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Abstract

In this paper, we consider the class of Bessel functions and the class of Struve functions. We obtain some

univalence criteria for two general integral operators.
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Introduction and Preliminaries

Let consider U the unit disc. Let H(U) be the set of holomorphic
functions in the unit disc U [1-9].

Consider A={f € H(U): f(z)=z+a,z*"a,z’+,z € U} be the class of
analytic functions in U and S={f € A: fis univalent in U}.

Theorem 1.1

If the function f is regular in unit disc U, f(z)=z+a,z*"... and

(1 _‘Z‘z)' ann(Z)
1"(2)

for all z € U, then the function is univalent in U [1].

<1 (1)

Theorem 1.2

If the function g is regular in U and |g(z)|<1 in U, then for all{ € U
and z € U the following inequalities hold [4]

g(6)-8(2)| | -2 @)
1-g(2).g(&)[ |1-7.¢|
and

g (z)‘S# (3)

+
the equalities hold in case & (Z )=8 z ,u

where |¢|=1 and |u|<1.
1+uz

Remark 1.1
For z=0 from inequality (2) we obtain for every § € U [2]
g(¢£)-¢(0) <

l—g(O).g(é)

and hence

(&)< ¢+ (0) (5)
1+]2(0)]¢

Considering g(0)=a and &=z, then

(o<1t ®

1+‘aHz‘
forallz € U.

(4)

Let us consider the second-order inhomogeneous differential

equation (([10]), p.341)
4[2)’”
2" ' 2 2 _ 2
22w (z)+ zw (z)+(z -v )w(z)—il )
N (v +f)
2

whose homogeneous partis Bessel’s equation, where v is an unrestricted
real (or complex) number. The function H , which is called the Struve

function of order v, is defined as a particular solution of (7). This
function has the form

B © (_1) n [i 2n+v+l
Hv(z)—;(n+3j F(H_,H_é) ZJ for all zeC ®)
2) 2

We consider the transformation

g,=2"\xT (V-&—%].Z%H‘,(\/})) &)

After some calculus we obtain

(03 (—1)”F(%]F[v+%j ,, o

_Z z

n=0 4”.1"[11 +é].l"(v +n +§j
2 2

Using Theorem 2.1 ([5]) for our case withb=c=1, k=v+= we
obtain that: 2
37

8

Theorem1.3 [5],[3], if v> then the function g is univalent

inU
The Bessel function of the first kind is defined by
J (Z):ii,(ijm . (11)
’ Snll(n+v+1) \2

We consider the transformation
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F=2)=2T(1+v)z 3, (V5) (12)

After some calculus we obtain
= (-1)'T(1+v)

(2=

Snll(n+v+1)4"
Theorem 1.4

Ifv> -2 then Refz € U,(0,4(v+2)) and { is univalentin U (0,4(v+2))

[7,9,3].
Main Results
Theorem

Let fvi Bessel functions, z € U,v € (—2,—1),0.i € C where
= (-1)'T(1+v,)

HEEDY

Sl (n+v,+1).4"

If
#u(2) = 1,(2) <1, foralli € {1,2,...n}, (V)z€ U (14)
Zf;,,»(z)
|| +]ay|+ ..ot - (15)
‘al.az ........ a,
1
‘al.az ........ a,l <

1 N 1 . 1 \
32.‘(2+vl)(1+vl) (24v,)(1+v,) 7 (2+v,)(1+v,)

then G(z)= j:[ﬁ"(’)]m.[ﬁz(‘)jﬂ ....... (f""(t)]wdzes

t t t
Proof.

where ‘C‘ =

We have f €S,1€ {1,2,...n} and 7(?) £0.
z

For z=0 we have (fw'(z)jal [fvz(z)}az ....... (fv(z)]a =1-
z z z

Consider the function

1 F "(Z)

F(z)

The function h has the form:

z" (13)

max 1_‘2‘2.‘2‘. || +|¢] (16)
[ <1 1+‘ZHC‘

h(z = ! . 7. (Z)if”(z)Jr ....... t ! .a, 7, (Z) -/ (Z)
‘a,.az........a"‘ L/ ‘051»%--------%‘ 2o (o)
We have:
1 ! 1 )
h(0)= QA F et a, .a)
‘al.az ........ g ‘al 72 a,
1
1 j—
Where & a1 +m)
s 1
P32(2+4,)(1+y,)
1

n__
a, =

32(2 +v”)(1+vn)

where ‘C‘ =

By using the relations (14) and (15) we obtain |h(z)|<1 and

(0 where

(0)= ‘ozl.oz2 ........ a, ‘C‘

I L 1 + L + 1 ‘
32((24+w)(1+v) (2+4v)(1+v,) (2+v,)(1+v,)

Applying Remark 1.1 for the function h we obtain

1 Gn(z)‘< ‘Z“F‘C‘

‘al.az ........ a,| G’(z)‘ 1+‘cHz
F'(2) [+l
(1—‘2\2).2. e <|ey.aty.......x \.(1—‘2\2) E ez

for allz €U

Let’s consider the function H: [0,1] > R

H(lj_3 1+‘c‘ >0 then maxmax H(x) > 0.

2) 8 24 xefo]
We obtain
F”(Z) ‘Z‘+‘C‘
(1_‘2‘2)'2_?(2) <|ey.ay......a, 'rﬁﬁf(l_‘z‘z)"z"lﬂc\\z

Applying the condition (16) we obtain:

2, F'(2)
(1—‘2‘ )'Z'F'(z)

<1(V)zeU

and from Theorem 1.1 then F € S.

For a,_a,_..=a_in Theorem 2.1 we obtain the next corollary:
Corollary 2.1
Let fviBessel functions, z € U,v € (—2,—1),(1i € C where

fw.(z):iw.z" ie(1,2,.ccn)

o n!F(n +v, + 1).4"

If
M <1, foralli€ {1,2,..n}, (V)z € U(17)
zf,(z
r‘r)zcﬁylc(l—‘z‘z).‘z‘ .12+th<1 (18)
then

N o
""" (2+v”)(l+v”)‘

F()= j[ft(’)][ft(’)j ....... [ft(t)jdtS

Theorem 2.2

32 |2 (1) (24n)(1+ )

Let g Struve functions, z € U,v € (-2,~1),a, € C where
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zg'(z)—gm(z)

<1’ foralli€ {1,2,...,n}, (V)z€ U (19)
2g,(£)

<1 (20)
‘a,.az ........ a,
1
N 2 <
‘al a, a, R ‘Z‘-F‘C‘ (21)
r‘n‘;i)lg 1—‘2‘ "Z"l-s-‘zHc\
where || :%‘ 1 T ! ‘ then

(29, +3)(2v, +5) v ) +5) 7 o +3)(2n, +9)]

G(z)zj:[g“'t(t)]m‘[g"zt(t)jaz ....... [g"”t(t)deteS

Proof.

g, (2)

We have g € S,i € {1,2,...,n} and ———=#0.
z

For 220 we have [g()][g()] ,,,,,,, [ng _1

z z

Consider the function

2 15(2v, +3)(2v, +5)
1
15(2v, +3)(2v, +5) \
bl = !
o 15(2v, +3)(2v, +5)
By using the relations (19) and (20) we obtain |h(z)|<1 and

b=

. ! + ! +ot ! ‘
157(2v, +3)(2v, +5) (2w, +3)(2v, +5) (2v, +3)(2v, +5)|

Applying Remark 1.1 for the function h we obtain

G"(Z)‘< ‘Z“"‘C‘
g’ ’ G'(z)‘ 1+‘cHz

‘z\ +‘c‘

G'(2)
G'(2)

& (1—‘2\2).2. e, .......q,

.max(l—‘z‘z).‘z‘

‘x‘<l

1 +‘cHz
for all zeU

Let’s consider the function H: [0,1] > R
x+[c]
1+

H(x) = (1 —xz)x

;xz‘z‘

E

H(lj _3 1+‘c‘ .>0 then max H(x) > 0.
8" 2+[c]

2 Jo.1
We obtain

(1-]4%)=

Applying the condition (21) we obtain:
G”(Z)

(1 - ‘z‘ 2).2. G’(z)

and from Theorem 1.1 then G € S.

G'(z)

< (2)

<1

In Theorem 2.2 we consider a,_a, ..=a_1 and obtain the next
corollary:

Corollary 2.2 Let g Bessel functions, z € U,v € (-2,-1),0, € C
where
= (=1)"T(1+v,
(TN

pr F(n +v, +1).4" '

If
28'(2)~8.(2)|_ | , foralli € {1,2,..,0}, (V)z € U (22)
Zg,,[(f)
max(1-|2|*) |4 A4l (23)
o<1 1+|z]|e

1| 1 1 1 |
h = + +. +
gle‘:e =75 |(2v,+3)(2v,+5) " (29, +3)(2v, +5) (2, +3)(2v, +5)|
al a2 an
G(z)zj;[g"’t(’)] [gi(t)j ....... [gt(t)J dtes
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