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Abstract

This work presents a transformation of the classical thermal diffusion equation into a fractional thermal diffusion equation with respect to time, considering consistency

with the dimensionality of time
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Introduction

Fractional calculus (FC), involving derivatives and integrals of non-integer
order, is the natural generalization of classical calculus, which in recent years
has become a powerful and widely used tool for better modeling and control
of processes in many fields of science and engineering [1-5]. Many physical
phenomena have an ‘“intrinsic” fractional order description and therefore FC
is needed to explain them [2]. In many applications, the FC provides more
accurate models of physics than ordinary calculus. Since its success in
describing anomalous scattering [11-17], non-integer order calculus in both
one-dimensional and multidimensional space, it has become an important
tool in many fields of physics, mechanics, chemistry, engineering, finance and
hioengineering [7-10]. Fundamental physics considerations in favor of using
models based on non-integer-order derivatives are given in [6-14]. Additionally,
fractional derivatives provide an excellent tool for the description of memory
and the hereditary properties of various materials and processes [13]. These
are advantages of FC compared to classical integer order models, in which
such effects are indeed neglected.

In this article, we will consider the general form of the thermal diffusion equation,
we will transform it into a time fractional thermal diffusion equation, taking into
account the dimensionality of time.

To do this, in section 2, we will make the choice of the fractional derivative used
and what it is necessary to respect to change the ordinary derivative of time
into a fractional derivative. And the use of the results thus obtained to have the
primary objective. Before the conclusion, we will focus on a discretization and a
numerical simulation of the equation obtained.
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Time Fractional derivatives and
dimensionality

Fractional derivatives

To analyze the dynamic behavior of a fractional system, it is necessary to
use an appropriate definition of fractional derivative. Indeed, the definition of
the fraction and the derivative of order is not unique and there are several
definitions, including: Grunwald-Letnikov, Riemann-Liouville, Reisz and the
representation of Caputo, and so on. In the case of Caputo, the derivative of a
constant is zero and we can define, correctly, the initial conditions for fractional
differential equations which can be treated using an analogy with the classical
case (ordinary derivative). The Caputo derivative also involves a memory effect
by means of a convolution between the derivatives of integer order and a power
of time. For this reason, in this article we prefer to use the fractional derivative
of Caputo.

The fractional derivative of Caputo for a function of time f (t) is defined as
follows [13], when the order of the derivative £]0,1] :

DifO=[-orO&as @

Sizing of the variable ‘t’

For a thermal diffusion equation, the variable't'represents the time in seconds.
We will propose a simple procedure to construct the time fractional thermal
diffusion equation. To do this, we replace the time ordinary derivative operator
with the fractional as follows:

4 4" o<t [U[2 @
dt  dt*

We can see that (2) is not quite exact, from a physical point of view, because

the derivative operator of time % has for dimension the inverse of the second

a

. o d
! and that of the operator of the fractional derivative of time is F .In order
t

to be consistent with the dimensionality of time we introduce the new parameter
o with the following way:
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Figure 1: Graphical representation of the temperature variation. If the time t
varies between 0 and 1 and the position x between 0 and 2, when the order of
the fractional derivative is 0.9.

where o is an arhitrary parameter which represents the order of the derivative.
In the case where o = 1, expression (3) becomes an ordinary derived operator.
In this way (3) is dimensionally consistent if and only if the new parameter
has the dimension of time [c] = s. Hence we have a simple procedure to
construct fractional differential equations. It consists to replace in the following,
the ordinary derivative in the ordinary differential equation by the fractional
derivative operator:

d 1 d°

" - = 0<a<1 [1][2] (4)
Expression (4) is a time derivative in the usual sense, because its dimension is
¢! - The parameter o (auxiliary parameter) represents the fractional time

components in the system [3,4].

Expression of the fractional thermal
diffusion equation

If t is the temporal variable and x the spatial variable, the classical thermal
diffusion equation is written:

9
ot
- ‘a’is the diffusivity coefficient

T(t,x)—aA T(t,x) = f(t,x) ()

« T'(¢,x) is the temperature corresponding to the variables t and x
* £(,x) is the second member of equation (1) for the variables t and x
« t> 0 and x belongs to a certain domain of space

From the previous paragraph the fractional thermal diffusion equation with
respect to time is written
1 o

— = T(t,x)—aA T(t,x) = f(£,x)
o * ot

a

0
In our case = ng‘

ta
Finally, the fractional thermal diffusion equation with respect to time is written:
1 CDIT(t,x)—aA T(t,x) = f(t,x) , O<a<l (6)

O_I—a 0

Note:

The parameter « , which represents the order of the fractional derivative, can
be related to the parameter o, which characterizes the presence of fractional
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structures in the system. For the present case, referring to the principle taken
in [3] and [4], (6) is written:

‘DT (t,x) -0 “aA T(t,x)=0c""f(t,x)
And we take o =0oa ,(6) is written:

CDT(t,x)—a' “a“A T(t,x)=aa"" f(t,x) (7)

Discretization and simulation

Discretization

For our discretization, it suffices to consider the variable x only on the real line
because o has no impact on the spatial variable:

1€[0,7,] and xe[0,X]

On the segment [O,TD] , we build a finite sequence (t‘.)

0<i<n

suchthat % = I
n

and ¢, =ik - Similarly, on the segment [0,X] , a finite sequence (x))

0<j<m

X
suchthat #=— and x,=jh
m J

According to [5]
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This relation is valid for i = O
62u(t,-,xj) B u(tl-,xj_l)—2u(t,-,x]-)+u(t,-,xj+1) 0 —2wl-,‘,- +0;

ox? W n?

Axu(t[axj) =

T(t;,x, )= 2T (t;,x ;) + T (8, % 41)

AT(t,x;)= 2

i

(7) Is written :

m;(m—pk,x,)—T(t[—(p+1>k,xj>)[(p+1) P
T(t,,x, )= 2T(t,x )+ T(t,.x,,)

hZ

—a"a

a™a” f(t,x))

More precisely

o i o v
re-a ;)(T(n = pkox))=T(t, = (p+ Dk, x )| (p+1D)™ = p"] ©)
_al:z - T(t,x; )= 2T, x)+T(t,x,,,) =0lliaaa71f(tiax/)
Simulation

Make 7, =1; X, =2,0<o <1and we take as an initial condition 7'(0,x) =0
forall x [0,X,]

The boundary conditionis 7(¢,0)=7(,2)=0 forall 7€[0,7;].

a=0.05, f(¢,x)=texp(—x)
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(9) can still be written:

It T, =T(,x;) then T,_,,, =T(t, — pk,x;) and T,; =0 for 0< j<m,

T,,=0for 0<i<n andifwenote f,, = f(,x;) we have

kiahz O 1-a - 2a-1p2
*2T,_/+Tu,m=m2(ﬁ,,,,)_/fT(,,(,,m,_/)[(pH) -p ), (10)

P=

T,

i(j-1)

If 7 =1we have

T,

kiahz 2a-112 o . (11)
Lo-n (€ T,+Ty=—a"hf, 1<j<m-1-

+ l—v(z_a)al—aafa) i g

If we vary j, we have m equations:

. . kn’ 2a-1p2 o
J =1~—(2+W)TLI +h,=-a""h [,

. k0 -
J=2:15, -2+ W)TI; +T,, =—a""'h* [,
. k™ h? w1y2 o
j=3:T,-2+ rC-a)a “a* W+ T, = -a’ 1h2.f1,3
. k™ h? w112 o
J=4:T;-2+ W)Tu +T=—a " f,

—ay?2
j =m-1: Ti.m—Z — (2 + W)TLM_I = —aza—thfi’m_l
We have the following matrix representation:
k—ahZ
A =24 _ _2a-1p2
Note “uin r2- a)alfaafa Van a™“"h

If Ais the tridiagonal square matrix of orderm, 4 = (a;) 1<i,j<m-1.
Such that a, =-1,,,,1<i<m-1;a,,=L1<i<m-2; a,,, =L1<i<m-2
If T, and £, are unicolumn matrix, such that 7, = (7)), f; = f,,,1< j<m—1

We have the matrix equation AT, =y,, f, (12)
For ; > 2, make

kn? i~ ! )
2T, =T ) () =P ]

rQ-a)a“a*

And the equation is written:
kfahz

re-a)a“a*

ﬂijzzkh =
Tr,/—] -2+ )77/ + T;,/'H = ﬂi/zzhk + 02”71h2f1,/ 1< J <m-1 (13)

And we have a matrix equation similar to the case i = 1. Thus, we have n
matrix equations:

AT, =B, 1<i<n,(14)
suchas 7; = (Z.j)ls,’gnﬂ B = (ﬁijahk - y{zh.f;’,j)lstnzfl
Solving these equations, gives us the values of (7; j )lg,-g,,’lg Jj<m

From the above mentioned data, from MATLAB software, we get the following
graphical representation:
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Conclusion

The important point for this article is the introduction of the parameter ‘c ‘ in
the case of the fractional thermal diffusion equation with respect to time. But
the problem that still arises is the identification of the expression of ‘c’ in the
general case, i.e: Is it possible to give a method to search ‘c’ for all cases.
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