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1 Introduction

Let (G, +) be a group and let Y be a Banach space. Sikorska [18] firstly investigated the
approximation stability by an additive function for near-surjective mappings F: G — Y
satisfying

[1E@ - FO)| = |Fexe-n[ =, (L1)

and showed that the near-surjectivity assumption is essential. In this paper, we continue
to study asymptotical stability for the above functional equations with a nonsurjectivity
condition, where Y is a uniformly convex Banach space with power type p. Let us first
review the historical development of stability for equation (1.1).

In the fall of 1940, Ulam [20] raised the following question:

Question 1.1 (Ulam [20]) Let G; be a group and let G, be a metric group with a metric
d(-,-). Given ¢ > 0, does there exist § > 0 such that if a function 4 : G; — G, satisfies the
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inequality d(h(xy), h(x)h(y)) < § for all &,y € G;, then there is a homomorphism H : G; —
G, with d(h(x), H(x)) < ¢ for all x € G;?

In 1941, Hyers [9] answered the question of Ulam for the case where G; and G, are both
Banach spaces.

Theorem 1.2 (Hyers [9]) Let X, Y be Banach spaces, and let F : X — Y be a mapping with
||F(x+y)—F(x)—F(y)H <e xy€eX, (1.2)
for some & > 0. Then there is an additive mapping A : X — Y such that
||F(x) —Ax” <eg xelX.

The stability result above for (1.2) is called the Hyers—Ulam stability. In 1978, Rassias
[17] obtained the following exciting result, which weakened the condition for the bound
of the norm of F(x +y) — F(x) — F(y).

Theorem 1.3 (Rassias [17]) Let X, Y be Banach spaces, and let F : X — Y be a mapping
satisfying

|EGe+y) = Fx) = EG)|| < e(Ixll? + yI7), xy€X, (1.3)

for some ¢ > 0 and 0 < p < 1. Then there is an additive mapping A : X — Y such that

[ x| = 2, wex.

The stability phenomenon established by Rassias is called the Hyers—Ulam—Rassias sta-
bility. For some recent work on Hyers—Ulam—Rassias stability and related topics, one may
refer to [1, 10, 13, 15].

In 2003, by using a stability result of e-isometries which was established by Omladic and
Semrl [14], Tabor [19] firstly got the perturbation stability result for the Fischer—Muszély

functional equation
|||F(x+y)H— ||F(x)+F(y)H| <e, (1.4)

where F : G — Y is surjective. Further, Sikorska [18] showed the stability of the functional
equation for (1.1).

Theorem 1.4 (Sikorska [18]) Let (G, +) be an abelian group, Y be a Banach space, §,¢ > 0.
IfF: G — Y is a §-surjective mapping satisfying

PG| - [P - F)l| <o, 576,
then

||F(x+y) — F(x) —F(y)H <5¢+55, xyeG.
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Since 2013, Dong generalized stability of near-surjective equations (1.1) and (1.4), where
the error is unbounded (see [5-8]). However, the near-surjectivity assumption also cannot
be omitted.

This paper is organized as follows. In Sect. 2, we show that if a mapping f : X — Y with

f(0) = 0 satisfies

F@) =fO) | =l =pl] < 8(Ixll” + Iyll") + e,

where X is a Banach space, Y is a uniformly convex space with power type p, and §,& > 0,
0 < r < 1, then there are two nonnegative constants K(8,7,p), K (e) with lims_o K (5,7, p)=
0, lim,_.o K(¢) = 0 and a linear isometry U : X — Y such that

Hf(x) - le” < K(S,r,p)max{ ", ||x||1_(1_’)/p} + I?(e)max{l, ||x||1_1/1’}, xeX.

This is a generalization of Dolinar’ results [4] for (8, 7)-isometries of Hilbert spaces and L,
(1 < p < 00) spaces. In Sect. 3, by using the stability result above for perturbation isome-
tries, we obtain that if F: G — Y satisfies (1.1) and d(u, F(G)) < §||u||" for every u € Y,
then there is an additive operator A : G — Y such that

|Fe) -] = o(|EG) s | F)] - oo.

As a result, we also give a stability result for the mappings which preserve the equality of
distance.

In this paper, the letters X, Y are used to denote real Banach spaces, X*, Y* are their dual
spaces. We also denote that G is an abelian group. For a real Banach space X, we denote
by Sx and By the unit sphere and the closed unit ball of X, respectively.

2 Asymptotical stability of nonsurjective (4, r, £)-isometries
The main results of this section are inspired by [2, Theorem 2.5].

Definition 2.1 Let f: X — Y be a mapping, 8,6 > 0,0<r < 1. Then f is called a (§,, ¢)-
isometry if

F@) =fO) | ==yl <8(Ixl” +IyI") + &, xy€X. (2.1)
We say that f is standard if f(0) = 0.

Given a nonzero x € X, we define g: R — Y as follows:

g(t):@ telR

flll *
Then for each s, t € R,

[ILF (#x) = f(sx) 1l = Is — £] [l

Il 22)

@) —g(s)| = 1s - ¢l] <

-1 -1
< 8(Isl” + [£1") )" + ellxl 7"
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Lemma 2.2 Suppose that g : R — Y is defined as above. Then for every n € N, there exists
@ € Sy« such that

(ong(®) — t| < 38n" ||| + 2elx] 7!, £ €[0,m].

Proof By Hahn—Banach theorem (see [12, p. 75-76]), for each n € N, there exists ¢, € Sy+

so that
B _ f(nx)
(@nrgm) = g = el
Then
n=8n" x|t = ellxll ™" < {@ng(n)) <m+8n"xl"" +elx) 7

Given n € N, on the one hand,

(pwg®) < |lg@] < e+ 811" +ellxl ™ <t+8n"|lx]|" +elxl ™, £e[0,n].
On the other hand,

(0w g(m) — (omg(®)) < ||g(n) —g@) | <n—t+28n" x| +ellxl| ™", ¢ [0,n].

Thus,

(‘pmg(t» = <¢mg(71)) - (<‘Pn’g(n)> - <¢mg(t)>)
>n =8|l — ellxl| ™ = (m— £+ 280" ] + ellxl| )

>t-38n"|lx| "t - 2¢llx| Y, te(0,n].
Therefore,
(@ng(0)) - t] <38n"|lx|I"" +2¢ex]7!,  £€[0,n]. 0

The modulus of convexity of a Banach space Y is the function 8y : [0,2] — [0, 1] defined
by

Sy(e) = inf{l - “ % ‘

:x,9 € By, |lx -y ze}.

Definition 2.3 ([16]) A Banach space Y is said to be uniformly convex if §y(¢) > 0 for all
0<e <2.If p > 1, we say that a uniformly convex Banach space Y has power type p if

there is a constant C > 0 so that §y(¢) > Ce” forall 0 < e < 2.

Remark 2.4 Pisier [16] showed that every uniformly convex Banach spaces can be

renormed to admit power type p for some 2 < p < +00.



Sun and Zhang Journal of Inequalities and Applications (2023) 2023:113 Page 5of 16

Theorem 2.5 Suppose that Y is a uniformly convex space with power type p, and that
f:X — Y isastandard (8,1, €)-isometry. Then there are constants K(8,r,p) > 0, I?(e) >0
with lims_,o K(8,7,p) =0, lim,_,¢ K(¢) = 0 and a linear isometry U : X — Y such that

f (%) — U || < K(8, 7, p) max{ [lx||", [l] -7}

+ K(e)max {1, |x|'717}, xeX.

Proof Givenx € X\ {0}, teR,neN,letg(t) = f”(%”), YV = Ji(zz:;]), Zy = Il;g:iill Then z, € Sy

and

1 1 8)127x||" + &
<

- = sl e 2k 7 (2.3
27 " @l | = 2] [ +e 2] 23)

lyn=2all = £ (2") |

From Lemma 2.2, there exists ¢y € Sy+ so that

\(2r,g(0)) — £] < 382" |2l + 2¢]|x]| 7", £€[0,2"].

This implies that
on 3821 r—1 2 -1
K”"’g( )>_1‘S Il 26l
n A
|< g(Z"’l)> ’ 382" ||x| " + 2e||x !
(pzn,— —1 S .
2n—1 2n—1
Then

1¥n=1 + ¥aull n-11Yn
Vn-1+Y, Z<w,y 1 y>

2 2
1 g2 g2
- 2<(p2n, on-1 + on

1 _ (L, 1
> 1- (3827 ] + 2]l 1)(; + zn_1>
== el ),

It follows from (2.3) that

|Zn-1 + 2z |l _ ”yn—l +yn|| _ ”yn—l +yn|| _ 1zy-1 + zu |l
2 2 2 2

n— n 1
> M 5 (s =22l + = 21

=12 (32 e 2] )

- %(5 e e I I !

—1-Ci(5, 0] 27| - i) 2x]
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where C1(8,r) = (21_;—"10)8, Ci(e) = 6¢. Since Y is uniformly convex with power type p,

there is a constant C > 0 such that §y(¢) > Ce” for all 0 < € < 2. Then

”Zn—l + Zn”
2

< Ci(6,7) ||2”x||r_1 + 61(8)H 2”x||_1.

C”Zn—l _Zn”p = 6Y(”Zn—l _Zn”) =< 1-

It follows that [|z,1 — 2, < (SL&2)Vp||27x)| - Dip 4 (%)an"xn*“ﬂ. Again by (2.3),

Y51 = Yull < 1¥n-1 = Zu-1 | + 1201 = 2|l + 1125 = yul

1/p
<o2ta]  velzta o (S22 ]

~ 1/p
F(S2) hd ™ sl el

1/p
— @ 1)s 2] 3 2] (CI““’) 27

o
~ 1/p
(S22) et

Because of 0 < % <1-r<1,then (27! < (2" and 2" < 277 Thus

Ci(8,7)\ "7
lyn-1—=yull < 2”“‘””’((%”) [l =P 4 @+ 1)5II9€II"1>

C.‘ 1/p
+ 2”*((%) x|~ + 3s||x||1>.

Therefore,

”f(Z”x) f(2"1x)

S22 -l
C 5, 1/p
<o 0n((SED) g st

6’ 1/p
+ 2"‘”’((—16(,8)) ||x||1_1/p + 38).

Put Cy(8,7,p) = (%)W + (27 +1)8, Cyle) = (%)1@ + 3e. Then lims_,o C5(8,7,p) = 0,

lim,_,¢ 52(8) =0, and

on 2n—1

< Cy(8,7,p)2"" VP max{|x|", [l =7}

’ f@"x)  f2" )

+ Cy(e)27P max{1, [|lx['~"7}.

Page 6 of 16
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Let n,m € N with # > m. We have

’ f2"%)  f(2"x)

n
- || = @) Y 2 max{ il a0 (2.4)

k=m+1

n
+ C~2(8) Z 2-klp max{l, ||x||1’1/p}
k=m+1
2(m+1)(r 1/p
P
- 1-20-

2—(m+1)/p - =y
+ mcg(e)max{l, I+~ 1’}.

7 Ca(8,r, p) max{lx|l", ] =47},

It follows from < 0 that {f 29} isa Cauchy sequence. We define U : X — Y by

2}’1
- im 7% cex
2}’1

n—00

From 0 < r < 1 and since f is a (8, r, €)-isometry, we obtain that

82" (=" + llyll") + €

e~ Uyl - =] = lim ‘Hﬂzn") ’ﬂ

< lim
n—00 on
S(lxll” + N+e
i S0+ )
n—00 on(l-r)

=0 foreachx,yecX.

Since Y is strictly convex, U is a linear isometry. Taking m = 0 in (2.4) and letting n — oo,
we obtain that

|V(x) - L[x” <K(,7,p) max{ 1", ||x||1’(1’r)/1"} + I?(e)max{l, ||x||1’1/1’}, xe€X.

Here K(3,r,p) = = ;&% Cy(8,1,p), K K(e) = 12—1_/1252(8). Clearly, lims_,o K(8,7,p) = 0 and

lim,_,¢ K(s) =0. O

Note that Hilbert spaces have power type 2 and L, spaces have power type p if p > 2;
and 2if 1 < p <2 (see [3, Theorem 1, p. 69]). Then, by Theorem 2.5, we have the following
corollaries which were obtained by Dolinar.

Corollary 2.6 ([4, Proposition 2]) Let Y be a Hilbert space,and letf : X — Y be a standard
mapping satisfying

F@) —f)| = llxe=yll| < 8llx—yl", xyeX, (2.5)

forsome § > 0 and 0 < r < 1. Then there exist a linear isometry U : X — Y and a constant
K(8,7) > 0 such that lims_,o K(8,r) = 0 and

If(x) - Ux|| < K(8,r) max{|«|", x>}, xeX.
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Corollary 2.7 ([4, Proposition 3]) LetY =L, (1 <p <o0),andletf :X — Y be a standard
mapping satisfying

F@) —fO)| = llx=yll| < 8llx—yl", xyeX, (2.6)

for some § > 0 and 0 < r < 1. Then there exist a linear isometry U : X — Y and a constant
K(3,r,p) > 0 such that lims_, o K(§,r,p) =0 and

Hf(x) - le” <K(8,7,p) max{ 1", ||x||1_(1_’)/”}, x € X.

3 (4, r)-Surjective functional equations

Let (G, +) be an abelian group, 0 € G be a unit element, and Y be a Banach space. We say
that a mapping F : G — Y is (8, r)-surjective if d(u, F(G)) < §||lu||” for every u € Y; F is said
to be standard if F(0) = 0.

Theorem 3.1 Suppose that Y is a uniformly convex space with power type p, and that
F:G— Y isa (3,r)-surjective mapping with

1E@ - FO)]| - [Fee-2)]] <,

where 8,& > 0 and 0 < r < 1. Then there are constants K(8,r, p) and I?(2£) such that

r
’

F()/) “ 1—(1—r)/p}

F)|' "} +e, xyeG.

|E @ +y) = F(x) = F(y)|| < K(8, 7, p) max{||F(y)

+ K(2¢) max{1,

Proof Given x € G, a set-valued mapping @, : Y — 2¥ is defined by

D, (u) = {F(uu +x)—F(x):a, € F’I(B(u,8||u||’))}, ueY.
When F is (8, r)-surjective, this entails that ®,(«) # @ for every u € Y. Fixing u,v € Y, for
each z, € ®,(u), z, € ®,(v), there exist a, € F~1(B(u,8||u||")) and a, € F~Y(B(v,8||v||")) so

that z,, = F(a, + x) — F(x) and z, = F(a, + x) — F(x). Then

|z = 2ol = [l = vIl| < || F(au + %) — F(ay, + %) || - | F(au - a,)|| (3.1)
+||Flaw - a)| - | Fla,) - Fay)]|
+ ”F(au)—uH + HF(av) —VH

<8(lul”+1IvI") + 2.
In particular, if u = v (i.e., z,,z, € ®,(u)), we have
llzu =z |l < 28]ull” + 2. (3.2)
Let g, : Y — Y be an arbitrary selection of ®,. It follows from (3.1) that

|l gx () = geW)|| = N = vIl| < 8(llull” + [IvII") + 2e. (3.3)
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Then, by Theorem 2.5, there exist a linear isometry U, : ¥ — Y and two constants
K(,r,p), K(2¢) such that

| g:(w) — g:(0) = U, ()| < K (8, 7, p) max{|lull”, [lul =P} (3.4)

+ K(2e)max{1, ul'?}, uev.
Since g,(0) € ®,(0), we can find a € F~}(0) so that g,(0) = F(a + x) — F(x). Thus,
@] = [[Fla+x) - F@)| - |[F@]] + [F@)] <.
Therefore,

| &) - U ()| < K(8, 7, p) max{lu]", [luef =P} (3.5)
+I?(28)max{1, lul'™7} +e, uey.
Assume that 4, : Y — Y is another selection of ®,. Combining (3.2) and (3.5), we obtain
that
| U, (1) = U, ()| < || U, () = @) | + | @e@s) = @) || + || P (2) = Uy, (o)
< 2K(3,r,p) max{ [lull", [ull "7} + 2K (2¢) max{1, [lul 17}

+28|ul” +4e, uet. (3.6)

Note thatif0<r <1, p>1,and U,

)

Uy, are two linear isometries, then for each u € Y,

|4y 0 - U, )] -

| U, (1) — Up, (nud) |
n

- 2K (8, r, p) max{||mul|", ||mue|| 1~ -7}
- n
2K (2¢) max{1, [|nu]| 17} + 28[u|l” + 4e
+
n

-0, n— oo

This implies that U, = U},. We denote U,, by U,.
In what follows, we shall prove that

U, =idy.
Firstly, we show
le = sz, X1,X2 € G.

Given x,y € G, let u = F(y), and then y € F1(u) € F1(B(u, 8||u]|")) and F(y + x) — F(x) is a
value of a selection at u of ®,. By (3.5), we have

|EW +x) = F(x) — U ()| < K(8, 7, p) max{|lul”, [lu] '~} (3.7)

+ K(2¢) max{l, ||u||1’1/p} + €.
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For every x1, xy € G,

|| Uy, (u) - sz(u)H < ”F(y+x1) — F(x1) — Uy, (1) H + ||F(y +%2) — F(x2) — Uy, (u) ||
+ |F( +%1) = F(y + %2)|| + || F(x1) = F(x2) |
< 2K (8,7, p) max{ [l e -0 + 2R (2€) max {1, u] 17}
+3e + | Flwr —x) | + | F(x1) = Fx2) |-
Combining 0 < r < 1 and the linearity of U,,, U,,, we obtain that U, (u) = U,, (1) for all

u € F(G). Since F is (8, r)-surjective, for each w € Y, n € N, there exists z, € G such that
[nw — F(z,)|l < 8llnwl|". Then

| ux; (VIW) - ux2 (nW) ”

2Ly, () = Uy )] = |

n
< ||ux1 (nw) — ux1 F@l + ||L1x2(nw) - uxz(F(Zn))”
- n n
. | U, (F(2)) — Uy, (F(za) |l

n

r
sl

—0, n— oo
n

This implies that x;,x5 € G, Uy, = U,,. Putting x = 0 in (3.7), we obtain that

| — Uo(w) | < K (8,7, p) max{|lu], |lu]~"—"} (3.8)

+ K@e)max[1L, [ul' ) +e, ueF(G).
In the following, we prove
Uy =idy.
Again since F is (8, r)-surjective, for every w € Y, n € N, there exists z, € G such that

llnw — F(z,)|l < 8llnw]|". This entails that lim,_,o, 222 = w. Then by (3.8), we obtain that
foreachwe,

[lnw — Uy (nw)|

|w—tsw)] = =
_Nmw=EG@INEG) - Uo(EE)I | [Uo(F(z0)) — Up(nw)|
< + +
n " ”
<28 rwl” + K(8,r,p) max{[|E(z,)|I", | F(z,)||*~ 1P}
" n
. K(2¢) max{L, |F(z,)|I*"V7} + &

n

—0, n— oo.

Thus

Uy =idy.

Page 10 of 16
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Therefore, from (3.7), we obtain that

| Fx+5) - F(x) - F) || < K(5, 7, p) max(]| o

+ K(2¢) max{ - 1/p}

+e, x%y€G. O

Theorem 3.2 Suppose that Y is a uniformly convex space with power type p, and that
F:G — Y isa (8,r)-surjective mapping with

1FG) - FO)| - [Fee-] | <e, 39)
where §,& > 0 and 0 < r < 1. Then there is an additive mapping A : G — Y such that

|F@ -] =o(|F@]), [F@] — oo.
Proof By Theorem 3.1,

|E @ +y) — F(x) = E(y)|| < K(8, 7, p) max{]| 1_(1_r)/p}

+ K(2¢) max{1, - 1/p}

+e, x%y€G.

If we replace y for x in inequality above, then

| F(2x) - 2F() || < K(8, 7, p) max{ | F@)|", | F@) |7}

+ K(28)max{1 Hl—"(x)”1 1/p}
By substituting 2"x for x, and dividing by 2"*! in the inequality above, we observe that

_ K@,r,p) max{|FQ )|, | F(2")[ 07}

on+l (3.10)

F(2"1lx) F(2"x)
2n+1 omn

K(28)max{l |F(2"x)||- 1/10}+s
2n+1

Next, we study the relationship between ||F(2"x)|| and 2"||F(x)||. Let x =0 and y = x in
(3.9), then

[NE)] - [E@]| <e. (3.11)
Letting y = —x in (3.9), we have

||F(2%)|| - | F@x) - F(=x) ||| <e. (3.12)
Then

[F@x)] < [E@) - Fx)] + € < [Fa)| + |E)] + e <2(|F@)] +¢).
By mathematical induction, we obtain that

|E(27%)|| < 27| F@x)| + (2" - 2)e <2"|F(x)| + 2" .
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Since 0 < ¥ < 1, we have
|F(2"%)|" <27 ||F@x)|" + 2" (2¢)". (3.13)

Combing (3.10) and (3.13), we observe that

ax {270V | F@)||” + 2" (2e), (3.14)

H F(2"1x) ~ F(2"x)

K(8,r,p)
2n+1 on = 2 m

2n(r—1)/p HF(JC) || 1-(1-n)/p + 2n(r—1)/p(28)1—(1—r)/p}

+ K(2e) max{2_”,2_”/pHF(x) ”171/17 + 2_"/1’(28)1_1/1’} +e/2mL,

Note that 0 < r < 1, p > 1, and then for n > m,

n n n n
Dok N gkl N9k N 9k 0, asm— oo, (3.15)

k=m+1 k=m+1 k=m+1 k=m+1
It follows that {%} is a Cauchy sequence for all x € G and thus there is a limit function

F"
Ax=1im T2 Lea
2n

n—0o0

Then by (3.14) and (3.15), there exist constants L1, L, L3, L4 > O such that

o0

OEVEIEDS

n=0

F(2™1lx)  F(2"x)
on+l - on

(3.16)

<LF@] + L@ + L F@] T + L.
Clearly,
|F@) - as] =o(|F@),  [F@]— oo.

Now, we only need to prove that A is additive. For every x,y € G,

> > (3.17)

_ K@, r,p) max{|F@"y)|", IE(21y) [ 1-0-1p)
< >
K(2¢) max{1, |F(2"y)||*"7} + ¢
+ .
2}1

H F2"(x+y) F(@2"x) F(2"y) H

N7 n R 1,y 1-(1-r)/,
Note that IFZA _ (EEDyr 561, 0 a5 1 — 0o Similarly, we also have L,

w — 0as n — o0. By letting n — 00 in (3.17), we obtain ||A(x +y) — Ax — Ay|| 0,

i.e., A is additive. g

By Theorem 3.2, we obtain the following corollaries.

Page 12 of 16
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Corollary 3.3 Suppose that Y is a Hilbert space, and that F : G — Y is a (8, r)-surjective
mapping with

[1E@ - FO)| - [Fe-p]] =,
where 8, > 0 and 0 < r < 1. Then there is an additive mapping A : G — Y such that

|F) - Ax] = o(| F@0)|

), ||F(x)|| — 0.

Corollary 3.4 Suppose that Y =L, (1 <p < 00), and that F : G — Y is a (8,r)-surjective
mapping with

IE@) - FO)| - [Fe-»]| <e,
where §,& > 0 and 0 < r < 1. Then there is an additive mapping A : G — Y such that

|F@) - Ax] = o[|F()|

), ||F(x)|| — 00.

As an application of Theorem 3.2, we show the following stability result for maps which
preserve equality of distance.

Definition 3.5 ([21]) Let X, Y be Banach spaces, we say that amap 7 : X — Y preserves
the equality of distance if

le=yl=llu-vl = |T@-TH)|=|Tw-Tw

, %yuveX.

Lemma 3.6 ([21]) Let X, Y be Banach spaces with dimX > 2, and let T : X — Y be a
mapping which preserves the equality of distance. If for each 1 > 0 there exist x,y € X with
x Zysothat |T(x) — TH)| < n, then T is uniformly continuous.

Theorem 3.7 Let X be a Banach space with dimX > 2, Y be a uniformly convex space
with power type p,and let f : X — Y be a (8, r)-surjective standard mapping, where §,& > 0,
O<r<1.1If

le=yl=llu-vl = |f&-fO)|-f@-fO||<e xyuveX, (318)

then there exist a constant « > 0 and a linear isometry U : X — Y such that

If @) —atix] = o(|f @),  Jf@)] — oo

Proof Substituting u = x — y and v = 0 in (3.18), we have

f e =) = [fx-»] <e.

By Theorem 3.2, we can find an additive mapping A : X — Y such that

|/ @) - Ax| = o([lr

) ] — oo
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For every x,y,u,v € X with ||x — y|| = ||u — v||, it follows from (3.18) that

Hf @2%) f (2”31) H ‘f (2"u)  f(2")
2}1

=5

Letting n — oo in the inequality above, ||Ax — Ay|| = ||Au — Av||, i.e., A preserves equality
of distance. By the additivity of the mapping A, for each 1 > 0 there exist x,y € X withx # y
such that ||[Ax — Ay|| < . According to Lemma 3.6, A is uniformly continuous and then A
is linear.

In the following, we show that there exist & > 0 and a linear isometry I/ : X — Y so that
A=al.

For each x € Sx, put « = ||Ax||. Then

4yl = Iyl - HA(”i—”) “ =ally| forallye X\ {0).

This entails o > 0. We define a mapping U/ : X — Y by U = a7 'A. Clearly, U is a linear
isometry and

@) —atix] = o(|f@]). @) — oo 0

The following example shows that the conditions of (3, r)-surjectivity and uniform con-

vexity in Theorem 3.7 cannot be removed.

Example 3.8 Let X = ¢2, and Y = ¢3, where ¢” denotes the vector space R”, endowed
with the supremum norm || - || defined for x = (x1,%2,...,%,) € €% by [[(x1,%2,...,%,)| =
max{|x1], [%2], ..., |%,|}. Then Y is not uniformly convex. We define f : €2, — ¢3 as follows:

fs,t) = (s,t,max{lsl, [£]}), (s,8) € €2.
Clearly, f is a nonlinear isometry and (3.18) holds. It is also easy to show that f does not

satisfy the (8, r)-surjectivity condition, where § >0,0<r < 1.
Next, we shall prove that there is no linear isometry U : ¢2, — €3, and o > 0 such that

If(s,8) = ali(s, £)|| = o(|[ £ (s,

) o]~ oe.

Otherwise, if there were a linear isometry U : €2, — ¢3_ and a constant o > 0 such that the

above formula holds, then

If(s,8) —al(s, Ol . |f(s,t) —al(s,t)ll
ree FEOT i GOl

It follows that for every (s, £) € €2\ {0},

f (H(S, 1)

all(s,t) = l ( t, max{|s| |t|}) =f(s,£).

This is a contradiction to the linearity of U.
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4 Conclusion

In this article, we mainly studied the stability of functional equation (1.1) with a nonsur-
jectivity condition. Firstly, we gave an asymptotical stability result of perturbed isometries
of uniformly convex spaces. Next, we showed that if a standard mapping F : G — Y satis-
fies (1.1) and d(u, F(G)) < §||u||" for every u € Y, where G is an abelian group and Y is a
uniformly convex space with power type p, then there is an additive operator A: G — Y
such that ||[F(x) — Ax|| = o(||F(x)|]) as || F(x)|| — oco. As an application, we gave a stability re-
sult for the mappings which preserve the equality of distance. For more results in modular
spaces and Orlicz-binomial spaces, one may refer to [11, 22].
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