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Abstract
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The mechanism of excitation of beta-induced Alfvén eigenmodes (BAEs) with magnetic
islands larger than a threshold without energetic ions is studied. It is found that the nonlinear
coupling between geodesic acoustic mode and magnetic islands can drive the pair of BAEs.
The phase of BAE:s to island should be 7/2 to excite the BAEs and the magnetic island is
larger than a threshold. The results are consistent with the experimental results shown in
EAST#86309). It implies that similar experimental results in other tokamaks, that BAEs
excitation by magnetic islands without energetic ions, may be from the nonlinear coupling
between islands and waves. It also implies that the existence of magnetic islands can make the
excitation of BAEs easier in plasma with energetic ions, since the magnetic island can also
increase the pressure gradient of energetic ions near the island separatrix. This predicts that
BAEs may appear more frequently in the presence of magnetic islands in ITER.

Keywords: beta induced Alfvén eigenmodes, magnetic island, geodesic acoustic mode,

tearing modes

(Some figures may appear in colour only in the online journal)

1. Introduction

Beta-induced Alfvén eigenmode (BAE) [1-3], one kind of
the Alfvén eigenmodes, is expected to play an important role
in the magnetic confined fusion device, such as ITER, since
it can be driven by energetic particles and in turn cause the
redistribution and loss of energetic particles. Then, it would
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affect the confinement of energetic particles and the heating
efficiency. Thus, BAE is important for burning plasmas. BAE
is always excited at the rational surface, and the mode structure
of BAE is localized around the rational surface. Its frequency
is inside the shear Alfvén continuous spectrum gap caused by
the finite thermal plasma compressibility, and is close to that
of geodesic acoustic mode (GAM) [4], which is thought of
as an electrostatic mode with toroidal mode number n = 0.
Tearing mode (including neoclassical tearing mode) [5, 6] is
one of the most dangerous magnetohydrodynamics instabili-
ties in tokamak discharge, which can lead to the formation of
magnetic islands, increase local radial transport, and degrade
plasma confinement. If the island becomes large enough, it can

© 2021 IAEA, Vienna Printed in the UK
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Figure 1. (a) Electrostatic component of GAM at p(r/a) ~ 0.8 measured by DBS signal, (b) raw magnetic signal measured by edge
magnetic pickup probe, (¢) electromagnetic component of GAM and BAEs, (d) electromagnetic component of BAEs in the frequency range
of 18 kHz < f < 23 kHz are filtered, and the envelop is modulated by the oscillation of TMs. Note: in this experiment, there is no neutral
beam injection. The magnetic island can be observed for t > 2.76 s, and the electromagnetic component of three branches are excited
accordingly. The frequencies are fgav ~ 20.7 kHz, f5, ~ 21.7 kHz, f3, ~ 19.7 kHz, and the relationship among GAM, BAEs and TMs are

listed: foam = (fp1 + f82)/2, fo1 — fo2 = 2fim-

cause disruption. Tearing mode can also interact with energetic
ions strongly. It would lead to the redistribution and loss of
energetic ions, and energetic ions would affect tearing modes
in turn [7]. Hence, the control of magnetic islands is one of
the critical physics problems to achieve steady-state and high
confinement plasmas [8].

The mode structures of BAE and tearing modes are both
localized around the rational surface. Thus, they would interact
with each other strongly. Recently, some experiments [9—16]
have shown that BAEs can be excited in the presence of mag-
netic islands. BAEs were observed during tearing modes in

FTU [9], TEXTOR [10], HL-2A [11, 12] and J-TEXT [13, 17]
Ohmic plasmas, EAST with lower hybrid wave plasmas, HL-
2A [18] and TJ-II stellarator [15] with energetic ions plasmas.
In these experimental results, they have common characteris-
tics: the excited BAEs during tearing modes are a pair waves,
propagate in poloidally and toroidally with opposite direction.
They only appear when the island width increases above a
threshold. The absolute values of poloidal and toroidal mode
numbers are the same with tearing modes, and the frequency
difference between the pair of BAEs is twice the fundamen-
tal frequency of the tearing mode. Some theoretical works
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[19, 20] tried to understand the physics. In reference [19], the
BAE frequency with magnetic islands is solved and compared
well with the experimental results. Actually, the Alfvén contin-
uum spectrum in the island has been explored in reference [21,
22]. In reference [20], it was shown that the BAEs are excited
by the plasma flow around the magnetic island. However,
the excitation physics mechanism is still unclear. Recently,
the experiment in EAST(#86309) showed that a GAM and
magnetic island exist before the excitation of BAEs, and the
pair of BAEs is excited when the magnetic island is larger than
a threshold. It can be found in figure 1. It is clear that the exci-
tation of the pair of BAEs are related to the interaction between
GAM and the magnetic island. Based on these experiments, it
is thought that the pair of BAEs may be excited by the nonlin-
ear wave interaction without energetic ions. We try to explore
the excitation mechanism of BAEs during tearing modes.

In section 2, a fluid model is presented, and the interaction
between BAEs, GAM and magnetic island is analyzed and
compared with the experimental results. Finally, the conclu-
sion is given in section 3.

2. Interaction between BAEs, GAM and magnetic
island

In this work, a fluid model is used to describe the excitation
of BAEs, for simplicity. The kinetic effects such as Landau
damping, finite Larmor radius are not considered, since we
focus on the mechanism of nonlinear wave coupling. To
investigate the excitation of BAEs by the coupling between
GAM and tearing mode, GAM is assumed to be a constant
pump wave and tearing mode evolves. The fluctuations
of fields are d¢ = dpp + 0 + 0, 0A| = 0A|B + 0A|
and d¢g =69, +0¢_, dA g = 0A) 4 + A _, where the
subscripts of B, G,t denote the BAE, GAM and tearing
mode, respectively. The subscripts 4 are the upper and lower
frequencies of the pair of BAEs, respectively. Here, GAM
is assumed to be predominantly electrostatic, as d¢pg = 6(;3(;
exp(—iwg?) (wg is the frequency of GAM). For tearing mode,
0A | = 512\”,[(0, 1) cos &, where the familiar constant-dv,
(0A| = —R 0v,) approximationis used, { =m0 —n ¢ — wit
is the helical angle. w; is the frequency of tearing mode
and is assumed to be constant with respect to z. m,n are the
poloidal and toroidal mode numbers, respectively. For the
pair of BAEs, the mode numbers are the same with those of
tearing modes, and they form as a standing wave in the island
rest frame. Then, Ehe ﬂpctuations of BAEs can be written as
(01, 0A| 1) = (09, 0A) 1) exp(Ei(ml — n¢ + o) — iwL1)
(wy are the frequencies of the upper and lower frequencies of
the pair of BAESs, respectively). Here, wi = wg £ wy, ¢ is
the phase shift to tearing mode. Then, the current conservation
equation is
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where the terms on the left-hand side represent plasma iner-
tial, field line bending, kink, pressure-curvature coupling, and
nonlinear wave coupling, respectively. Here, B - 6B + P ~ 0
is made, namely the compressional Alfvén wave is not con-
sidered. The nonlinear wave coupling effect enters explicitly
through the last two terms. Implicit nonlinear wave coupling
contribution is from the field line bending term, kink term, and
pressure-curvature coupling term via the nonlinear Ohm’s law
and pressure evolution equation, as

1 86A”,B
—b - Vigs — —— = — > 0B Vids = nJys
wGEwr=w4
(2)
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Here, the modification of equilibrium current and pres-
sure profiles due to the magnetic island is included.
Given the equilibrium magnetic field B = IV({ + V({ x V1,
du =B x Vé¢/B? is the electric drift, where A = Ayb is
taken for BAEs [3]. Then, considering one of BAEs, taking
the partial derivative 9/0¢ on equation (1), and then operating
((...)oYe, where (...)g = §dOJ(..)exp(—i(m b —n ( + ¢,
—wy1)/ $Jd0, (...)e = $d&(...)/ § d, one can obtain

Lu(6¢4) + Ly(8¢6,0A ) = 0, 4)

where the linear operator is

SR 969
Lm(6¢+) - a (I’ (w+ sou —k ) 87‘ )
2

m _
——(wi
p

— 202, — kﬁ - R,a/qz) S

dkf dJy—J
CT‘ by +mkRo( L B, A0 66,
: d .
— T Ro(< (B = )b, )

where Wy = wi/wa, Wsou = Wsou/Wa, wa = va/Ro,va =
Bo/\1o(p)e»  waw =T(P)e/Up)eRS),  ky=m/q—n,
k=ec(1—1/¢") + a/2, a = —Roq*dBy/dr, Bo = 2uopo/Bj.
The sideband coupling and resistivity are not considered.
Here, the modified profiles of current density and pressure in
the presence of islands are included, which are reflected at the
total parallel current density J| and pressure p. Without island
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modified effect, the operator (5) reduces to that in reference
[23]. The nonlinear operator is

& ﬁ g sou 825¢G
w3 By <8r ((1 - wgw+> or? 091

_ Do %) ei(£+¢0)>
¢

Ly(3¢, 6A) ~

or Or

- 3k s, 0.0% S0 i, ©)

where the first term in the bracket on the right hand results from
the nonlinear Reynolds stress and curvature-pressure coupling
effects, the final term is from the nonlinear Ohm’s law. Here,
it is assumed that the mode structures are localized, satisfy-
ing adlndf /Or > 1 (a is the minor radius). Equation (4) can
be solved perturbatively [20]. Then, the growth rate can be
obtained as

iz YA
wa 2rwg

/ dx Ly (5(;56, 5A”) 56

N A
[ 0dpy
. 7
/. ( ox ) 7
where x = r — ry, and the expression of ¢, is determined by
tearing modes. The other branch of BAE (w_) can be obtained

similarly.
For tearing modes, the Ohm’s law can be written as

5B
(b + B‘) Vg —

1 00A /B
ath BB Vége = 1|
(8)
where the last term on the left-hand side is the nonlin-
ear coupling effect. It is convenient to transform the coor-
dinates (r,0,£) to the island coordinates (£2,6,¢&), where
Q =2(r — r)?/w? —cos & w = 24/r00/(SY) is island
width (the prime denotes the derivative with respect to r, the
subscript s represents the variables defined at rational surface),
§ is the magnetic shear, 69, = —R 0A |, then one can obtain

w[r

O = (r —ry — h(Q)), &)
5, 2m 1
p “(cos £)q + 1Bo wo

sin (€ + o)) = nRo{J|)a. (10)

where (...)o = §d&/Q2m)(...)/v/Q + cos . h(Q) is deter-

mined by the effect of the island on the radial transport, as [7]

L
(kjo¢n 3

dh _ V2w ! H@Q - 1)

dQ 4 2Q+DV2E1/(Q+ 1))
where o, denotes the sign of x, H({2 — 1) is the Heaviside
function and E(1/(€2 + 1)) is the elliptic function.

As reference [7], J|; = (J|)o/(1)q without including the
contribution of neoclassical polarization current, bootstrap

(1)

current and so on. Then, substituting the expression of J| ; into
the island evolution equation [7]

4\/§q$RO o
A = 7{1‘21&/“} [1 dQ(J); cos &)a, (12)
one can obtain d
1 w

=A'+ A, 13
0o + (13)
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A, =38 — == Iro, 14
¢ 2@ T2 TR A T? o (19
where A" = (0 In 64/ 8r)| is the stability criterion of tear-

ing modes [5, 6]. A, results from the coupling from GAM and
BAE. The numerical value I; = 1.66,

Iro = /OO ds <(Q +cos )2 sin(€ + ¢0)d¢s

1

x66¢c(x/AG)> (cos §)a
ox/Nc) /o (o ~

SdpG = Apcddrg is given, Ag is the characteristic scale
length of 6&6, vmi 1s the ion thermal velocity, Tr, 7 are
the resistivity diffusion time and Alfvén time, respectively.
The stable or unstable effect of coupling between BAEs and
GAM on tearing mode depends on the sign of /7. It can be
found that I'y # O if the phase shift of BAE to tearing mode
vy = /2 + Ir (s an integer).

Now, for the growth rate of BAE, substituting equation (6)
and the expression (9) into equation (7), one can obtain

lAB — e i®/24w0)

W

A nS? w w;
I I I
(wi 167 AZm 2w+( Bl T B2)>

x —Ag, (15)
Ino
= -\ 2
IBOZ/ dy(ag¢3) , (16)
. y
o w o 85&0(x/Ag) 85(253
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[Bs_/mdy dy (2 oy oy ) {19
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Figure 2. The growth rate y of BAE against w/Ag.

where y = x/Ag, Ag is the characteristic scale length of dog.
As nonlinear coupling effect on tearing mode, -y is real when
the phase shift p, = 7/2 + [7. Here, the damping rate of BAE
is not included. When the growth rate in (15) is larger than
the damping rate, the BAE is excited. It can be seen that ~
depends on the island width. When the island width increases

to a threshold, BAE would be excited.

To proceed, the profiles of 5¢3G,B are given, as [20, 24]

y

d‘:f:B = Ap (1 —ye / exp(r* /2)dt> . (20)
0

3G = AgAiry(—x/Ag), Q1)
where
)7 1/4
An — |3 (wrPigRo
B4\ kyusS ’
213

Ag = p*(d In T;/dr)

Considered the main parameters of the experiment result in
EAST, Ry =189 m, a=045m, B=2.05T, np =1.0x
10" m=3, T; = T. = 200 eV, fg ~ 20.7 kHz, f, ~ 1 kHz,
q, = 4, ry = 0.8a, and the deuterium plasma, S = 0.1 is taken,
and Ag ~ Ag is assumed, then the growth rate can be numeri-
cally calculated, as shown in figure 2, where ¢, = 7/2 is cho-
sen. It can be seen that the growth rate without damping rate
increases with island width. If the growth rate is greater than
the damping rate, BAEs are excited. Here, it is needed to point
out that the phase shift ¢, = 7/2 is taken, so that the growth
rate is positive. It means that BAEs may be excited only when
the phase shift is /2. This is well consistent with the exper-
imental result in EAST(#86309), where it was shown that the
phase shift of BAE to tearing mode is about 7r /2, which can be
found in figure 1. Thus, the nonlinear coupling between GAM
and island seems to be responsible for the excitation of BAEs
in EAST.

For tearing mode, the ratio A./A’ can be seen in figure 3
where r;A’ = 1 and , = /2 are taken. It can be seen that
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Figure 3. The ratio A./A’ against w/Ag.

A./A" < 1, and it would become negative when w/Ag is
larger enough, which is caused by the profiles of d¢g and g
chosen. It means that the nonlinear coupling effect from BAEs
and GAM on island enhances the island evolution when the
island width is small, and weakens the island evolution when
the island is large. For EAST experiment, eAg /T; ~ eAg/T; ~
0.045, so the nonlinear coupling effect from BAEs and GAM
on the island is small, which is also consistent with the experi-
mental result in EAST, where it was shown that the island was
not changed much.

3. Conclusion and discussion

In conclusion, the excitation mechanism of BAEs during the
island phase is explored. It is found that the nonlinear coupling
between GAM and island could drive a pair of BAEs when the
island is larger than a threshold. The phase of BAEs to island
should be 7/2. The result is consistent with the experimen-
tal results in EAST. In turn, the nonlinear coupling between
BAEs and GAM would affect island evolution, although this
effect is small. The excitation mechanism of BAEs by the
island results from the nonlinear wave coupling. This excita-
tion mechanism can be applied at other similar experiments
[9-16]. It is thought that the excitation of BAEs by the island
in these experiments may be from the nonlinear wave coupling
based on the above results. In HL-2A experiment [12], it was
shown that energetic-ions-induced GAM (EGAM), island and
BAE:s couples strongly, where the frequency of EGAM is close
to BAE, so that mode coupling between EGAM, tearing modes
and BAEs becomes easy. In general, the frequency of EGAM
[25,26] can be far from BAEs. In that case, the mode coupling
between EGAM, tearing modes and BAEs may be difficult. In
the presence of energetic ions, the physics would become com-
plex due to the interaction between energetic ions and waves.
In principle, if other mode (not just GAM), BAEs and (neoclas-
sical) tearing mode satisfy three wave coupling condition, the
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physics described in this manuscript may be happen, although
the model is different. It is known that energetic ions can drive
BAE when the pressure of energetic ions is large enough. In the
presence of energetic ions, when the island is large enough, the
pressure of energetic ions near the island separatrix becomes
steep, and can excite BAE:s if the initial pressure of energetic
ions is marginal. Thus, the effects of island on BAEs excitation
are reflected in two sides if GAM and tearing mode exist. Tear-
ing modes can couple with other mode to drive BAEs. On the
other hand, it can increase the pressure gradient of energetic
ions near the island separatrix to drive BAEs. Hence, it can be
predicted that plasma with neutral beam injection or burning
plasma in large tokamak like ITER, BAEs can be more easier
to be excited in the presence of islands, and BAEs would affect
the transport of energetic ions in turn.
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