Ibaraki and Saejung Journal of Inequalities and Applications (2023) 2023:92 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-023-03004-1 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

On shrinking projection method for cutter
type mappings with nonsummable errors

Takanori Ibaraki' and Satit Saejung?”

“Correspondence:
saejung@kku.ac.th Abstract

’Department of Mathematics, . . . . S . .
Faculty of Science, Khon Kaen We prove two key inequalities for metric and generalized projections in a certain

University, Khon Kaen, 40002, Banach space. We then obtain some asymptotic behavior of a sequence generated
Thailand _ o by the shrinking projection method introduced by Takahashi et al. (J. Math. Anal. Appl.
Full list of author information is ) .
available at the end of the article 341:276-286, 2008) where the computation allows some nonsummable errors. We
follow the idea proposed by Kimura (Banach and Function Spaces IV (ISBFS 2012),
pp. 303-311, 2014). The mappings studied in this paper are more general than the
ones in (Ibaraki and Kimura in Linear Nonlinear Anal. 2:301-310, 2016; Ibaraki and
Kajiba in Josai Math. Monogr. 11:105-120, 2018). In particular, the results in (Ibaraki
and Kimura in Linear Nonlinear Anal. 2:301-310, 2016; Ibaraki and Kajiba in Josai Math.
Monogr. 11:105-120, 2018) are both extended and supplemented. Finally, we discuss
our results for finding a zero of maximal monotone operator and a minimizer of
convex functions on a Banach space.

Mathematics Subject Classification: 47H09

Keywords: Fixed point; Shrinking projection method; Cutter type mapping; Metric
projection; Generalized projection; Maximal monotone operator

1 Introduction

Iterative methods play an important role in approximation theory. Several problems can
be transformed into a problem of finding a fixed point of certain mappings. Many iterative
methods have been proposed and analyzed (for example, see [3, 4, 6, 18, 19, 25, 28]). In this
paper, we are interested in one of the promising methods, namely, the shrinking projection
method. It was proposed by Takahashi et al. [24] who proved that a sequence generated by
this method converges strongly to a fixed point of a certain mapping in the Hilbert space
setting. Kimura [15] modified this iterative scheme in the sense that the inexact value of
the projection is allowed, while the asymptotic behavior of the iterative sequence performs
well. Our paper concerns cutter type mappings in Banach spaces with certain geometric
properties, and it can be regarded as an extension and a supplement to the recent results
of Ibaraki and Kimura [12] and of Ibaraki and Kajiba [11].

Let E := (E,| - ||) be a real Banach space with the dual space E*. The strong and weak
convergence in E are denoted by — and —, respectively. The normalized duality mapping
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J:E — 2F" is defined by

Jri={x € E* s {mx®) = lxl [«* || = IIx]?}  forallx e E.
Recall that E is
o smooth if lim,—o ([l + ty|| - |lx]) exists for all x,y € E;

o strictly convex if% |x+y|| <1forallx,y € E with |lx|| = |ly]| =1 and x #y.

If E is smooth, strictly convex, and reflexive, then J is single-valued and surjective. In this
case, we can treat Jx as an element of E*. For more details on the duality mappings, we
refer to [5].

Let C be a nonempty subset of a smooth Banach space E. In this paper, we are interested
in the following three different generalizations of cutter mappings in the Banach space
setting [2, 16]. A mapping T : C — E with a nonempty fixed point set Fix(T) :={z € C:z =
Tz} is said to be

« a cutter mapping of type (P) if (Tx —z,J(Tx — x)) < 0 for all x € C and z € Fix(T);

« a cutter mapping of type (Q) if (Tx — z,JTx — Jx) < 0 for all x € C and z € Fix(7T);

« a cutter mapping of type (R) if (JTx — Jz, Tx —x) < 0 for all x € C and z € Fix(T).

Suppose that V' : E x E — [0,00) is a function defined by

Vi(x,y):= llxl1? —2(x,Jy) + ||y||2 forallx,y € E.

It is known that
o (Il = lly)* < Vx,y) < (Ixll + llyl)* for all x,y € E;
e V(x,y)=V(x,2)+ V(z,y) + 2(x —z,Jz = Jy) for all x, 5,z € E.

Lemma 1 Suppose that E is a smooth Banach space and C is a nonempty closed and convex
subset of E. The following statements are true:
(@) If T: C — E is a cutter mapping of type (P), then Fix(T) is closed and convex;
(b) Suppose that E is strictly convex. If T : C — E is a cutter mapping of type (Q), then
Fix(T) is closed and convex.

Proof (a) Suppose that T is a cutter mapping of type (P) where C is closed and convex. We
show that Fix(T) is closed. Assume that {z,} is a sequence in Fix(T) such that z, — z € C;
then (Tz—z,,](Tz—z)) < Oforall u > 1.In particular, || 7z —z||?> = (Tz—z,J(Tz—z)) < 0, that
is, z € Fix(T). Hence, Fix(T) is closed. Next, we prove that Fix(7') is convex. To see this,
let z,z’ € Fix(T) and A € [0, 1]. We write w := Az + (1 — A)2’. Obviously, w € C. Moreover,
(Tw —z,J(Tw — w)) < 0 and (Tw — 2/, J(Tw — w)) < 0. This implies that || Tw — w||> = (Tw —
w,J(Tw — w)) <0, that is, w € Fix(T).

(b) Suppose that E is strictly convex and T : C — E is a cutter mapping of type (Q), where
C is closed and convex. We show that Fix(T) is closed. Assume that {z,} is a sequence
in Fix(T) such that z, — z € C; then (1z — z,,JTz — Jz) < 0 for all n > 1. In particular,
(Tz—2z,]Tz—Jz) < 0.1t follows from the strict convexity of E that z € Fix(T'). Hence, Fix(T)
is closed. Next, we prove that Fix(T') is convex. To see this, let z,z’ € Fix(T) and 2 € [0, 1].
We write w:= Az + (1 — A)z". Obviously, w € C. Moreover, (Tw —z,JTw — Jw) < 0 and (Tw —
Z,JTw — Jw) < 0. This implies that (Tw — w,JTw — Jw) < 0 and hence w € Fix(T). O

In this paper, we also consider the following geometric properties. A Banach space E is
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« uniformly convex if lim,, ||x,, — y,|| = 0 whenever {x,} and {y,} are sequences in E
satisfying lim, 12,1l = 1im, [y = lim, 31, + yll = 1;
o uniformly smooth if lim;_, ¢ %(Hx +ty|l = |lx|)) exists uniformly for all x,y € E with
llxll = llyll = 1.
Note that every uniformly convex (uniformly smooth, respectively) space is reflexive and
strictly convex (smooth, respectively). Moreover, uniform convexity and uniform smooth-
ness are dual to each other, that is, E is uniformly convex (uniformly smooth, respectively)

if and only if E* is uniformly smooth (uniformly convex, respectively).

Lemma 2 ([5]) IfE is a uniformly smooth Banach space, then ] : E — E* is norm-to-norm

uniformly continuous on bounded sets.

Lemma 3 ([14]) Suppose that E is a uniformly convex and smooth Banach space and sup-
pose that {x,} and {y,} are sequences in E. If lim, V (x,,y,) = 0 and either {x,} or {y,} is
bounded, then lim,, ||x,, — y,| = 0.

In each subsection, we present some prototypes of cutter type mappings of types (P),
(Q), and (R) together with their properties.

1.1 Metric projections
Suppose that E is a strictly convex and reflexive Banach space. Let C be a closed convex

subset of E and x € E. It is known that there exists a unique element z € C such
llz - x|l = min{|ly - x| : y € C}.

Such an element z is denoted by Pcx. Now, we call Pc the metric projection of E onto C. It
is easy to see that Fix(P¢) = C and P¢ is a cutter mapping of type (P). The following easy

result is also needed in our study.

Lemma4 Suppose that C is a closed convex subset of a strictly convex and reflexive Banach
space E and u € E. If F is a nonempty closed convex subset of C such that Pcu € F, then
Pru = Pcu.

Proof 1t follows from the definition of P¢ that ||Pcu — u|| < ||y — u|| for all y € C. Since
F C C,wehave |Pcu—ul|| < |ly—u| forall y € F.It follows from Pcu € F that Pcu = Pru. ]

The following lemma (see [15, Lemma 2.1]) is easily deduced from the result of Tsukada
[26]. Recall that E satisfies the Kadec—Klee property if x,, — x whenever {x,} is a sequence
in E such that x,, — x € E and ||x,,|| — ||x]|. It is known that every uniformly convex space

satisfies the Kadec—Klee property.

Lemma 5 ([15]) Suppose that E is a strictly convex reflexive Banach space and E satisfies
the Kadec—Klee property. If {C,} is a sequence of nonempty closed convex subsets of E such
that Cy1 C Cy foralln>1and Cy := ﬂ;ﬁl C, is nonempty, then {Pc,x} converges strongly
to Pcyx forall x € E.
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1.2 Generalized projections
Suppose that E is a smooth, strictly convex, and reflexive Banach space. Let C be a closed
convex subset of E and x € E. It is known that there exists a unique element z € C such

V(z,x) = min{V(y,x) 1y € C} = V(C,x).

Such an element z is denoted by ITcx. Now, we call I1¢ the generalized projection of E
onto C.Itis easy to see that Fix(I1c) = C and I1¢ is a cutter mapping of type (Q). Moreover,
we have the following result.

Lemma 6 ([1]) Let C be a closed convex subset of a smooth, strictly convex, and reflexive
Banach space E. Suppose that x € E and z € C. Then the following statements are equiva-
lent:

o z=Tlcx;

e (y—2z,Jz—Jx) >0 forall y € C;

e V(1,2) + V(z,x) < V(y,x) forall y € C.

Lemma 7 Suppose that C is a closed convex subset of a smooth, strictly convex, and re-
flexive Banach space E and u € E. If F is a nonempty closed convex subset of C such that
Icu € F, then ITru = I[cu.

Proof 1t follows from the definition of I1¢ that V(I1cu, u) < V(y,u) forally € C. Since F C
C, we have V(ITcu,u) < V(y,u) for all y € F. It follows from I[Tcu € F that ITcu = [Tru. O

The following lemma is easily deduced from the result of Ibaraki et al. [13].

Lemma 8 ([13]) Suppose that E is a strictly convex, smooth, and reflexive Banach space
and E satisfies the Kadec—Klee property. If {C,} is a sequence of nonempty closed convex
subsets of E such that C,,1 C Cy foralln > 1 and Cy = (-, C, is nonempty, then {I1c,x}
converges strongly to Ilc,x for all x € E.

1.3 Sunny generalized nonexpansive retractions
Suppose that E is a smooth Banach space and C C E. A mapping R : C — E is a general-
ized nonexpansive if Fix(R) # @ and V(Rx,p) < V(x,p) for all x € C and for all p € Fix(R).
A mapping R: E — Cis

« aretraction if R = R;

o sunny if R(Rx + t(x — Rx)) = Rx for all x € E and for all £ > 0.
If R: E — Cisasunny generalized nonexpansive retraction from E onto C, then Fix(R) = C
and R is a cutter mapping of type (R).

Kohsaka and Takahashi [17] proved the following result.

Lemma 9 ([17]) Suppose that E is a smooth, strictly convex, and reflexive Banach space,
and suppose that C* is a nonempty closed convex subset of E*. Then R := J 1 [1¢+] is a sunny
generalized nonexpansive retraction from E onto JLC*, where ¢+ is the generalized pro-
jection of E* onto C*.

The purpose of this paper is to present some asymptotic behavior of an iterative se-
quence generated by the shrinking projection method for cutter type mappings.
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2 Preliminaries
In this section, we collect some auxiliary results used in our main results. For a Banach
space E:=(E,| - ||) and r >0, welet B, := {x € E: ||x|| < r}.

Lemma 10 ([27]) Suppose that E is a Banach space and r > 0. Then the following state-
ments are true:
(a) IfE is uniformly convex, then there is a continuous, strictly increasing, and convex
function g.: [0,2r] — [0, 00) such that gr(O) =0and

[ (1= 2)x+ 2y < (=)l + Allyl? - (1= MAg, (Il - y1l)

forall x,y € B, and for all » € [0, 1];
(b) IfE is uniformly smooth, then there is a continuous, strictly increasing, and convex
function g, : [0,2r] — [0, 00) such that g,(0) = 0 and

(= 2+ 2y|” = (1= W)l + Ayl - (1= 2)2g, (Ilx - y1)
forall x,y € B, and for all » € [0, 1].

Lemma 11 ([15]) Suppose that E is a Banach space and r > 0. Then the following state-
ments are true:
(@) IfE is uniformly convex and smooth, then the function g, inLemma 10(a) satisfies
g (lx=yll) < V(x,y) for all x,y € B,;
(b) IfE is uniformly smooth, then the function g, in Lemma 10(b) satisfies
g, (lx=yll) = V(x,9) for all x,y € B,.

3 Main results
The main results are presented according to the types of cutter mappings. The results of
each subsection are given with respect to the functionals || - |? and V(- -). The correspond-
ing remark about the related results is presented. Our results are some extensions of the
recent ones proved by Ibaraki and Kajiba [11] for mappings of types (P), (Q), and (R). Re-
call that for a nonempty subset C of a smooth, strictly convex, and reflexive Banach space
E, amapping T : C — E is of

o type (P)if (Tx — Ty, J(x — Tx) — J(y — Ty)) > O for all x,y € C;

o type (Q)if (Tx — Ty, Jx — JTx) — (Jy — JTy)) = 0 for all x,y € C;

o type (R)if JTx —JTy, (x — Tx) — (y — Ty)) > O for all x,y € C.
It is clear that every mapping of type (X) with a fixed point is a cutter mapping of type (X)
where X = P, Q, R. Moreover, it is not hard to see that if 7 : C — E is a mapping of type
(X) where X = P, Q, R, then I — T is strongly closed at zero, that is, p € Fix(T) whenever

{x,} is a sequence in C such that x, » p € C and Tx,, — p.

3.1 Two key inequalities for metric projections and generalized projections
We now prove two key inequalities of this paper. The first result is a Banach space version
of the result in [23] concerning the generalized projection. The second one is for the metric

projection.
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Lemma 12 Suppose that E is a smooth, strictly convex, and reflexive Banach space and C
is a closed convex subset of E. Suppose that u € E and § > 0. If x € C satisfies

Vix,u) < V(C,u) +4,
then V(x, [Tcu) <34.

Proof Note that V(x, [Tcu) + V(C,u) = V(x, [Icu) + V(I1cu,u) < Vix,u) < V(C,u) + 9.
Specifically, V(x, [Tcu) < 4. O

Lemma 13 Suppose that E is a uniformly convex Banach space, u € E, and § > 0. Suppose
that C is a closed convex subset of E such that C —u C B, for some r > 0. If x € C satisfies

lu—xl* < d*(u,C) +3,
then gr(Hx — Pcu||) <68, where g is the function defined in Lemma 10(a).

Proof Letp := Pcu. Then |lu—x|> < lu-p||®>+8.Let » € (0,1). It follows that Ap+ (1 - A)x €
C.Note that {p—u,x—u} C C—u C B,, and we make use of the function g, in Lemma 10(a)
to estimate the term ||A(p — u) + (1 — A)(x — u)|%. Hence,

lp -l < |2 + (1= Mx—u
= ||A(p— u)+(1-21)(x - u)“2
<Allp—ull® + (1 =) e - ull® = 11 - 1)g (Ip - 1)

<llp-ull®+ (1 =28 - 11 - 2)g (Ip - ).
In particular, Agr(||p —x||) <34. Letting A 1 1 gives the result. O

3.2 Cutter mappings of type (P)

Theorem 14 Suppose that E is a smooth and uniformly convex Banach space and C is a
closed convex subset of E. Suppose that T : C — E is a cutter mapping of type (P). Suppose
that {8,} is a sequence of nonnegative real numbers such that 8, := limsup,, 8,. For given

u € E, a sequence {x,} C C is generated as follows: x, € C, C; := C, and
Cpi1 = {Z €Cy: <Txn - Zr](xn - Txn)) > 0})
Xn+l € Cn+1 SﬂtiS_ﬁeS ”xn+1 - u”2 = dz(u’ Cn+1) + 8n+1
for all n> 1. Then the following statements are true:
(1) If C—u C B, for somer > 0, then limsup,, [|x, — Tx,|| < 5;1(80), where g, is defined by

Lemma 10;
(2) IfSo=0and - T is strongly closed at zero, then x, — Prix(1)us.

Proof First, we note that each C, is nonempty because Fix(T) C C,. Moreover, it is clear
that each C,, is closed and convex. For convenience, we write p,, := Pc,uand p := P ¢, u.
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Note that p,, — p (see Lemma 5). It follows from p € C,,,; that
(T2 — . J (% — T)) = 0.
In particular,
(200 = 2T (% — Tn)) = llo6n — Tea*.
(1) Suppose that C — u C B, for some r > 0. It follows from Lemma 13 that

1% = Tall < 1% =PIl < 1% = pall + 12w =PI <€ (80) + 12 = pII.

Hence, limsup,, [|x, — Tx4 || < g (50).

(2) We assume that 8, = 0 and I — T is strongly closed at zero. Note that ||x, — u||> <
llpn — ul|? + 8,,. In particular, {x,} is bounded. We prove that x,, — p. Suppose that {x4, } is
a subsequence of {x,} such that x,, — g for some g € E. It follows that g € (,-; C, and
lg - wll? < liminfy [}, — ull? < limsupy |4, — ull® < limg [[p,, - ull? = |} - u]%. Hence,
q = p- Moreover, we have lim,, ||x,, — u|| = ||p — «||. It follows from the Kadec—Klee property
and x, —u — p — u that x,, — u — p — u and hence x,, — p. It follows from a part of (1) that
lim, ||, — Tx,|| = 0. Since I — T is strongly closed at zero, we have p € Fix(T) C (2, Cy.
Note that Fix(T) is closed and convex (see Lemma 1). It follows from Lemma 4 that x,, —
P = Prix(r)ut. O

Theorem 15 Suppose that E is a smooth and uniformly convex Banach space and C is a
closed convex subset of E. Suppose that T : C — E is a cutter mapping of type (P). Suppose
that {8,} is a sequence of nonnegative real numbers such that & := limsup,, 8,. For given
u € E, a sequence {x,} C C is generated as follows: x, € C, C; := C, and

Chus1 = {Z €eCy: <Txn - Zr](xn - Txn)) > 0},

%51 € Cuyt SdtiSﬁeS V (®pi1s t6) < V(Cprar, ) + 8141
for all n> 1. Then the following statements are true:

(1) If C C B, for some r > 0, then limsup,, ||x, — Tx,|| 55;1(50), where g is defined by

Lemma 10.
(2) Iféo=0and - T is strongly closed at zero, then x, — IIgix(1)U.

Proof First, we note that each C, is nonempty because Fix(T) C C,. Moreover, it is
clear that each C, is closed and convex. For convenience, we write 7, := I1c,u and
7 =TIl c,u. Note that 7, — 7 (see Lemma 8). It follows from 7 € C,,,; that

(Txy — 70, (% — Tx)) > 0.
In particular,

o6 — Tou 1> < (0 — 70, T (0 — T)) < N6 = 77 |16 — T .

Note that V' (x,,, 7,) <, (see Lemma 12).
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(1) Suppose that C C B, for some r > 0. It follows from Lemma 11 that |x, — 7| <
&' (V(xu,m4) < g '(8,), which implies that

%, — Txnll < ll%n — 7 ||
< % = 7l + 770 — 7|l

<g ') + Iy~ 7.

Hence, limsup,, [|x, — T%, || 55;1(80).

(2) We assume that 8o = 0 and I — T is strongly closed at zero. Since §, = 0, we have
lim, V(x,,,) = 0. It follows from Lemma 3 that lim,, ||x,, — 7, || = 0. In particular, lim,, ||x, —
Txy|| <lim, ||x, — 7 || = lim, ||x, — 7,|| = 0. Since I — T is strongly closed at zero, we have
7 € Fix(T) C ()2, Cu. Note that Fix(T) is closed and convex (see Lemma 1). It follows
from Lemma 7 that x,, — 7 = [Tgixr)U. O

Remark 16 Our Theorem 14 and Theorem 15 generalize Theorem 3.1 of [12] and Theo-
rem 3.1 of [11], respectively. In fact, the mapping of type (P) in [11, 12] is replaced by the
cutter mapping of type (P).

3.3 Cutter mappings of type (Q)

Theorem 17 Suppose that E is a uniformly smooth and uniformly convex Banach space
and C is a closed convex subset of E. Suppose that T : C — E is a cutter mapping of type (Q).
Suppose that {5,} is a sequence in [0, 00) with §; := limsup,, 8,,. For given u € E, a sequence
{x,} C C is generated as follows: x; € C, Cy := C and

Cus1:= {Z € Cy: (Ixy — 2, )0 — JTxy) > O};
%51 € Cuyt Sdtisﬁes o1 = M”2 = dz(u; Cur1) + 81
for all n > 1. Then the following statements are true:
(1) If(C-u)U C C B, for some r > 0, then limsup,, ||x, — Tx,|| < 5;1@,(5;1(50))), where

g, and g, are defined by Lemma 10;
(2) IfSo=0and - T is strongly closed at zero, then x, — Prix(r)u.

Proof First, we note that each C, is nonempty because Fix(T) C C,. Moreover, it is clear
that each C, is closed and convex. For convenience, we write p,, := Pc,u and p := Pﬂfﬁl c, U
Note that p, — p (see Lemma 8). It follows from p € C,,; that (Tx, — p,Jx, — JTx,) > 0
and hence

V(Txps %0) < V(0 Tat) + V(Txny %) < V(0 %0).

(1) Assume that (C — u) U C C B, for some r > 0. It follows from Lemma 13 that gr(llpn -
%,||) < é,. By Lemma 11, we have V(p,x,) <g,(lp — x,). This implies that

V(Txn;xn) < V(p;xn)

<g,(Ip—xll)
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<& (Ilp = pull + lpn = 2ll)

<& (Ilp - pall +£1(50))-

This implies that
lim sup V(T x,) < Er(g;l((so)).

In particular, limsup,, [|x, — Tx,|| sg;l@,(g;l(éo))).

(2) We assume that 8y = 0 and I — T is strongly closed at zero. Note that ||x, — u||* <
llpn — ul|® + 8,,. In particular, {x,} is bounded. We prove that x,, — p. Suppose that x4, } is
a subsequence of {x,} such that x,, — ¢ for some g € E. It follows that g € (-, C, and
llg - wll? < liminfy [}, — ull? < limsupy |4, — ull® < limg [[p,, - ull? = |l - u]%. Hence,
q = p- Moreover, we have lim,, ||x,, — u|| = ||p — u||. It follows from the Kadec—Klee property
and x, — u — p — u that x, — u — p — u and hence x,, — p. It follows from the uniform
convexity of E and lim, V'(p, x,,) = 0 thatlim,, ||x,, — Tx, || = 0. Since I — T is strongly closed at
zero, we have p € Fix(T) C ()2, Cy.. Note that Fix(T) is closed and convex (see Lemma 1).

It follows from Lemma 4 that x, — p = Prix()u. O

Theorem 18 Suppose that E is a uniformly smooth and uniformly convex Banach space
and C is a closed convex subset of E. Suppose that T : C — E is a cutter mapping of type (Q).
Suppose that {5,} is a sequence in [0, 00) with 8, := limsup,, 8,,. For given u € E, a sequence

{x,} C C is generated as follows: x; € C, C; := C and

C';'1+1 = {Z € Cn : (Txn -2z, Jx, _]Txn) > 0};
X1 € Cpy1 satisfies V(xyi1, 1) < V(Crryn, 1) + 8,041
for all n > 1. Then the following statements are true:
(1) If C C B, for some r > 0, then limsup,, ||x, — Tx,|| < g;l@r(g;l(&)))), whereg and g,
are defined by Lemma 10;
(2) If 8o =0and I —T is strongly closed at zero, then x,, — Igix(r)u.
Proof First, we note that each C, is nonempty because Fix(7T) C C,. Moreover, it is

clear that each C, is closed and convex. For convenience, we write , := IIc,u and

m=Inx c,u. It follows from 7w € C,,; that
(Txn — 70, J6n = JTx4) = 0,
and hence
V(Txy, %) < V(w, Tx,) + V(Txy, x,) < V(,x,).

Note that 7, — 7 (see Lemma 8). By Lemma 12, we have V(x,, 7,) < §,.
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(1) Suppose that C C B, for some r > 0. It follows from Lemma 11 that V'(r, x,) < g, (|7 -

x,|) and <gr(||7'[ —x4) < V(x,, ) <6, In particular,

V(Txu, %4) < V(10, %)
<, (llr —xall)
<g.(llm = mull + 7m0 — %l

<&,(I7 7l + £ 5).
This implies that

limsup V(Tx,, %,,) < gr(g;l(So)).

n

In particular, limsup,, ||x, — Tx,|| < g;l@,(g;l(%))).

(2) We assume that 8o = 0 and I — T is strongly closed at zero. Since §, = 0, we
have lim,, V(x,,7,) = 0. It follows from Lemma 3 that lim,, ||x,, — 77,,|| = 0. In particular,
lim,, ||x, — || = 0. Now, we have lim,, V(Tx,,x,) < lim, V(r,x,) = 0. It follows from the
uniform convexity of E that lim, ||x, — Tx,|| = 0. Since I — T is strongly closed at zero,
we have 7 € Fix(T) C (-, C,. Note that Fix(7) is closed and convex (see Lemma 1). It
follows from Lemma 7 that x,, — 7 = ITgix(r)u. O

Remark 19 Our Theorem 17 and Theorem 18 generalize Theorem 4.1 of [12] and Theo-
rem 4.1 of [11], respectively. In fact, the mapping of type (Q) in [11, 12] is replaced by the

cutter mapping of type (Q).

3.4 Cutter mappings of type (R)
Suppose that V*: E* x E* — [0,00) is defined by

V* (x*,y*) = Hx* ||2 - 2(x*,]*y*> + ||y* ||2 for all x*, y* € E*.
Note that for x, y € E we have

V>, Jx) = Iy II1> = 2{fy, T Jx) + 1]
= Iyl = 2(x,Jy) + 1%

=V(xy).
Inspired by the work of Honda et al. [7], we obtain the following results.

Lemma 20 Suppose that C is a nonempty subset of a smooth, strictly convex, and reflexive
Banach space E. Suppose that T : C — E is a mapping, and we define T* : JC — E* by

T*x* := JT] 1o forallx* € JC.

Then the following statements are true:
(1) JFix(T) = Fix(T*);
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(2) T is a cutter mapping of type (Q) if and only if T* is a cutter mapping of type (R);
(3) T is a cutter mapping of type (R) if and only if T* is a cutter mapping of type (Q).

Proof (1) Suppose that p € C and p* := Jp. If p = Tp, then T*p* = JTJ '(Jp) = Jp = p*. If
p* = T*p, then Tp = J "\ T*Jp = J "\ T*p* = ] \p* = p.

(2) Suppose that T is a cutter mapping of type (Q). To see that T* is a cutter mapping of
type (R), letx* € JC and p* € Fix(T™*). Then x* = Jx and p* = Jp for some (x, p) € C x Fix(T).
It follows that

(Fp* =7 T, T* %" — %) = (p - Tx, J Tx — Jx) = 0.

On the other hand, we assume that 7™ is a cutter mapping of type (R). To see that T is a
cutter mapping of type (Q), let (x,p) € C x Fix(T). We write x* = Jx and p* = Jp. It follows
that x* € JC and p* € Fix(T*). Moreover, we have

(p— Tx,JTx - Jx) = ([*p* = J* T*x*, T*x* = x*) > 0.
(3) follows similarly. O

Based on Lemma 20 and Theorem 17, we obtain the following result.

Theorem 21 Suppose that E is a uniformly smooth and uniformly convex Banach space.
Suppose that C is a subset of E such that JC is closed and convex. Suppose that T : C — E is
a cutter mapping of type (R). Suppose that {5,} is a sequence of nonnegative real numbers
such that 8, := limsup,, §,. For given u € E, a sequence {x,} C C is generated as follows:
x1€C,Cy:=C,and

Cu1 = {z € Cy: (JIx, —Jz,x, — Tx,) > O};

%1 € Cp1 satisfies |Ju — Joua|I* < d>(u, JCpi1) + 81

for all n> 1. Then the following statements are true:

(1) IfJC—Ju) UJC C B} for some r > 0, then limsup,, ||x,, — Tx,|| 5g;1(g’;(gj*1(50))),
where g is defined by Lemma 10 (as E is uniformly convex) and gj and gy are
defined by Lemma 10 (as E* is uniformly convex and uniformly smooth, respectively).
Here, B! := {x* € E* : |x*|| <r}.

(2) If 8o =0andI - T is strongly closed at zero, then x, — ]‘IP}*FiX(T)]u, where P}kFiX(T) is
a metric projection of E* onto J Fix(T).

Proof Set T* := JTJL. Then T*:JC — E* is a cutter mapping of type (Q). Let u* = Ju.
Define two sequences {x}} C JC and {C}} by

x5 :=Jx, and C;:=JC, foralln>1.
It follows that

Cro={z" e C:(T"x, - 2%, Jx; - JT*x}) > 0}

n+l =
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and

x%,1 € Cr,y satisfies ||« —u* ||2 <d*(u*,Cp,1) + Spar.

(1) Suppose that (JC — Ju) U JC C B} for some r > 0. Using Theorem 17 for cutter map-
pings of type (Q) gives

limsup V (x,, Tx,) = limsup V*(T*x,,%}) < g (gf’l(éo)).

n

This implies that
limsup flx, — T, || < g7 (g7 ("~ (80)))-

(2) We assume that 8y = 0 and I — T is strongly closed at zero. It follows from the uniform
convexity and uniform smoothness of E that I* — T™* is strongly closed at zero, where I*
is an identity mapping of E*. Using Theorem 17 for cutter mappings of type (Q) gives
x5 — P;ix(

_71 -1
" Hence, x, = J71x5, — ] Py . O

Based on Lemma 20 and Theorem 18, we obtain the following result.

Theorem 22 Suppose that E is a uniformly smooth and uniformly convex Banach space.
Suppose that C is a subset of E such that JC is closed and convex. Suppose that T : C — E is
a cutter mapping of type (R). Suppose that {8,} is a sequence of nonnegative real numbers
such that §y := limsup,, §,. For given u € E, a sequence {x,} C C is generated as follows:
x1€C,Cy:=C,and

Cpi1 = {Z € Cy: JTxy —Jz, 00 — Txy) > 0}¢

Xn+1 € C’;4+1 Sﬂti@ﬁes V(M, xn+1) = V(I/l, Cn+1) + 5n+1

forall n> 1. Then the following statements are true:

(1) If C C B, for some r > 0, then limsup,, ||x, — Tx,|| fg;l(gf(gj’l(b‘o))), where g, is
defined by Lemma 10 (as E is uniformly convex) and. g;‘ and g, are defined b;
Lemma 10 (as E* is uniformly convex and uniformly smooth, respectively);

(2) IfSo=0andI-T is strongly closed at zero, then x,, — Rrix(1)U.

Proof Set T* := JTJL. Then T*:JC — E* is a cutter mapping of type (Q). Let u* = Ju.
Define two sequences {x};} C JC and {C}} by

x5 :=Jx, and C;:=JC, foralln=>1.
It follows that
Chy= {z* eC :<T*x;§ A —]T*xﬁ) > 0}

and

e ik H * * * * % *
x5, € Cr,y satisfies V*(x, ™) < V*(Ch, 1 u®) + 8ar.
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(1) Suppose that C C B, for some r > 0. Using Theorem 18 for cutter mappings of type
(Q) gives

limsup V' (x,, Tx,) = limsup V* (T*x,,,x’:,) <g (gj_l (80)).

n n

This implies that
limsup ||, — Tx,l| < g7 (g7(¢7 ™ (0)))-

(2) We assume that 8, = 0 and I — T is strongly closed at zero. Note that [* — T* is strongly
closed at zero, where I* is the identity mapping of E*. Using Theorem 18 for cutter map-
pings of type (Q) gives x;, — ITg, 7+ u*, where ITg 7., is the generalized projection from
E* onto Fix(T*). It follows from Lemma 9 that

X =] ey — ]_lnﬁkix(T*)"‘* = ]_lnlifix(T*)]u = Rrix(r) - 0

Remark 23 Our Theorem 21 and Theorem 22 generalize Theorem 5.1 of [12] and The-
orem 5.1 of [11], respectively. In fact, the mapping of type (R) in [11, 12] is replaced by
the cutter mapping of type (R). It is worth mentioning that the bound of the limit superior
lim sup,, lx, — T, | in [11,12] is ¢~ @7 (g"~ €7 (g ™ (30)))))-

4 Deduced results for maximal monotone operators
We now discuss the problem of finding a zero of maximal monotone operators in a Banach
space ([8-10]). Suppose that E is a smooth, strictly convex, and reflexive Banach space. An
operator A C E x E* with domain dom(A) := {x € E : Ax # &} and range ran(4) := ( J{Ax:
x € E} is monotone if (x — y,x* —y*) > 0 for all (x,x*),(y,y*) € A. A monotone operator
A C E X E* is maximal if A’ = A whenever A’ C E x E* is monotone and A C A’. We are
interested in finding a zero of a maximal monotone operator, that is, an element u € E such
that (#,0) € A. The set of zeros of A is denoted by Zer(A).

Suppose that A C E x E* and B C E* x E(= E* x (E*)*) are maximal monotone. It is

known that dom(A) and dom(B) are convex; and
ran(] + )J_IA) =]’1(ran(] + AA)) =ran(l + AB]) = E

for all A > 0. Here, [ is the identity operator. In particular, the following three single-valued

operators are well defined:

Py = (I+ )J_IA)_1 :dom(A4) — E;

Q; = J + 2A)™Y : dom(A) — E;

Ry := (I +ABJ)':J*dom(B) — E.
It is known that

(a) Fix(Py) = Fix(Q,) = Zer(A) and Fix(R)) = Zer(BJ).
(b) Py, Qy, and Qy are mappings of types (P), (Q), and (R), respectively.



Ibaraki and Saejung Journal of Inequalities and Applications (2023) 2023:92 Page 14 of 20

(c) If Zer(A) # @, then P; and Q,, are cutter mappings of types (P) and (Q), respectively,
and both / — P, and I — Q, are strongly closed at zero.

(d) If Zer(BJ) # @, then R, is a cutter mapping of type (R), and I — R, is strongly closed
at zero.

We immediately obtain the following corollaries.

4.1 Results for the resolvent P,

Corollary 24 Suppose that E is a smooth and uniformly convex Banach space and A C
E x E* is a maximal monotone operator such that Zer(A) # &. Suppose that u € E and
A € (0,00). Suppose that {8,} is a sequence of nonnegative real numbers such that &y :=

limsup, 8,,. Construct a sequence {x,} C dom(A) as follows: x; € dom(A), C; := dom(4),
and

Cri1:= {Z €Cy: <P)»xn —-z,J (%, _P)»xn)> = 0};

. 2 2
Xus1 € Cuy1 satisfies || %, — ull” < d*(u, Cpi1) + 8y

for all n> 1. Then the following statements are true:
(1) Ifdom(A) — u C B, for some r > 0, then lim sup,, [|%, — Poxy || §g;1(80), where g, is
defined by Lemma 10; ) h
(2) If 0 =0, then x,, — Pzera)us.

Corollary 25 Suppose that E is a smooth and uniformly convex Banach space and A C
E x E* is a maximal monotone operator such that Zer(A) # &. Suppose that u € E and
A € (0,00). Suppose that {8,} is a sequence of nonnegative real numbers such that §, :=

limsup, 8, Construct a sequence {x,} C dom(A) as follows: x; € dom(A), C; := dom(4),
and

Cri1:= {Z €Cy: <kan —-z,J (%, _kan)> = 0};

%51 € Cup1 SdtiSﬁeS V(®pi1st6) < V(Cprars ) + 8141

for all n> 1. Then the following statements are true:
(1) Ifdom(A) C B, for some r > 0, then lim sup,, %, — Prxy|l < 5;1(60), where g is defined
by Lemma 10;
(2) If 0 =0, then x,, — ITzer(a)u.

4.2 Results for the resolvent Q;,

Corollary 26 Suppose that E is a uniformly smooth and uniformly convex Banach space
and that A C E X E* is a maximal monotone operator such that Zer(A) # &. Suppose that
u € E and \ € (0,00). Suppose that {8,} is a sequence of nonnegative real numbers such

that 8 := limsup,, 8,,. Construct a sequence {x,} C dom(A) as follows: x1 € dom(A), C; :=

dom(A), and

Cpi1:= {Z € Cy: (Quxy — 2, )%y — JQuxy) = O}

Xnil € Cn+1 Sﬂti.S_ﬁES ||xn+1 - I/£|| = d(u; Cn+1) + 6n+1

for all n> 1. Then the following statements are true:
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(1) If (dom(A) — u) Udom(A) C B, for some r > 0, then
limsup,, [|x, — Qx| < g;l(gr(gi;l((ﬁo))), where g and g, are defined by Lemma 10;
(2) If$0 =0, then x,, — Pzer(a)us.

Corollary 27 Suppose that E is a uniformly smooth and uniformly convex Banach space
and that A C E x E* is a maximal monotone operator such that Zer(A) # @. Suppose that
u € E and \ € (0,00). Suppose that {8,} is a sequence of nonnegative real numbers such
that 8 := limsup,, 8,,. Construct a sequence {x,} C dom(A) as follows: x; € dom(A), C; :=

dom(A), and

Cri1:= {Z €Cy: (Qkxn -2z, Jx, _]Q)an) > 0},

Xn+l € Cn+1 SﬂtiS_ﬁeS V(x;ﬂlr M) =< V(Cn+1r M) + 8n+1

for all n > 1. Then the following statements are true:
(1) Ifdom(A) C B, for some r > 0, then limsup,, ||, — Qux,|| < g;l@r(g:l(éo))), where g
and g, are defined by Lemma 10; h h h
(2) If 80 =0, then x,, — zexa)us.

4.3 Results for the resolvent R,

Corollary 28 Suppose that E is a uniformly smooth and uniformly convex Banach space
and B C E* X E such that Zer(B]) # . Suppose that u € E and A € (0,00). Suppose that {5,,}
is a sequence of nonnegative real numbers such that §, := limsup,, §,. Construct a sequence

{x,,} C dom(BJ) as follows: x; € dom(BJ), C; := dom(BJ), and

Cri1:= {Z € Cy: JRyxn — Jz, %y — Ryxy) > 0};

Xni1 € C';'1+1 Satisﬁes ”]M _]xn+l ”2 = dz(]u:]crﬁl) + 8n+1

for all n> 1. Then the following statements are true:
(1) If Jdom(BJ) — Ju) U Jdom(BJ) C B for somer > 0, then
limsup,, [|x, — Rx,| < gl@f (gj_l(&)))), where g is defined by Lemma 10 (as E is

uniformly convex) and gf and g; are defined by Lemma 10 (as E* is uniformly convex

and uniformly smooth, respectively);
(2) If 60 =0, then x,, — ]‘IP}kZer(B])]u, where Py, ) is a metric projection of E* onto
J Zer(BJ).

Corollary 29 Suppose that E is a uniformly smooth and uniformly convex Banach space
and B C E* X E such that Zer(B]) # &. Suppose that u € E and A € (0,00). Suppose that {5,}
is a sequence of nonnegative real numbers such that §, := limsup,, §,. Construct a sequence
{x,,} C dom(BJ) as follows: x; € dom(BJ), C; := dom(BJ), and

Cn+1 = {Z € Cn : URAxn —Jz, %, —R)ny,> > 0};

Xn+l € Cn+1 SﬂtiS_ﬁeS V(M, xn+1) =< V(ur Cn+1) + 8n+1

for all n> 1. Then the following statements are true:
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(1) IfdoT(B]) C B, for some r > 0, then limsup,, ||x, — R, %, < g;l(gi‘ (g;"l(&)))), where
g is defined by Lemma 10 (as E is uniformly convex) and g;‘_cmd §f_are defined by
Lemma 10 (as E* is uniformly convex and uniformly smooth, respectively);

(2) Ifé0 =0, then x,, — Rzexpp)l.

4.4 Applications to convex minimization problems

We discuss the convex minimization problem in a Banach space. This problem is to find a
minimizer of a proper lower semicontinuous convex function in a Banach space. Suppose
that E is a reflexive, smooth, and strictly convex Banach space with its dual £* and f :
E — (—o0,00] and f* : E* — (—00, 00] are proper lower semicontinuous convex functions.
Then the subdifferentials of f and f* are defined as follows:

af (x) = {x* EE":f(x)+ (y—x,x*) <f@y), Vye E} (Vx € E),
f (x*) = {x € E:f*(x") + (w " — &) <f*(v*), V" € E*} (Va* € EY).

By Rockafellar’s theorem [20, 21], the subdifferentials 9f C E x E* and 9f* C E* x E are
maximal monotone. It is easy to see that Zer(df) = argmin{f(x) : x € E} and Zer(3f™*) =
argmin{f™*(x*) : x* € E*}.

Fix A >0 and z € E. Let P; and Q; be the resolvent of df, and let R, be the resolvent of
af ™, then we know that

Prz= (144 0f) " = argmin{f(y) + i”y_z”z},
yeE 2\
4 . 1., 1
Qyz=( +A13f)”] = argminq f(y) + ﬁllyll - X(yJZ) ,
yeE

-l - o L2 L
Riz=(1+20f) " =) largmm{f %)+ 5 "I - 2oy )}.
y*eE*
See, for instance, [8, 10, 22]. As a direct consequence of our theorems, we can show the
following applications.

Corollary 30 Suppose that E is a smooth and uniformly convex Banach space and f : E —
(—00, 00] is a proper lower semicontinuous convex function such that Zer(3f) # 9. Suppose
that u € E and A € (0,00). Suppose that {8,} is a nonnegative real sequence such that §; :=

limsup,, §,. Construct a sequence {x,} C dom(df) as follows: x; € dom(df), C; = dom(df),
and

) 1
Yy = argmm{f(y) + — IIy—anZ},
yeE 21
Cunr = [2€ Gy (= 2T (60 = 3)) = 0},
Xps1 € Cpy1 satisfies || %1 — ul|* < d(, Ca1)* + Sps1

for all n> 1. Then the following statements are true:
(1) If dom(df) — u C B, for some r > 0, then lim sup,, 1%, — yull sg;l(éo), where g is
defined by Lemma 10; B B
(2) If 80 = 0, then x, — Pzeryf)ih.
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Corollary 31 Suppose that E is a smooth and uniformly convex Banach space and f : E —
(—00, 0] is a proper lower semicontinuous convex function such that Zer(df) # 9. Suppose
that u € E and A € (0,00). Suppose that {8,} is a nonnegative real sequence such that §, :=

limsup,, 8,,.. Construct a sequence {x,} C dom(df) as follows: x; € dom(df), C; = dom(df),
and

) 1
Yy 1= argmln{f(y) + 2—||y_xn||2}’
yeE A

Cri1:= {Z €Cy: <yn - z,J (%, _yn)) = 0}7

Xn+1 € C’;4+1 Sﬂti@ﬁes V(xm—lr bt) = V(Cn+lr M) + 5n+1

forall n > 1. Then the following statements are true:

(1) If dom(df) C B, for some r > 0, then limsup,, ||%, — ¥, || Sg;l(&)), where g, is defined
by Lemma 10;

(2) If 80 = 0, then x,, — Izer(p)u.

Corollary 32 Suppose that E is a uniformly smooth and uniformly convex Banach space
and f : E — (—00,00] is a proper lower semicontinuous convex function such that Zer(3f) #
@. Suppose that u € E and X € (0,00). Suppose that {8,} is a nonnegative real sequence
such that 8y := limsup,, 8,. Construct a sequence {x,} C doT(af) as follows: x, € doT(af),

Cy = dom(9df), and

o Lozl
V= arfgm{f(y) t oy (4] i <y,]xn>},

Cpar = {2€ Gyt (yu—2,Jx, = Jyu) = 0},

. 2 2
Xni1 € C’;'1+1 szztzsﬁes ||xn+1 - bt” = d(”) CVH—I) + 8n+1

forall n > 1. Then the following statements are true:
(1) If (dom(df) — u) U dom(df) C B, for some r > 0, then

limsup,, [|%,, — ¥ < g;l@r(g;l(&)))), where g and g, are defined by Lemma 10;
(2) 1f80 =0, then x, — Pzer(af)u.

Corollary 33 Suppose that E is a uniformly smooth and uniformly convex Banach space
and f : E — (—00,00] is a proper lower semicontinuous convex function such that Zer(3f) #
@. Suppose that u € E and X € (0,00). Suppose that {8,} is a nonnegative real sequence
such that 8, := limsup,, 8,. Construct a sequence {x,} C doT(af) as follows: x; € doT(af),

Cy = dom(9df), and

N Lo 1
Yui= arigm{f(y) * o Iyl x (¥, Jxn) },

Cpi1i= {z €Cy:Wn—2Jxy—Jyn) = 0},

Xn+1 € Cn+l Sdti‘?ﬁes V(xn+1r M) = V(Cn+1) M) + 8n+1

for all n> 1. Then the following statements are true:
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(1) If dom(3f) C B, for some r > 0, then limsup,, ||x, — y,|| < <g;l(g,(gl(éo))), where g
and g, are defined by Lemma 10;
(2) Ifdo = 0, then x,, — Iz 1.

Corollary 34 Suppose that E is a uniformly smooth and uniformly convex Banach space
and f* : E* — (—00,00] is a proper lower semicontinuous convex function such that
Zer(3f*) # . Suppose that u € E and ) € (0,00). Suppose that {8,} is a nonnegative real
sequence such that §, := limsup, §,. Construct a sequence {x,} C Waf*]) as follows:
x1 € dom(df*]), C, = dom(df*]), and

— : * (o 1 * 1 *
e argmind () + 2 1< ),

y*EE*
Cs1 = {2 € Co: Uyn—J2, 20 — ) = 0},

. 2 2
Xni1 € Cn+1 SﬂtlS_ﬁeS ||]M _]x;ﬂl ” = d(u: Cn+1) + 8n+1

for all n> 1. Then the following statements are true:
(1) If(]Waf*]) —Ju) U]W&f*]) C B for some r > 0, then
limsup,, [|%, — yul §g;1(§f(gj_l(80))), where g, is defined by Lemma 10 (as E is
uniformly convex) and; g;‘ and g5 are deﬁned_by Lemma 10 (as E* is uniformly
convex and uniformly smooth, respectively);
(2) If80 =0, then x, — jflp}kzer(af*n]”’ where P}k
J Zer(af ).

Zex(df*)) is a metric projection of E* onto

Corollary 35 Suppose that E is a uniformly smooth and uniformly convex Banach space
and f* : E* — (—00,00] is a proper lower semicontinuous convex function such that
Zer(3f*) # 9. Suppose that u € E and ) € (0,00). Suppose that {8,} is a nonnegative real
sequence such that 8, := limsup, §,. Construct a sequence {x,} C dom(df*)) as follows:
x1 € dom(df*]), C1 = dom(df*]), and

71 : k(% i * 2_1 *
i angmind (7)o 22| - o)

Cn+1 = {Z € CVI : Uyn _]Z:xn __yn) > 0},

Xn+l € C';'1+1 Satisﬁes V(uxx;ﬁl) = V(M’ Cn+l) + 5n+1

for all n > 1. Then the following statements are true:

(1) Ifmﬁf*]) C B, for some r > 0, then limsup,, ||x, — y,|l < g;l(g;‘(gi‘_l(%))), where g
is defined by Lemma 10 (as E is uniformly convex) and; g:‘ and g are defined by -
Lemma 10 (as E* is uniformly convex and uniformly smgoth, respectively);

(2) If 80 =0, then x, — Rzer(yp+y 1.

5 Conclusions

In this paper, we prove two key inequalities for metric projections and generalized pro-
jections in a certain Banach space. Using them, we obtain some asymptotic behavior of
a sequence generated by the shrinking projection method introduced by Takahashi et al.
[24] for cutter mappings of types (P), (Q), and (R). The mappings studied in this paper are
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more general than the ones in [8, 10]. In particular, the results in [8, 10] are both extended
and supplemented. Finally, we discuss our results for finding a zero of maximal mono-
tone operator and a minimizer of convex function defined on a Banach space. It would be

interesting to extend our work to the class of quasinonexpansive mappings of Bregman

type.
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