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1. INTRODUCTION

Let K denote either the field R of real numbers or the field C of complex numbers. By a topological algebra
we mean a topological vector space over K in which a separately continuous associative multiplication has
been defined.

Let (X,7x) and (Y,17y) be topological algebras over the field K. We recall that their direct product
X xY ={(x,y) :x € X,y € Y} is an algebra, if one defines the algebraic operations coordinate-wise, i.e.

(x1,y1) + (x2,y2) = (1 +x2,y1 +y2), A(x1,y1) = (Ax1,Ay1) and (x1,y1)(x2,y2) = (X162, ¥1y2)

forall A € K, (x1,y1), (x2,y2) € X X Y. The topology Tx«y on X X Y is the product topology, i.e. its base is
the collection
By wy = {UXV U etx,Ve Ty}.

This topology makes (X X Y, Txyxy) a topological algebra over K. Moreover, if Z is a subalgebra of X x Y,
then we consider on Z the subspace topology ©z ={WNZ:W € tx.y}, which makes (Z, 7z) a topological
algebra. In what follows, we will define the algebraic operations on the direct product of the two topological
algebras (X, 7y) and (Y, 7y) coordinate-wise and mean by the “subspace topology of the product topology
of (X,1x) and (Y, 7y)” of the subalgebra Z of X x Y the construction which gives 7z from 7y and ty.

Now, let us recall the definition of a (general) Segal topological algebra, first published in [1].

A topological algebra (A, 1y) is a left (right or two-sided) Segal topological algebra in a topological
algebra (B, tp) via an algebra homomorphism f : A — B, if
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(1) clg(f(A)) =B;
()t 2{fY(U) : U € 13}, i.e. f is continuous;
(3) f(A) is a left (respectively, right or two-sided) ideal of B.

In short, we will denote a Segal topological algebra by a triple (A, f,B).

For any category %', we denote by Ob(%’) the set of all objects of €. For any K,L € Ob(%’), we denote
by Mor(K, L) the set of all morphisms from K to L.

As everything works similarly for left, right or two-sided Segal topological algebras, we will not mention
the sideness in the paper. For better understanding, the reader can think about the left Segal topological
algebras, right Segal topological algebras or two-sided Segal topological algebras, depending on which
class of ideals the reader is more familiar with.

Let us continue by recalling the definition of the category Seg of all Segal topological algebras. The
definition of Seg was first published in [4] together with the definition of another category of Segal topolog-
ical algebras, called . (B), which has already been studied more thoroughly in several papers (see [2-9]).
The category . (B) had all Segal topological algebras in the form (A, f,B) as objects, where topologi-
cal algebra B was fixed and for any (A, f,B),(C,g,B) € Ob(.¥(B)), the morphisms between (A, f,B) and
(C,g,B) were all continuous algebra homomorphisms o : A — C with the property goa = f = lgo f,
where 1p : B — B is an identity map on B. The category Seg has all Segal topological algebras as its ob-
jects. For any (A, f,B),(C,g,D), the set Mor((A, f,B),(C,g,D)) of morphisms from (A, f,B) to (C,g,D)
consists of all such pairs (a, ) of continuous algebra homomorphisms o : A — C and 3 : B — D, for which
goa = P o f. Hence, in case (A, f,B),(C,g,D) € Ob(Seg) and (a, ) € Mor((A, f,B),(C,g,D)), we have
a commutative diagram

A%B

[
c 2> Dp
The composition of morphisms of Seg is defined componentwise as follows:

For any (A, f,B),(C,g,D),(E,h,F) € Ob(Seg) and arbitrary morphisms (¢, ) : (A, f,B) — (C,g,D),
(y,0):(C,g,D) — (E,h,F), the composition of (,0) and (&, ) is (y,8) o (a,B) = (yoa,d0p).

In [4], pp. 24, it was shown that this composition of morphisms is well-defined and associative. More-
over, it was demonstrated that the pair (14, 15) of identity maps is the identity morphism for an object
(A, f,B) of Seg.

In [10], the study was started on the categorical properties of the category Seg. The present paper is the
second article devoted to the more thorough study of the category Seg.

2. COEQUALIZERS IN THE CATEGORY SEG

We start this section with the definition of the coequalizer' in the category Seg. For that, we need to
generalize the definition of a coequalizer given in [4], pp. 8-9, in the case of the category . (B).

Definition 1. Ler (A, f,B) and (C,g,D) be objects of the category Seg. The coequalizer of morphisms
(alaﬂl)a (a27ﬁ2) S MOI‘((A,f,B), (CagvD)) is a pair ((Q,k,R),()L,‘LL)) such that
(1) (QakaR) € Ob(seg) and (A,‘U) € MOT((C,g,D), (QakaR)) with A o o = Ao o and u OBI =H OﬁZ;
(2) for any pair ((S,1,T);(v,p)) with (S,1,T) € Ob(Seg) and (v,p) € Mor((C,g,D),(S,1,T)) with
voay =Vooy and p oy = p o Py, there exists unique (6,7) € Mor((Q,k,R),(S,I,T)) withv =0c0A
and p =Tol:

' For the general definition of a coequalizer in an arbitrary category, see, e.g. [11], p. 64.
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In what follows, we need to use the smallest two-sided ideal I of C generated by the set
M = {ai(a) — op(a) : a € A}. It is known that I is equal to the set

n
{Z(Ckmkdk + fimi A mugi + Aemy) :n € LT e, dis fioo 8k € Comy € My Ay € K}-
k=1

Similarly, we need to use the smallest two-sided ideal J of D, generated by the set
N ={Bi(b) — B2(b) : b € B}, which is equal to the set

n
{Z(Cknkdk+fknk+nkgk+lknk) tn€ L’ cr,di, fi, gk € Dy €N Ay € K}
k=1

On the sets I and J we will consider the subspace topologies 7; and 7;, generated by the topologies 74
of A and 15 of B, respectively, i.e. 7 ={UNI:U € 14} and 7y = {VNJ:V € 13}. In the theory of
topological algebras, it is known that a quotient space of a topological algebra by its two-sided ideal is also
a topological algebra when equipped with the quotient topology. Hence, C/I and D/J, equipped with the
quotient topologies, are topological algebras.

Theorem 1. Ler (A, f,B),(C,g,B) € Ob(Seg) and (o4, p1),(0n,B:2) € Mor((A, f,B),(C,g,D)). Denote
by I the smallest two-sided ideal of C, generated by the set M = {o(a) — op(a) : a € A}, and by J the
smallest two-sided ideal of D, generated by the set N = {P;(b) — B2(b) : b € B}. Then the coequalizer of
the morphisms (o, B1), (0, B2) always exists and is the pair ((C/1,§,D/J);(p,q)), where p : C — C/I,
q:D — D/J are the canonical projections, C/I, D/J are equipped with the quotient topologies
ten={VCC/l:p(V)etc}, tpy={W CD/J:q (W)€ 1p}, respectively, and § : C/I — D/J is
defined by &([c]) = [g(c)] = q(g(c)) for each [c] € C/I.

Proof. Since (a17B1)7 ((Xz,ﬁz) S MOI'((A,f,B), (Cang))’ then

g(ai(a) — m(a))=g(ai(a)) — g(a(a)) =Pi(f(a)) — B2(f(a))

for every a € A. Hence, g(M) C N.
Take any i € I. Then there exist n; € Z+,m1,...,mni eEM,A,..., Ay, € Kand

Cla'"acn,-adla-'-adniafla"'7fn,-7g17--'agni eC

such that

nj
i= Z (cxmidi + fimy + mygr + Agmy).
k=1
As g(my) € N for every my, € M, then g(i) € J. Hence, g(I) C J.
First, we will show that (C/I,g,D/J) € Ob(Seg).
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We know that C/I,D/J, equipped with the quotient topologies, are topological algebras.

Let c¢j,co € C such that [c1] = [c2]. Then ¢; — ¢y € I and g(c; — ¢2) € J.  Thus,
g(ler)) — &([ca]) = [g(cr)] — [g(c2)] = [g(c1 — c2)] = [6p], which means that g([c1]) = &([c2]) and the map g
is well-defined. Moreover, g is an algebra homomorphism because g is an algebra homomorphism. Notice
that go p = go g because (gop)(c) = (gog)(c) for each ¢ € C.

As g(C) is a dense ideal in D, then for every d € D and every neighbourhood O of d there exists
¢ € C such that g(c) € O. Take any [d] € D/J and any neighbourhood U of [d| in D/J. Then there exists
W € 1p,; such that [d] € W C U. By the definition of the quotient topology 7p/; we see that g (W) is
an open neighbourhood of d because d € ¢~' (W) and ¢~ (W) € 7p. Hence, there exists ¢ € C such that
g(c) € g7 (W). Now, p(c) = [c] € C/I is such an element of C/I, for which

g([c]) = alglc)) € qlg™ (W) SW CU.

Thus, for every [d] € D/J and every neighbourhood U of [d] in D/J there exists [c] € C/I such that
&([c]) € U. This means that (C/I) is a dense subset of D/J.

Take any W € 1p/;. Then ¢~ ' (W) € 7p, which means that there exists Uy € Tp such that g~' (W) = Uy .
As (C,g,D) € Ob(Seg), it follows by the condition (2) of the definition of a Segal topological algebra that

gil(Uw) € Tc.

Now,
g W) ={[c]: &([c]) e W} ={p(c) : q(g(c)) e W}
={p(c):ceg (g ' W)} =p({c:ceg” (Un)}) = plg” (Uw)) € Tc/r

because the projection p is open and g~! (Uy) € t¢. Therefore, e/ 2 {g7'W):we s}

Take any x,y € C/I, A € K and z € D/J. Then there exist cy,cy € C and d, € D such that
x =[] = p(ex),y = [ey] = pley) and z = [d] = q(d;). Then g(cy),g(cy) € g(C). As g(C) is a left
(right or two-sided) ideal of D, then g(cx) +g(cy),Ag(cx),d-g(cx) € g(C) (similarly, g(c,)d; € g(C)). Thus,
8(x) +8(y) = [8(ex)] + [8(cy)] = [g(cx) +8(cy)], A8(x) = [Ag(cx)], 28(x) = [d:][g(cx)] = [d:g(cx)] € &(C/T)
(similarly, g(x)z € g(C/I)). Hence, g(C/I) is an ideal of D/J and (C/I,g,D/J) € Ob(Seg).

It is known that p and ¢, as canonical projections, are continuous algebra homomorphisms. Moreover,
as aj(a) —op(a) € M C I and By(b) — Ba(b) € N C J, then p(oy(a)) = p(on(a)) for every a € A and
q(B1(b)) = q(B2(D)) for every b € B. Hence, pooy = po a,qo i = go B, and the first condition of the
coequalizer is fulfilled.

Suppose that there is ((S,.,T);(v,p)) with (S,1,T) € Ob(Seg) and (v,p) € Mor((C,g,D),(S,1,T))
with vooy =vom and poflj =pofs:

A—L B

ofw sl

C ——— D

Consequently, we have v(a (a) — aa(a)) = 6s for every a € A and p (B (b) — B2(b)) = Or for every b € B.
Hence, v(I) = {6s} and p(J) = {Or}. Define the maps v : C/I — S by V([c]) := v(c) for every [c] € C/I and
p:D/J— T by p([d]) := p(d) for every [d] € D/J. The maps V and p are well-defined since v(c) = v(d)
for all ¢j,cp € C, with p(cy) = p(c2), and p(d;) = p(d,) for all dy,d, € D, with g(d;) = q(d,). Notice
that ¥, p are continuous algebra homomorphisms because v and p are continuous algebra homomorphisms.
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Moreover, (Vo p)(c) = V([c]) = v(c) for every ¢ € C and (p oq)(d) = p([d]) = p(d) for every d € D.
Hence, Vop=v and pog = p. Itis also clear that V is the unique map with the property Vop = v and p is
the unique map with the property p o g = p. Hence, the second condition of the coequalizer is also fulfilled
and the pair ((C/1,g,D/J);(p,q)) is the coequalizer of the morphisms (o, B;) and (%, 32). O

3. PULLBACKS IN THE CATEGORY SEG

Similarly to the definition of the pullback? in the category .7 (B) (see [4], pp. 10-11), we define also the
pullback in the category Seg.

Definition 2. Let (A,f,B),(C,g,D),(E,h,F) € Ob(Seg), (a,B) € Mor((A,f,B),(E,h,F)) and

(v,8) € Mor((C,g,D),(E,h,F)). An object (P,j,Q) of the category Seg, together with morphisms

(e,8) € Mor((P,,0),(A, f,B)) and (n,&) € Mor((P, j,Q),(C,g,D)), is called a pullback of morphisms

(o, B) and (v,9), if

(M) (a,B)o(&,8) = (1,8)o(n,8);

(2) for every (R,k,S) € Ob(Seg) and (x,A) € Mor((R,k,S), (A, f,B)), (1,v) € Mor((R,k,S),(C,g,D))
such that (o, ) o (x,A) = (v,8) o (1, V), there exists unique morphism (7, p) € Mor((R,k,S), (P, j,Q))
with (€,8) o (,p) = (k,A) and (n,8) o (m,p) = (1, V)

Using this definition of a pullback in Seg, we obtain the following result.

Proposition 1. Let (A,f,B),(C,g,D),(E,h,F) € Ob(Seg), (a,B) € Mor((A,f,B),(E,h,F)) and
(v,6) € Mor((C,g,D),(E,h,F)). Suppose that the subset Fy = (B o f)(A)N(80g)(C) of F is a dense
ideal of F. Then the following claims hold:

(W IfP=A{(a,c) eAxC:oafa)=7y(c),h(ala)) € K},
0=A{(f(a),g(c)): (a,c) e AxC,a(a)=7y(c)} Nclpxp{(f(a),g(c)) : (a,c) € P},

j((a,c)) = (f(a),g(c)), the topology on P is the subspace topology of the product topology of (A, T4)
and (C,1¢), and the topology on Q is the subspace topology of the product topology of (B,Tg) and
(D, 1p), then the triple (P, j, Q) is also an object of the category Seg.

(2) The canonical projections py : P — A, pc : P —- C, gg: Q — B and gp : Q — D satisfy
(pthB) € MOI‘((P,j,Q),(A,f,B)), (pCan) € MOI‘((P,j,Q), (CagaD)) and

(a,B)c(pasg8) = (¥:8) o (pc,qp)-

2 For the general definition of a pullback in an arbitrary category, see, e.g. [11], p. 71.



160 Proceedings of the Estonian Academy of Sciences, 2021, 70, 2, 155-162

(3) If clgxp{(f(a),8(c)) : (a.c) € Ax C,a(a) = ¥(c)} = {(f(a).8(c)) : (a,c) € AXC,a(a) = ¥(c)}, then
(P, j,Q), together with the maps (pa,qs) and (pc,qp), is the pullback of the morphisms (., ) and

(7,90).

Proof. (1) Let us first show that P is a subalgebra of A x C. For that, take any (a;,c1), (a2,¢c2) € Pand A € K.
Then o (a;) = y(c1),a(az) = y(c2) and h(a(ay)),h(a(az)) € Fy. As o and B are algebra homomorphisms,
we have

a(a; +ax) = a(ar1) + a(az) = y(c1) +v(c2) = y(c1 +c2), a(araz) = aar)a(az) = y(c1)y(c2) = y(cica)

and

a(ra)) = Aafar) = Ay(cr) = y(Acy).

As his an algebra homomorphism and Fj is an ideal in F, it follows that
h(a(a;+az)) =h(a(ay))+h(o(az)) € Fo+Fo C Fy, h(a(aiaz)) = h(a(ar))h(o(az)) € FoFy C Fy

and
h(a(Aar)) = h(dalar)) = Ah(a(ar)) € AFy C Fo.

Hence, (aj,c1) + (az,c2) € P, (ai1,¢1)(az,c2) € P and A(ay,c;) € P, which means that P is a subalgebra of
A x C. As P is equipped with the subspace topology 7p of the product topology of (A, 74) and (C,1¢), then
(P, tp) is a topological algebra.

Similarly, one can see that the sets {(f(a),g(c)) : (a,c) € AxC,0(a) =y(c)},{(f(a),g(c)): (a,c) € P}
are subalgebras of B x D. The closure of a subalgebra is still a subalgebra and the intersection of two
subalgebras of the same algebra is a subalgebra. Hence, Q, equipped with the subspace topology, is a
topological algebra.

As Q Cclgxp{(f(a),g(c)) : (a,c) € P} and j(P) ={(f(a),g(c)) : (a,c) € P}, itis clear that

clp(j(P)) = 0N clpxp(j(P)) = Q,

i.e. j(P) is dense in Q.

As both f and g are continuous algebra homomorphisms, it is also clear that j is a continuous algebra
homomorphism.

In the same way we checked that P is a subalgebra of A x C, one can check that j(P) is an ideal of the
algebra {(f(a),g(c)) : (a,c) € AxC,a(a) = y(c)}. Therefore, j(P) is also an ideal of Q.

With that we have proved that (P, j, Q) is an object of the category Seg.

(2) As projections, pa, pc,gp and gp are continuous algebra homomorphisms. Notice that

(fopa)(a,c)) = f(a) = qs(f(a), g(c)) = gqa(j(a;c)) = (gz° j)((a;c))
and
(gopc)((a,c)) = g(c) = an((f(a), g(c)) = qn(j(a;c)) = (gp o j)((a,c)) for every (a,c) € P.
Therefore, fops =gpo jand go pc = gp o j, which means that (pa,gp) € Mor((P,j,0), (A, f,B)) and
(pc,qp) € Mor((P, j, Q),(C,g,D)).
Notice that, for every (a,c) € {(a,c) € Ax C: a(a) = y(c)}, we have

(a0 pa)((a,¢)) = a(a) = y(c) = (vo pc)((a;c))
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and

(Bogn)((f(a),g(c))) = (Bogr)(i((a,c))) = B((gzo j)((a:c))) = B((fopa)((a;c)))
)

(g5
= (Bof)(a) = (hoa)(a) = h((eto pa)((a,c))) = h((yo pc)((a;c))) = (hoy)(c)
= (80g)(c) = d(g(c)) = 8(qp((f(a),8(c)))) = (8 0gp)((f(a),8(c)))-

Hence, oto py = yo pc and B ogp = 6 o gp, which means that (&, B) o (pa,gs) = (.6) o (pc,4p).
(3) Based on the part (2) of the proof, we already know that the first condition of a pullback is satisfied.
Suppose that (R, k,S) € Ob(Seg), (k,A) € Mor((R,k,S), (A, f,B)) and (u,v) € Mor((R,k,S),(C,g,D))
are such that (@, ) o (k,A) = (y,8) o (1, V).

Notice that then at(x(r)) = y(u(r)) for every r € R and B(A(s)) = 8(v(s)) for every s € S. Moreover, from

(Bof)(K(r)) = (hoa)(k(r)) = h(a(x(r))) = h(y(u(r))) = (hoy)(1(r)) = (8 0 g)(u(r)),

it follows that h(ct(x(r))) € (Bo f)(A)N(80g)(C) = Fy, which means that (k(r),u(r)) € P for every r € R.

Take any s € S. As k(R) is dense in S, then there exists a net (r;);c; of elements of R, such that the
net (k(r;))ic; converges to s. As A,V are continuous maps, then the net (A (k(r;)));cs converges to A(s)
and the net (v(k(r;)))ier converges to v(s). Hence, the net (A (k(r;)), v(k(r:)))icr converges to (A(s), V(s)).
As (x,A) € Mor((R,k,S), (A, f,B)), (1,v) € Mor((R,k,S),(C,g,D)), then Aok = fox and vok=gop.
Hence, the net (f(x(r;)),g(u(r:)))ier converges also to (A(s), v(s)). By denoting a; = k(r;),c; = u(r;) for
every i € I, we see that (a;,¢;) = (k(ri),u(r;)) € P for every i € I (as shown above). Hence,

(f(r(ri)), g(u(ri))) € {(f(a),g(c)) : (a;c) € P} C{(f(a),8(c)) : (a,c) EAXC,a(a) =y(c)}

and
(A(s),v(s)) € clxp{(f(a),8(c)) : (a;c) €A X C,a(a) =y(c)} N clgxp{(f(a).&(c)): (a,c) € P}.

As clpp{(£(a).8(0)) : (a,¢) € A x C,a(a) = ()} = {(f(a),g(c)) : (a,c) € A x C,x(a) = 7(c)}. then
(A(s),v(s)) € QO forevery s € S.

Define the maps 7: R — Pand p : S — Q by n(r) = (x(r),u(r)) forevery r € Rand p(s) = (A(s), v(s))
for every s € S. Then 7 and p are continuous algebra homomorphisms, since k, i, A and v were continuous
algebra homomorphisms.

Notice that

(Jom)(r) = j(x(r),u(r)) = (f(x(r), &(1(r))) = (A (k(r)), v(k(r))) = p(x(r)) = (p 0 k)(r)

for every r € R. Hence, jom = pok and (w,p) € Mor((R,k,S), (P, j,Q)).

From the definitions of pa,pc,qp,qp it is clear that (m,p) is the unique morphism with
(pa,qs)o(m,p) = (k,A) and (pc,qp) o (m,p) = (K,Vv). Hence, (P, j,Q) is a pullback of the morphisms
(e, 8) and (7, 6). O
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Open questions. (1) Let (A, f,B),(C,g,D),(E,h,F) € Ob(Seg), (a,B) € Mor((A, f,B),(E,h,F)) and
(v,8) € Mor((C,g,D),(E,h,F)). Is any of the following two conditions necessary for the existence of a
pullback of morphisms (¢, 8) and (y,8)?

(@ Fy=(Bof)(A)N(80g)(C) is a dense ideal of F;
() {(f(a),g(c)) : (a,c) e AxC,a(a) =7y(c)} is a dense subset of B x D.

(2) In case at least one of the conditions of the open question (1) is not necessary, find the necessary and
sufficient conditions for the existence of a pullback in the category Seg.

4. CONCLUSION

In the present paper we have shown that the coequalizers in the category Seg of Segal Topological Algebras
always exist and found some sufficient conditions for the existence of pullbacks in the category Seg.
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Kovordsustajad ja tagasitombajad Segali topoloogiliste algebrate kategoorias Seg
Mart Abel

On néidatud, et Segali topoloogiliste algebrate kategoorias Seg leiduvad alati kovordsustajad. Samuti on
leitud piisavad tingimused tagasitdmbajate leidumiseks kategoorias Seg.
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