Hu et al. Journal of Inequalities and Applications (2023) 2023:108 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-023-03021-0 a SpringerOpen Journal

RESEARCH Open Access
()]

@-fixed point results for nonlinear
contractions with an application

JuHu', Xiao-lan Liu"**", Yan Sun', Jia Deng' and Huan Zhang'

"Correspondence:

stellalwp@163.com; Abstract

xiaolanliu@suse.edu.cn In thi . h . £ -di . . . d

1College of Mathematics and n this paper, using the notion of w-distance in metric spaces, we introduce two types

Statistics, Sichuan University of of nonlinear contractions, (¢, ¥, @, ¢, p) and rational-(¢, ¥, @, ¢, p) contractions. Based

2??”@ Zﬁggg'gﬁ?“”g’z‘gongl on these contractions, we prove the existence and uniqueness of a -fixed point for
IChuan A Ina . . .

2 Artificial Intelligence Key the corresponding contraction. We also provide some examples to demonstrate the

Laboratory of Sichuan Province, correctness and practicability of our results, along with a numerical experiment.

Zigong, Sichuan, China Finally, we apply the obtained results to linear matrix equations and nonlinear

Full list of author information is

available at the end of the article Fredholm mtegral equations.

Keywords: Metric spaces; g-fixed point; w-distance; Nonlinear contractions

1 Introduction
As part of a new study of fixed point theory, the ¢-fixed point is a hot topic, which has
attracted the interest of many researches. In 2014, Jleli et al. [1] firstly employed a con-
trol function F : [0, 00)® — [0, 00) satisfying suitable properties in (partial) metric spaces,
(F, ¢)-contraction mappings, and ¢-fixed point results for such mappings. In 2016, Kum-
rod et al. [2] introduced the notionss of (F, ¢, 0)-contraction mapping and (F, ¢, 0)-weak
contraction mapping in metric spaces by adding an auxiliary function 6 and established
the existence of ¢-fixed points for such mappings, which extended the results by Jleli et al.
[1]. In 2017, Asadi et al. [3] improved the control function F by replacing the continuity
condition on F with more weaker condition and proved results similar to those by Kumrod
etal. [2].In 2019, Gopal et al. [4] proved the existence and uniqueness of a ¢-fixed point for
an (F, ¢,0)-contraction mapping in a complete metric space with a binary relation, which
generalized the results of [2]. In the same year, by o-admissible mappings, Imdad et al.
[5] introduced the notions of (F, ¢, -1r)-contractions and (F, ¢, ®-r)-weak contractions
in metric spaces and presented some results on the existence and uniqueness of ¢-fixed
points. In 2022, Sun et al. [6] introduced (y, ¥, ¢, ¢) contractions and rational-(y, ¥, ¢, ¢)
contractions in metric spaces by some auxiliary functions and presented some results on
¢-fixed points in metric spaces, which generalized some ¢-fixed point results in [1, 2].
On the other hand, it is worth noting that the study of asymmetric structure and its ap-
plication in mathematics are of great significance. In 1996, Kada et al. [7] firstly introduced
a class of asymmetric structures in metric spaces in trms of w-distance. In 1997, using a
w-distance, Suzuki [8] obtained some fixed point results for classical contractions such as
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in [9, 10]. In 2013, Hossein et al. [11] proved fixed points results for (¢, ¥, p)-weakly con-
tractive mappings in metric spaces with w-distance on the basis of the (¢, ¥)-contraction
in [12]. In 2020, Kari et al. [13] introduced the notion of a (6-F) contraction in metric
spaces with w-distance and obtained the related fixed point results. In 2022, Rossafi et al.
[14] presented the notion of 8-¢-contraction on a complete metric space equipped with
w-distance to prove some fixed point theorems. More references on the w-distance can
be found in [15-18].

Based on the above works, employing a w-distance, we introduce two kinds of nonlinear
contractions, (t, ¥, ¢, ¢, p) and rational-(t, ¥, ¢, ¢, p) contractions. Meanwhile, we establish
some ¢-fixed point results. Furthermore, we give some examples and applications to show

the effectiveness of our results.

2 Preliminaries
Let R be a nonempty set, let ¢ :— [0, 00) be a given function, and let /: & — R be a map-
ping. We denote by N the set of all nonnegative integers, the set of all fixed points of &
by

F(h):={oeN:ho =0},

and the set of all zeros of the function ¢ by

Zy = {Q eR:(p(Q)=O}.

The notions of a ¢-fixed point, ¢-Picard mapping, and control function ¢ : [0, 00)® —
[0, 00) are introduced by Jleli et al. [1].

Definition 2.1 [1] Let ¢ : 8 — [0,00). If hp = 0 and ¢(g) = 0, then g is called a ¢-fixed
point of the mapping h.

Definition 2.2 [1] Let (X, d) be a metric space, and let ¢ : ® — [0,00). A mapping /i : 8 —
N is said to be a ¢-Picard mapping if Fx N Z, = {0} with o € X and lim,_,» "0 = o for
each p e N.
Definition 2.3 [1] A continuous function ¢ : [0,00)% — [0, 00) satisfying the conditions
(¢1) max{p,0} <(o,0,p) and
(¢2) (0,0,0) =0
is called a control function.

For more details of the control function ¢, we refer to [1].

Theorem 2.1 [1] Let (N, d) be a complete metric space, and let I : R — R. If h satisfies

1(d(ho, ho ), p(he), p(ho)) < ki(d(0,0),¢(0), ¢(0)),

@ is lower semicontinuous, and 0 < k < 1, then h is a ¢-Picard mapping.
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Using ¢-Picard mappings introduced by Jleli et al., some other scholars also generalized
many existing fixed point results. For example, Proinov [19] studied the problem of finding
(sufficient) conditions on functions ¥ and ¢ to ensure that 7 has a unique fixed point.
Their results generalized those by Jleli et al. [1], Wardowski et al. [20], and Piri et al. [21].

Theorem 2.2 [19] Let (N, d) be a complete metric space, and let a mapping h: R — N be
such that

d(ho,ho) >0 = ¥ (d(ho, ho)) < ¢(d(o,0))

for all 0,0 € R. Then h has a unique fixed point if Y,¢ : (0,00) — (—00, +00) satisfy the
following conditions:

(i) ¥ is nondecreasing;

(ii) ¢(0) < ¥ (o) for all ¢ > 0;

(iii) limsup,_, .+ ¢(0) < Y (e*) for all & > 0.

Definition 2.4 [7] Let (X, d) be a metric space. Assume that a function p: 8 x X} — [0, 00)
satisfies the following conditions:

(a) plo, p) <plo,0) +plo,p) forall g,0, p € R;

(b) p(o,-) : X — [0, 00) is lower semicontinuous for all o € N;

(c) for each ¢ > 0, there exists § > O such that p(p, 0) < § and p(p,0) < Simplyd(o,0) <e.
Then p is called a w-distance on R.

For more details related to w-distances, we refer to [7, 22].

Lemma 2.1 [8] Let (N, d) be a metric space equipped with a w-distance p, and let {0,}
and {0,,} be two sequences in N such thatlim,_, o, = 0and lim,_, o B, = 0. If p(0n, o) < @y
and p(0y, p) < Bn for 0,0,p € R and n € N, then o = p. In particular, if p(o,0) = 0 and
p(o,p) =0, theno = p.

Lemma 2.2 [7] Suppose that (X,d) is a metric space, p is a w-distance on R, {0,}, {04},
and {p,} are three sequences in ¥, and 0,0, p € X.

(0) If p(oy,0) = 0 and p(o,, p) — 0, then o = p. In particular, if p(0,0) = 0 and p(o, p) =
0, then o = p.

(i@) If p(on, 04) — 0 and p(0,, p) — 0, then o, converges to p.

(iii) If p(0u> 04) — 0 and p(0,, pu) — O, then d(o,, p,) converges to 0.

Lemma 2.3 (7] Assume that (R, d) is a metric space equipped with a w-distance p and {0,,}
is a sequence in R such that for each ¢ > 0, there exists N, € N such that p(0,,0m) < € (or
limy,; ;00 P(On, Om) = 0) for m > n > N;. Then {0,} is a Cauchy sequence.

Definition 2.5 [6] A mapping /: X — R is called a (i, ¥, ¢, ¢) contraction in a metric
space (R,d) if for all 0,0 € ¥ such that «(d(ho, ho), p(ho), p(ho)) > 0,

¥ (1(d(ho, ho), p(ho), ¢(ho))) < ¢((d(e, o), ¢(0), 9(0))),

where v, ¢ satisfy the conditions of Theorem 2.2.
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Theorem 2.3 [6] If h: R — Nisa (1, V¥, p,¢) contraction in a complete metric space (R, d)

and ¢ is lower semicontinuous, then h is a ¢-Picard mapping.

Definition 2.6 [6] Let (X,d) be a metric space. Suppose that for all o, € R such that
1(d(ho, ho), p(ho), p(ho)) > 0, a function /i : X — N satisfies

¥ (1(d(ho, ho), p(ho), ¢(ho))) < ¢(1(N(0,0),¢(0), 9(0))),

where N(o,0) = max{d(p, o), W}, and ¥, ¢ satisfy conditions (i), (i), and (iii)

of Theorem 2.2. Then /i : 8 — R is called a rational-(¢, ¥, ¢, ¢) contraction.

Theorem 2.4 [6] Let (R,d) be a complete metric space. If h is a rational-(,, ¥, ¢, ¢) con-

traction and ¢ is lower semicontinuous, then h is a ¢-Picard mapping.

3 Main results

In this part, we get some novel results through some new contractions.
Definition 3.1 A mapping i : 8 — Niscalled a (¢, ¥, ¢, ¢, p) contraction in a metric space

(R, d) equipped with a w-distance p if there exist functions ¥ and ¢ satisfying condition
(9), (ii), and (iif) of Theorem 2.2 and the inequality

¥ (¢(p(ho, ho), p(ho), ¢(ho))) < ¢((plo, o), ¢(0), (o)) (1)

for all g, 0 € N such that min{c(p(ho, ho), (ho), p(ho)), L (p(e,0), ¢(0), (o))} > 0.

Example 3.1 Consider a complete metric space 8 = [0, 1] under the usual metric d(o,0) =

2lo —o| for g,0 € X. Then p(o,0) = %o is a w-distance on (R, d). Let i : X — R be given by
L,
ho = gQ for ¢ € [0,1].

Let the functions ¢, ¢, ¥, ¢ be defined by ¥/ (0) = 0, ¢(0) = %Q, () =0, and ((p,0,p) =
max{p, o, p}.
Then for o € [0, 1], we have

| =
Q
[ v}

max{p(he, ho), ¢ (o), ¢(ho)} =

IA
Q

Wl oN[—= O

max{p(0, ), ¢(0), ¢(c)}.

So hisa (1, ¥, ¢, ¢, p) contraction and satisfies Definition 3.1.

Furthermore, it is easy to observe that / does not satisfy the contractive condition

v (1(d(ho, ho), p(ho), ¢(ho))) < ¢(r(d(e,0),¢(0), 9(0)))
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for any distinct o, 0 € R. Indeed, letting o = % and o = %, we can derive that

max{d(hg, ho),go(hg),(p(hﬂ)} = §|Q2 - 02’
> 2d(@.0)

= %max{d(Q,O):w(Q)»(P(o)}‘

So Definition 2.5 is invalid in this example.

Remark 3.1 1f p(p,0) = d(o,0), then a (¢, ¥, ¢, ¢,p) contraction reduces to a (¢, V¥, ¢, )

contraction.

Theorem 3.1 Let (R,d) be a complete metric space equipped with a w-distance p, and let
h:R—> R bea (, V¥, ¢,p) contraction. If  is lower semicontinuous, then h is a ¢-Picard

mapping.

Proof Step 1. We have to prove that F(h) C Z,, so we first assume that there exists o €
F(h) such that (o) #0. Set 0 = ¢ in (1). Then

¥ (1(p(0:0),9(0), 9(0))) = ¥ ((p(ho, ho), ¢(he), ¢(ho)))
< ¢((plo,0):9(0), ¢(0)))
<¥((plo, 0), 0(0), ¢(0)))-

This is a contraction, so F(h) € Z,.
Step 2. We have to check that

lim p(0y, 0ns1) =0, lim p(Qu+1,04) =0, and lim ¢(o,) =0.
Hn—0Q n—o0 n—o0

Let 0y € N and define {0,} by 0,+1 = ho, for each n € N. We consider two cases.
Case 1: There exists ny € N such that p(0,,, 04,9+1) = 0.
If p(Qng+15 Ong+2) = 8 # 0, then we have

p(Qno; Qn0+2) SP(Qno; Qno+1) +P(Qn0+1:Qn0+2) =4.

By Definition 2.4 we get 0 < d(0,y+1,0ny+2) < €, and taking the limit as # — oo at both
sides of the inequality, we get d(0yg+1,0ng+2) = 0, 5O that 0,541 = Oug+2 = AOuy+1. When n >
no + 1, the sequence {o,} is a constant sequence, and each of these terms is Ony+1 OF Opyi2,
so that

p(Qno+1in0+2) :p(QnoJrlr Qn0+1) :p(QnoJrZ: Qn0+2) =6>0.
By (1) we have

Y (1(P(0ng+25 Ongs2)s ©(Qng+2)s ©(Qng+2)) )
=y (L(p(hQn0+1: h9n0+1)7 ¢(hQn0+1)’ (p(hQn0+l)))
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< ¢(L(p(Qn0+1, Qn0+1)’ @(Qnoﬂ), W(Qn0+1)))
<y (L(p(QnoH, Qnml): (p(Qn0+1)’ gD(QnoJrl)))

=y (L(P(Qnmz; Qn0+2)r gD(Qn()+2)’ ‘/’(Qn0+2)))'

This is contradiction, so p(0y+1, Ony+2) = 0. Continuing this process inductively, we obtain

lim p(Qn: Qn+1) =0, (2)
n— o0
and ¢(0,) = 0 for when n > 1y + 1. So
lim ¢(0,) = 0. (3)
n—00
Now it suffices to prove that
P(Ong+1,0ny) =0 implies that  p(0ng+2,0ng+1) = 0. (4)
Suppose that p(QnO+21Qn0+l) = 4. Then P(Qn0+2’Qn0) =< p(Qn0+2¢Qn0+l) + p(Qno+1: Qno) =4

yields 04, = Oug+1 = ROy, Therefore for n > ny, both are equal to 0,, or 0,y+1. Then
P(0ng+2, Ong+1) = P(Ong+1, Ony) = 0. Keeping up this process inductively, we obtain

nlingop(gm-l: Qn) =0 and nIEIOIO QD(Qn) =0. (5)

Case 2: p(0,, 04+1) > 0.
Let 0 = 0, and 0 = @,,41 in (1). We have

w(l(P(me Qn+2)’(p(gn+1)r gD(Qer))) = I»ZI(L(‘U(E'QW B’QVH-I)’ w(hQn),fﬂ(h(Qnﬂ)))) (6)
= ¢(l(P(Qan+1)» @(Qn); ¢(Qn+1)))

< 'ﬁ(l(P(Qn» Qn+l): (p(Qn)r (p(Qn+1)))

Because ¥ is nondecreasing, {t(p(0,, 0n+1), ©(0n), ¢(04+1))} is @ nonincreasing sequence
with a lower bound. So there exists ¢ > 0 such that lim,,_, « ¢, = €, where t,, = t((p(0,1, 01+1),
@(0n), 9(0n+1))- For & > 0, taking the right upper limits on both sides of (6), by (iii) in The-
orem 2.2, we derive

W (e") =limsup ¥ (1,01) < limsup ¢(u,) <limsup ¢(o) < ¥(¢*),

tpp1—>e* ty—>et o—e*

a contradiction, so & = 0. By (¢1) in Definition 2.3 we get
max{p(Qn» Qn+1)s ‘/’(Qn)} = L(P(Qnr On+1), (0n), (p(Qn+1)))

which yields that

P> 0ne1) < t(p(0n On+1), 9(0n)s ©(0n41))s
©(0n) < Up(Qn> 0nr1) ©(0n); ©(0ns1))-

@)
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Taking the limits of (7), we derive

0 = limn—>oop(gn: Qn+1) = hmn—>oo L(p(Qm Qn+1): (/)(Qn): ‘P(le)) = 0;
0 < 11mr1—>oo (/J(Qn) < hmn—>oo l(P(QQOl)"/’(Qn)’ q)(QrHl)) = 0¢

that is,

]imnaoop(Qm Qn+1) =0, )
lim,_, & w(QVI) =0.

When p(0441,0x1) >0, let 0 = 0441, 0 = 0, in (1). By the same method we can derive that
lim p(04+1,04) =0 and lim ¢(e,) = 0. )
n— o0 n— o0
Step 3. We want to prove that lim,, ;o (01, 0) = 0.

Suppose on the contrary that there exist ¢ > 0 and two sequences {0,,«)} and {0} such
that

POn,0mw) = € and  p(Qu(k) Om-1) < &
where m) > 1. The by the triangle inequality

& < p(0n(), Om(k)) = P(Onik)r Om()-1) + P(Om(k)-1, Omik))- (10)
Taking the limits in (10), by the squeeze theorem we derive that

Jim pQaw, Qmwy) = -

Now

& = p(Qn(> Om(k)
< P(On(k)> Om(k)-1) + P(Om(k)-1) Om(k))
< P0nk)r Onk)-1) + P(On(k)-1) Om(k)-1) + P(Om(k)-1> Om(k)) (11)
< POnik)r Onik)-1) + P(On(k)-1, Onk)) + P(Onik)> Om(k)-1) + P(Qm(k)-1> Om(k))

< P(@n(k)» Onk)-1) + P(Qn(k)-1) On(k)) + P(On(k)» Om(k)-1) + &-
Taking the limits on both sides of (11), we derive
lim p(0n(k)-1) Om(t)-1) = €.
k—o00
Letting 0 = 0n(k)-1 and o = Q,(k)-1 in (1), we have

Y (tnan) = ¥ (((P(hQn-15 BQm(i-1), @(hOn(i-1), @(hOm(1-1))) < P(tn-1,m-1)s (12)

Page 7 of 23
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where t,,,,, = L(P(Onk)) Om())> P(On(i))> (Om(x))). Taking the right upper limits on both sides
of (12), by (iii) in Theorem 2.2 we obtain

Klf(t(8+,0: 0) = hm 1/f([n,m) E nrlniinoo(;b(tn—l,m—l) E hm ¢(Q) < W(t(8+r0’ 0))7

n,m— 00 o0—1(¢%,0,0)
a contradiction. So
lim p(QQO) =0. (13)
n,m— 00

In view of Lemma 2.3, {0, } is a Cauchy sequence.
Step 4. Next, we need to verify that o* is a ¢-fixed point of A.
Since {0,} is a Cauchy sequence, there exists o* € R such that ¢, — 0*(n — 00). Since

¢ is lower semicontinuous, we get
¢(0%) < lim inf@(gu,1) < lim @(gu41) =0,
n—00 n—00

so ¢(¢*) =0.
Since lim,y, ;,— o (01, 0m) = 0, for each ¢ > 0, there exists N, € N such that p(0,,, 0,) < &
for all n,m > N,. As 9, — 0" and p(p, -) is lower semicontinuous, we get

0 < p(ew ") <liminfp(os om) <. (14)

Taking the limits on both sides of (14), by (13) we obtain

lim p(on 0*) =0. (15)

n—00

Next, we prove that lim,_, o p(04, ii0*) = 0. We consider the following two cases.

Case 1: There exists N € N such that p(0,41, h0*) > 0 for all n > N. Suppose that there
exists ny > N such that p(0,,+1,0*) = 0 and p(0,y+1, ho*) = 8 > 0. Then we can conclude
that p(05+1,0%) < pP(Ong+1, ho™) and p(0,y+1, h0*) < 8. So by (c) in Definition 2.4 we get
0* = ho*. The proof is completed. If p(0,, 0*) > 0 for all n > N, then by (ii) in Theorem 2.2
and (1) we get

¥ (1(p(0r1,10%). 9(en1) ¢ (he"))) = ¥ ((p(hen he"). ¢ (hen). ¢ (he”)))
<¢(p((eme”). 0len) 0 (e"))))

)
<y (p(ome®) elon), 0(0%)))-

Since ¥ is nondecreasing,

0 < t(p(0n+1,10%), 9(0ni1) 0 (h0¥)) < t(p(ow 0*), wlon) v ("))

and by (¢;) we obtain

0 < p(on1,h0*) < t(p(0ns1,h0"), 9(0ns1), 9 (h0*)) < L(p(om 0*), 0(0n) ¢(0¥))-
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Taking the limits on both sides of the inequality, it follows that
Jim plen,he) =
By the triangle inequality this yields that

P(Qn; hQ*) < p(0ns Qn+1) +p(Qn+1: hQ*)’

and therefore
lim p(ou, ho") = 0. (16)

Hence by (i) in Lemma 2.2 and (15)-(16) we can conclude that o* = fip*.
Case 2: If lim,,_, oo p(0,, 0*) = 0, then there exist N € N and § > 0 such that p(o,, 0*) < 8
for all n > N. If there exists 1y > N such that p(0,,+1, h0*) = 0, then we have ho* = o*.
Step 5. We have to prove that o* is a unique fixed point of A.
Let o*,0 € F(h). Assume that p(o*,0) # 0. Letting ¢ = 0* in (1), we have

iy ) ¢(0"),¢(0))
ho)),¢(he*), ¢(ho))
0% ) ¢(0*),¢(0))

¥ ((p(e*0),0,0)) = v((p(e

a contradiction. Therefore

p(g*, O') =0.
In the same way, we get p(0*, 0*) = 0. So 0* = o. This completes the proof of the theorem. (]

Example 3.2 Let X = [0,2] be endowed with the usual metric d(o,0) = |0 — o/, and let
plo,0) =2d(o,0) for p,0 € X. Then (R, d) is a complete metric space. Consider the map-
ping i: ® — R defined by

o forpe€[0,2),
h(e) = ,
otherwise.

Q= =

Let the functions ¢, ¢, ¥, ¢ be defined by (o) = 0, ¢(0) = %Q, ¢(0) = 0, and (i, v, Q) =
U+v+o.
Case 1: p =0 € 8 — {0,2}. Then

2d(ho, ho) + (ho) + ¢(ho) < = (2d(9, ) +¢(0) + ¢(0)).

Page 9 of 23
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Case 2: 0 € [0,2), 0 =2. Then

1 1
2d(ho, ho) + p(ho) + p(ho) = 2’5 - EQ‘ t30%3

{3 1 3 1}
<maxy{—--0,-0— =

1

NS,

=

Case 3:0 €[0,2), 0 =2. Then

11
+-0+-0
497,

- 3 1 3 1
maxy—0 ——0,—0 — —
- 4Q 4 4 4Q

1 1
2d(ho, ha) + ¢(ho) + ¢(ho) = 2‘ 227 1°

=

(2d(0,0) + (o) + ¢(0)).

N =

Then hisa (, ¥, ¢, ¢, p) contraction and satisfies all conditions of Theorem 3.1. By Theo-
rem 3.1 we know that 7 has a unique fixed point ¢ = 0 such that /(0) = 0 and ¢(0) = 0.

Example 3.3 Let X = [0,00) be endowed with the metric

0 ifp=o,
d(Q,O’) =
1 ifp#o,

and let p(0,0) = o for p,0 € R. Then (R, d) is a complete metric space. Consider the map-
ping /i : 8 — R defined by

1
20 foro>1,
he) =4 °
0 forp<l.

Let the functions ¢, ¢, ¥, ¢ be defined by ¥ (0) = 0, ¢(0) = %Q, and ¢(0) = o, t(0,0,p) =
max{o,o}. We consider the following cases (the iterates of Picard iterations and the con-
vergence behavior in Example 3.3, see Figs. 1 and 2).

Case 1: p,0 € [1,00). Then

¥ (t(p(ho, ho), (o), ¢(ho))) = max{p(ho, ho), p(ho)}

Page 10 of 23
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Figure 2 Convergence behavior

Iteration number(n)

x, =10 x, =20 x, =30 x, =40 x, =350

x, | 1.25000 2.50000 3.75000 5.00000 6.25000

x, | 0.15625 0.3125 0.46875 0.62500 0.78125

x; | 0.00000 0.00000 0.00000 0.00000 0.00000

x, | 0.00000 0.00000 0.00000 0.00000 0.00000

x5 | 0.00000 0.00000 0.00000 0.00000 0.00000
Figure 1 Picard iteration

50"‘

—s— Initial Point x, =10

450 Initial Point x; =20

—=&— Initial Point x ; =30

—— Initial PointxD =40

Initial Point x, =50 | |
x
ksl
3
o
>
4 6 8 10

Case 2: 0,0 €[0,1). Then

maX{P(hQ’ ho), QD(EQ)} =0

1
< —max{o,
=3 x{o, 0}

zémww@ﬁ»mm}

Case 3: x € [1,00), y € [0,1). Then

max{p(hg, ho), go(hg)} = max{

1
O,—Q}

8

1
< —max{o,
=3 x{o, 0}

zémww@mxmm}

Case 4:x €[0,1), y € [1,00). Then

max{p(hg, ho), go(hg)} = max{O, %a }

=

NI o)~

max{o, 0}

max{p(o,0),¢(0)}.

Page 11 of 23
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Then his a (i, ¥, ¢, ¢, p) contraction and satisfies all conditions of Theorem 3.1. By Theo-
rem 3.1 we know that % has a unique fixed point o = 0 such that /(0) = 0 and ¢(0) = 0.

Example 3.4 Consider the complete metric space 8 = [0,1] under the usual metric
d(o,0) = |o — o] for all p,0 € K. Defining p(0,0) = o, we obtain that p is a w-distance
on (R,d). Let h: X — R be given by

4
ho = ng for o € [0,1].

Let the functions ¢, ¢, ¥, ¢ be defined by ¥ (0) = 0, ¢(0) = %Q, () =0, and ((p,0,p) =
max{o, 0, p}.
For each o € (0, 1], we have

|
Q
[\*)

max{p(he, ho), ¢ (hg), ¢(ho)} =

IA

G g s O
)

max{p(0,0),¢(0), ¢(0)}.

So his a (,, ¥, ¢, ¢,p) contraction and satisfies the conditions of Theorem 3.1, so that &
has a unique ¢-fixed point o = 0.
Furthermore, it is easy to observe that / does not satisfy the contractive condition

¥ (1(d(ho, ho), o(he), ¢(ho))) < ¢(r(d(e,0),9(0),¢(0)))

for distinct p,0 € K. Indeed, let o = % and o = %, we derive that

max{d(lo, o), 0(h0), ()} = £|o* ~ o)

> gd(g,o)

4
=z max{d(e,0),¢(0), ¢(c)}.
So Theorem 2.3 is not valid in this example.

Definition 3.2 A mapping / : & — R is called a rational-(¢, ¥, ¢, ¢,p) contraction in
a metric space (N,d) equipped with a w-distance p if there are functions ¢ and ¢
satisfying conditions (i), (ii), and (iii) of Theorem 2.2 such that for all p,0 € X with

(d(ho, ho), ¢(he), ¢ (he) > O,
¥ (i(p(h, 7o), ¢ (ho), ¢(ho)) < ¢ («(M(e,0), ¢(2), (), a7
where M(o,0) = max{p(g,0), PM}

1+p(ho,ho)

Example 3.5 Consider the complete metric space ¥ = [0,1] under the usual metric
d(o,0) = |0 — o] for 0,0 € R. Defining p(0,0) = o, we obtain that p is a w-distance on
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(R,d). Let h: 8 — R be given by

2

4
ho = gg for o € [0,1].

Let the functions ¢, ¢, ¥, ¢ be defined by ¢(0) =0, (0,0, p) =0 + 0, and ¥ (0) = 0, P(0) =
%Q. Then

4
P(hQ, FLO’) = _02

5

4 4,
—max{o, -

5 5¢
5

4 ple, ho)(1 +p(cr,hcr))}
1+ p(ho, ho)

=

maX{p(Q, o),

So R is a rational-(¢, ¥, ¢, ¢, p) contraction and satisfies Definition 3.2.

Furthermore, it is easy to observe that / does not satisfy the contractive condition
¥ (1(d(ho, ho), ¢(ho), ¢(ho))) < ¢(t(M(e,0),¢(0), 9(0))),

where M(g, o) = max{d(g, o), %W} for distinct 0,0 € N. Indeed, letting ¢ = §
and o = 1, we derive that

v ((d(ho, ko), p(ho), ¢(ho))) = d(ho, ho)

-Zle*- o

_3

"5

2

>_

5

4 A )d(Q,ﬁQ)(1+d(0,h<7))
= — max ,0),

R e 1+ d(ho, ho)

So Definition 2.6 is not valid in this example.

Remark 3.2 1If p(o,0) = d(p,0), then a rational-(t, ¥, ¢, ¢, p) contraction reduces to a
rational-(¢, ¥, ¢, ¢) contraction.

Theorem 3.2 Let (R, d) be a complete metric space equipped with a w-distance p, and let h
be a rational-(,, W, ¢, ¢, p) contraction. If ¢ is lower semicontinuous, then h is a ¢-Picard
mapping.

Proof Step 1. We have to prove that F(h) € Z,. We suppose that there exists oo € F(h)
such that ¢(gg) #0. Set 0 = gg in (17). Then

¥ (1(p(0: 00), 9(0): 9(00))) = ¥ (t(p(ho, higo), ¢ (he), ¢(figo)))
< ¢((M(o,00), 9(0), 9(00)))
<Y ((plo, 00), 9(0), 9(00))).

This is a contradiction, so F(h) € Z,.
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Step 2. It suffices to prove that
lim p(0,, 01+1) =0, lim p(0,41,0,) =0and lim ¢(g,) = 0.
n—0o0 n— o0 n—0oQ

Suppose 0o € R and the sequence {0,} is defined by 0,.,1 = hio,, for n > 0. We discuss two
cases.

Case 1: There exists ny € N such that p(0,, 04y+1) = 0.

If p(Ong+1, Ong+2) = 8 # 0, then we have

p(Qno: Qn0+2) Sp(Qno: Qn0+l) +p(Qn0+l¢Qn0+2) =4.

SO Qug+1 = Ong+2 = NQug+1- When n > ngy + 1, {0,} is a constant sequence, and each of these

terms is 0yg+1 OF Quy+2, SO that

p(Qno+1,Qno+2) =P(Qn0+1¢ Qn0+1) :p(Qno+2: Qn0+2) =6>0.

By (17) and

P(Qn(yrl’ Qnml)(l +P(Qn0+1, Qng+1)) }

M(Qng+150 1):max{p(g 1 Ong+1)s
"o "ot "o "o 1 +p(Qno+l! Qn0+1)

zp(QVl0+lr QVIO+1)

we have

Y (1(p(0ng+2s Qngs2) P (Ong+2), ©(Qn+2)) )
= Y (((p(hiony+1, FOng+1)s ©(M0ng41), 9 (FiQny+1)))
< ¢ (((M(Qngr1, Qnor1)» ©(Qno+1), ©(Qnos1)))
<Y ((M(ngr15 Ongs1)s @(Qng1)s ©(Qng+1)))
_—

(P(Qnmz; Qn0+2)r go(QnoJrZ)’ ¢(Qn0+2)))~
This is contradiction, so p(0u,+1, Ouy+2) = 0. Continuing this process inductively, we obtain
lim p(Qm Qn+1) = O: (18)
n—0o0
and when n > ny + 1, we have ¢(o,)) = 0. So
lim ¢(0,) = 0. (19)
Hn—0Q
Next, we have to prove
P(Qn0+1: Qno) =0 lmphes that P(Qn0+2; Qn0+1) =0.

Suppose that p(0,,+2, 0ng+1) = 8. Then

P0ng+2s Ony) < P(Qng+2s Ong+1) + P(Qng+15Ony) = 6,
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which implies that 0,,;, = 0uy+1 = fQu,- SO When # > 1y, both are equal to g, or 0,,+1. Then

P(Ong+2s Ong+1) = P(Quy+1, Ony) = 0. Continuing this process inductively, we obtain

limn% n+1>»On =01
00 P(On+1,0n) 20)

lim,, o ¢(0,) = 0.

Case 2: p(QmQrHl) > 0.
Let O =0n and O = 0Ou+l in (17) BYM(Qan+1) = max{p(gn’gn+1)’ P
(0, 0n+1) we have

01:0n+1)(1+P(0n+1,01+2)) } —
L+p(on+1,0n+2)

Y (1(P(0nr15 0ns2)s ©(0ni1) 9(0n12))) = ¥ (t(p(Figms honi1), (on), @ (Rloni1))))  (21)
< ¢(t(M(@ns 0ni1), 9(0n)s 0(0n11)))

< W(L(P(Qm QV!+1)’ (p(Qn)’ ¢(9n+1)))~

Because v is nondecreasing, {t(p(0n, 0n+1), ¢(0n) ¢(04+1))} is @ nonincreasing sequence
with a lower bound. So there exists ¢ > 0 such that lim,,_, o ¢, = &, where t,, = ((p(0,1, 01+1),
@(on), 9(0n+1))- If € > 0, then taking the right upper limits on both sides of (21), by (iii) in
Theorem 2.2 we derive that

Ip(“?Jr) =limsup ¥ (t,41) <limsup ¢(,) <limsup ¢(0) < ¢(€+)»

tpr1—>€* tp—>et o—et

a contradiction, so € = 0. By (r1) in Definition 2.3, letting t(p(04, 0n+1), 9(0n), (0n+1)) = R,
we derive that

max {p(0n 0ns1), 9(0n)} <R

This implies that

p(Qm Qn+1) =< R;

(22)
(0(Qn+1) = R.
Taking the limits in (22), we have
0< ]imn%oop(Qn’ Qn+l) <R=0,
0 <lim,_ o @(QVHI) <R=0,
that is,
limnaoop(Qn’ Qn+l) =0, (23)

lim,,_, o W(Qwrl) =0.

When p(0441,0x) > 0, letting 0 = 0441, 0 = 0, in (17), by the same method we have

lim p(0u41,04) =0 and  lim ¢(0,) = 0. (24)
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Step 3. We want to prove that lim,,,,—, 00 p(01, 0) = O.
Suppose on the contrary that there exist ¢ > 0 and two sequences {0,()} and {0} such
that

Ponw,omp) =€ and  plouw, Om@-1) <&
where mg > n(), and
& = p(eny 0m@)) = Py, Om)-1) + P(Om(t)-15 Om(1))- (25)
Taking the limits on both sides of (25), we have
lim p(0u@), 0m@) = &*. (26)
l—o00
Now

& < p(enty, 0mw))
< P(0nty, Om()-1) + P(Om(1)-15 Om(1))
=< POy On)-1) + P(On()-1, Om)-1) + P(OQm()-1, Om(t) (27)
< p(0ny, On-1) + P(Ont)-1, 0n(1) + P(On(1) Om(t)-1) + P(Om(t)-1, Om())

< p(0ny, On(-1) + POnt)-1, 0n(1) + P(On(1) Om(t)-1) + €.
Taking the limits on both sides of (27), we obtain
lim p(0n)-1, Om@y-1) = €*. (28)
l—o00
Letting ¢ = 0()-1 and ¢ = @1 in (17), we have

Y (tum) = ¥ (L(p(REn)-1, Bom@-1), 9(honw-1), 9 (homa-1)))

< ¢ («(M@ny-1, @m@)-1)> 9(@ni-1), ©(@m()-1)) ) (29)

Pen@)-1-h0n)-1)A+p(0m(1)-1.h0m@)-1)) . By (28)

where M(0)-1,0m@-1) = max{p(Qu@)-1, Om(1)-1)s TepUiant 1 omi )

we obtain
lim M(Qu(t)-1, @m@-1) = &*.
-0

Taking the right upper limits on both sides of (29), by (iii) in Theorem 2.2 and (26) we

obtain
¥ (r(e*,0,0)) = ,Jm 9 ()

< lim_ ¢(M(@np-1, 0mt)-1)s P(@n)-1)» P (@m(-1)))

7n,m—>00
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< 1
,Q*)L%EIPOO ¢(Q)

< W(L(8+,0,0)),

a contradiction, so

lim p(0u; 0m) = 0. (30)

H,m— 00

In view of Lemma 2.3, {0, } is a Cauchy sequence.
Step 4. Next, we need to verify that ¢* is a ¢-fixed point of A.
Since {0,} is a Cauchy sequence, there exists o* € N such that o, — ¢*(n — 00). Since

¢ is lower semicontinuous, we get
¢(0*) < lim infe(gu1) < lim ¢(0n1) =0,
n—00 n—00

so ¢(0*) = 0.
Since lim,y, ;,— o (01, 0n) = 0, for each & > 0, there exists N, € N such that p(0,,, 0,) < &
for n,m > N;. Since {0,} — 0* and p(o, -) is lower semicontinuous, we get

0 <p(on 0") <liminfp(o, 0m) <&. (31)
m— 00

Taking the limits on both sides of (31), by (30) we obtain

lim p(om0*) =0. (32)

n—00

Next, we prove that lim,,_, ., p(04, i0*) = 0. We consider two cases.

Case 1: There exists N € N such that p(0,.1,fi0*) > 0 for all n > N. Suppose that
there exists ny > N such that p(0,,:1,0%) = 0 and p(0,y+1, h0*) = 6 > 0. Then we have
P(0np+1,0") < P(0ng+1, h0*) = 8 and p(0ny+1, h0*) < 8, so 0* = ho* by (c) in Definition 2.4.
The proof is completed. If p(0,,0*) > 0 for all n > N, by (17) we get

¥ (1(p(on o). 9 en). 0(0"))) = ¥ (t(p(hen o) when) g (k"))
<o((M((ow*) 9lon) 9(2%))))
<Y (((M(ew o), 9len) 0 (2")))-

Since ¢ is nondecreasing, we have

0= L(P(th FLQ*)’ <P(Qn+1),(/’(hQ*)) < L(M(in Q*)7(p(Qn)r(p(Q*))

By (¢1) we can derive that

0 EP(Q;HI: hQ*) =< l(P(me EQ*)’ ¢(Qn+1)’(p(h9*))
<t(M(on ") plon), 9 (0))- (33)

Tion) (L+p((0*,7i0*))) }=0.

In addition, lim,_, oo M(0,,, 0*) = lim,,_. oo max{p(0,, 0*), 2len: Tenthorhe®)
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Taking the limits on both sides of (33), it follows that
Jim p(eni1,he”) = 0.
By the triangle inequality it follows that

p(Qn, hQ*) Sp(@m Qn+l) +p(Qn+17 FLQ*),

and therefore
Jim p(en he*) =0. (34)

Hence by (i) in Lemma 2.2, (32), and (34) we can conclude that o* = ho*.

Case 2: lim,,_, o, p(0,,, 0*) = 0. Then there exist N € N and § > 0 such that p(o,, 0*) < 8
for all n > N. If there exists 1y > N such that p(0,,+1, ho*) = 0, then ho* = o*.

Step 5. We claim that o* is a unique fixed point of #.

If 0o* € F(h), then assuming that p(o*, 0*) # 0 and letting ¢ = o = 0* (17), we have

This leads to a contradiction, so p(0*, 0*) = 0.
If o*,0 € F(h), then assuming that p(0*,0) # 0 and letting o = 0* in (17), we have
¥ ((p(e*,0),0,0)) =¥ ((p(e* o) ("), ¢(0))
=¥ (p(he*, ho))e(he”), ¢(ha))

=¢(:(M(e",0).0,0))

*, ho*)(1 , h
e )

=¥ (p(e"0).0,0)),

a contradiction, and therefore p(0*,0) = 0. So we deduce that ¢o* = 0. The proof is com-
pleted. g

Example 3.6 Let XN =0U {Sin :n > 1}, where (¥, d) is a complete metric space with a met-
ric d. We define p: 8 x 8 — [0,00) by p(0,0) = 0. Let ¢(0) = }IQ’ o,0,p)=0+0 +p,
(o) =20, and ¥ (o) = %Q. Let /: X — R be defined by hp = ?,Q_z for p e N.
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For o #0 or o #0, we have

32 16 16
_30+30
64
< l(3 30)
- + 30
=3 o
330+330
= ¢(t (max (0 +0), 1 szi >,2Q,20’)
32

= ¢(1(M(0,0),9(0), 9(0))).

So F is a rational-(¢, ¥, ¢, ¢, p) contraction and satisfies all conditions of Theorem 3.2.

So f has a unique ¢-fixed point o = 0.

4 Application
Application 1 For convenience, we first give the following notations. We denote the set of
all complex number matrices of order m by M"™, the set of all Hermitian matrices of order
m by H™, and P™ and H!" represent the sets of all m x u positive matrices and m x m
positive semidefinite matrices, respectively. Clearly, P C H” C M"™ and H}" € H™. Here
A; > O (O represents the null matrix of the same order) and A; > O mean that A; € P”
and A; € H?, respectively; for A; — A, > O and A; — Ay > O, we will use A; = A, and
A1 > Ay, respectively.

In this section, we study the existence of solutions for the following linear matrix equa-

tion:

U=G+ iA?‘UAi + Xm:BjUBi, (35)

i=1 i=1

where G € P, A;, B; are arbitrary m x m matrices for each i. We use the metric d(A4,B) =||
A = B |lur=| R%(A - B)R% ller» which is induced by the norm || A [|u= Y i, 0:(A), where
ReP",A,Be H", and 0;(A),i = 1,2,...,n, are the eigenvalues of A € M". Clearly, the set
H™ equipped with the metric d is a complete metric space. Then (H™,d) is a complete
extended rectangular b-metric space with respect to & = 3.

Define the mapping h: H” — H" by

MU) =G+ iA;"L[Ai + XM:B?‘LIBi

i=1 i=1
for A,Be H™.
Lemma 4.1 [23] IfA,B € H, then 0 < tr(AB) <| A | tr(B).

Lemma 4.2 [23] IfA € H" is such that A < I,, then || A ||< 1.
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Theorem 4.1 IfR € P, Y| A;RA; < iR, and )", BiRB; < LR, then the mapping h has
a fixed point in H™.

Proof Suppose that U,V € H" and let p(x,y) = d(x,y). Then
P(h(U), (V)

=[l AU = A(V) ller.r

= tr(R? (W) — h(V))R?)

i=1

- tr(Z{R% (A7 (U -V)A; + Bf(U - V)BIR%)}>
i=1 i=1

= > " w(RIANU - V)AR? + REB{(U - V)BiR?)
i=1

= > w(A;RAU - V)) + > e(BiRB{(U - V))

i=1 =t
= D (ATRAR IR} (U - VIRIR?) + ) w(B;RBR 2R (U - V)R™IR?)
i=1 =
= Y u(RPATRAR IR} (U - VIRZ) + Y (R 2B]RBR 2R (U - V)R?)
= i=1
m 1 L . m 1 11 1
- tr(ZR-zA:‘RA,»R-zm(U— V)R2> ' tr(ZR_ZBjRBiR_ZRZ(U_ VW)
o i=1
< | DoREATRARE W = V) o+ | SR EBRBRE || = V)],
= i=1
_ ( S riarrart| + | S RABRBRY ) 1@ =Wz
i=1 =1
= kl ”(U - V) ”tr,R
< klN(uy V)r

where k; = (| 0%, REATRAR 2 || + | X0, REBIRBRE ) < 2 and

NU, V)= max{p(u, p, 2L T + PV, T(V)) }

1+P(TU), T(V))
>pU,V)
= U = Vlguzr-

When ¢(0) =0, ¢(0) = k10, t(0,0,p) =0 +0 + p, ¥(0) = 0, T satisfies Theorem 3.2. There-
fore h has a unique fixed point, and (35) has a solution. d
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Application 2 Here we apply Theorem 3.1 to guarantee the existence of a solution to the
following nonlinear Fredholm integral equation:

b
ot) = / Glt,5)f (t,0(5)) ds, (36)

where G : [a,b] X [a,b] — [0,00) and f : [a,b] x R — R are continuous. Consider X =

Cla, b], the set of all continuous functions from [a,b] into R. Define h: X — N as

b
(ho(®)(®) = |Gt (t0) ds

for o € N and ¢ € [a, b]. Take on X the complete metric

d(0,0) = sup |Q(t o (8-

telab

Consider also on R the w-distance p : 8 x X — [0, 00) given by

plo,0) = sup |o(®)] + sup |o(2)]

tela,b) tela,b)

for p,0 € R. We will prove that 7 has a fixed point under the following conditions:
(i) There is ¢ : (0, +00) — (—00, +00) such that for all £ € [a,b] and 9,0 € R,

(lol + 1o + lo| + B D\ ).
[f(t,g)|+[f(t,a)|s¢(max{|g|+|o|, e ([t )})

(i) sup,<,<p fb G(t,s)ds < %;
(éii) inf{p(o, o), ’%} >0forall p,0 €R.

Theorem 4.2 Under assumptions (i)—(iii), equation (36) has a solution.
Proof
|(ho)(®)| + | (ho ) ()|
b
5/ G(t,s))[f(t,g(s))| + [f(t,o(s))|ds
(lo(s)] + 1ho(s)[)(1 + |o (s)| + [ho (s)]) }) s

b
Sfa G(t’s)¢<max{|g(s)| + o), 1+ (ho)] + [ho®)])
5 %qb(max{}g(sﬂ o) (201 +1H0ENA+ o) + o) })

1+ (Ihe(s)l + ko (s)])
< ¢<maX{|Q(S)’ + o), (le@)[ + [he(s))A + o (s)] + 1o (s)]) })

1+ (|ho(s)| + [ho(s)])

O

So h satisfies the contraction expression (17), where ¢(o) = 0, ¢(0) = ZQ, (o,0,p)=0+
o + p, and ¥ (o) = 0. Therefore equation (36) has a solution.
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5 Conclusion

In this paper, we introduce two new nonlinear contractions by using the idea of a w-
distance in a metric space and establish some new ¢-fixed point results in metric spaces
with w-distance. Next, we use some simple examples to show the validity of our main re-
sults. Then we use our results for investigating the existence and uniqueness of a solution
for a nonlinear integral equation and nonlinear matrix equation. There is no doubt about
the importance of fixed point theory.

6 Prospective
The two nonlinear contractions proposed in this paper contain some existing nonlinear
contraction conditions. By taking some special functions our results develop the results
of [1, 2, 6, 11, 13, 14] and so on. At the same time, we apply our results to linear ma-
trix equations and nonlinear Fredholm integral equations. However, this paper has strong
constraints on several types of functions in such contraction conditions and may need
finding some relatively weak conditions. At the same time the recent generation of some
new metric spaces has attracted the research of many scholars.

There are some possible works in the future:

(i) Can the metric space in this paper be replaced with other generalized metric spaces
(such as fuzzy metric space, ordered metric space, b,-distance space, etc.)?

(i7) Is it possible to obtain similar ¢-fixed point results by weakening the conditions
required for the contraction expression in this paper?
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