i) < K(1+ |x|"),i e M, |B] < 2.

Then, u(t, x,i) = E[p(X (1), «®(1))] is twice continuously differentiable with respect to
the variable x € R’}°.

4. The solution process (X (t), a(t)) for the system given by (6.1) and (2.3) is a Markov—Feller
process.

Proof. In the proof of Theorem 3.1, we use the global Lipschitz to obtain (3.6). In this example,
the constant K, depending only on 7, in (3.6) is replaced by Kg 7, which depends on both R
and T (see (6.4)). Although (6.4) is slightly weaker than (3.0), it is still sufficient to follow the
proofs of Theorems 3.1 and 4.3 to obtain the first and third claims of Theorem 6.3, respectively.
The second claim is derived from Theorem 4.1 with the minor modification that the constant Cr
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in (4.2) is replaced by Cg r because the constant K¢ 7 in (6.4) depends on R. The fourth claim
follows directly from Theorem 5.1. [J
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