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Abstract

In this paper we show that solutions of two-dimensional stochastic Navier—Stokes equations driven
by Brownian motion can be approximated by stochastic Navier—Stokes equations forced by pure jump
noise/random kicks.
© 2019 Elsevier B.V. All rights reserved.
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1. Introduction

Stochastic Navier—Stokes equations (SNSEs) are now a widely accepted model for fluid
motion with random perturbations. In this paper, we consider the two-dimensional stochastic
Navier—Stokes equations with Dirichlet boundary conditions on a bounded domain, which is
given as follows:

du — kAudt + (u - Vyudt + VP dt = Fu)dt + Za"(u)dwi, in O x (0, T1,
i=1
divu=0 inOx(0,T], (L.D)
u=0 in 00 x (0, T],
u)=nh in O,
where O is a bounded domain of R? with boundary 3O of class C3. u = (u;, u>) and P
represent the random velocity and modified pressure, respectively. « is the kinematic viscosity,
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for simplicity, we let x = 1 in this paper. W = (W'(¢),..., W"(t)) is a m-dimensional
standard Brownian motion. The fluid is driven by external force F(u)dt and the random noise
Y olu)ydw'.

Stochastic Navier—Stokes equations have been studied by many people. There is a great
amount of literature. Let us mention a few. SNSEs driven by white noise in time were first
studied by Bensoussan and Temam in [2]. The existence and uniqueness of solutions of 2-D
SNSEs driven by Lévy noise were obtained in [4], large deviation and moderate deviation
principles were established in [6,14]. The ergodic properties and invariant measures of the 2-D
SNSEs were studied in [9] and [8].

The aim of this paper is to study the approximations of SNSEs in (1.1) by SNSEs forced
by Poisson random measures. One of the motivations is to shed some light on numerical
simulations of SNSEs driven by pure jump noise. Recently, Nunno and Zhang in [5] obtained
such an approximation for a general class of SPDEs. However, the results in [5] could not cover
the stochastic Navier—Stokes equations, an important model in fluid dynamics. The difficulty
lies in establishing the tightness of the approximating equations in the space of Hilbert space-
valued right continuous paths with left limits. To overcome this difficulty, we first assume that
the initial value has higher regularity, the external force and the coefficients of the jump noise
take values in a more regular space, so that we can derive a uniform estimate of the stronger
norm of the approximating solutions. With these estimates, we are able to prove the tightness
of the approximating equations by Aldou’s criterion, then through martingale characterization
we show that the limit of the solutions of approximating equations is the solution of the SNSE
driven by Brownian motion. We emphasize that the method of establishing the tightness here
is different and simpler than that used in [5]. In the second step, we are able to remove the
regularity restrictions on the coefficients and the initial condition by using finite dimensional
approximations and establishing some uniform convergence in probability of the approximating
solutions. In the final part of the paper, we provide several illustrating examples.

The rest of the paper is organized as follows. In Section 2 we lay down the precise
framework. The main part is Section 3, where the approximations are established. In Section 4
some examples are provided.

2. Framework

Let (2, F, P) be a probability space equipped with a filtration {F,};>0 satisfying the
usual conditions. vi(dx),i = 1,...,m denote o-finite measures on the measurable space
(Ro, B(Ry)), where Ry := R\ {0}. Let N',i = 1, ..., m be mutually independent F,-Poisson
random measures on [0, T]x R, with intensity measure dt x v’ (dz) respectively. For U € B(Ry)
with v/(U) < oo, we write

N0, 1] x U) := N'((0, ] x U) — tvi(U), t>0,

for the corresponding compensated Poisson random measures on [0, T] x {2 x Ry. See [10]
for the details on Poisson random measures.
We introduce the following standard space

V={ueH(OP:V -u=0uljo =0}

with the norm |luly := (f,, |Vu|*dx)'/* and the inner product ((-, -)). Denote by H the closure
of V in the L?-norm [lu|lzs == (J,, lu|*dx)"/?. The inner product on H will be denoted by (-, ).
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Identifying the Hilbert space H with its dual space H*, via the Riesz representation, we
consider the system (1.1) in the framework of Gelfand triple:

VCHZH"CV*

We also denote by (-, -) the dual pair between V* and V from now on.
Define the Stokes operator by

Au = —PyAu, ue D(A):=H*O?’NV, 2.1

where Py : L?(0)> — H is the usual Helmholtz—Leray projection. Actually, the map A is
an isomorphism between V and V*, and

(Au,v) = (u, Av) = (u,v)), Yu,veV. (2.2)

Note that ||Aul|y is a norm on V N H?(0)*> which is equivalent to the Sobolev norm in
H?(O)?(for simplicity denoted by H? from now on), see Lemma II1.3.7 in [13]. It is known that
there exist an orthonormal basis {e;, i € N} in H and corresponding eigenvalues 0 < A; 1< oo,
that is

Ae,- = Aje;, i eN. (23)
Since the boundary 80 is of class C3, it follows from Chapter 1.2.6 in [13] that
e; € HX(O). 2.4
Set
2
b(u,v,w) = Z / uivjw;dx, u,v,welv. 2.5
o

i,j=1
Using integration by parts, it is easy to see that
b(u,v,w)=—-bu,w,v), b(u,v,v) =0, wu,v,weV. 2.6)

Throughout the paper, we will denote various generic positive constants by the same letter C,
although the constants may differ from line to line. We now list some well-known estimates
for b which will be used in the sequel (see [13] for example):

S A A
b(u, v, w)| < 2Mullzlullylwlzlwlyiviv, w,v,weV, 2.7

1 1
b, u, v)| < Cllull o lullvllullzllvlla,  weVNH?, veH. (2.8)

For u, v € V, we denote by B(u, v) the element of V* defined by

(B(u, v), w) = b(u,v,w), Ywe V. 2.9)
Therefore,
1B Dl = sup b v < 2l Nl 2ol L ol 2.10)
o
hence
1B, w)llve < 2ullzluly. @.11)

We will often use the short notation B(u) := B(u, u). On the other hand, the nonlinear operator
Py ((u - V)v) is well defined whenever u, v are such that (u - V)v belongs to L2. One can show
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that Py ((u - V)v) can be linearly extended to V x V — V*, and actually coincides with the
previous B(u, v).
It is known that the system (1.1) can be reformulated as follows:

du(t) = —Au()dt — Bu(t), u(®))dt + Fu())dr + Zai(u(r))dwi(t),

i=1

(2.12)
u(0) = h.
Let F,o',i = 1,...,m be measurable mappings from H into H. We introduce the
following condition:

(H.1) F(-),0i(:): H — H are globally Lipschitz maps, i.e., there exists a constant C < 0o
such that

m

IF @) = Fally + Y llo' @) — o' @y < Cluy —uallyy, Yurup € Ho (2.13)

i=1

Definition 2.1. A continuous H-valued (F;)-adapted process u = (u(t));>0 is said to be a
solution to Eq. (2.12) if forany T > 0, X € L*([0, T] x 2,dt x P, V) and for any t > 0, the
following equation holds in V*, P-a.s.:

u(t):h—f Au(s)ds—/ B(u(s))ds—i—/ F(u(s))ds—i—Zf o u(s))dWi(s). (2.14)
0 0 0 iz1 Y0

Under the assumption (H.1) and % € H, it is known that Eq. (2.12) admits a unique solution
(see e.g. [4]).
3. Approximations of SNSEs by pure jump type SNSEs

For e > 0, let 6"¢ : H xRy — H be given measurable maps. Consider the following SNSE
driven by pure jump noise:

u®(t) =h—/ Aua(s)ds—f B(ug(s))ds+[ Fu®(s))
0 0 0

+2 [[ otwsof @z, G.1)
i=1 Y0 JRg

We impose the following conditions on ¢*¢.

(H.2) There exist constants C > 0 and g3 > 0 such that

m

I F @)l + sup / o™ @, D70 (dz) < CA + [lull3), (32)
=60 =1 Ro

sup ) f llo™ @, )15 (dz) < CA + [lulf). (33)

£=<¢gg i=1 RO

IFQur) — Fup)3 + sup Y / lo™* @i, 2) = 0" (u2, )13V (d2)
Ro

E=E0 ;g

< Clluy — uz|3- (3.4)
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Denote by D([0, T'], H) the space of all cadlag paths from [0, T'] into H equipped with the
Skorohod topology.

Definition 3.1. An H-valued (F;)-adapted process u® = (u°(t));>o is said to be a solution
to Eq. (3.1) if

(1) forany T > 0, u®* € D([0,T], H) N L%([0, T] x £2,dt x P, V);

(ii) for every t > 0, (3.1) holds in V*, P-as.

Under the assumption (H.2) and & € H, it is known that for ¢ < gy, Eq. (3.1) admits a
unique solution (see e.g. [4]).
Consider the following conditions.

(H.3) i) Foreachi € {l,...,m},VM > 0,

sup sup |lo"(u, 2)|| g =% 0. (3.5)

llullg <M zeRg

(i1) For eachi € {1,...,m} and each k, j e N, u € H,

/ (@ (1, 2), e )0 (U, 2), €,V (d2) > (o (), (o' (u), €)). (3.6)
Ro

(H.4) For each i € {1,...,m} and every u € H,

e—0

[R o (e, DI D) 23 ot @)l 3.7)
0

Remark 3.2. In order to approximate Brownian motion by pure jump noise, intuitively, the
jump height of all jumps must converge to zero, which motivate us to introduce condition (i) of
(H.3). Applying Ito’s formula to ||- |13, we introduce (H.4) such that the H-norm of the solutions
of (3.1) approximates to the H-norm of the solution of (2.12) in some sense. Condition (ii) of
(H.3) is introduced to justify the limit of the solutions of (3.1) is a probabilistic weak solution
of (2.12) through the associated martingale problem.

From condition (i) of (H.3) and (H.4), it can be seen that the jump measures v, i =1, ..., m
must have infinite volume, otherwise, (H.4) contradicts condition (i) of (H.3) by the dominated
convergence theorem.

(H.5) The maps F, o*¢ take the space V into itself and there exist constants C > 0 and gy > 0
such that

IF @)} + sup Y f lo™* @, D7V (dz) < A+ [|ull;). (3.8)
Ro

8580 =)

3.1. Preliminary estimates

We first prepare some preliminary results needed for the proofs of the main results. In the
rest of the paper, for simplicity of the exposition, we let m = 1 and omit the superscript i of
ol, N', vi. The case of m > 1 does not cause extra difficulties.
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Lemma 3.3. Assume (H.2) and h € H, let u® be the solution of Eq. (3.1), then we have

T 2
sup{E sup [0, +E(/O ||uf(s)||2vds) } < 0. (3.9)

e<ep b 0<t<T

Remark 3.4. If we assume (H.1) and 7 € H, then using similar methods, it can be shown
that the following norm estimate holds for the solution u of Eq. (2.12),

T 2
E sup lull + E( f Juts)lds) < oo,
0

0<t<T

Proof. By It6’s formula and (2.6), we have

lu® @117 =l —2 fo (At s), u())ds +2 /0 (P (), (5))ds
+ M)+ /Ot X lo® W (s=)., 2|1 v(dz)ds, (3.10)
0

where

M) = /ot/R (Ilog(ug(s—), Z)||%1 + 2(0’8(ME(S—), 2), u‘%s—)))ﬁ(dzds). (3.11)

0
Using Burkholder’s inequality and the assumption (H.2), we have
E sup |M(r)?
O<r<t

SCE/ / (||a£(u€(s—),z)||§,+2(o£(u€(s—),z),uS(s—)))2v(dz)ds
o Jr,

t
SCE/ (1 + [[uf()|5)ds. (3.12)
0
By (2.2), it follows from (3.10) that for t < T,
t 2 t
o)l + f lu* @3 ds)” < Cllaly + € / (L4 @)llds + CM@)?. (3.13)
0 0

Take supremum over the interval [0, ¢] in (3.13), and use (3.12) to get

t 2 t
E sup ()Y + E ( f ||X§||2Vds) < Clhl, + CE / (14 )l)ds.  (3.14)
0 0

0<s<t

Applying Gronwall’s inequality completes the proof of the lemma. W

Lemma 3.5. Assume (H.2), (H.5) and h € V. For any constant M > 0, define

t
w5, =T Ainf{t > 0 : / luf()Eds > M} Ainf{t > 0 [[u* @)%, > M}, (3.15)
0
where we set inf{(}} = co. Then we have
5 ™ 5 2
sup{E sup [t ~|—E(/ ||u£(s)||H2ds> } < 0. (3.16)
£<g0 0<r<ty, 0
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Proof. Through Galerkin approximations, it can be shown that for ¢ < g, the solution

u® € L>=([0, T], V)N L%([0, T], H?) with probability one (see e.g. Proposition 2.2 in [12]).
Apply 1td’s formula to [|u®(2)||? to get

luf O3 =lhl3 —2 fo | Auf (s)|13,ds — 2 /0 (B (s)), Au‘(s))ds

+ 2/ ((F(9)), u®(9)))ds + M (1) + Ma(1), (3.17)
0
where
Ml(t)::Zf / ((a*?(u*?(s—),z),uS(s—)))ﬁ(dzds), (3.18)
0 JRg
Mz(t):=/ / o (s—), 2)||3 N(dzds). (3.19)
0 JRy

Use (2.8) and Young’s inequality to obtain

3 1
[(B®(s)), Au“ ()| < Cllu® || 2l v w117 < N1l + Cllut Iy luf |- (3.20)
Therefore, by (3.20) and (H.5), we obtain

t
lu® @115, +/ lu($)113,2ds
0

<|lally + € /0 luf Iy lu ()1 3,ds + C /0 (1+ U ($)II)ds + Mi(t) + Ma(t). (3.21)

Applying Gronwall’s inequality yields that

t
luf (O3 + / lluf ()11%,2ds
0
<(Cr+ A} + sup M ()| + Ma(t}))

e
OitS‘[M

t
x exp(CT + C/O ||u£(s)||2V||uf(s)||§,ds), t € [0, 75, 1. (3.22)

Take supremum over the interval [0, T;,], remember the definition of 7}, and take expectations
to get

£ 2 M e 2
E sup [u"(Dlly +E llu”($)II2ds
0

€
O<t<tj,

§(CT FIRIE +E sup M) + EMz(r;f,,)> exp(Cr + CM?). (3.23)

0§t§r]f/’
By Burkholder’s inequality, (H.5) and Young’s inequality, we have for § > 0,

Ty ) %
E sup |M\(t)| <2E U /((a’“’(ug(s—),z), u®(s—))) v(dz)ds]
Oftfrfw 0 Ry

2

<2 U Ol )12+ ||u8(s>||zv>ds}
0
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<2(CT +CM)ZE sup |[u*(D)y

O<t<ty,
1
<8E sup [u)|} + <(CT + CM). (3.24)
0<t<ty, 8
By (H.5) and (3.9), we have
57 5
EM>(ty;) =E/ / llofW®(s—), 2)lly N(dzds)
0 Ry

=E f oWt (s—), 2)||3 v(dz)ds
0 Rg

™
§E/ C(1 + [uf(s)[|3)ds < C < 0. (3.25)
0
Combining (3.23), (3.24) and (3.25) and choosing sufficiently small §, we obtain
™
E sup @) +E / 1) ads < CrpglIBl + Cr (3.26)
0<r<ty, 0

completing the proof of (3.16). W

Proposition 3.6. Assume (H.2), (H.5) and h € V. Then the family {u®, ¢ < e} is tight in the
space D([0, T], H).

Proof. Note that V is compactly embedded into H. Thus, by Aldou’s tightness criterion (see
Theorem 1 in [1]), it suffices to show that:
(i) for any 0 < n < 1, there exists L, > 0 such that

sup P < sup |u®@®)|ly > L,,) <n; (3.27)
£<gg 0<t<T

(ii) for any stopping time 0 < ¢® < T with respect to the natural filtration generated by
{u®(s), s <t}, and any n > 0,

lim sup P(Jlu*(¢" +8) —u" )l > m) =0, (3.28)

£<¢gq

where we set {8 +8 =T A (L% +6).
Note that (3.9) implies

sup P (tf, < T)

£<¢g0
T

<sup P (/ uf ()3 ds > M> + sup P ( sup [luf(s)% > M)

£=€( 0 £=€0 0<s<T

1 T 1
<— sup E / luf () ds + ~ sup E sup [l ()%
M e<ey Jo M e<cy  o<i<t

C
<—. 3.29
Vi (3.29)
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For any L > 0, by (3.29) and (3.16), we have

sup P < sup |lu®@®)|ly > L)

£=¢g0 0<t<T

<sup P < sup u®(®)lly > L, 1}, = T> +sup P (tj, < T)
£<¢gg 0<t<T £<¢g(

c
<sup P ( sup [lu*(®)lly > L) +3

£=g( 0<r<ty,
1 . C
<—5sup E sup [lu®(®)] t
£<£0 0<t<rM
CM C
3.30
- L2 + M ( )
Given any 1 > 0, we can first take sufficiently large constant M, and then choose the constant
L so that the right hand side of (3.30) will be smaller than n. Hence (i) is satisfied.
Now, we come to verify (ii). For any 1 > 0,

sup P([u’(&° +8) —u* (&) lu > n)

£<¢gQ
;846 n
< P(H/ Aut(s)d U
sSEsI()) u®(s)ds . > 4)
¢e+s
n
P B ()ds| =7
+f§£) (/ (u(S))sH>4)
)
Ui
P F(u (s))d H U
+swp(] [ rwoms], - 3)
cE4s - 7
+ supP(/ fag(ug(s—),z)N(dzds)" >—)
e<gg Ro H 4

= I] ~|—12+I3+I4 (331)

By Holder’s inequality and Chebyshev’s inequality, it follows from (3.16) and (3.29) that for
M > 0,

5+ e
I, <sup P(é/ AU (5)|1%,ds > E)

&

£=¢g0
IS 772
< sup P(8/ ||Au8(s)||%1ds > —, Ty = T) +sup P(ty, < T)
£<gq € 16 £<gq
t}?/{ 2 C
<su P(S/ | Aut ()% ds > _> + &
o 0 " 16/ " M
16 /M ) c
<—38sup E |Au® ()| 5ds + —
nz g<£) 0 H M
C C
<38+ (3.32)
n? M
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1 1
By (2.8), we have [|Bu®(s)lln < Cllu(s)ll 2 llu*(s)llv llu®(s)ll 5. Using (3.16) and (3.29),
we have

cF 48
I < sup P( / |B ($Dlluds > )

£<gq €

¢o+8 1
<sp P([ IO @I ©lds > %)
£=¢( led

¢ +8 1 1 n
=sup P( f 2l Ol @l Fds > 25,75 =T)
e<eo P 4C
+ sup P(ty, < T)

£<¢g0

(e 4+0)AT 1 5 C
< sup P( / I 5) 1 () * s > 2 ) +

£=¢0 £

4C (SRR ! (GE+ONTS, !
<= sup[(E / o ds)* (£ [ I $)11adls)
N e<eg I I

€ +OATE, ! C
E “©lds)” |+~
(e[ o)+

1

CM 3 2\4% Ij’l 2 %
<Msi sup(E sup ||u£(s)||H> x sup(E/ ||u8(s)||H2ds>
n e<gp ~  0<s<T e<eg 0

1
; C
X sup(E sup ||u£(s)||%,)2+ﬁ

£ OSSSrIf,I
C C
<Msip = (3.33)
n M

On the other hand, by (H.2) and (3.9) we have

4 tE+8
I <— sup E/ | F @ (s)uds

N e<gp €

4 rE+8
A E / C(L A+ ()| )ds

1 e<eg €

C
<3(14 s E sup ' @)ln)

e<eg  0<s<T

<=s. (3.34)
n

Similarly,
77 £<gq

¢e+s ~ 2
I < <— sup EH / /R o’ (uf(s—), z)N(dzds)HH
0

77 e<gg

¢e+s
<— sup E/ / o W (s—), 2)lI3v(dz)ds
Ro
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16 £7+8 5 2
<—supkE CA + lu”()l5)ds

N" e<eg €

C
<—s. (3.35)

)

Combine (3.32)—(3.35) together, first let § — 0, then let M — oo to obtain (3.28). Thus (ii)
is verified, which completes the proof. W

3.2. The weak convergence

Denote by u., u respectively the laws of u® and u on the spaces D([0, T], H) and
C([0, T], H). We will establish the weak convergence by two stages. We first obtain the
weak convergence in Theorem 3.7 under stronger conditions, and then we remove the extra
assumptions and get the general convergence result in Theorem 3.8.

Theorem 3.7. Assume (H.1), (H.2), (H.3), (H5) and h € V. Then, for any T > 0, u,
converges weakly to u, as ¢ — 0, on the space D([0,T], H) equipped with the Skorohod
topology.

Proof. By Proposition 3.6, the family {u,, ¢ < g9} is tight in D([0, T'], H). Let po be the weak
limit of any convergent subsequence {u.,}. We will show that ;o = w. The rest of the proof
is divided into three steps. In step 1, we show that pg is supported on the space C([0, T'], H).
In step 2, we prove that pg is a solution of a martingale problem. In step 3, we show that
is the law of a weak solution of SNSE (2.12), hence complete the proof.

Step 1. For any n > 0, M > 0, we have

P ( sup flu®(t) —u*(t=)lly = 77)

0<t<T

<P ( sup sup || (U (t—), 2)||lg > 77)

0<1<T zeR,

<P ( sup sup [lo“ (1), 2)lu > n, sup [[u* @) < M)

0<t<T zeRy 0<t<T

+ P ( sup |[u®@)| > M)

0<t<T

1
SP( sup sup ||o®(x, D)|lp > n) + e sup E sup ||u8(t)||§1. (3.36)

llxll g <M z€Ry e<gy 0=<t<T

By (3.9) and (3.5), we first let ¢ — 0 and then M — oo to see that

sup [lu(t) —u®(@t—)|ln %0 in probability. (3.37)
0<t<T
Therefore, it follows from Theorem 13.4 in [3] that pq is supported on the space C([0, T'], H).
As a consequence, the finite dimensional distributions of u,, converge to that of 1.
Step 2. For k, j e N, let f(x) = (x, ex)(x, ¢;), x € H. The gradient of f (denoted by V f)
and the operator (denoted by f”) associated with the second derivatives of f are respectively
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given by
Vi) =(x,eje + (x, ep)e;, (3.38)
') =¢;®@e +e Qe (3.39)
Set

Lf f(x) === (AV f(x), x) = (B(x), Vf(x)) + (F(x), V f(x))

+ [R [f(x+0°(x.2) = f(x) = (VF(x),0°(x, 2)]v(d), (3.40)
0
1
Lf(x):=—(AVf(x),x) = (B(x), Vf(x)) + (F(x), Vf(x)) + E(f”(X)G(X), o(x)).
(3.41)
By It6’s formula,
f(us(t))—f(h)—f L f(u®(s))ds
0
:/ / [f(ug(s—) +0°W(s—), 2)) — f(us(s—))]ﬁ(dzds) (3.42)
0o JRry
is a martingale. Denote by X,(w) := w(t), o € D([0,T], H) the coordinate process on
D([0, T], H). By the above martingale property, for any m € N, 0 < sp < §1 < -+ <
Sm < s < tand fo, fi,..., fm € Cp(H)(the collection of bounded continuous functions on
H), it holds that
EFe [(f(X,) — f(X,) —f Lsf(Xr)dr> fo(Xso)..-fm(Xsﬂm)} =0. (3:43)
Let
Ge(x) = )/R (0°(x, 2), e )0 (x, 2), e))v(dz) — (0(x), ex)(0(x), €))|, (3.44)
0
x € H. By (3.40) and (3.41), we have
IL* f(X,) — Lf(X,)| = Ge(X,). (3.45)
We claim that
lim £V [ / L £(X,) — L f(X,)|dr] —0. (3.46)
Note that
Efe [/ L™ £(X) = Lf(Xp)ldr | = / EG., (™ (r)dr, (3.47)
sup G (x) < C(1 + [lx[|3). (3.48)
£<¢g(

By the dominated convergence theorem and (3.9), to prove (3.46), it suffices to prove that for
every r € [0, T],

lim EG,, (u*(r)) =0. (3.49)

Now, we take any r € [0, T] and fix it. Since the finite dimensional distributions of
converge weakly to that of 1, by Skorohod’s representation theorem, in order not to introduce
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more notations, we can assume that u®*(r) converges almost surely to an H-valued random
variable u°. In view of (3.9), {||us"(r)||%,},,21 is uniformly integrable, and therefore we can
further deduce that u® € L?(£2, H) and

Tim E|lu*(r) — u’|% = 0. (3.50)
By the dominated convergence theorem, it follows from (3.6) and (3.48) that

Tim EG,,w’) =0. (3.51)
Hence to prove (3.49), it suffices to prove

lim E|G, U (r)) — G, (u®)| = 0. (3.52)
We have

E|G,, ™ (r)) — G, u")|
SE‘ /R (GS,z(usn (r), 2), ek)(afn u(r), 2), ej)l)(dz)
0

— / (08" °, 2), ek)(ag”(uo, 2), ej)v(dz)‘
Ro

+ E|(o@(r)), ex)(o @™ (1)), e;) — (u®), ex) (o @), )|
In view of (3.2) and (3.4), we have

I SE/ (o W (r), 2), ex) (0 W™ (r), ) — o (u°, 2), ej)‘v(dz)
Ro

+E/
Ro

1
<& / o @), 2)[v@n)] " [ E f o @ (), 2) = o™ W, )2
RO ]RO

(o (r), 2) — o™ (u°, 2), ex) (o °, 2), ej)‘v(dz)

1
2

2

1
+ [E /Ro “U%(uo’ Z)”?Lll)(dZ):I2 [E /RO ||Usn(u8)l(r)’ 7) — GSn(uo’ Z)Hi]‘)(dz)]

1

<C[1+ ENCI5)? 4 sup(l 4 )52 |(E ) 1) . (3.54)

This yields that I; — O taking into account (3.9) and (3.50). A similar argument leads to
I, — 0. Therefore, (3.52) holds. Hence the claim (3.46) is proved.
Next we prove that

My j(1) = f(X1) = f(h) —/0 Lf(X,)dr (3.55)
is a martingale under wo. This is equivalent to proving that
B[ (00 = £ = [ L) (X fu(Xe)] = 0. (3.56)

Since the finite dimensional distributions of u,, converge to that of 1o, noticing that || f (x)[|g <
||x||%, and (3.9), it follows from Theorem 1.6.8 in [7] that

0| FXDfoXig) -+ fun(Xo) ] = Tim B[ FOX) foXp)-r fin( X)) (3.57)
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In view of (2.4), we have

[(B(x, x), &) = [(B(x, ex), x)| < Clix|I3 | Vel < Cllexll g llx1I%- (3.58)
Thus, Lf(x) is a continuous function on H and

ILF )l < C A+ [Ix]17)- (3.59)
Therefore, for the same reason as (3.57), we have for every r € [s, ],

EM[(Lf(X0) fo(Xsg)--- fin (X)) = lim E'en[(Lf (X)) foXog)-o- fin(X,)]- - (3.60)

By the Fubini theorem and the dominate convergence theorem, we obtain
t
£ ([ Lrtdr) g fut,)]
P

= lim EFen [( / l Lf(X,)a’r) FoXs,).. f,,,(Xsm)]. (3.61)

n—oo

Using (3.57), (3.61), (3.46) and (3.43), we have
E[ (700 = 000 = [ LF) fiXu X
= Jim £ [ (£06) = 000 = [ LFCO) oK) fulX,, )

= Jim £ [ () = oo - [ L ) oK (X,

=0. (3.62)

Hence My ;(t) in (3.55) is a martingale under .
For k € N, let g(x) = (x, ex), x € H. By a similar argument, we can show that

Me(t) = g(X,) — g(h) — f Lg(X,)dr
0

—(X,, e0) — (h, &) + / (Aex, X,)ds + / (B(X,), ex)ds — / (F(X)).er)ds  (3.63)
0 0 0

is a martingale under pg.
Step 3. (3.55) and (3.63) together with Itd’s formula yield that

(M, Mj)(1) = /O (0(Xy), ex)(0(Xy), e)ds, (3.64)

where (M, M;) stands for the sharp bracket of the two martingales. Now by Lemma A.1 in
the Appendix, there exists a probability space ({2, 7/, P’) with a filtration F, such that on
the standard extension

2 x Q2 FxF,FxF,pu x P

of (12, F, F;, P) there exists a one-dimensional Brownian motion W(¢), t > 0 such that

Me(t) = / (0 (Xy), e)dW(s), (3.65)
0
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namely,
t t
(X1, ex) — (h, er) = —/ (Ae, X;)ds —/ (B(Xy), ex)ds
0 0

+ /(F(X.s),ek)dS~l—f(0(Xs), e )dW(s) (3.66)
0 0

for every k > 1. Thus, under ug, {X;,t > 0} is a solution to SNSE (2.12). By the uniqueness
of the SNSE, we conclude that ug = p completing the proof of the theorem. W

In the next theorem, we will remove the restrictions placed on the coefficients and the initial
value h.

Theorem 3.8. Assume (H.1), (H.2), (H.3), (H4) and h € H. Then, forany T > 0, u, converges
weakly to u, as € — 0, on the space D([0, T], H) equipped with the Skorohod topology.

Proof. For each n € N, let 1", F,(u), 0,(u), o, (u, z) denote the corresponding orthogonal
projections of &, F(u), o(u), o°(u, z) into the n-dimensional space span{ey, ..., e,}. Then, for
eachn e N, {07}.<,, and F, satisfy (H.2)—(H.5). Moreover, there is a constant C independent
of n such that for every u, uy,u; € H,

sup || F, ()13, + sup lo,w)[I}, +  sup / lof (u, D3 v(dz) < C(A + llull3),  (3.67)
Ro

neN neN neN,e<gq
sup || F, (1) — Fy(u2)ll; + sup llon(ur) — 0,(u2)l1 3
neN neN
. . ) ) (3.68)
+  sup lo, (u1, 2) — 0, (U2, | Hvdz) < Clluy — uz-
neN,e<eg J R
Let u™¢, u" be the solutions of the SNSEs:
t t t
u™t(t) =h" — / Au4(s)ds — / B (s))ds +/ F,(u™4(s))ds
0 0 0
t
+ / / oE (s, )N (dzds). (3.69)
0 JRy
t t t
u"(t) =h" — f Au"(s)ds — f Bu"(s))ds +/ F,(u"(s))ds
0 0 0
t
+ / o, (U™ (s)dW(s). (3.70)
0
By Theorem 3.7, we have for each n € N,
ne £20 u" in distribution on the space D([0, T'], H). 3.71)
Moreover, as in the proof of (3.9), using (3.67) we can show that
r 2
sup {E sup [lu™ (O} + E( / ||u"-8(s)||zvds) } < oo, (3.72)
neN,e<gq 0<t<T 0
T 2
sup{E sup (" (D11, +E</ ||u"(s)||2Vds> } < oo. (3.73)
neNl  o0=i<T 0
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We claim that for any § > O,

lim P ( sup [lu"(1) — u®)| g > 5) —0, (3.74)
n—o0o 0<t<T

lim lim P < sup |lu™e(t) — u®(@®)|ly > 8) =0. (3.75)
n—00 g—0 0<t<T

Because of similarity, we only prove (3.75) here. Applying It&’s formula, we have

' 2
eV Jo IIME(P)HVJP||MILS([) _ Mg(t)||%1

=|h" —hly —y / 7 Jo W @IGe me () — u ()1 u ()11 dis
0
t . R
-2 f eV B IEOI e (A (5) — ul(s)), u™E(s) — u (s))ds
0
B 2/ e oI OIGar (Bum (5)) — B(uf (), 4™ (s) — u(5))ds
0

+2 / e vh ”"W”zvdﬂ(F,,(u“(s)) — F(u®(s)), u™*(s) — u’(s))ds
0

! ¢
+ 2/ / o7 o 1 @)oo
0 JRy

(o™ (s=),2) — o (u(s—), 2), u™*(s—) — us(s—))ﬁ(dzds)

! S N1 E
+ / / TV I @I e 6 (e (5-), 2) — o (W (s ), 2|13 N (dzds)
0 JRy

7
YL (3.76)
k=1

By (2.6) and (2.7) we have
2B (s)) — B (s)), u™*(s) — u’(s))| = 2(B@™*(s) — u’(s)), u*(s))|

=4llu™*(s) — ut()llv ™" (s) — u ()l ullu®(s)llv

<[ (s) = ut ST + 4lu T " (s) — u* ) 3.77)
Therefore, by (2.2) and (3.77) we obtain that
4 ¢ 5
Z ]:’E(t) 5/ e’ Jo lu®(o)lI5,dp I:_“u”*'s(s) — ME(S)”%/
k=2 0
+ = OIY a™ (5) = w1 |ds
t
<- / e WO e (5) — P (5)]12 s, (3.78)
0
if we take y > 4. Using the Lipschitz continuity of F, we have

E sup |I$(s)|

O<s<t

t
S & 2
SE/ eV o WD e (5) — uf (5) 1, ds
0
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+E /Ole‘”g IO | (1 (5)) — F ()]s
<E /t eV o IILﬁ(p)H%,dp||un,a(s) _ ug(s)lﬁlds
0
+2F /Ote‘”‘;' WD | F, - (5)) — F G (5)) s
+ 2E /t efy/'(f Hug(p)ll%/dp”F(un,E(S)) _ F(MS(S))H%[dS
0
<CE /r eV o W @Iy () — 4 ()12, ds
0
+ 2E f o RO e ) Fu™*(s)17ds. (3.79)
0

By Burkholder’s inequality, we get

E sup [Ig"(s)]

0<s<t

! 5 117,
szE[/ f e B IO g (5), 2) — 0" (' (5), D)1} ¢
0 JRy

1

™% (s) — uS(s)n%,u(dz)ds] g

SZE[ sup e~ 2 J0 1 @Idr |1yme (5) — 4 (5)|

0<s<t

t . 1
(f L ”S(ﬂ)"zvd”||a,f<u"~8<s>,z)—ow(s),z)llzv(dmdsy}
0 JRry

1 s
<-E sup e 7o ||u€<p>||"’vdp||un,s(s) — )%
0<s<t

! 3 &
+ 2E / / e I W @I de ) 2 (4 (5, 2) — 0F (U (5), 2)|13v(dz)d s
0 JRy

1 T 2
<-E sup e” Jo llu Oy dp | ym-¢ (5 — us(s)llil
O<s<t

t
+ CE f eV S DI e yme () — ()13, ds
0

t
+ 4E / / eV I I OIR e (4 (5), 2) — 0 (U (5), 2) | v(dz)ds, (3.80)
0 JRy

where the uniform Lipschitz constant of o® has been used. Similar to (3.79), we have

E sup [I;"°(s)]

0<s<t

! J £
=E f / eV o WO g w4 (5), 2) = 0 (u(5), D)} v(d2)ds
0 JRy
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t c .
SCE/ o7 IO me () _ e (5] ds
0

! J £
+2E / / eV I I OID e (2 (5), 2) — o (W (5), 2) |13 v(dz)ds. (3.81)
0 JRy

Combining (3.76), (3.78)—(3.81) together yields that for t < T,

E sup 7 i WO e () — uf (s)]15,
0<s<t

t S e
+2E / eV o W0 e (5) — i (5) |3 ds
0
t S e
<2||h" — hi} + CE / eV I IR (5) — i (9)]13ds
0
t S &
+ 4E/ 7 R I @I e | B e (5)) — F ™ (s)) 13 ds
0

‘ _
+ 12E/ e 7l ””S(")"ZV‘”’/ o @™ (s), 2) — o (U™ (s), 2)||5v(dz)ds. (3.82)
0 Ro

Applying Gronwall’s inequality we obtain for ¢ € [0, T'],

E sup &7 B IO 0 (5) — u ()1
0<s<t

t
N 2
+ E/ e_Vf() ||118(P)Hvdp||u",5(s) _ I/ig(S)”%/dS
0

<Cx [Ih" = hli} + E /0 IFa(u™(5) = F™ ()13, ds

t
+ E/ / o, (u™*(s), 2) — 0" (u"*(s), z)lli,v(dz)dS]- (3.83)
0 JR
We claim that
T
lim limE/ / llos™(s), 2) — o (u"*(s), z)||%1v(dz)ds =0, (3.84)
n—o00 ¢—0 0 R
T
lim 1in(1)E/ | F(u™5(s)) — F(u"’g(s))H%{ds =0. (3.85)
n—>o0 g— 0

Suppose the above claims are proved. Then we conclude from (3.83) that

lim lim E_sup eV o W @I de e (6) — e (5)]12, = 0. (3.86)
n— E—> Ofsz

Let us only prove (3.84). The proof of (3.85) is similar and simpler. Let

GE(x) :=/ lof(x, z) — of(x, 23 v(dz), x € H. (3.87)
Ro
Note that
sup  Gi(x) < C(1+ |lx[|3). (3.88)
neN,e<g
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By (3.72) and the dominated convergence theorem, to prove (3.84), it suffices to show that for
each s € [0, T],

lim lim EGE @™ (s)) = 0. (3.89)

n—>o0 g—0

Obviously, (3.89) will follow if the following three equalities are proved.

lim EGE(u™*(s)) = lim EG;u"(s)), VneN, (3.90)
£— e—>
lim lim EGE(u"(s)) = lim lim EGE (u(s)), (3.91)
n—>00 g—0 n—o0 g—>0
lim lim EGE (u(s)) = 0. (3.92)
n—>00 g—0

We first prove (3.90). Since u" is a continuous process, due to (3.71), we see that for each
neN,sel0T],
e—0

u™*(s) — u”(s) in distribution. (3.93)

Therefore, to prove (3.90), we can use Skorohod’s representation theorem to assume that
lu™(s)—u"(s)||g — 0 almost surely as ¢ — 0. In view of (3.72), {||1,t”"9(s)||fq}€§,;0 is uniformly
integrable, and therefore, we can further deduce that

m% E|lu™(s) — u"(s)[|3 = 0. (3.94)
E—>
On the other hand,

E|G,u"*(s)) — G, " (s))]

<t |
Ro

SE/]R (IIG,f(u”’S(S), 2) — 0, (u"(s), Dl + llo*W™*(s), 2) — o (u"(s), Z)||H)
0

log @™ (5), 2) = 0" (™ (5), 2y = o W (5), 2) = 0 @ (5), DI |v(d2)

x (IIG,f(U”’S(S), ) — o W (), Dlu + lloy (u"(s), z) — o W (s), z)IIH)V(dZ)

5[2E/ <||U,f(u”’5(s),z)—G,f(M"(S), Il
Ro

+ 0" @™ (5), 2) = 0" (W (5), D)} )vid) ]

x [4E A; (o @), DI + 0" @ (5), DI + log W (s), I
0

1
+ llo* @' (s), DI} )vida) |
=1 x I. (3.95)
By (3.67), (3.2), (3.72) and (3.73), we deduce that
sup [I517 <C sup  E(1+ [u™* ()5 + [u"(9)]I3) < oo. (3.96)

=80 neN,e<gy
(3.4), (3.68) and (3.94) imply

P2 < CEu™(s) — u"()]%, =3 0. (3.97)
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Therefore, (3.90) follows from (3.95), (3.96) and (3.97). In view of (3.74), a similar argument
leads to

lim sup E|GE(u"(s)) — GE(u(s))| = 0. (3.98)

n—>00 g<g.

Hence (3.91) holds. Note that (H.4) and the condition (ii) of (H.3) imply

lim lim | [of(x,2) — o®(x, 2)[|%v(dz)
n—-o0 g—0 Ro

= lim lim[/]R ||o'£(x,z)||§_1v(dz)—/R ||a,f(x,z)||§,v(dz)]
0 0

n—00 g—0

=lloWll = lim ou(0)ll =0, VxeH. (3.99)

Therefore, (3.92) immediately follows from (3.99) and (3.88) by the dominated convergence
theorem. Thus, (3.84) is proved, and so is (3.86).

Next, we proceed with the proof of (3.75). For any given é; > 0, in view of (3.9), we can
choose a positive constant M, such that

T
sup P < sup [u™ (@) —u*Olu > 5,/ lu ()l ds > M1>
0

neN,e<gg 0<t<T
T
< sup P <f lluf ()13 ds > M1> < 8. (3.100)
neN,e<egq 0

On the other hand, by (3.86), we have

T
lim lim P ( sup |lu™c(t) —u* @)y > 8,/ ||u€(s)||%,ds < M1)
0

n—o0 g—0 0<t<T

.. (s 2 _
< lim lim P [ sup e v fo I Oy do - () — us(s)||31 > e vMis?
n—o00 g—0 0<s<T

1 s e
SeyMl — lim lim E sup e’ Jo llu (ﬂ)”%/dP”M”’s(s) — us(s)”il =0. (3.101)
n—>00 g—0 0<s<T

Combining (3.100) and (3.101) together yields

lim lim P ( sup [l (t) — u Oy > 5) < 4. (3.102)

n—>00¢—0 0<t<T

Since §; is arbitrary, (3.75) is proved.

Finally we prove that u® converges weakly to u. Let u;,, 1, denote respectively the laws of
u™® and u" on S := D([0, T], H). Let G be any given bounded, uniformly continuous function
on S. For any n > 1, we write

/SG(w);f(dw)—/sG(w)M(dw)
=/SG(w)/f(dw)—/SG(w)Mi(dw)+/SG(w)Mf,(dw)—/SG(w)Mn(dw)

+ /SG(w)Mn(dw)—/SG(W)M(dw)
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=E[GWu®) — G(u™*)] + (/ G(w)ui(dw)—/G(w)Mn(dw))
S S

+ E[GW") — Gw)]. (3.103)

Give any § > 0. Since G is uniformly continuous, there exists §; > 0 such that

8
< - 3.104
=3 ( )

E [G(u’?) = G™); sup [u™*(s) —u"()lln = 81}

0<s<T

for alln > 1,& > 0. In view of (3.75) and (3.74), there exists n; and then ¢,, such that

E [G(ug) = G"*); sup [u"*(s) —u()llu > 81]

sup
E=én| 0<s<T
1)
<C sup P sup [[u""*(s)—u®(s)||lg > 81 ) < -, (3.105)
£=ény 0<s<T 4
and
8
[E[Gw™) — Gw)]| < 7 (3.106)
On the other hand, by (3.71), there exists €; > 0 such that for ¢ < ¢,
1)
[ G @w - [ G @w) < 5. (3.107)
s s
Putting (3.103)—(3.107) together, we obtain that for ¢ < min{eg,,, &1},
/G(w)u,e(dw) — f Gw)u(dw)| < 8. (3.108)
s s
Since 6 > 0 is arbitrarily small, we deduce that
liH(l) Gw)u(dw) = /G(w)u(dw) (3.109)
E—> S S

completing the proof of the Theorem. W

4. Examples

In this section, we give some examples of {o®} which satisfy the Hypotheses in Section 3.

Proposition 4.1. Let o be a global Lipschitz mapping from H into H. For each ¢ > 0, let
of(u,z) = 0B (Duh.(z), ue H,zeRy, 4.1

where {0:()}, {h.(-)} are two families of real-valued functions on Ry. Assume that {0.} satisfies

sup 10:(2) — 1] <=5 0, 4.2)
zeRy
and {h.} satisfies
f Ihe(2)v(dz) =5 1, 4.3)
Ro
sup |he(2)] =2 0. (4.4)
zeRy

Then {c®} satisfies (H.2)—(H.4).
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Proof. By (4.2), there exists a constant &; such that

sup sup |0:(z)] < 2. 4.5)

e<e] zeRy

By (4.3), there exists a constant &, such that
sup [ |h:(2)]*v(dz) < 2. (4.6)
£<&y ]RO

By (4.4), there exists a constant &3 such that

sup sup |he(z)| < 1. 4.7

e<e3 zeRy

Let g9 = min{ey, &;, &3} and assume ¢ < gy in the following calculation. The linear growth
condition for ¢ together with (4.5) and (4.4) yield

sup sup [lo°(x, )|z = sup sup [[0(0:(2)xX)| nlhe(2)]
llxll g <M zeRg llxll g <M zeRy
< sup sup C(1 + [6:(2)|lIx|m) sup |h:(2)]
lxll g =M z€Ry z€Ry
<C(1 +2M) sup |ho(z)] =2 0. 4.8)
ZERO

Thus, (i) of (H.3) is satisfied. By the Lipschitz condition of o, we have

‘ /R (60:(2)0), &) (0 Gu2x), ;) he(2)Pr(d2)
0

— /R (0(x). ) (o (x). €;) he(2)*v(d2)
0

< |(0(Be(2)x) — 0 (x), €x) (0 (B (2)x), €;) ||he(2)*v(d2)
0
+ [ o, e)(e@:@x) = o). e)[Ih@)Pv(dz2)
0
1
=[[ 1o@.m - ocwlFlh @]’
Ro
1
<[ [ to@@miih@ivaa)
Ro
1
+ [ o0 = 0@l h@Pvn]
Ro
1
<[ [ towoln@pPvan]
Ro
1
=C sup 0.) — 1llxlla| | Ihe@Pvan]’ x {[ 1+ 160.P 1)
Ro Ro

zeRy

1 1
< h@Pvda)] +[ [ o+ ||x||%,>|hg<z>|2v<dz>]2}
0

e—0

29, (4.9)
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where we have used (4.5), (4.6) and (4.2). On the other hand, (4.3) gives
-0
/ (0(x), &) (0(x), ;) Ih:(2)Pv(dz) == (o(x), ex) (0 (x), €)). (4.10)
Ro

Combining (4.9) with (4.10), condition (ii) of (H.3) is obtained. (H.2) and (H.4) can be similarly
verified, we omit the details. [ |

Example 4.2. Here we give some examples of 6, and &, in Proposition 4.1. One can take 6,
to be any family of functions converging to 1 uniformly, such as

& £272

= — 2
0.(z)=1, 1 +¢ecosz, 1 me e 4.11)
And the following examples of &, satisfy (4.3) and (4.4).
(1)
1
he(z) = Lie<iz<1y (4.12)

v({e < z] < 1})
where the characteristic measure v satisfies

v({e < |z] < 1}) 't oo, 1e. V(Ry) = oo. (4.13)
(i1)
b4
hs(Z) = ( _\Z|S£l}’ (414)
f1<‘7|<1 |Z| V(d )
where the characteristic measure v satisfies
82/ RERYCE naQUNY (4.15)
I<lz|=¢
(iii)
z
he(z) = - Lio<izi<e)s (4.16)
V f0<\z|§£ |Z| U(dz)
where the characteristic measure v satisfies
- 1z12v(dz) 2= co. @.17)
€7 Jo<lzl<e
For example, if v,(dz) = Wﬁd z, which is the characteristic measure of symmetric «-stable

processes, then for each « € (0, 2), v, satisfies (4.13), (4.15) and (4.17).
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Appendix

The following lemma is an infinite dimensional martingale representation theorem, which
is a slight modification of Theorem 18.12 in [11].

Lemma A.1. Let (2, F, P) be a probability space equipped with a filtration {F;};>o. And let
{Mi}fi, be a sequence of continuous local F;-martingale such that for i, j € N andt > 0,

t T
(M7, MI)(1) = / 3 ir(s) Wi(s)ds (A1)
0 k=1
and
/ | Wi (s)|’ds < 00, P —a.s., (A2)
P
for some real-valued Fi-progressive measurable processes Wy, i =1,2,..., k=1,2,.

Then on a standard extension (Q ]: .7-",, P) of (12, F,F;, P), there exist r mdependent
}"t -Brownian motions B'(t), BX(t), ..., B"(t) such that for all i € N,

Mi@t) = Z/O Ui (s)dBX(s), t>0. (A3)
k=1

Proof. The proof of this lemma is a slight modification of the proof of Theorem 18.12 in [11].
We first introduce some notations. Let A be a bounded linear operator from Banach space X
to Banach space Y, we denote by A* the conjugate operator of A from the dual space of Y
to the dual space of X. If A is a matrix or a vector in Euclidean spaces, then A* denotes the
transpose of A. Define the Hilbert space

o0
= {v=(v1,v2,...)": Z lvi]? < 0o). (A.4)
For any ¢t > 0, and x € R", we define the mapping ¥(¢) by
U(t)x = (Z Wy, Z opxp, - . )- (A.5)

From (A.2), it follows that for a.e. t+ > 0, ¥(¢) is a Hilbert—Schmidt operator from R" to
£2. Let N(t) and R(t) be the null and range spaces of W(¢), and write N-(¢) and R(¢) for
their orthogonal complements in R” and £> respectively. Denote the corresponding orthogonal
projections by 7Tn), Tr()s TnLy)> Trlq) respectively. Note that ¥(¢) is a bijection from NL(1)
to R(t), and write ¥~!(¢) for the inverse mapping from R(¢) to N*(¢). All these mappings are
clearly Borel-measurable functions of ¥(¢), and hence again progressive measurable.

We introduce, on a probability space ({2, F', P’) equipped with a filtration {F}, an r-
dimensional F; -Brownian motion B'(t) = (B"(t) B(1), . , B"(1))*, and construct a standard
extension (2, F, F, P)of (2, F, , Fi, P) by 2= 0x Q’, F=FxF,F=FxF,
P = P x P'. Thus, ¥ remains ]-'t -progressive measurable and the martingale properties of
M and B’ are still valid for F;. In particular, on this extension, we have (M L B"Y@) = 0,
(B*, B")(t) = 8yt and (A.1).
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Consider in R” the continuous local f",-martingale

t

B() = / T ()7 peeydM(s) + / v d B (5)
0 0

o t r t
i= Z/ U ($)wRrsyeid M (s) + Z/ TN fed B*(s), (A.6)
i=1 70 k=10

where ¢; is the vector in ¢% with a 1 in the ith coordinate and zeros elsewhere, similarly, fx
is the vector in R” with a 1 in the kth coordinate and zeros elsewhere. The stochastic integral
against M in (A.6) makes sense since

2

E

/ 1 (5) (s d M(5)

0

—E / tr (U7 () res) W) V()P () R(s))¥) dis
0
:E/O tr (ﬂNl(j)(nNL(s))*) dS

t r
—F / D Iy filPds < oo, (A7)
0 k=1

where tr means the trace of an operator, and we have used the equality W"(s)an U(s) =
Tyl Furthermore,

t
(B, B)(1) =/ U () res) W(5) T () (P (8)R(e)) ds
0
t
+ / TN (TN ds
0
t t
:/ T[NJ-(X)(T[NL(S))*dS—i_/ nN(s)(nN(s))*dS
0 0

t
:/ (an(A‘) + ﬂN(A))dS = tl, (A.S)
0

where [ is the identity matrix of order r x r. Hence by Lévy’s characterization of Brownian
motion, B is an r-dimensional F;-Brownian motion. Note that

t
/ JTRJ_(S)dM(S) == O, (A.g)
0
since

(/ ”Rl(x)dM(S),/ L dM(s))
0 0

t
= / jTRJ‘(S) !I/(S) W*(S)(JTRJ_(S))*CZ’S = 0, (A.IO)
0

where we have used g1, ¥(s) = 0. Now using (A.9), we see that

t

/ U (s)dB(s) :/ U(s) x W_l(s)mg(s)dM(s)—i—/ W(s) X TndB'(s)
0 0 0
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t
=/ T[R(s)dM(S)
0

t
- /0 (Tres) + Trie)dM(s) = M(t). W (A.11)
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