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Abstract. This paper recovers cubic-quartic perturbed solitons in fiber Bragg gratings with quadratic-cubic law nonlinear refractive
index. The unified Riccati equation expansion method and the modified Kudryashov’s approach make this retrieval of soliton
solutions possible. The parameter constraints, for the existence of such solitons, are also presented.
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1. INTRODUCTION

The theory of solitons in fiber Bragg is one of the essential areas of research in nonlinear photonics and
it has been studied both analytically and numerically [1-12]. The concept of fiber Bragg gratings (FBG)
is a couple of decades old; however, the research on this topic remains active, but with an advanced and
enhanced perspective. The concept of fiber Bragg gratings emerged when chromatic dispersion (CD) in
soliton transmission dynamics got negligibly small and it is then that Bragg gratings were introduced in
an optical fiber to compensate for the low-lying balance between CD and self-phase modulation (SPM).
While this is a modern engineering marvel in the technology of optical fiber materials, another approach
is to discard CD due to its low count and replace it collectively with third-order dispersive (30D) and
fourth-order dispersive (40D) effects. This is known as cubic-quartic (CQ) dispersive effect. This paper
will address optical fibers with fiber Bragg gratings with dispersive reflectivity from CQ dispersive effect
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[13-20]. The nonlinear law of refractive index will be sourced from quadratic-cubic (QC) terms. This is
the model that will be analyzed in the paper using two integration algorithms which lead to a full spectrum
of single soliton solutions that will be exhibited. The existence criteria of such solutions are also presented.
The rest of the paper pens the derivation and displays these soliton solutions after a quick and succinct intro
to the governing model.

1.1. Governing Model

The dimensionless form of the coupled cubic-quartic (CQ) perturbed nonlinear Schrédinger equation (NLSE)
in fiber Bragg gratings (FBG) with quadratic-cubic law of nonlinear refractive index, is written as

gy + 17+ b+ ey laP + P +ar +ar + (d g +ea i) g

+ioig+pir+oig? =in (la’q) +6i(laf) a+mila’a]. M

ir; + iaxGrex + baGrrx —|—c2r\/\r|2 + |q|2 +rq+rgt+ (dz ]r|2 +e |q\2> r

+itore+ Pag+ oot =i [}’z <\r|2r) +6, <\r|2) r+ W Irlzrx} , 2)
X X

where a; and b; (j = 1,2) are the coefficients of 30D and 40D, respectively. Here ¢ (x,¢) and r (x,t) rep-
resent forward and backward propagation wave profile, respectively, as long as i = v/—1. Then, d ; are the
coefficients of SPM terms; c; and e; represent the cross-phase modulation (XPM) terms; o; represent the
inter-modal dispersion and f3; are the detuning parameters. Also, o; give the four wave-mixing (4WM)
terms, while y; represent the self-steepening terms to avoid the shock waves formulation. Finally, 6; and u;
read as the nonlinear dispersion coefficients.

The system (1) and (2) is a manifested version of the standard model, which comes with CD instead of
CQ dispersive effect, and is structured as

igr +arrctaiay/laP + 1P +grtar + (dilaP e ) g

+iongi+Bir+oig? =i|v (lafq) +61(laf) a+mlalal. )

iri+ asgue-t+ cor\[IrP > + g g+ (dalrf +ealgl?)

ticor,+Bag+oar'a =i (Ir’r) +6 (Ir?) rpml ). @

where a; (j = 1,2) are the coefficients of CD. In the system (1) and (2), it is this CD that is replaced by 30D
and 40D which formulate the dispersion effects. Note that, the system (3) and (4) has been discussed in
[18], when y; = 0; = u; = 0, for j = 1,2. The objective of this paper is to apply two algorithms techniques
mentioned in the abstract to construct the optical soliton solutions of the CQ-system (1) and (2).

This article is organized as follows: Section 2 introduces the mathematical preliminaries. In Sections 3
and 4, the unified Riccati equation expansion method and the modified Kudryashov’s method are applied.
In Section 5, conclusions are drawn.
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2. MATHEMATICAL PRELIMINARIES
In order to solve Eqs (1) and (2), we assume the hypothesis
q(x,t) = ¢1(§) expiy(x,1)],

r(x7t) = ¢2(§)exp [il,f(xvt)]7

(&)

such that
E=x—vt, yxt)=—Kkx+ ot + 06, (6)

where v, kK, ® and 6y are all nonzero constants to be determined, which represent soliton velocity, soliton
frequency, wave number and phase constant, respectively. Next, y(x,7) is a real function which represents
the phase component of the soliton, while ¢;(&) are real functions which represent the shape of the pulse of
the solitons. Substituting (5) and (6) into Eqgs (1) and (2), separating the real and imaginary parts, we deduce
that the real parts are

b19y" +3 (a1k —2b1K%) ¢5 + (B —a1 k> +bik*) ¢ + (a1 k — @) @y
1911/ 07 + 20102+ 03 + [di — (1 + ) K] 07 + (01 + 1) 916 =0, ™

br9!" +3 (ark —2b2K%) ¢f + (B2 — ax ik +bak*) ¢ + (a2 k — @) P
+Cz¢2\/¢22 + 20001 + ¢F + [do — (2 + 1) K] 93 + (02 + €2) p297 =0, 8)

while the imaginary parts are

(a1 —4b1K) ¢)" + (4b1 K> = 3a1K%) ¢5 + (o1 — V)@ — (311 +26) + 1) ¢ 9] =0, )
(a2 — 4byk) 9" + (4b2k> — 3ark?) ¢ + (02 — V)9 — (372 + 262 + 1) $3 ¢ = 0. (10)

Set
$2(8) =A01(8), (11)

where A # 0 or 1. Consequently, the real parts change into

blA(I){W—i-B (a1K—2b1 K2) A(]){’—l— [(Bl —ai K + by K4)A—|—061K'— (J)] 01
+ei (14+A) 9 + [di — (1 +n) k4 (01 +e1)A%] ¢7 =0, (12)

b9 +3 (ark —2b2%) 91 + [Bo — ark” + ok + (ark — ©) A] ¢
+eA(1+A) 9 +{[dr— (o + 1) K]A® + (02 +e2) A} ¢ =0, (13)

while the imaginary parts become

(a1 —4b1K)A9)" + [(4b1%° —3a1K*) A+ o1 —v] §] — (3% +261 + 1) 9791 =0, (14)

(ay —4byk) ¢{" + [4b2K> — Bark* + (0 — V) A] ¢ — (312 +26, + 1) A9 ¢ = 0. (15)
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The linearly independent principle is applied on (14) and (15) to get the frequency of soliton as

aj

K'ZE, aﬁéO bj;é() for j=1,2, a1b2:a2b1; (16)
J
the velocity of soliton as
v=(4b1K’ —3a1K*) A+ oy (17)
or
4br k3 —3ark? 4+ A
- H K arK” + (Xz; (18)
A
and the constraint conditions:
3Y;+20;+u;j=0 for j=1,2. (19)
From (17) and (18), one gets the following constraint condition:
4(b1A* — b)) K7 =3 (aA* — @) K> + (04 — o) A = 0. (20)
Egs (12) and (13) have the same form under the constraint conditions:
b1A = by,
(a1 — 2b1 K')A =daj)— 2[921(,
([31 —ax3 +b1K4)A+ uK—o=p —a)k> + byt + (kK —w)A, 20
Cc1 = A,
di— (i +7)k+ (01 +e1)A? = [dr — (1 + 1) K] A> + (02 +€2) A.
From (21), we have
- B]A — ﬁz + (OC] — OZQA) K— (alA — az) K3
0= )
1-A
(22)
b2 C1 an —2b2K
A=—=—=—"—"—"" b1 #b d .
b6 a2k 1# by, c1#c and a#a
Eq. (12) can be rewritten as
U+ 800 +A191+ A7 + A397 =0, (23)
where
A _3(01K—2b11€2) Al — (Bl—a1K3—|—b1K4)A—|—OC1K‘—CO
0 — bl ) 1= blA )
(24)
e (1+A) Cdi— (1) K+ (01 +ep) A2
AN=——"->"=A;3= .
b]A blA

Next, Eq. (23) will be examined.
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3. APPLICATION OF UNIFIED RICCATI EQUATION METHOD

According to this method, balancing ¢ and ¢; in Eq. (23), we get the balance number N = 2. Thus, Eq.
(23) has the formal solution

01(&) = &+ 8 F (&) + BF(E), (25)
where &y, 01 and &, are constants to be determined, provided &, # 0, while F () satisfies the Riccati equation
F'(§) = ho+ i F(§) +mhF(E). (26)

Here hg,h and h; are constants to be determined provided A, # 0. It is well known that the Riccati equation
(26) has the following fractional solutions:

\/K [l"] tanh <\/2K§> +nr
F(g):—ﬂ— , if A>0 and {413 #0; (27)
(%)
2hy | r1 + rptanh Tf
P V—A [rg tan (;A§> —m]
F(E)=——" if A<O and A+r7#0; (28)

2hy 2y [r3 +ratan <\/2_7A5>] |

hy 1

if A=0; (29)
where A = h% —4hohy and r;(i = 1,2,...,5) are arbitrary constants. Substituting Eqs (25) and (26) into Eq.

(23), collecting all the coefficients of F/(&) (j =0,1,2,...,6), and setting these coefficients to zero, one
finds the following system of algebraic equations:

A383 + 1201368, =0,
336h38:h1 + 3438187 +24h38, =0,
608213 + 3A38% 8, +240h3 8210 + Ay 87 + 60h3 81 hy + 330383 +3A368085 =0,
1413158, + 3 81ho + 280821 + 168:h3h + A3 83 + 8h3ha S1hy + A1 & + A8 + AoSihihg = 0,
44003 8,11 ho + 130h3 8,k + 20081 h3 4 40h3 81 ho + 6A3 8081 6 + 5013 81 13
+2A281 8+ A3 83 + 10Ag Sk 1 hy = 0, 0
6A082hohy +22m2 81 hho + A1 81 + 2808081 +2M081hoho + 3A3 83 81 + 16h3h3 8
+120h, 8,13 + 303 Srh0 + Ao 8173 + hi ) =0,

136h28,h% 4+ 16h+ 8, +2A2 808, + 3A3800% + 4A¢ 8o h? + Ay 82 + 3A¢81hihy + 15k, 8113
2 0 1 1 1 1 1

+8A082h0hs + 23203 8,hzhg + Ay 8, 4 60h3 8 hiho + 3A363 6, = 0.
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On solving the above algebraic Eq. (30) by using Maple, one gets the following results:

Aov/—30A;3 — 10A, 2h3/=30A;
50 e 5 51 == 0, & == 9
10A3 Az
(31)
Arr/=30Az + 3A0A
hy = 22 3TO0088 20, by =,
60/, As
and the constraint conditions:
12A3A3 4 10A3 + 3A0A2+/—30A;
A= (32)

75A;3 ’

provided A3 < 0. By the aid of solutions (27) and (28), we find the following types of solutions for Eqs (1)
and (2).

Type 1. If A = h% — 4hohy > 0, then substituting (31) along with (27) into Eq. (25), we have dark soli-
ton solutions of Eqgs (1) and (2) as

2
1 Ap+/—30A343A0A
~ 10A; — Agy/—30A; [” tanh (2\/_21'5§3M (X—Vt)> +7’2}

[rl + rp tanh <é\/—A2 : 73]05AA33+3A°A3 (x— vt))}
x exp [i(—kx+ o + 6], (33)

2
[rl tanh <é \/— L2V 3043434043 73?5A§3+3A°A3 (x— vt)) + rz}
+

2
[rl + rp tanh <% \/— AoV =3083 34043 _3?5AA~3;3A°A3 (x— vt)>}

X exp [i(—Kkx+ ot + 6], (34)

10A; — Apgv/—30A3
r(x,t) =A 10A; -1

provided Azv/—30A3 4+ 3ApA3 > 0 and Az < 0.
In particular if r| # 0 and r, = 0, then one gets the bright soliton solutions of Eqs (1) and (2) in the form

10A; — Agy/—30A 1 | Aosv/=3043+3A0A
glx,t) = ———2—-0 dsech? | =4[ — == 318085 (o) | expli(—kx+ ar + 6], (35)
10A; 2 15A;
10A; — Agy/—30A 1 | Ay/=30A3+3A0A
r(x,t) =A <— 2 IOOA 3) sech? 2\/— 2 152+ > (x—vt) | exp[i(—Kkx+ ot + 6],
3 3

(36)

while, if | = 0 and r, # 0, then we have the singular soliton solutions of Eqs (1) and (2) in the form

10A; — Ag/—30A 1 Ax/—30A3 +3A0A
q(x,t) = 04, 1OOA 30 3 esch? 2\/— 2 3(1)52+3 d 3(x—vt) expi(—xx+ wr + 6], (37)
3 3
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(x—vt) | expli(—Kkx+ o + 6]

. 10A; — Agy/—30A; ) 1 Ap/—30A3 + 3ApA;3
r(x,t) =A csch” | =4/ —
10A;3 2 15A3

(38)
The solutions (33)—(38) exist under the constraint conditions (32).

Type 2. If A = h% — 4hohy < 0, then substituting (31) along with (28) into Eq. (25), we obtain the peri-
odic wave solutions of Eqs (1) and (2) in the form

2
1 /A =30A3+3M0As (. B
104 — A/~3045 | | [”tan<zv s, Vf)) r4]

q(x,1) =
10A 2
’ [m +r4tan ((% AZ—H’?SAA*;’MOM (x— vt)))}
x exp [i(—kx+ of + 6], (39)
A2 /=303 +3M0A 2
1 [ Bov—30A3+3R043 (. _
(0.1) A< 10A; — AO\/T%) . [fﬁaﬂ <2 1543 (x vt)) r4}
r(x,t) =A|( —
’ 10A;3 2
v ran (/B8 ) )]
X exp [i(—Kkx + ot 4 6], (40)

provided Az+v/—30A3 4+ 3ApA3 < 0 and Az < 0.
In particular if 3 # 0 and r4 = 0, then Eqs (1) and (2) have the periodic wave solutions in the form

10A; — Agv/—30A 1 [Axv/—30A3 +3A0A
gl t) = ——= =9 3 sec? [ =4/ =2 31 3%4 (x—vt) | expli(—kx+ ot + 6], (41)
10A3 2 15A3
10A; — Ag/—30A 1 [ Axv/—30A3 +3A0A
r(x,t):A<— 2 lOOA 3)sec2 2\/ 2 152+ 073 (x—vt) | expli(—kx+ of + 6],
3 3

(42)

while, if 3 = 0 and r4 # 0, then Egs (1) and (2) have the periodic wave solutions in the form

10A; — Apv/—30A 1 | Ax/—30A3+3A0A
q(x,t) =— 20 Sesc? [ o4/ =2 31 008 (x—vt) | expli(—kx+ ot + 6], (43)
10A; 2 15A;
10A; — Apv/—30A 1 [ Axv/—30A34+3A0A
r(x,t) =A <— 2 lOOA 3>c502 2\/ 2 152+ > (x—vt) | exp[i(—Kkx+ @t + ).
3 3

(44)

The solutions (39)—(44) exist under the constraint conditions (32).
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4. APPLICATION OF MODIFIED KUDRYASHOV’S METHOD

There are several approaches and results of Kudryashov that have gained a considerable popularity lately due
to its unique integrability structure [21-30]. Modified Kudryashov’s approach proposes the formal solution
to Eq. (23) as given below

N .
$1(&) = gopj [Q(&)), (45)

where p; are constants to be determined later, provided py # 0 and Q(&) takes the form

Q'(&)=0(8)[Q"(&)—1]Ina, 0<a#l, (46)

with the positive integer p, such that the solutions of Eq. (46) are given by

, !
00~ | e ra) “n

where exp,(p& + &) = a”5+50, &y is a constant and € = 1. Eq. (47) can be rewritten in combination with
bright-singular soliton solution as

| ,
)= [1 + € {cosh[(p§ + &) Ina] + sinh[(p§ + 50)111“]}] . (48)

In particular if € = 1, one gets the dark soliton solution

Q&)= [; {1 — tanh [(pé;—éo) lna] H ’ . (49)
When € = —1, the singular soliton solution is obtained
0(E) - [; {1 ~coth [(”5;50)1%] H g (50)

Balancing ¢;” with ¢ in Eq. (23), one gets the relation

N+4p=3N=>N=2p. 51)

Next, two cases will be studied.

Case 1. Let us choose p = 1, then N = 2. This means that the solution of Eq. (23) becomes

$1(E) =po+p1Q(E)+p20*(£), (52)

where pg,p1 and p, are constants to be determined, p, # 0 while Q(&) holds

0'(8)=0(8)[Q(6)—1]lna, 0<a#l. (53)
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Substituting (52) and (53) into Eq. (23) and collecting all the coefficients of each power of [Q(&)]™
(my =0,1,...,6) and setting each of these coefficients to zero, one gets the following system of algebraic
equations:

120 (In*a) p, + Asp3 =0,

Arpo+Aapd + Aspg =0,

[24py —336p2] (In*a) +3A3p1p3 =0,

[p1+Aopi] (1112 a) +3A3p5p1 +2M0pop1 +Arpy =0,

330 (In*a) pa + 64 (In* @) p2 +3A3p3 P2 + Aop3 + 3A3pop3 — 60 (In*a) py = 0, oY
6A3pop1 P2 + [S0p1 — 130p,] (Ina) + [240p1 — 10A0p,] (In*a) +2A:p1 2 + Asp; =0,
A1pa +3A3p3pa +3A3popT + Aapf + [4Aop2 — 3A0pi] (In*a)
+[16p> — 15p1] (In* @) +245pp> = 0.
Solving the resulting system (54) by using Maple yields
po =0, pl:2¢—ifﬂ#a’ zz_gviifﬂﬁa, 55)
and the constraint conditions
Ag— Az\/T%—15A31H2a’ A — (12A31n*a — Arv/=30A3) In*a 56)

3A3 3A3 ’

provided Az < 0. Substituting (55) along with (48) into Eq. (52), one gets the combo bright-singular soliton
solutions of Eqs (1) and (2) as

. _2y/=30A31n’a 1
q(x,1) = A3 {1 + e{cosh[(x —vt)Ina] +sinh [(x — v¢)Ina] }
1 .
a (1+&{cosh[(x—vt)Ina] + sinh [(x — vt) lna]})2] explil—wextar+ b, oD
_ 2A\/=30A31n’a 1
r(x,t) = As [1—|-.g{cosh[(x—vt)1na]—l—sinh[(X—W)lna]}

1 .
_ (1+ €&{cosh[(x—vt)Ina] + sinh [(x — vt) lna]})2] exp [i(—Kkx+ wt + 6p). (58)

In particular if € = 1, bright soliton emerges as

vV=30A;1n%a
———S¢€

q(x,1) = §A3 ch? [lnza (x— vt)} exp [i(—xx+ or + 6] . (59)
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_AV=30A51n%a

o [Ina .
r(x,t) A, ch [Z(X vt)} exp [i(—Kkx + ot + 6], (60)

When &€ = —1, the following singular soliton is procured:

v/ —30A31n? 1
glx,1) = —T3nacsch2 [I;a (x— vt)] expli(—Kx+ of + 6] , 61)
3

AV =30A; lnzacs

I"(X,l): 2A3

1
ch? [r;a (x— vt)] exp [i(—kx+ wr + 6] . (62)
The solutions (57)—(62) exist under the constraint conditions (56).

Case 2. Choosing p = 2, then N = 4. Thus, the formal solution of Eq. (23) is structured as

91(8) =po+p1Q (&) +p20* (&) +p30° (§) +pa0* (§), (63)
where pg, p1, 02,3 and py4 are constants to be established, such that ps # 0 while Q(&) satisfies the equation
0'(§)=0(8)[Q*(§)—1]Ina, 0<a#1. (64)

Substituting (63) with (48) into (23), collecting all the coefficients of [Q(&)]™ (ma =0, 1,...,12), and setting
these coefficients to zero, one finds a set of algebraic equations, which can be solved by Maple to get the
following results:

8v/—30Az1n’a 8v/—30Az1n%a
po=p1=p3=0, P2=—3, p= T T (65)
A3 A3
and the constraint conditions:
Ar/=30A; — 60A31n*a 4 (48A31n* a — Ayy/=30A3) In*a
AO — 3A ) Al — 3A ) (66)
3 3

provided Az < 0. Inserting (65) with (64) into Eq. (63), one obtains the combo bright-singular soliton
solutions of Eqs (1) and (2) as

o)  8y/=30As31n’a 1
1 =774, 1+ & {cosh[2 (x—vr)Ina] +sinh[2 (x —vr) Ina] }
1
— 5 | expli(—Kkx+ @t + 6], (67)
(1+¢&{cosh[2(x—vt)Ina] +sinh[2 (x —vt)Ina]})
(e 84\/=30A31n’a 1
r(x,t) =
’ Az 1+ &{cosh |2 (x—vt)Ina] + sinh [2 (x — vt)Ina]}
1
— exp li(—kx+ ot + 6] . (68)
(1 + & {cosh 2 (x— vt) Ina] + sinh 2 (x — vt)lna]})2] pli( J
In particular if € = 1, bright soliton emerges as
2+/—304;1n’
q(x,t) = #sech2 [(x —vt) Ina]exp [i(—Kkx+ o + 6], (69)
3
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_ 24y/=30A31n’a

r(x,t) A sech? [(x — vt) Ina] exp [i(— kx4 ot + 6] . (70)
3
When € = —1, the following singular soliton is procured:

2,/=30A51n*

q(x,t)=— A—3nacsch2 [(x —vt) Ina]exp [i(—xx + ot + 6], (71)
3

2A\/=30A31n*

r(x,t) = — 3T sch? [(x—vt)Ina]exp[i(—Kkx+ ot + 6] . (72)

Az

The solutions (67)—(72) exist under the constraint conditions (66).

Similarly, one can derive many other solutions by selecting other values for p and N.

S. CONCLUSIONS

This paper recovered single optical soliton solutions in fiber Bragg gratings that come with CQ dispersive
reflectivity with QC nonlinear law of refractive index. The model includes a few Hamiltonian type pertur-
bation terms. Two integration algorithms have made this retrieval possible. Single soliton solutions of all
kinds are recovered and are listed with their respective parameter constraints. The results of this form of a
model are being reported for the first time and a lot of work lies ahead of us with such a display. One of the
immediate topics to address is the conservation laws that would make a big difference as this essential fea-
ture is noticeably missing in the literature of Bragg gratings. Therefore, it is imperative to bridge this gap.
Many other features such as addressing this model with fractional temporal evolution or time-dependent
coefficients or even handling the study of solitons, with Bragg gratings, using Lie symmetry, are all yet to
be done along the lines of the previously reported studies [31-40]. These ambitious projects still form only
the tip of the iceberg! One must also make a cautious approach and try to avoid reporting solutions that will
later be identified as false [31].
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