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1 Introduction
The theory of time scales has become a trend and is now part of the mathematics sub-
ject classification: see 26E70 for “Real analysis on time scales”; 34K42 for “Functional-
differential equations on time scales”; 34NO5 for “Dynamic equations on time scales”; and
35R07 for “PDEs on time scales” The subject has began with the PhD thesis of Hilger to
get continuous and discrete results together [20, 21]. In books [8, 9], Bohner and Peterson
introduce most basic concepts and definitions related with the theory of time scales. In
[3, 10, 14, 22], several mathematicians investigate new forms of dynamic inequalities.
For instance, Bohner and Matthews [6] seem to be the first mathematicians to introduce
the dynamic Ostrowski inequality on time scales as follows.

Theorem 1.1 Let o, ¢, w, T €T, 0 < ¢, and let O : [0, ]t — R be a delta differentiable
function. Then for all w € o, ¢]t, we have

1 s
Olw) - —— e°
(w) s /Q (1)AT

< M (hy(w,0) + halw, 5)), (L1)
-0

where hy(w, 1) = ftw(s —T)As and M = SUP,.;oc |©2(1)| < 0o. Inequality (1.1) is sharp in
the sense that the right-hand side cannot be replaced by a smaller one.
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Also, Bohner and Matthews [5] are the first mathematicians to introduce the dynamic
Griiss inequality on time scales as follows.

Theorem 1.2 Let ®, ¢ € Cyy([0, <]1,R) with
my <O(t) <M, and my<¢(t) <M, forallte|p,c]
Then we have

1 s o g g o g o
’a/Q % (1)p° (t)AT — 2/ ® (T)A‘L'/ P°(t)AT

_
(g_Q) o o

< %(Ml —my)(My — my).

Ostrowski’s inequality has a significant importance in many fields, particularly in numer-
ical analysis. One of its applications is the estimation of the error in the approximation of
integrals. Many generalizations and refinements of the Ostrowski inequality and its com-
panion inequalities were done during the past several decades; we refer the reader to the
papers [1, 3, 10, 12-14, 19, 22, 24, 25, 28, 29], the books [2, 26, 27], and the references cited
therein.

Some various generalizations and extensions of the dynamic Ostrowski inequality and
its companion inequalities can be found in [7, 11, 16-18, 23, 30].

Here we prove new dynamic Ostrowski-type dynamic inequalities via the «-conformable
calculus on time scales or functions with bounded second delta derivatives. Then we
prove new generalized dynamic trapezoid- and Griiss-type inequalities on time scales.
Our inequalities have a completely new form. As particular cases, we obtain some new
continuous and discrete inequalities of Ostrowski type generalizing those obtained in the
literature. The paper is organized as follows. In Sect. 2, we briefly recall necessary results
and notions. Then we give and prove the original results in Sect. 3. We end with Sect. 4 of

conclusion.

2 Time scales preliminaries
This section is devoted to the presentation of some preliminaries about fractional con-
formable derivatives developed in [4].

Now, let us take a journey to the center of the time scales calculus. A time scale T is an
arbitrary nonempty closed subset of the set of real numbers R. Throughout the paper, we
assume that T has the topology inherited from the standard topology on R. We define the
forward jump operator o : T — T for any t € T by

o(t):=inf{se T:s> 1}
and the backward jump operator p: T — T for any v € T by
p(t):=sup{seT:s<1}.
In the preceding two definitions, we set infJ = sup T (i.e., if 7 is the maximum of T, then

o(t)=1)and sup@ = infT (i.e., if T is the minimum of T, then p(t) = t), where ¥ denotes
the empty set.
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Definition 2.1 Let £ : T — R, v € T¥, and « € (0,1]. For 7 > 0, we define T2(&)(t) to be
the number (provided that it exists) such that, given any € > 0, there is a §-neighborhood
U, CToft,§ >0, such that

[E(c(x) —&()]t" ™ = T2 E) D)o () = s]| <&|o(x) -5

for all s € U,. We call T2(&)(r) the conformable derivative of & of order « at 7, and we
define the conformable derivative on T at 0 as 72 (£)(0) = lim; o, T2 (€)(7).

Remark 2.2 If o = 1, then from Definition 2.1 we obtain the delta derivative of time scales.
The conformable derivative of order zero is defined as the identity operator, 7§ (£) = €.

Remark 2.3 Along the work, we also use the notation (§)**(t) = T2(&)(z).

Theorem 2.4 Let « € (0,1], and let T be a time scale. Let € : T — R and v € TX. Then:
(i) If& is conformal differentiable of order o at T >0, then & is continuous at ;
(ii) If& is continuous at T and t is right-scattered, then & is conformable differentiable

of order o at T with

%‘(o(f))—%‘(r)fl,a'

A =
T, (6)(r) ) ;

(iii) If T is right-dense, then & is conformable differentiable of order o at t if and only if
there exists the finite limit T>(£)(t) := lim,_, ; $§0=56) 710,

(iv) If& is differentiable of order « at t, then

£(0(0) = (1) + p(O) T T2 (§)(x).

Theorem 2.5 Let &, : T —> R be conformable differentiable of order o € (0,1]. Then:
(i) Thesum & +w : T — R is conformable differentiable with

TRE +@) =T (E) + Ty (@);
(i) Foranyk € R, k& : T —> R is conformable differentiable with
T (kE) = KT, (6);

(ili) If& and @ are continuous, then the product £ : T —> R is conformable
differentiable with

T} Ew) =T, o +E° T () = Ty (E)w® + T, (w);

(iv) If& is continuous, then 1/& is conformable differentiable with
(1) -0
“\&) &Eoo)

at all points T € T* for which (& o o) #0;
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(iv) If& and @ are continuous, then & @ is conformable differentiable with

Ty
w ww’

(5) _T2®)w -ETA (@)

for all T € TX for which ww?® #0.

Definition 2.6 Let £ : T — R be a regulated function. Then for 0 < @ < 1, the «o-
conformable integral of £ is defined by

[e@an= [ s an

Definition 2.7 Let £ : T — R be a regulated function. The indefinite «-conformable inte-
gral of £ of order o € (0,1] is defined as F,(t) = [ £(t)Aqt. Then, forall a, b € T, we define
the Cauchy «a-conformable integral by

b
f £(1) Ayt = Fo(b) — Fa(a).

Theorem 2.8 Let « € (0,1]. Then for any rd-continuous function & : T — R, there exists a
Sfunction Fy, : T — R such that T2 (F,)(t) = £(z) forall T € TX. The function F, is said to be
an o-antiderivative of §.

The conformable integral satisfies the following properties.

Theorem 2.9 Let o € (0,1], a, b, c € T, and w € R, and let &, w be two rd-continuous
functions Then:
f[$ At—fé Ar+f )AL T;
(11) f wé(r)A r_a)f £(T)AyT;
(iii) f E(T)AgT = — fb E(T)AgT;
(iv) f £(1)A, ‘C—f £(1) Ay r+f E(T)AgT;
V) [FE@)AT=0;
(vi) if there exists & : T — R with |¢(t)| < &(t for all T € [a, b], then
[ e AT] < [7E(T)AuT;
(vii) if& >0 forall T € [a, b), then f:é(r)Aat > 0.

The ar-conformable integration-by-parts formula on time scales is given in the following

lemma.

Lemma 2.10 ([31, Theorem 4.3(v)]) Let a, b € T with b > a. If &, @w are conformable -
fractional differentiable and o € (0,1], then

b b
fé(r)TaAw(r)Aarz[E(r)w(t)]i—/ T2 (1) (T) AqT. (2.1)

We use the following crucial relations between calculus on time scales T, differential
calculus on R, and difference calculus on Z. Note that:
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(i) For any time scales T, we have

b b
©)%(r) = ()2 (1)1, / (D) AT = / £(0)re 1 AT

(ii) If T =R, then

b b
ot)=1,  w®)=0,  fMN0)=f(0) / Flo)AT - / fyde (2.2)
(iii) If T = Z, then

o(t)=t+1, u(t) =1,

b b-1 (2.3)
Frw=afo, [ foac-Y s,

T=a

3 Main results

3.1 An Ostrowski-type inequality on time scales

Theorem 3.1 Let T be a time scale with o, ¢, w, T € T and o < ¢. Further, assume that
O :[o,¢lr — T is a twice delta-alpha differentiable function. Then, for all w € [o, ¢]t and
0,9 € R, we have

1 [0-a+1 [© v+a-1 [
O(w — | O°(M)Ayt+—— | O/ (1)AqT
0+ w-0 J, c-—w J,

0 - 1
s
/ /§ﬂ+a Alw, T )@A“(a(s))AasAar}

13
P ——— A(w, T)A(T,8)AySALT, 3.1
=arar ) [ A@oamassa, 6.
where
0—a+l
Moy~ | T esTen
’ 1-(9+a)
Tga(a), W=T=Gg,
and

K = sup ‘@A“A“(t)| < 00.
0<T<¢

Proof Using the integration-by-parts formula on time scales (2.1), we have

26— 1 -
/ L(T Q)QAQ(.[)AOJ
o 0+0 \w-o

_9—a+1 0-a+1

010 @(C{)) - mL @G(T)Aaf (3.2)
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and

/g l_ww)(gq)@“{(rm z
. O+0 c-w *
V+a-1 V+a-1 s
= ﬁ@(w)—mﬁ ® (T)Aaf. (33)

Adding (3.2) and (3.3), we get

s 1 06— 1 [®
/ Aw, 7)0% (1) Ayt = Ow) - [L/ O (1) Ayt
o 0+%] w-0 Jy

+ M/g@’(r)Aar}. (3.4)
[ 1)

Similarly, we have

3 1 [6- 1 [°
/Q A(T,5)0%0% (§) Ays = O%a(T) — 1o [%/Q SR (a(s))A s
¥ % / "ot (a(s))Aas] (3.5)

Substituting (3.5) into (3.4) leads to

/g/gA(w,r)A(t,s)@A“A"‘(S)AaSAar
0

b-atl,
9+19[/ / 2T A0, 1)0% (0(5)) AgsAgT (3.6)

//519+oz 1 )®Aa( ())AasAar:|

1 [-a+1 o v+a-1 5
= 0O(w) - _— @ () Agt + —— O (t)AgyT |.
0+ w-0 J, cs-o J,

Inequality (3.1) follows directly from (3.6) and the properties of modulus. This completes
the proof. d

Remark 3.2 Taking « =1 in Theorem 3.1, we get Theorem 3.1 in [15].

Corollary 3.3 Ifwe take T = R in Theorem 3.1, then by relation (2.2) inequality (3.1) be-
comes

1 60— 1 [? s -1 [¢
‘@(a) [L/ O(t)dyT + L/ @(r)dar:|
0+9%| w-0 J s-w J,

S TO-a+1
- / LA(w,r)@’(s) dysd,T
0+9J, -0

/ fg O +a— A(w: )@/(S)dasdat]

S
mfg /Q Alw, A, 9)d ~asdyr,
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where

9—a+1(1:g)

— ), 0<T<w,
Alw, 1) = 1"(*; )‘” 4

—(V+a -7

(), w<t<g,
and

K = sup |®”(t)| < 00,
0<T<¢

Corollary 3.4 Ifwe take T = Z in Theorem 3.1, then by relation (2.3) inequality (3.1) be-

comes

w-1 -1
1 0 g
O(w) - |:— Ot + 1)r* ! +
_a) —

0+9 | w-o0 —
¢-1 -1 0
- |: Alw, 7) Ay O(s + 1)t¥ Ls* !
T-0
=0 s=0
-1 ¢-1 ﬂ
+ A@(s+1)“1°‘1j|
- a)
T=0 $=T
-1 ¢-1
S 2 Z A w’ Ta—lsa—l,
T= S=T
where
-+l T—0
—), T=0,...,0—1,
Alw, 1) = ﬁ(*;i ()w;éi)r Q
o (=) T=0,...,6,
and

K= maX‘A2 )‘<oo.
0<T<¢

3.2 Atrapezoid-type inequality on time scales
Theorem 3.5 Under the assumptions of Theorem 3.1, we have

STO—a+1

’@ (s)-©%@) - 917}/ [ - /[®”(r)+®”2(r)]Ar

e

0-+-a lt/a _+()U ( )] }z&aco

5M(M+P)/ / |A(@,7)|AuT Agw,

e Jo
where
0-a+1 z:g)
0<1T<w
A(a),r): 0+0 ’
Lty w<r<g,

0+9

(3.7)

Page 7 of 13
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and

M= sup |®%(t)| and P= sup |(®”)A“(f)|.
0<T<¢ Q<T<¢

Proof From (3.4) we have

s 1 60— 1 [
@(w):/ Alw, T)O% (1) Ayt + [L‘/ O (1)AqT
0 0+9 w-0 Jy
04 -1 [
L2 / @U(T)Aa‘[:| (3.8)
S-—w w

and, similarly,

0% (w) = /s A(a),r)(@)")A“(t)Aat tg i 5 [% /w ®az(t)AaT]]
1 1
+ m /s ®”2(I)Aar:|. (3.9)
g-—w w

Now adding (3.8) and (3.9) produces

3 N A
@(w)+®”(w):/ A, 1)[0% (1) + (07) (1) ]| AgT
0

1 [9—a+1

© o 0'2
+o9+19 PR /Q[G (1) + 06 ('C)]Aat

Jorel /§[®“(r) ¥ @”2(r)]Aaf}.

g—w

Multiplying the last identity by ®«(w), using (2.3), and integrating the resulting identity
with respect to w from o to ¢ yield

0%(c) - ®2%(p) = /g /g 0% (w)A(w,T)[®% (1) + (G)”)A“(t)]AatAaw

Q Q
g Ay O—a+1 [“ 2
/QG) (w)|:4w 0 /Q[® (1)+© (‘L’)]Aa‘l,'

— S 2
+ 7/ [07(r) + ©° (T)]AQT]AOIQ)'

Equivalently,

9 9 1 s Au O—a+l [ 52
6(5)‘®‘9)‘mfg o (‘“’[T_Q /Q[@) (0)+ 07 (1) Aut
V+a-—1
RALES
S—w

= /§/§®Aa(w)A(w, T)[@AO‘(‘[)+ (GU)A‘X(T)]AOJ'AO,Q),
e Q

f§[®“(r) + @“2(1)]Aar:| Aqw
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Taking the absolute values on both sides, we get

S 9 _ [0 5

()~ 6%(0) - ;- @“@f;%?f[wun@wmAf
Q
+ %/ﬂl [@“(r)+®"2(r)]Aar:|Aaw

"ot (@) Alw,T)[©% (1) + (@“)A“(f)]Aamaw‘

S/§/g|®Aa(a))\}A(w,r)|[]@Aa(t)’ 1(07) ()] Aut Mg
Q 4

S S
§M(M+P)/ / |A(@,7)|AuT Ago.
o o

This shows (3.7). O
Remark 3.6 Taking o =1 in Theorem 3.5, we get Theorem 3.4 in [15].

Corollary 3.7 Ifwe take T = R in Theorem 3.5, then by relation (2.2) inequality (3.7) be-

comes
©%(c) - ©%(0) 1 s 0 ® ¥ s
| 5 _9+19/; ®(w)|:a)——g/; O(1t)dyt + g—a)/,; @(t)dat]daa)‘

s s
§M2/ / ’A(w,t)|datdax,
o Jo

where
el (10), p<t<o,
A(w’ 'L') = lfz—ﬁﬁﬂx)w gQ T
(=) w<t<g,
and
M = sup |®/(r)’.

0<T<¢

Corollary 3.8 Ifwe take T = Z in Theorem 3.5, then by relation (2.3) inequality (3.7) be-

comes
w-1
W@)cﬂ@———}}smm[ 5 2 [0+ D+ O + 2]
=0

e —1:| -1
+ Z[@(r+1)+®(t+2)]t"‘ o

T=w

-1 ¢-1
M(M + N) ’Aa)r|w°‘1°‘1
w=p T=0



El-Deeb Journal of Inequalities and Applications (2023) 2023:83 Page 10 0of 13

where

O+a-1/1-0 _ _
A(a),‘r): 0+ (w—g)’ T=0...,0 1,
1-(® -

and

M= max|Aa®(r)| and P= max|Aa®(r + 1)|.
0<T<¢§ 0<T<¢

3.3 A Griiss-type inequality on time scales

Theorem 3.9 Let T be a time scale with o, ¢, w, T € T and o < ¢. Moreover, let ®, ¢ :

[0, ¢]r — R be delta-alpha differentiable functions. Then for all € (o, ¢t and 6,9 € R,

we have
: 1 [O-a+l (¢ [°, :
’2£ @(w)(b(w)Aaw—m[T_Q/é; L (@ (r)¢(w)+¢ (‘[)@(w))AarAaw
+%/:/:(@G(T)qﬁ(w)+¢a(f)(~)(w))Aa1Aaw]‘
s rs
5/ / A, D)|[M[p(@)] + N|O@)||Act Ago, (3.10)
o Jo
where
bt t-0
Aw, 1) = 102;9 ()w—g)’ Q=<T<w,
St (ES), e<t=<g,
and

M = sup |(~)A"(r)| <00 and N = sup |¢A"(r)| < 00.
0<T<¢ Q<T<¢

Proof From (3.4) we have

O(w) = /gA(a),r)@A"(r)Aat + 1 |:9—a—+1 /w O%(t)AyT
0 0+9 w-0 J,
+ w /s @”(‘L’)Aa‘lfi| (3.11)
g—w 5}
and, similarly,
6= [ Ao 0a, s [M [ o
P 0+ w-0 J,
+ wfgqﬁ”(r)Aar}. (3.12)
Sg—w w

Multiplying (3.11) by ¢(w) and (3.12) by ®(w), adding them, and integrating the resulting
identity with respect to w from g to ¢ yield

2/Q§®(w)¢(w)Aaw
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/§/§A(w,r) O%(1)p(w) +¢A°‘(T)®(w)]AarAaw
0

+9iﬁ|:6;f;1]e; -/g (®U(t)¢(a))+¢G(f)®(a)))Aaana)
19+a 1

S
/ / (@"(r)q&(a})+¢°(t)®(w))Aa1Aaw].

By using the properties of modulus we obtain

1 0— 1 /¢ [¢
‘/ B(w)Ay ‘”_em\[ w: L/Q(@‘T(r)g‘b(a))+¢0(r)®(w))AarAaa)

P+a-—-1
+
c—-w

’ Alw, r)[@A“(r)qﬁ(a)) + ¢A"‘(r)®(a))] AgTAyw

S S
/ / (®”<r>¢(w)+¢"(r)®(w))Aamaw]'
0o Jo

S

S S

=

|A(w, 7)[[|0%(0)||p(@)] + [¢% (2)]|O(@)|] Aut Ave>

S s

IA

— T =
S o S

|Aw, 7)|[[M|$(0)| + N|O(0)|]AuT Ago.

This concludes the proof. g
Remark 3.10 Taking o =1 in Theorem 3.9, we get Theorem 3.7 in [15].

Corollary 3.11 If we take T = R in Theorem 3.9, then by relation (2.2) inequality (3.10)
becomes

1 O—a+1 [S [¢
) () dos - [ O(1)9() + $(1)O(w)) dr d
‘/ W do- /Q/(rw+tw)rw

w-0 o

l9+a

/ / ®(r)¢(w)+¢(r)®(w))drda)]’

//|Awt [M]$(@)] + N|O()|] dr do,

where

f—a+lT-0 <T<w,
A(w,r):{(,m( N

1-(W+a) ( c-T
a (=), w=<1<g,

and

M = sup |®/(T)| <00 and N = sup |¢/(1:)| < 00.
0<T<¢ Q<T<¢

Page 11 0f 13
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Corollary 3.12 If we take T = 7 in Theorem 3.9, then by relation (2.3) inequality (3.10)

becomes
s-1 1 0 -1 w-1
2} 0@ - —— pryrs DD (0t + (@) + p(r + 1)O(w)) ' !
=0 w=0 T=0
9 -1 ¢-1
D) (O + (@) + p(x + 1)O () !
§-w w=0 T=w
¢-1¢-1
< ’A(a), T)’[M‘qb(a))‘ +N|®(a))‘]w“—1t“_1,
w=0 T=0
where
O—a+l I-o — . 1,
N
Tﬁa(g—_a))’ T=W,..., G,
and

M = max|Aa®(r)| <00 and N = maX‘Aa¢(r)| < 00.
0<T<¢§ 0<T<¢

4 Conclusions

The Ostrowski inequality and its companion inequalities have many applications and are
subject to strong research: see the books [2, 26, 27] and recent publications [1, 12, 13, 25].
In this paper, by employing the «-conformable fractional calculus on time scales of
Benkhettou et al. [4], we prove several new Ostrowski-type inequalities by using two pa-
rameters. These inequalities have certain conditions that have not been studied before.
The results extend several dynamic inequalities known in the literature, which are new

even in the discrete and continuous settings.
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