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1 Introduction and main result

Letf:C— C = C U {00} be a meromorphic function, where C is the complex plane. We
assume that the reader is familiar with the basic results and notations of Nevanlinna’s
value distribution theory (see [6, 14, 15]) such as T'(r;f), N(r,f), and m(r,f). Meanwhile,
the lower order p and the order A of a meromorphic function f are defined as follows:

log T'(r,
1= ulf) = liming 22 L),
r—00 logr
log T(r,
A::A(f):limsupw.
r>o0  logr

Let f and g be nonconstant meromorphic functions in the domain D € C. If f — ¢ and
g —chave the same zeros with the same multiplicities in D, then ¢ € CU {oo} is called a CM
shared value in D of f and g. If f — c and g — ¢ have the same zeros in D, then ¢ € C U {00}
is called an IM shared value in D of f and g. The zeros of f — ¢ imply the poles of f when
¢ = +00.

In 1979, Gundersen [5] and Mues and Steinmetz [10] considered the uniqueness of a
meromorphic function f and its derivative f and obtained the following result.

Theorem A Let f be a nonconstant meromorphic function in C, and let a; (j = 1,2,3) be
three distinct finite complex numbers. If f and ' IM share a; (j = 1,2,3), then f = f'.

Later on, Frank and Schwick [3] generalized this result and proved the following result.
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Theorem B Let f be a nonconstant meromorphic function, and let k be a positive integer.
If there exist three distinct finite complex numbers a, b, and c such that f and f® IM share
a,b,c, thenf =f®.

In 2004, Zheng [16] first considered the uniqueness question of meromorphic functions
with shared values in an angular domain and proved the following result (see [16, Theo-
rem 3]).

Theorem C Let f be a transcendental meromorphic function of finite lower order and such
that 8 = 8(a,f?)) > 0 for some a € C U {00} and an integer p > 0. Let the pairs of real num-
bers {aj, B} (j=1,...,q) be such that

T <prifoa<f=<--Zo<p;<m,

with w = max{ :1<j<gq},and

T
Bj=e

q
Y (@ -p)< % arcsin \/W}

j-1

where § = max{w, j1}. For a positive integer k, assume that f and f* IM share three distinct
finite complex numbers a; (j = 1,2,3) in X = JL {z: o < argz < Bj}. If o < A(f), then f =
£,

In 2015, Li, Liu, and Yi [8] observed that Theorem C is invalid for ¢ > 2 and proved the
following more general result, which extends Theorem C (see [8, p. 443]).

Theorem D ([8]) Letf be a transcendental meromorphic function of finite lower order u(f)
in C such that 5(a,f) > 0 for some a € C. Assume that q > 2 pairs of real numbers {a;, f;}
satisfy the conditions

=<t <f<---Soy<p;<m,

with o = max{z"5:1<j <q}, and
77

J

q
(a1 = By) < %arcsin Vé(a,f)I2, (1.1)
-1

where § = max{w, t}. For a kth-order linear differential polynomial L(f] in f with constant
coefficients given by

LIf) = bif® 4 by f*V 4w byf, (1.2)

where k is a positive integer, and by #0, by_1, - - -, by are constants, assume that f and L[f]
IM share a; (j=1,2,3) in

q
X = U{z:a,» <argz < B},
=1
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where a; (j = 1,2, 3) are three distinct finite complex numbers such that a # a; (j = 1,2,3). If
AMf) # w, then f = L[f].

In 2019, Chen [1] proved the following result.

Theorem E Let f be a nonconstant meromorphic function of lower order u(f) > 1/2 in C,
let a; (j = 1,2,3) be three distinct finite complex numbers, and let L[f] be given by Theo-
rem D. Then there exists an angular domain D = {z: a < argz < B}, where0 < 8 —«a <27,
such that if f and L[f] CM share a; (j=1,2,3) in D, then f = L[f].

Question 1.1 From Theorems C—E a natural question arises: whether we can get the cor-
responding results if the restriction of f on deficiency and lower order is removed or if
restriction (1.1) for the width of the angular domain is removed. What is the relationship

between these angular regions and the value distribution properties of f?

In theory of meromorphic functions, a function is uniquely determined by its value on
a set with a accumulation point. It is natural to ask if we can prove similar results under
the conditions

Ep(f,a)=Ep(f,a), j=1,2,3,

for some typical set in C instead of a general angular domain in C, where Ep(a,f) = {z:z €
D,f(z) = a} (as asetin C).

In general, the answer of this question is negative. For f(z) = €%, itis clear that f(z) #f'(2),
but |[f(z)| is bounded by 1 on the left-half plane D. Thus

Ep(f,n)=Ep(f,n)=¢ foralln>1.

This example shows us that if such an angular domain D exists, then it must be a region
whose image under f is dense in C.

Based on the theory on singular direction for a meromorphic function (see [14]) and the
research results on shared values of a meromorphic function (see [9, 11]), combining with
Theorems D and E, we may conjecture that the angular domain of the singular direction
may be right. In this paper, we investigate the above question and prove the following

result, which extends Theorems D and E.

Theorem 1.1 Let f be a meromorphic function of finite order that satisfies
T(ryf)
(logr)?
ists a direction argz = 0y (0 < 6y < 27) such that if f and f' IM share three distinct finite

complex numbers a; (j = 1,2,3) in A0y, €) = {z: | argz — 6| < &}, then f =f".

lim,_, », SUp = +00, and let € be an arbitrary small positive number. Then there ex-

Theorem 1.2 Let f be a meromorphic function of finite order that satisfies
(]7;(;1;)3 = +09, let € be an arbitrary small positive number, and let k be a positive
integer, Then there exists a direction argz = 6y (0 < 6y < 27) such that if f and f© CM
share three distinct finite complex numbers a; (j = 1,2,3) in A(6p, €) = {z: |argz — 6| < €},

then f =),

lim,_, o, SUp
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To prove our main results, we introduce some notations about the Ahlfors—Shimizu
character of a meromorphic function in C:

AW 2 (e \
To(r,f)-/ —dt, A()= / /<1+lf e‘9)|2> dpdo.

Nevanlinna theory in an angular domain plays an important role in this paper,so we
recall its fundamental notations. Let f be a meromorphic functionin D = {z: o < argz <
B}, where 0 < B — a < 27. Nevanlinna [4] defined the following symbols:

(1 t? dt
auptrf) =2 [ (G5 - 55 o) o) ) 5
B
B, g(r,f) = %/ log* [f(rei9)|sinw(9 —a)do,

aﬁ(r ) 2 Z (| m|w | }:{l )Sinw(em_a)’

1<|bm|<r

Sa,ﬁ (r:f) = Aa,ﬁ (rrf) + Ba,ﬁ (rrf) + Cot,ﬁ (V,f);

where w =

i ﬁ’za) ,and b,, = |b,,|e®" are the poles of f in D counting multiplicities.

2 Preliminaries

In this section, we prove some lemmas, which will be used in the proof of the main result.

Lemma 2.1 ([2, 12]) Let F be a family of meromorphic functions such that for every func-
tion f € F, its zeros of multiplicity are at least k. If F is not a normal family at the origin
0, then for 0 < « <k, there exist

(@) a real numberr (0<r<1),

(b) a sequence of complex numbers z, — 0, |z,| < r,

(c) a sequence of functions f, € F, and

(d) a sequence of positive numbers p, — 0
such that

gn(z) = pn_af;q (Zn + )Onz)

converges locally uniformly with respect to spherical metric to a nonconstant meromorphic
function g(z) on C. Moreover, g is of order at most two.

For convenience, we use the following notation:

w00 e = Son{r L e S )
i=1 ' =1 l

4
f(k+1)
+ C3 |:Z m (r,m )
i=1 g

where a;, b;, ¢;, d; (i = 1,2,3,4) are finite complex numbers, and & is an integer such that
k>2.

Page 4 of 14
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Lemma 2.2 ([11]) Let f be a meromorphic function in a domain D = {z : |z| < R}, let a;
( = 1,2, 3) be three distinct finite complex numbers, let t be a positive real number, and let
acC.If

Ep(apf) = Ep(tayf') forj=1,2,3,

a #aj, £(0) # a;,00 (j=1,2,3), f/(0) #0,at, f'(0) #0, and f'(0) # tf(0), then for 0 < r <R,
we have

T2, I (0) — a1 (0) — tay?
£ (0) —f7(0)15|f"(0)|2

+3log [f”toﬂ + (10g+ t+ m(r,f/{//m) + 1) 0o(1),

T(r,f) < LD(r,f :2,3,0) +log

where Ep(a,f) = {z:z € D,f(z) = a} (as a set in C), and O(1) is a complex number depending
onlyonaanda; (i=1,2,3).

Lemma 2.3 ([13]) Let f, g be nonconstant meromorphic functions in the unit disc thath
IM share distinct finite complex numbers a1, az, as, and a, = 0. If a # a;, f(0) # a,a; (j =

1,2,3,4),f'(0) # 0,00, and f(0) # g(0), then

12, 1f(0) - ail
If(0)[1£(0) — g (0)]|

onfn(n ) e o) 1)

where O(1) is a complex number depending only on a and a; (i = 1,2,3).

T(r,f) < T(r,g) +log

Lemma 2.4 Let f be a meromorphic function in a domain D = {z : |z| < R}, let a1, a,, as be

three distinct finite complex numbers, and let t be a positive real number. If
ED(ﬂi,f) =ED(tﬂi,f(k)) f07i= 1,2, 3,

a#aj, f0)#aj,00 (j=1,2,3), fO0) #0,at, f*1(0) #0, and fX(0) # t(0), then for 0 <

r < R, we have

12, 1F(0) — &> [f 0 (0) - tay|?
17 (0) —fR(0)[5[f¥)(0) 2

1 . (k+1)
+3(k +1)log M + (log t+ m(r,m) + 1) O(1),

T(r,f) <LD(r,f:1,0,1) + (k + 1) log

where Ep(a,f) = {z € D: f(2) = a, counting multiplicity}, and O(1) is a complex number
depending only on a and a; (i = 1,2,3).
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Proof Since Ep(a;,f) = ED(tai,f(k)) (i = 1,2,3) with ¢ #0, from the assumptions we see that
f ®)(z) £ tf (z). Therefore by the Nevanlinna basic theorem we have

< T(rtf -f®) +log m(r,tf —f®) + N(r,tf - f®)

1
1(0)—f®(0)]
<N(r,f®) + m(r.f) + m(r,&) +log*t+ O(1) + log 1
- S |tf(0) —f®(0)]
(k)

] f . !
< T(r,f) + kN(r,f) +m<r, 7) +log"t+ O(1) + log m

Note that
& 1 1 f®
) = y T o@1
;’”(’f—a;) m(rf(k>;f—a;>+ W
1 3 £
Sm(r,w)+m<r,;f_dj) +0(Q).

3

2r(rs) - 2rlrs) i)

J=1 Jj=1

<T(r.f) +kN(r,f) + m(r,}%) +LD(r,f:1,0,0)

+log* t +log + O(1).

1
(¢ = D))

Noting that m(r, f(ik)) <Tf(r, J%) = T(r,f®) +log by Nevanlinna’s first fundamental

theorem we obtain

_1
&)’

2T (r,f) < T(r,f(k>) +kN(r,f) + LD(r,f : 1,0,0)

[T, 1£(0) - il

+ log & — /PO [fP)] +0(1) +log* ¢t.

Since T(r,f(k)) > N(r,f(k)) = N(rf) + kN(r,f) > (k + I)N(r,f), implying that N(r,f) <
T(r,f®)/(k + 1), we have

2k +1

2T(I’,f)§ 1

T(r,f®) + LD(r,f : 1,0,0)

12, 1f(0) — il

"8 jr ~ pmyom T T 2.1)

Page 6 of 14
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On the other hand, note that from Ep(a;,f) = Ep(ta;,f®), i = 1,2,3, Ep(co,f) =
Ep(00,f%), and £(0) # aj, 00 (] =1,2,3) it follows that f%(0) # taj, o0 (j = 1,2,3). By ap-
plication of Lemma 2.3 to f% and tf we have

12, F900) - ta,]
1££(0) —fD(0)][f«+1)(0)|

fk+D
+ (10g+ t+ m(r,m> + 1) o(1). (2.2)

Now substituting (2.2) into (2.1) we have

T(r,f®) < T(r,f) + LD(r,f :0,0,1)) + log

T2, 1F(0) — | [f%)(0) — tas|
F&D(0)[11(0) ~f D O)If D (0)]

loa* f(k+1)
+ | log t+m r,m +1 O(l).

Hence we have

T(r.f)
k+1

<LD(r,f:1,0,1) + log

[T2, 1F(0) — a2 f® )—ml
££(0) - f®(0)°|f® (0

1 . (k+1)
+ 3(l(+ l)log M + <10g t+ m<r,m> + 1)0(1)‘

T(r,f) <LD(r,f:1,0,1) + (k + 1) log

This completes the proof of Lemma 2.4. g

Lemma 2.5 ([7]) Let f(z) be a meromorphic function in C. Let

To(t,f) 1
'Bp(r) 2<t<r{ (10g Ly } &) = {ﬁp(”) }

with p > 2 and q > 3. If lim,_, o B,(r) = 00, then there exist a sequence of positive numbers

{r,}3° and a sequence of points {z,}° in C such that lim,_,  r, = lim,_. |2,| = +00 and

A(5(|Zn|)|zn|»sz) {ﬁp(’”rz)} q(IOgrn)p_z (n=12,..), (2.3)

_642

where

2 % i0 2
Araf) =+ f f( fla+pe’)] )dpde, 2l <

1+ |f(a+ pe?)|?

and

2 / L9 2
) = [[ 4w | /<1vae ay) 4ot

Lemma 2.6 Let f(z) be a meromorphic function satisfying the conditions of Lemma 2.5.
Then there exist a direction argz = 0y (0 < 0y < 21), a sequence of points {z,} (|1z,| — 00)
with lim,,_, o arg z,, = 6y, and a sequence of real numbers r, with lim,_, o, r, = +00 such that
(2.3) holds.
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Proof Set z, = |z,|e (0 <6, < 2m) in Lemma 2.5. Since {f,,} is a bounded sequence, there
exists convergent subsequence, still denoted {6, }. Set 6, — 6y (1 — 00). Thus the lemma
follows. 0

We say that the direction argz = 6, is an H direction of f(z).

Lemma 2.7 ([6, 17]) Let f(z) be a meromorphic function in a domain D = {z : |z| < R}. If
f(0) # oo, then for 0 < r < R, we have

IT(6f) ~ Tole.f) ~log' [fO)]| = 5 log2,

wherelog" |f(0)| is replaced by log |c(0)| when f(0) = 00, c(0) is the coefficient of the Laurent
series of f(z) at 0, and Ty(t,f) is defined in (1.2).

Lemma 2.8 ([9]) Let f(z) be a nonconstant meromorphic function in the complex plane,
and let a1, a,, as be three distinct finite complex numbers. Assume that f and ' IM share
a; (i=1,2,3)in Qa,B) ={z:a <argz < B} with 0 < o < B < 21. Then one of the following
two cases holds: (i) f = f', or (ii) Se,p(r.f) = Q(r,f), where Q(r,f) is a quantity such that
if f(2) is of finite order, then Q(r,f) = O(1) as r — oo, and if f(z) is of infinite order, then
Q(r.f) = O(log(rT(r,f))) asr ¢ E and r — oo, where E is a set of positive real numbers with
finite linear measure.

Lemma 2.9 ([4, 8]) Let f be a meromorphic function on Q(a, B). If S p(r.f) = O(1), then
log|f (re)| = r*csin(w(¢ - «)) + o(r®)

uniformly foroa < ¢ < B asr & F and r — 00, where c is a positive constant, o = 5”7, Fis

a set of finite logarithmic measure, and Q(a, B) ={z:a < argz < B}.

Lemma 2.10 ([1]) Let f be a meromorphic function in C, let a; (j = 1,2, 3) be three distinct
finite complex numbers, and let L[f] be given by (1.2). Suppose that f and L[f] CM share
a; (j=1,2,3)inD={z:a <argz < B}, where 0 < B —a < 2mw. If f & L[f], then S, 4(r,f) =
R(r,f), where R(r,f) is a quantity such that if f(z) is of finite order, then R(r,f) = O(1) as
r — 00, and if f(2) is of infinite order, then R(r,f) = O(log(rT (r,f))) as r ¢ E and r — 00,
where E is a set of positive real numbers with finite linear measure.

Lemma 2.11 ([14]) Let f(z) be a meromorphic function in disc D(0,R) centered at O with
radius R. If f(0) # 0,00, then for 0 < r < p < R, we have

f(k)
m(r, 7) < ck{l +log* log*

where k is a positive integer, and c is a constant depending only on k.

1
£(0)

1
+log* = +log*
r

+log" p +log" T(p,f)},
p—r

Lemma 2.12 ([14]) Let T(r) be a continuous nondecreasing nonnegative function, and let
a(r) be a nonincreasing nonnegative function on [ro, R] (0 < ro < R < 00). If there exist con-
stants b, ¢ such that

T(r) <a(r) + blog*

+clog" T(p)
p—r
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forrg<r<p<R,then

2
T(r) < 2a(r) + Blog* +C,
R-r

where B, C are two constants depending only on b, c.

The following inequalities in Lemmas 2.13 and 2.14 play an important role in the proof

of the theorem.

Lemma 2.13 Let f(z) be a meromorphic function with finite order A > 0, let argz = 6y be
a direction, let T, = {z|z — z,| < &,} (n = 1,2,...) be a series of circles, where z, = |z,|e®,

O, — 60, limy,— 0 |2, = +00, &, = €,]24|, and lim,_, » €, = 0. Suppose that f and f' IM share
three distinct finite complex numbers a; (j = 1,2,3) in A(6p, €) = {z: |argz— 6| < e}. Iff #f,

then for every sufficiently large n (n > ny),
Alenznf) < O()(L +log" |2,]). (24)

Proof Set f,(2z) = f(z, + €42). We distinguish two cases.
Case 1. Assume that f,(z) is normal in |z| < 1, implying that

@1 eulf'(zn + £n2)]
L+ (@)1 1+ |f(zn +£02)2 ~

n=12,..)

in |z| <1, where M is a positive number. Then we have

2 i0 2
Aley, znf) = / / ( 'z + pe)l ),Odpd9§2M2.

1+ |f(z, + pe?)|?

So (2.4) holds.
Case 2. Assume that f;(z) is not normal in |z| < 1. By Lemma 2.1 there exist
(1) asequence of points {z,} C {|z| < 1};
(2) asubsequence of {f,(2)}7° (without loss of generality, we still denote it by {f,,(2)}); and

(3) positive numbers p,, with p, — 0 (1 — 00) such that

h(2) = fu(2), + puz) — g(2) (2.5)

in spherical metric uniformly on a compact subset of C as n — 0o, where g(z) is a

nonconstant meromorphic function. Thus for any positive integer k, we have

HPE) = pa 10 (2, + puE) = gN(E).

We claim that g”(&) 0. Otherwise, g(z) = ¢z + d (c,d € C and ¢ # 0). We can choose &,
with g(&y) = a;1. By Hurwitz’s theorem there exists a sequence &, — &, such that

hu(&n) = fu (z; + pn‘é;:n) =g(&0) = a1.

Page 9 of 14
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Notice that f and f’ IM share a; in {z: |argz — 6y| < ¢} and s # 00, so we have
c=g'(5) = lim h,(&,) = im puenf' (24 + €a(2, + Puén))
n— o0 n—00
= lim p,,s,(f(z,, + &y (z;, + ,o,,‘g”n)) = lim p,e,a,
and thus

lim p,e, = —

n—00 a,

Likewise, we get

. c
lim p,&, = —,
n—00 as

which gives a contradiction.

For a sequence of positive numbers p,¢&,, it is easy to snow that there exists a subse-
quence, still denoted by p,&,, such that lim,_, o py&, = a9, where ag € [0, +00) U {+00}.
Now we consider two cases: ag = 0 or +00, and 0 < gy < +00.

Case 1. Assume that lim,,_, o, 0,&, = 0 or oo.

We choose & € C such that

g(EO) #0,&1,&2,&3, o0, g,(‘i:O) #Or o0, g”(SO) 7!07 Q.

Let

Pn(@) = fu(2, + pubo + 2)

for arbitrary small € > 0. In view of
Ea@oe) @ f) = Ea@oe) (@pf'),  j=1,2,3,
and lim,,_, » €, = 0, for sufficiently large n, we have
Ty = {2l2 = 2l < €xl2al, 24 = 12a€™} C A(60,£/2).
Therefore for every sufficiently large n (n > nyp), on |z| < 4, we have

ED (ﬂi’pn(z)) = ED (Enai’p;z(z)) (l =1, 2’ 3)

Note that

Pn(0) = fu(2,, + pubo) = hu(0) = g(&0) # a1, a, a3, 00,

h/

P0) =£(2 + puto) = % (&) — ¢ (8o),
h//

PLO) = £ (2 + puo) = p‘“ (60 > ¢ (6o)

n

Page 10 of 14
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nPuhn(&o) — M, (&)
Pn '

Snpn(o) —19;,(0) =

Thus we have
3 219 (0) — £ .13
[ 11 1Pn(0) — al Ipns(O) anzall +3log 1
l€npn(0) = p,,(0)]°|p,,(0)] lp,,(0)]
12, 124(0) — 4?1, (0) — el
lenpn(0) — p,(0)1°|p,,(0)12|p},(0)[3
H?:l |hn(EO) - ﬂi|2|h;(%—0) - pngnai|3
|onenn(Eo) — h,,(80)1° 11, (0) 12| )y (80) 3

=log

=4log p, + log

Since lim,,_, oo P&, = 0 or 0o, we deduce

lim log Hil \h(§0) — ail* |1, (o) — puenail®
O o) — I G P G P o) )

H?:l lg(&o) — ail?
] 2=l o 0
=08 g &) g Gl

asn — oQ.

Applying Lemma 2.2 to p,(z) with (2.6) and (2.7), we have

i

T(r,pn) < LD(r,pu;2,3,0) + O(l)(log+ |2 + m(r, - P ) + 1)

pn_gnd

for 0 < r < 3 and sufficiently large n, where a #a; (j = 1,2,3) and a € C.

By Lemmas 2.11 and 2.12 we have

T(r,pn) < O(1)(1 +log* |z,]).
In view of Lemma 2.8, we obtain

To(r,pn) < O(1)(1 + log* |z,]).
Thus we get

To(3em 2n + £a(2, + pufo).f) < O(1)(1 + log" |z4]).
It follows that

A(264,21 + €a(2, + pufo),f) < O(1)(1 +log" |z4]).
Noting that z}, + p,& — 0, we get

{z:lz—zul <en} S {z: |2 =24 — 4(2], — Pu&0)| < 264}
Therefore we have

Al znf) < O)(1 +log" |z,]).

(2.6)

Page 11 of 14
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Case 2. Assume that lim,,_, , 0,&, = ag # 0, c0.
Now we distinguish two subcases, aog(z) # g'(z) and a¢g(z) = ¢'(2).

Case 2.1. apg(z) £ ¢'(2).
We can choose &, € C such that

g(&) #0,a1,a3,a3,00, 2 (&) #0,00,
g (&) #0, 00, aog(0) — g'(§0) #0, 00.

Let
(@) = fu(2, + pufo +2).

By the same arguments as in case 1, we can get
Alen 20, f) < O(1)(1 +log" |2,]).

Case 2.2. apg(z) = g'(2).
We can derive that g(z) = e®7*%0, where by € C. From (2.5) we obtain

hn(2) = fu(2, + puz) =f (20 + €a(2) + Pu2)) =f (20 + €n2), + Enpnz) — g(2) (2.8)

in spherical metric uniformly on compact subsets of C as n — oo,

On the other hand, noting that f and f” share a; (i = 1,2,3) in A(6y,¢) and f # f', by
Lemma 2.8 we have Sy_. g,.(r,f) = O(1). Therefore, applying Lemma 2.9 to f in A(6p, €) we
obtain

log|f (re)| = r*csin(w(¢ - «)) + o(r)

uniformly for6y—e = < ¢ < B =6y +¢asr ¢ F and r — 0o, where cis a positive constant,
o _
B-a T 2

Since F is a set of finite logarithmic measure, there exist a real number R (0 < R < 00) and

= ,and F is a set of finite logarithmic measure.

a sequence of complex numbers u,, 0 < |u,| < R for every sufficiently large #, such that
log|f (zu + €n2), + Enputin)| = i csin(w(@ — &) +o(r2), (2.9)

where 1, = |z, + €42, + €npntty| € F, ¢y = ar(z, + €,2,, + €4Pulhn), O — /2 < p <6y + €/2,
and @ =6y — ¢.

By (2.8), h,(2) = fu(z), + puz) — g(2) uniformly on |z] < R as n — o0, and therefore
limy,—, o0 (f (21 + €42, + Enpntbn) — g(u,)) = 0. Noting that u, is a bounded sequence, there
exists convergent subsequence, still denoted by u,,. Setting u,, — uy (n — 00), we have
that lim,_, o g(u,,) = lim,—, o0 etountbo = gaototbo gq it follows that

lim log |[f (2, + €42, + €nPutin)|

n—00 @
r}’l

=0.

On the other hand, by (2.8) we obtain that

i log |f (zn + €42, + € puttn)|

. . LT
= lim csinw(¢ —a) > ¢sin — > 0.
n—00 r;‘l’ n—00 4
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We obtain a contradiction, and so case 2.2 is impossible.
This completes the proof of Lemma 2.13. d

Lemma 2.14 Let f(z) be a meromorphic function with finite order X > 0, argz = 6y be a
direction, and let T, = {z|z — z,| < £,} (n = 1,2,...) be a series of circles, where z, = |z,,|e",
6, — 6o, lim,,_ o |2,| = +00, and &, = €,|z,|, lim,_, o €, = 0. Suppose that f and f© CM
share three distinct finite complex numbers a; (j = 1,2,3) in A(6o, €) = {z: |argz — 6| < €}.

Iff £f®, then for every sufficiently large n (n > ny),
Alen znf) < O)(1 +log" |z,]), (2.10)
where &, = |z,|€,.

Proof Suppose that f and f® CM share three distinct finite complex numbers a; (j =
1,2,3) in A(6o,€). Then, as in the proof of Lemma 2.13, by replacing f’ in Lemma 2.13
with % and using Lemmas 2.4, 2.10, and 2.9 in A(6y, €), we can deduce (2.10). O

3 Proof of Theorem 1.1
Suppose that f(z) # f'(z). By Lemma 2.6, there exist a direction argz = 6, and sequences
z, and r, such that

1 -2
A(5(|Zn|)|zn|»sz) = @{lgp(rn)}l 1(logry)’? (n=1,2,...).

Set ¢, = |z,|e(r,), where &(r,) is defined in (1.2).
For arbitrary small € > 0, if there are three distinct complex numbers 4, a,, a3 such that

Ea(60,0)(@,f) = Eaaye) (ﬂjyf/), j=1,2,3,
where A(6y, €) = {z| argz — 6| < ¢}, then by Lemma 2.13 the following inequality holds:
Aen, 2 f) < O)(1 +log" |z,]), (3.1)
where |z| <1 and ¢, = |z,|¢(|z,|). Combining this with (2.3), we have
Bp(ra) "1 logr,)P2 < O()(1 + log" |2,

where p > 3 and g > 2.
Taking p = 3 and noting that |z,| < r, and lim,_.« B,(r,) = 00, we arrive at a contradic-
tion. This completes the proof of Theorem 1.1.

4 Proof of Theorem 1.2
Suppose that f(z) # f®(z). By Lemma 2.6 there exist a direction arg z = §; and sequences
z, and r,, such that

1

= @{ﬁp(ﬂq)}l_%(logrn)”’2 n=1,2,..).

A(e(1znl) 2l 20, f)

Set &, = |z,|e(r,), where e(r,) is defined in (1.2).



Pan Journal of Inequalities and Applications (2023) 2023:67 Page 14 of 14

Next, since f and f®) CM share three distinct finite complex numbers 4; (j = 1,2,3) in
A(bo, €) = {z| argz — Oy < €}, by Lemma 2.14 the following inequality holds:

Alen zn, f) < O(l)(l +log” |Zn|)» (4.1)
where |z| <1 and ¢, = |z,|¢(|z,|). Combining this with (2.3), we have
Bolr)' " logr, ) < O(1)(1 + log" |zu),

where p > 3 and g > 2.
Taking p = 3 and noting that |z,| < r, and lim,_. B,(r,) = 00, we arrive at a contradic-
tion. This completes the proof of Theorem 1.2.
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