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1 Introduction

Consider the differential equation with several variable delays

KB+ at)x(gt) =0, t>to, (1)

j=1

where aj,g; € C([to,00),[0,00)), g;(¢) is a strictly increasing function such that g;(¢) <,
lim,_, oo gi(t) = 00, j = 1,2,...,n. We make use of the following notation:

hi(t) = {naxg(t), wi(t) = lmin,g;(t), i=1,2,...,n
Sj<i Sj=<i
Therefore,
@) = k@) and w0 <wi @), i=jij=12...,mk=12,..,

where /7' (¢) and w/fl(t) are the inverse of the functions /;(t) and w;(¢), j = 1,2,...,n.
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Consequently,
—k(py _ ok —k(p\ _ 7k . _
max w; (£) =w;"(t) and maxh/ B =h"@), i=12,...,nk=12,....
1sj=i 1sj=i

Let t* > tg and x(£) be a continuous function on [t*, 00). The function x(¢) is said to be a
solution of Eq. (1) on [t*, 00) if x(¢) is continuously differentiable on [w,!(¢*), 00) and satis-
fying Eq. (1) for £ > w;,}(¢*). Any solution of Eq. (1) is called oscillatory if it has arbitrarily
large zeros; otherwise, it is called nonoscillatory. Equation (1) is called oscillatory if all its
solutions are oscillatory; otherwise, it is called nonoscillatory.

The oscillation theory of delay differential equations has received a great deal of atten-
tion in recent years; see the monographs [1, 2, 13-15] and the papers [3-12, 16-27] for
more details. Many efforts have been made to establish sufficient and/or necessary oscilla-
tion criteria for Eq. (1); see [1, 3,9, 11, 13, 15, 17]. In oscillation theory, the distribution of
zeros of delay differential equations has always been an important problem. In this topic,
not only is the existence of zeros demonstrated, but efforts are also being made to deter-
mine their locations. In fact, the study of the distribution of zeros raises many challenges.
This explains the few studies that concern the distance between zeros compared to the
oscillation.

Many upper bounds for the distance between consecutive zeros of the delay differential

equations
K@) +al)xt-0)=0, t>t, (2)
and
& (t) + a()x(g®)) =0, t>to, 3)

where o > 0, a,g € C([ty,00),[0,00)), g(t) is a strictly increasing function such that
lim;_, 5 g(t) = 00, have been obtained by [6-11, 17, 18, 20—27]. Further, some results con-
cerning the lower bounds for the distance between consecutive zeros of all solutions of
Egs. (2) and (3) were investigated in [6—10, 17]. For example, Barr [6] showed that the
lower bound of the distance between zeros of an oscillatory solution of Eq. (3) goes to
infinity when ¢ — g(¢) is not bounded. Therefore, we will restrict our attention to the case
when ¢ -gi(t) < 00,/ =1,2,...,n. In this work, we obtain new upper bounds for the distance
between consecutive zeros of all solutions of Eq. (1), which would improve the above-
mentioned ones. We conclude by providing two illustrative examples to show the appli-

cability and importance of some of our findings.

2 Main results
Let ¢; > ty and Dy, (x) be the upper bound of the distance between consecutive zeros of all

solutions of Eq. (1) on the interval [¢1, 00). Throughout this paper, it is assumed that

sup{t—gj(t)} <oo forj=1,2,...,n.

=t
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Let r € {1,2,...,n} and the sequence {R¥(1,)}s>0 be defined by R°(5,) = 1 and

1
Rl r = ’
() T
1
R (n,) = k=23,...,
1-n,- 277rRk l(nr)

where
t r
/ Y ajs)ds=n, fort>h(t).
he(®) 57

Lemma 2.1 Let k € Ny, r € {1,2,...,n} and x(t) be a solution of Eq. (1) such that x(t) > 0
on [To, T1), To > t1, Ty >l (w; kK (w;;1(To))). Then

x(h(2) _

0 R¥(n,) forte [h;(k_l) (w;k(wzl(To))), T1), (5)

where w(To) = To.

Proof Since x(£) > 0 on [Ty, T1], it follows from Eq. (1) that #/(¢) < 0 on [w;,*(T)), T1], and
hence

x(il(t()t)) >1=R(n,) forte[h'(w, (To)), T1].

In view of Eq. (1) and the positivity of x(¢) on [T}, T1], we have

K(t)+ > at)x(gt) <0 forte [w,'(To), Tn]. (6)

Jj=1

Integrating from /,(¢) to ¢, we get
x(t) — x / Za,(s)x g,(s)) ds<0 forte [h ( ;I(TO)), Tl]. (7)
Since £,(t) > gi(t), so h,(t) > gj(s) for h.(t) <s <t,j=1,2,...,r, it follows from (6) that

) 2 x000) + [ Sl s0) s 1 [ (070 () T

g/() j1=1

Substituting into (7), we obtain

x(t) — x(h,(2)) + x(h,(0)) / Za](s)ds

/ Za,(s) / "4 (s1)(g; (51)) dsi ds < 0 ®)

56 j1=1
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for t € [, (w; (w;, (T0))), T1]. Therefore,

x(t) — x(hr(t)) + x(hr(t)) /t( ) Zﬂj(s) ds<0 forte [h;l( _1( _1(T0))) ]
r(t j=1

That is,

x(hr(t)) 1 > 1
x(2) 1 fh _aj(s)ds =N

=RY(n,) forte [h; (w;1 (W,;I(TO)))r Tl]' ©)

Also, since 12(t) > gj, (s1) for h,(¢) <s <t, g(s) <s1 <hy(t),/,j1=1,2,...,r. Then

B2
x(gy (s1)) = x(2(2)) + / > aj,(s2)x(gi,(s2)) dsa, gjy (1) < s <H(D)

& (1) ja=1

for t € [l (w;%(w,}(To))), T1]. From this and (8), it follows that

x(8) = x(h,(2)) + x(h, (1)) /h ; > als)ds
r(t /:1

x(H}(2) / Za,(s) Za,l (s1) ds dis
s

2 j1=1
¢ he(t) T W) *
+/ )Zaj(s / Za,l S1 / Zajz(sz)x(g,»z(sz)) dsyds1ds <0 (10)
h(t) 7

g©) -1 g1 60 j,—1

for t € [l (w;2(w,*(To))), T1]. Using the positivity of x(¢) on [T, T1], we have

t) —x(h,(2) h(2) i(s)d
x( x( ) +x( )/h,(t) ;a, s)ds
h2(t) /r t)ZaI(S)/. Zah(sl)dsl ds <0

& j1=1
fort e [h;l(w;Z(wzl(To))), T1]. Therefore,

x(hr(f)) 1
x() T - fh “1(5 ) ht,(t)zjrﬂ“/ f 211 18, (s1)ds1ds

(11)

Page 4 of 12
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for t € [, (w;2(w;,)(T)))), T1]. Clearly,

/ Za,(s) Za,l(sl)dslds> / Za,(s) / Za,l(sl)dslds

§6) -1 ) ji=1
/ Za, s)/ Za,l(sl)dsl ds
) -
) ji=
> % - / Za](s) / Za,l s )dsids, (12)
/1 1

where ¢ € (h,(¢),t] such that fhzy(t) Z;Zl aj(s)ds = n,. It is easy to see that (see [13,
Lemma 2.1.3])

1
/ Za,(s)/ 112;01;1(81)5181615— —(/ Za}(s)ds> = Enf
From this and (12), we get
() T
/ Za, f Zdll S1 dslds> 77
g/ j1=1

Substituting into (11), we have

x(h (D) 1

20 1
)T 1oy, - L) for t € [, (w;* (W, (T0))), T ]- (13)

In view of (9), we have

x(h(2))
x(h,(2)) —

>R'(n,) forte[hn*(w, (W, (T0))), T1].

This together with (13) implies that

x(h(8) 1
x(t) T 1-n.-in2R\(n,)

=Rn,) fort e [ (w2 (W, (T0))), T1)-

Therefore,

x(h3(2))
x(h,(2)) —

>R*(n,) forte[h*(w,*(w,"(T0))), T1].

From this and (13), we get

x((0)) _ 1

3
P P ey Tk S

for ¢ € [ (w,* (w, (T0))), Th] € [1;*(w;>(w, (To)), Th).-
Repeating this procedure k times, we obtain (5). The proof is complete. d

Page 5 of 12
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Letr € {1,2,...,n} and the sequence {B]’;r(s, 0)}i1,7=1,2,...,r, be defined by

le,r(s, t) = a/(S), hr(t) <s<t fort > W;l(tl)

, he(t) T
Bl (s,1) = a;(s) > B (suh(t)dsy, h(t) <s<ti=23,...

J1,"
90 ;o
for t > wyi(fy).

Theorem 2.1 Assume thatk e Nandr € {1,2,...,n}. If

STTR ) [, Z (sO)ds=1 foralle=w*(n),

i=1 j=2
then Eq. (1) oscillates and Dy, (x) < sup,-.,, {1 (w;* (W, (2))) — £}.
Proof Suppose the contrary, let x(¢) be a positive solution of Eq. (1) on [Ty, T1], To > t1,

T) >kt (w;k (w;,1(Tp))). Using a similar argument as in the proof of Lemma 2.1, we obtain
(10). That is,

2
x(t) - x(h,(t)) +Zx hl(t)/ Z (s, h(8)) d

i=

7

t T he(t) T H2(t)
+ / Z a;(s) Z aj, (51 / Z aj, (sz)x(gj2 (sz)) dsy ds, ds <0,
() j=1 j1=1

g(s g/lslj =1

for t € [} (w;2(w,}(To))), T1], where hl(¢) = h,(¢). It follows that

2
x(t) — x(hr(t)) + Z /r “ Z a’s <0

for t € [} (w;%(w;,)(T0))), T1]. By repeating this argument k times, we get

x(t) - x(h Z/ h‘t)z (s, 7)) ds <0 (14)

for t € [l (wk(w;;1(T))), T1]. Since

; L x((2) .
H©) = ([T o |x(h(®), i=12,....
x( ) (;‘:2 x(H, 1(t))>x( ) '

By using (5) and the fact that

i) € [y (w00 (w1 (7)), T
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for t € [l (w*(w;}(T0))), T1], we obtain

)

' R () for ¢ € [ (wy*(w, ' (To)), Ta].
X(h/r (t)) ( ) OI‘tE[ (Wr (Wn( 0))) 1]

Then

x(hi(t))z<ﬁRk+1 7(n )) (h(0)), i=12,....

j=2
Substituting into (14), we get
x(t) - x(hy(2)) + x(hy(2) ZHR"“"(n / > Bl (s h(®)ds <0
i1 j=2 ® -1
for t € [l (WX (w1 (To))), T1], that is,
(Z l—[Rk+1—/ 7 )f Z ))ds — 1 ) (h () <0
i=1 j=2
fort e [h;l(w;k (w;,}(T))), T1]. This contradiction completes the proof. O

Theorem 2.2 Assume that k € Ny. If

Re(i ), (s1) d S |
(1_[/ s)eg/ 3 -1 R¥(njy ajy (s1)dsy ds) > n_n fortzhfl(w;,l(h)), (15)

then Eq. (1) oscillates and Dy, (x) < sup,.,, {h] 2(wy, (k) () -t}

Proof Assume that x(t) is a solution of Eq. (1) such that x(¢) > 0 on [Ty, T1], To > t1, To >
h;2(w,§(k+2)(T1)). Integrating Eq. (1) from /;(t) to ¢, i=1,2,...,n, we get

x(t) - x(h (t) /h Za,(s)x g,(s)) ds=0 forte [h ( ;1(TO)), Tl]. (16)
j=1

It follows from Eq. (1) and 4;(¢) > gi(s), hi(t) <s <t,j=1,2,...,n, that

h©)
(g9 = x{ia)e) o

Substituting into Eq. (16), we get

n ¢ hi(£) x(g‘l (s1)) ds,

x(t) — x(hi(2)) +Zx(hj(t))f aj(s)e’s® X1 60 S ds=0

j=1 hi(t)

forte[ (w (TO)) ] (17)
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By using (5), we have

x(hi(s1)) _ x(gi(s1))

x(s1)  — x(sy)

> Rk(’);‘); gi(s) <s1 < h(t), hi(t) <s < t,i,j=1,2,...,m,

for ¢ & [ (w; (5 (w* (w, (o)), Ta] € [2(w; P (w;,}(T0))), T1). This together with
(17) leadsto

n t n i (s koo <
x(t) —x(hi(®) + > x(hi(2) 4y(5)e0 Th- st
(:(0)) (h )f f Z/ 14, (s1)R" () dsy
j=1 h;(t)
forte [hfz (W;(k+2)(To)), T1]‘

That is,
¢ #y0) a4 (s)RK(n:, ) ds
H(10) > 3 x(y0) [ aopels im0 g

for ¢ € [ (w,*2(Ty)), T1].

By using the arithmetic—geometric mean, we obtain

(H/ a;(s)egl ) Thas 0, dsld)

forte [h;z(w;,(kﬂ)(To)), T,]. Taking the product of both sides

1
n n hj(e o (sORK (0 ) dis n
[Txt10) ([Tt T1 (n [ o i g

j=1 j=1

x(hi(t))>n<1_[ h(t))
j=1

for t € [h72(w;*?(Ty)), T). Therefore,

1
n n t Hi(®) " n
; i 14y (SR (nj) d 1
| | | | / aj(s)efg](s) Z/l,lﬂll S1 Njy )41 ds < — forte [hIZ(W;(kJrZ)(TO)), Tl]!
i=1 \j=1 V1@

n

which contradicts (15). The proof is complete. d

Remark 2.1
(i) It should be noted that w,'(¢) — ¢ < oo when sup,s, {t - gi(t)} <ooforj=1,2,...,n
Therefore, all upper bounds of the distance between zeros of all solutions of Eq. (1)
obtained in this work are bounded. For example,

h—l (W_k(W;l(t))) _t< W;(k+2)(t) _t

r r
— W;l (W;(k+1)) _ W;(k+1)(t) + W;(k+1)(t) et W;l(t) _t

< Q.

Page 8 of 12
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(ii) Since
Rd) = fild), k=0,1,...,

for some values of d, where

t n
/ Y as)ds>=d fort>h(ty),
hn(t) j=1

and the sequence {R(d)}=1 is defined by (4), and

1 Ji-2(d)

fd=1  fild)=— ) = e i@ k=23

Then, by using a similar argument as in the proof of Lemma 2.1, we can improve
[11, Lemma 2.4] and consequently all results that use it, as [11, Theorem 2.23].

3 Numerical examples
This section is devoted to validating the main theoretical findings through several exam-

ples. We first begin with the following example:

Example 3.1 Consider the differential equation with multiple delays
& (t) + ar(O)x(g1 (1)) + aa()x(2(1)) =0, =3, (18)
where a;(£) = 1, ax(¢) = p, 4, p >0,

t-2 if t € [3i,3i + 1],
at)=13(6t-3i-9) ifte[3i+1,3i+2], i€N,
1(3t+3i-5) ifte[3i+2,3i+3],

o)=t- i, Clearly,

Since h1(¢) = g1(¢) and hy(t) = g(£), so wi(t) = gi1(t) and wy(£) = min;<j<o gi(£) = g1(£). It
follows that

max wl.’"(t) = wgi(t) <t+2I
1<j<2

Let

1

2 2 t hj(z) 5 k 3
s =1 RNy ajy (s1)ds
I(t):l_[<l_[/ ﬂj(S)e&/(s) jp =181 )aj; (S1 1d5) .
i=1 \j=1 Ym(®

Page 9 of 12
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Then
t t %
0> (/w f P O-019) g o f P ()-22(6) ds)
hy(8) ()
t t %
y (W / P I O-019) g o / 1) 2 ()-22(6) ds) '
ha(t) ha(t)
Therefore,

t t
I(t) > (wtp)(t-s-1 14 (utp)(t=s) 4
()_<M)/¢_me sx | e s

(o],

ppe T W) (ei ) _q)(etln) 1) 1 1 56
- >— foru>—,p>
(u+ p)? 4 2 115°

t
s 1) g o / P (E) ds)
t_7

1 1
3 7

Consequently, Theorem 2.2 with k = 0 implies that D3(x) < supt23{w§4(t) -t} <8foru>

56
2’ P Z 15

Observe that none of the results in [11] apply to Eq. (18) whenO < u + p < %. The reason
for this is that

()=t
max =t——
1<1<2g] 4’

which leads to

t 1 1 4
/ (al(s)+a2(s))ds§ Z(M+'0)<E for,u+p<g.

maxlsiizgj(t)

Next, we move to the next example.

Example 3.2 Consider the differential equation

1 11\ 1 11
t t—— )+ =x(t-1)+x(t-€)=0, t>—, 19
() + Zx( 10) toxt=1) +alt—e) =70 (19)

where 0 < € < % This equation is of the form (1) with a;(£) = ay(¢) = %, as(t) =1, g (¢) =
- %’g2(t) =t—1,and g;(t) = t — €. Clearly,

11 11

hy(t) = lr;%g(t) =t-1, wa(t) = 1r£111<r12g,( )=t- 10’ ws(t) = 1Igl<r13g,( )=t- m

and

- _ _ 11
e =t+k  wrk@) = max wik(e) =+ ok () = max w; Ky =t+ Ek

Page 10 of 12
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Since

ZHR"“" N, )/ Z 2 S,h2 ds-/ Za,(s

i=1 j=2

Then, according to Theorem 2.1 with k = 0, Eq. (19) is oscillatory and D%(x) <

sup,. 11 Uy (w3 (w3 () 1) =
Observe, however, that

max gi(f) =t —e€.
1<1<3g,()

It is not difficult to show that all results of [11], [3, Theorem 3] and [3, Theorem 4] fail to

apply to Eq. (19) for sufficiently small €. Also, observe that

t
/ aj(s)ds <1 forj=1,2,3.
g(®)

Therefore, [3 Theorem 2] cannot give an approximation to D
better than 1° 5

() for sufficiently small €

o=

4 Conclusion

In this paper, we studied the distribution of zeros of first-order delay differential equations.
Also, we obtained upper bounds for the zeros of a first-order differential equation with
several delays. Finally, some examples are demonstrated to prove the theoretical results.
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