
Volume 5 • Issue 5 • 1000329J Appl Computat Math, an open access journal
ISSN: 2168-9679 

Open AccessResearch Article

Journal of 
Applied & Computational Mathematics 

Jour
na

l o
f A

pp
lie

d & Computational M
athem

atics

ISSN: 2168-9679

Shawky and Badr, J Appl Computat Math 2016, 5:5
DOI: 10.4172/2168-9679.1000329

Keywords: Double truncated; Order statistics; Conditional
expectation; Weibull, Pareto; Rayleigh; Inverse Weibull distributions

AMS 2000 Subject Classification: 62E10; 62G30

Introduction
The order statistics arise naturally in many real life applications 

and it is considered as an increasingly important subject. Articles 
relating to this area have appeared in numerous different publications. 
Many authors have studied order statistics; for example, David [1], 
Balakrishnan and Cohen [2], Arnold et al. [3], David [4], David and 
Nagaraja [5] and Mahmoud et al. [6,7]. Several authors discussed 
conditional expectations, for example, Balakrishnan and Sultan 
[8], Mohie El-Din et al. [9], Abu-Youssef [10], Abd- El-Mougod 
[11], Shawky and Abu-Zinadah [12], Shawky and Bakoban [13] and 
Pushkarna et al. [14].

Let X1:n ≤ X2:n ≤ …≤ Xn:n be the first n order statistics based on 
distribution with probability density function (pdf) f(x) and cumulative 
distribution function (cdf) F(x). Then the pdf of the rth order statistics, 
Xr:n, 1 ≤ r ≤ n, is given by (see David (1981))

( ) ( ) ( ) ( )1
1 , 

r n r
r rf x C F x F x f x

− −
=    −     (1.1)

where ( ) ( )
! , ,

1 ! !r
nC x

r n r
= −∞ < < ∞

− −
and the joint pdf of two order statistics Xr:n and Xs:n, 1 ≤ r ≤ s ≤ n is 
given by

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1
, , , 1 , ,

r s r n s
r s r sf x y C F x F y F x F y f x f y x y

− − − −
= − − −∞ < < < ∞            (1.2)

where 
( ) ( ) ( ),

!
1 ! 1 ! !r s

nC
r s r n s

=
− − − −

.

The doubly truncated case of a distribution is the most general case 
since it includes the right truncated, left truncated and non-truncated 
distributions as special cases, Joshi [15], Balakrishnan and Joshi [16], 
Khan and Ali [17] and Ahmad [18], among others, investigated doubly 
truncated distributions.

Suppose that the random variable X has a cdf F(x) and pdf f(x), 
where α ≤ x  ß. Let, for given ε and 

( ) ( )f x dx F P
ε

α

ε= =∫ and ( ) ( )f x dx F Q
γ

α

γ= =∫ .

Then the doubly truncated pdf of X, say g(x), and cdf, say G(x), are 
given respectively by

( )
1

( ) , f xg x x
l

α ε γ β= ≤ < < ≤ , 			          (1.3)

( ) ( )
1

, 
F x P

G x x
l

ε γ
−

= < <  , 			             (1.4)

where

l1=Q – P, G(ε)=0 and G(γ)=1.

The conditional density function of Xs:n=y, given that Xr:n=x is given 
[3] by

,

( )!( ) .: ( 1)!( )![1 ( )]
1[ ( ) ( )] [1 ( )] ( )

n rf y X xr ns r n rs r n s G x
s r n sG y G x G y g y

−= = −− − − −
− − −− −

ε < x < y < γ.             (1.5)

Also, the conditional density function of Xr:n=x, given that Xs:n=y is 
given by

( 1)!( ) .: 1( 1)!( 1)![ ( )]
1 1[ ( )] [ ( ) ( )] ( )

sf x X ys nr s sr s r G y
r s rG x G y G x g x

−= =
−− − −

− − −−
(1.6)

Let

 : :[ ( ) ]s n r ns r E X X xµ ϕ= =  and : :[ ( ) ]r n s nr s E X X yµ ϕ= = ,

where (.)ϕ  is a monotonic, continuous and differentiable function on 
the interval (α,ß). For abbreviation, we will denote

[ ( ) ]E Y X xr ns r s rµ ϕ= =  and [ ( ) ].:E X X ys nr s r sµ ϕ= =    (1.7)

Main Results
In this section, we characterize three general classes of distributions,

( ) ( ) 1 [  ] , x cF x b ae xα β−∅= − − < < , i.e.,
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( ) ( ) 1{  }, 
cxG x b ae x

l
ν ε γ−∅ = − − < < 

, 	                               (2.1)

where

v=1–P, l=P – Q, P=F(ε), Q=F(γ), G(ε)=0, G(γ)=1,

F(α)=0, F(ß)=1, and a ≠ 0, c  0, b are finite constants.

F(x)=1 – [a – b ∅(x)]c, α < x < ß, i.e.,

( ) [ ]1{  ( ) }, cG x a b x x
l

ν ε γ= − ∅ − < < , 	                               (2.2)

where

( ) ( ) ( ) ( )1 , ,  ,  ,  0,  1,P l P Q P F Q F G Gν ε γ ε γ= − = − = = = =

F(α)=0, F(ß)=1, and b ≠ 0, c ≠ 0, a are finite constants.

( ) ( ) 1 [  ], C xF x b ae xα β− ∅= − − < < , i.e.,

( ) ( ) 1{[  ] }, C xG x b ae x
l

ν ε γ− ∅= − − < < , 		                (2.3)

where

v=1 – P, l=P – Q, P=F(ε), Q=F(γ), G(ε)=0, G(γ)=1,

F(α)=0, F(ß)=1, and C ≠ 0, a > 0, b > 0 are finite constants.

Note: If we put l=–1, v=1, thus G(x) reduces to complete cdf of x, 
i.e. F(x), α < x < ß.

Let X be an absolutely continuous random variables with pdf 
g(x), cdf G(x) and ∅(x) is a monotonic, continuous and differentiable 
function on (ε,γ).

Theorems 1-4 given below characterize the general class given by 
(2.1), Theorems 5-8 characterize the general class given by (2.2), while 
Theorems 9-12 characterize the general class given by (2.3).

Theorem 1
Referring to (1.6), (1.7) and (2.1), then

( ) ( ) ( ){ }: :1
1 X

s n r sr s r s r s r saE V X X y bE V X e X y
acr

ϕµ µ +
  = + = − =   

 ,   (2.4)

where

( ) ( )
( )lG xV x

lG x v
=

+
.				                 (2.5)

Proof

It is clear from (1.6) and (1.7) that

( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1

1

1 !
 

1 ! 1 ![ ]

y
r s r

r s s

s
x G x G y G x g x dx

r s r G y ε

µ ϕ
− − −

−

−
= −      − − − ∫ .    (2.6)

Integrating (2.6) by parts, we get

 ( )
( ) ( ) ( ) ( ) ( ) ( )

` 1

1 1

1 !
! 1 ![ ]

y
r s r

r s r s s

s
x G x G y G x dx

r s r G y ε

µ µ ϕ
− −

+ −

−
= − −      − − ∫ .    (2.7)

Differentiating (2.1) with respect to x, we have

( ) ( )
( )` g( )xbe a l xx
ac lG x v

ϕ

ϕ −
=

+
. 			                   (2.8)

From (2.7) and (2.8), we obtain
( )

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

1 1

1 1

1

1 !
( )

( ) ! 1 !

1  .

y
r s rx

r s r s s

y
x

r s r s

s
be a V x G x G y G x g x dx

ac r s r G y

be a V x g x y dx
acr

ϕ

ε

ϕ

ε

µ µ

µ

− − −

+ −

+

−
= − −    −    

− −   

 = − − 

∫

∫
      (2.9)

Simplifying (2.9), we get (2.4). Thus, the theorem is proved.

Theorem 2

Referring to (1.6), (1.7), then (2.1) if and only if

( ) ( )

( ) ( )1:

1
1

1
0

 1

2:1 2

1 1

[ ]
{ }

1
r i n

i
i

r r
i

i
X

r i nr i r i

ly
ac v

G y
bE e X y a

r i
ϕ

µ ϕ

+ +

+∞
+

+
=

+

+ ++ + + +

 = + −  


 = − + +

∑
. (2.10)

Proof

It is clear that

( ) ( ) ( ) ( )1

1 .
[ ]

y
r

r r r

r x G x g x dx
G y ε

µ ϕ
−

+ =   ∫

Integrating by parts, we get

( ) ( ) ( )
`

1
1 ( )[ ]

[ ]

y
r

r r ry x G x dx
G y ε

µ ϕ ϕ+ = − ∫  		              (2.11)

Compensation for (2.8) in (2.11), we have

( ) ( )
( )( ) ( )

( ) ( )1

g
{ .

[ ]

y
rx

r r r

xly be a G x dx
ac G y lG x v

ϕ

ε

µ ϕ+ = − −   +∫    (2.12)

Expand ( )
1

lG x v+  and compensation for (2.12), after some 

simplification, we get (2.10). Thus (2.1) implies (2.10). Now from (1.6) 
and (2.10), we obtain

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1

1 1
1

0

[ ]

[ ]1 1 { }
1

y
r

r

i yi
r ii x

i

r x G x g x dx
G y

G yly b e G x g x dx a
ac v r i

ε

ϕ

ε

ϕ

ϕ

−

+ +∞ ++

=

  = 

 + −   −   + +

∫

∑ ∫
.  (2.13)

Taking the derivative, we get

( )
( )

( )
( )` ( ) 1 , 

1

y

l g y bvy el ac cG y
v

ϕϕ  = −  +

which gives

( )
`

( )

( )

 ( )
( )

y

y

ac y e lg y
b ae v lG y

ϕ

ϕ

ϕ −

− =
− +

. 		  (2.14)

Integrate (2.14), hence G(y) has the form (2.1), and so (2.10) 
implies (2.1).

Special case:

Return to the (2.10), if we put l=–1, v=1we get

( ) ( ) ( ){ }1:

1

2:1 1 2
0

[ ]1 ,
1

r i n

i
X

r i nr r r i r i
i

F y
y bE e X y a

ac i r
ϕµ ϕ + +

+∞

+ ++ + + + +
=

 = + = − + +∑

α < x < y < ß 					               (2.15)

the relation (2.15) is before doubly truncated case.

Theorem 3

Referring to (1.5), (1.7) and (2.1), then

( ) ( ) ( ){ }:

1

: : : :

( 1)
s n

s r s r

X
s n r n s n r ns r s r

l
ac n s

aE N X X x bE e N X X xϕ

µ µ −= +
− +

  = − =   

,         (2.16)
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where

 ( ) ( )
( )

[1 ]
[ ]

G y
N y

lG y v
−

=
+

. 				               (2.17)

It is clear from (1.5) and (1.7) that

( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1!

1
1 ! ![1 ]

s r n s

s r n r
x

n r
y G y G x G y g y dy

s r n s G x

γ

µ ϕ
− − −

−

−
=  −   −    − − − − ∫ .

Integrating by parts, we get

( )
( ) ( ) ( )

( ) ( ) ( )

1

`
1 1

!
1 ! 1 ![1 ]

( )[ ] [1 ]

s r s r n r
x

s r n s

n r
s r n s G x

y G y G x G y dy

γ

µ µ

ϕ

− −

− − − +

−
= −

− − − + −

− −

∫ .                    (2.18)

Substituting (2.7) in (2.18), we get
( )

( ) ( ) ( )
( )

( ) ( ) ( ) 1
1

!
( )[ ]

1 ! 1 ![1 ]

y
y s r

s r s r n r
x

n r e b ae N y G y G x
s r n s G x ac

γ ϕ
ϕµ µ − − −

− −

−  = − − − − − − + − ∫

( )
( ) ( ) ( )

( )
( ) ( )

( ) ( )

( )
( ) ( )

1

1

1  

!
( )[

1 ! 1 ![1 ]

]  [1 ]  

{ ( ) 
 1

y
y

s r s r n r
x

s r n s

y
s r s r

x

n r e b ae N y G y
s r n s G x ac

G x G y dy

l a be N y g y x dy
ac n s

γ ϕ
ϕ

γ
ϕ

µ µ

µ

−
− −

− − −

−

−  = − − − − − + −

− × −

 = + − − +

∫

∫

. (2.19)

After some simplification, we get (2.16).

Theorem 4

Referring to (1.5), (1.7), then (2.1) if and only if

( )

( ) ( ) ( )

1 1

:1

( )

( )

r r r r

y
r r nr r

lbx E
ac n r

lN y e X x E N y X x
c n r

ϕ

µ ϕ+ +

+

= +
−

   = − =   −

,         (2.20)

where N(y) is defined in (2.17).

Proof

It is clear that

( ) ( ) ( ) ( )1

1
( ) 1

[1 ]
n r

r r n r
x

n r y G y g y dy
G x

γ

µ ϕ
− −

+ −

−
=  −  − ∫ . 	              (2.21)

Integrating by parts, we get

( ) ( ) ( )
`

1
1 ( )[1 ]

[1 ]
n r

r r n r
x

x y G y dy
G x

γ

µ ϕ ϕ −
+ −= + −

− ∫ .                (2.22)

Compensation for (2.8) in (2.22), we have

( ) ( )
( )

( ) ( ) ( )1 . 1
[1 ]

y
n r

r r n r
x

l be ax G y g y dy
ac G x lG y v

γ ϕ

µ ϕ
−

+ −

−
= +  −  −  +  

∫ .  (2.23)

Simplifying (2.23), we obtain (2.20). Thus (2.1) implies (2.20), i.e. 
the necessary condition is proved. To prove the sufficient condition, 
from (2.20) and (1.7), we have

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

1 ( )

1 1

( ) 1  
[1 ] [1 ]

1 1
[1 ]

n r y
n r n r

x x

n r n r

n r
x

n r lby G y g y dy x e
G x ac G x

lG y N y g y dy N y G y g y dy
c G x

γ γ
ϕ

γ

ϕ ϕ
− −

− −

− − − −

−

−
− = +  − −

× − − −      −

∫ ∫

∫
.  (2.24)

Taking the derivative of (2.24) with respect to x, we get (2.8), and 
integrate it we have (2.1), thus (2.20) implies (2.1). Then, the Theorem 
is proved.

Special case

Return to (2.17), if we put l=–1, v=1 we get

( ) ( )
1 1

1 ,  
( ) ( )

y
rr r r r

bx E e X x x y
ac n r c n r

ϕµ ϕ α β+ +
 = − = + < < < − −

,

it is before doubly truncated case (Table 1).

Theorem 5

Referring to (1.6), (1.7) and (2.2), then

( ) ( ) ( ){ }: : : : :1
1

r n r n s n r n s nr s r s r s r sbE X V X X y aE V X X y
bcr

µ µ ϕ+
   = − = − =   

, (2.25)

where V(x) is defined in (2.5).

Proof

As before in Theorem (1), differentiate (2.2) with respect to x, we 
have

( ) ( )
( )

` ( ) 
b x a lg xx

bc lG x v
ϕ

ϕ
−

=
+

. 			                (2.26)

Compensation for (2.26) in (2.7), we get

( )
( ) ( )

( )

( ) ( ) ( )

( )( ) ( )

1 1

11

1

1

1 !
 ! 1 ![ ]

( )[ ] ( )

1 ( )

y

r s r s s

s rr

y
r

r s r s

s b x a
r s r G y bc

V x G x G y G x g x dx

b x a V x g x y dx
bcr

ε

ε

ϕ
µ µ

µ ϕ

+ −

− −−

−

+

−  −  = −  
− −   

 −  

= − −

∫

∫

.               (2.27)

Simplifying (2.27), we obtain (2.25). Thus, the Theorem is proved.

 Name [lG(x)+ν] φ(x) (l,ν)  (a,b,c)
Weibull

 ; , 0,
pxe xθ α ε γ β ε γ− ≤ < < ≤ = →∞

xp

θxp ( ),
p p p

e e eθε θγ θε− − −−
(–1,0,θ)
(–1,0,1)

Pareto θp x-p; α ≤ ε < x < γ ≤ β, ε = 0, γ → ∞ ln(x)
ln[x–p]

(θp(γ–p–ε–p), θp ε–p) (–θ,0,p) 

(–θp,0,–1)
Power function 1–θ–p xp,α ≤ ε < x < γ ≤ β, ε = 0, γ  →  ∞

ln 

ln[ ]

p

p

x

x
θ

−
 
  

(θ–p (εp–γp), 1–θ–p εp) (1,1,1)
(θ–p,1,1)

Rayleigh 2( ) ;xe a x ßθ ε γ− ≤ < < ≤
x2

( )2 2 2

,e e eθγ θε θγ− − −+
(–1,0,θ)

Inverse Weibull ( ) ;
pxe a x ßθ ε γ

−− ≤ < < ≤
θx–p

( ),
p p p

e e eθγ θε θε− − −− − −+
(–1,0,1)

Table 1: Example of ( ) ( )1{[ ] }x cG x b ae
l

ϕ ν−= − − distributions.
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Theorem 6

Referring to (1.6), (1.7), then (2.2) if and only if

( ) ( ) ( ) ( ){ }: : 1: : 1:1 1 1
1

r n r n r n r n r nr r r r r ry bE X V X X y aE V X X y
bcr

µ ϕ ϕ + ++ + +
   = − = − =    ,  (2.28)

Where V(x) is defined in (2.5).

Proof

As before in Theorem (2), from (2.26) and (2.11), we have

( )
( )

( ) ( )
( ) ( ) ( )

( ) ( )( ) ( ) ( )

1

1

1

1

1

y
r

r r r

y

r r

b x a lG x
y G x g x dx

bc lG x vG y

y b x a V x g x y dx
bcr

ε

ε

ϕ
µ ϕ

ϕ ϕ

−

+

+

−
= −   +  

= − −

∫

∫
.          (2.29)

Therefore, we get (2.28), then (2.2) implies (2.28). To prove the 
sufficient condition, from (2.28) and (1.7), we obtain

( ) ( ) ( ) ( ) ( )

( )( ) ( )
( ) ( ) ( )

1

1

 
[ ]

1

y
r

r

y
r

r x G x g x dx y
G y

lG x
b x a G x g x dx

bcr lG x v

ε

ε

ϕ ϕ

ϕ

−

−

  = − 

−   +

∫

∫

. 	              (2.30)

Taking the derivative, we get (2.26) and we obtain, after integration, 
(2.2). Thus (2.28) implies (2.2).

Special case

Return to (2.28), then put l=–1, v=1, we get

( ) ( ) ( ) ( ): 1 : : 11 1 1
1 {    r n r r n r n rr r r r r ry a E V X X y b E X V X X y

bcr
µ ϕ ϕ+ ++ + +

   = + = − =   
,

α < x < y < ß,

it is before doubly truncated case.

Theorem 7

Referring to (1.5), (1.7) and (2.2), then

( ) ( ) ( ){ }
1

: : : : :

( 1)s r s r

s n s n r n s n r ns r s r

l
bc n s

bE X x N X X x aE N X X x

µ µ

ϕ

−= −
− +

   = − =   

,             (2.31)

where N(y) is defined in (2.17).

Proof

As before in Theorem (3), compensation for (2.26) in (2.18), we 
have

( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )

1

1

1

!
( ) ( )

 1 ! 1 ![1 ]

1 1 ( )  {   
 1

s r

s r s r n r
x

n s

s r s r
x

n r
b y a N y G y G x

bc s r n s G x

lG y g y dy b y a N y g y x dy
bc n s c

γ

γ

µ µ ϕ

µ ϕ

− −

− −

−

−

−
= − − −  − − − + −

× − = − −   − +

∫

∫
    (2.32)

After simplification, we get (2.31). Then (2.2) implies (2.31).

Theorem 8

Referring to (1.5), (1.7), then (2.2) if and only if

( ) ( )
( ) ( ) ( ){ }

1

1: 1: : 1: :1 1

 r r

r n r n r n r n r nr r r r

lx
bc n r

bE X N X X x aE N X X x

µ ϕ

ϕ

+

+ + ++ +

= +
−

   = − =   

,  (2.33)

where N(y) is defined in (2.17).

Proof

As before in Theorem (4), compensation for (2.26) in (2.23), we 
have

( ) ( )

( ) ( ) ( ) ( )

1

1

 [1 ]

1

r r n r

n r

x

lx
bc G x

b y a N y G y g y dy
γ

µ ϕ

ϕ

+ −

− −

= +
−

 −   −    ∫
 	                              (2.34)

Then, we obtain (2.35). Thus (2.2) implies (2.33). Now from (1.7) 
and (2.33) we get

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1

1 1

( ) 1
[1 ] [1 ]

1 ( ) 1
[1 ]

n r

n r n r
x x

n r n r

n r
x

n r ly G y g y dy x y N y
G x c G x

alG y g y dy N y G y g y dy
bc G x

γ γ

γ

ϕ ϕ ϕ
− −

− −

− − − −

−

−
− = +  − −

× − − −      −

∫ ∫

∫
   (2.35)

Taking the derivative with respect to x, we obtain (2.26), and 
integrate it we have (2.2), thus (2.33) implies (2.2).

Hence, the Theorem is proved. Special caseReturn to (2.33), then 
put l=–1, v=1, we get

( )

( ){ }
1

1

1
( )

,  

r r

r r

x
bc n r

bE Y x a x y

µ ϕ

ϕ α β

+

+

= −
−

  − < < < 

it is before doubly truncated case (Table 2).

Theorem 9

Referring to (1.6), (1.7) and (2.3), then

( ) ( ){ }:
:1

r nc X
r sr s r s r s

l b v E e X y a
acr

ϕµ µ +
 = − − = − 

 	            (2.36)

Name [lG(x) + v] ϕ(x) (l,v) (a,b,c)
Weibull ( ),

p p p

e e eθε θγ θε− − −−  
pxe−

 
pxe θ−

 
pxe θ− (-1,0,θ)

Power function 1– θ–p xp,
α ≤ ε < x < γ ≤ β, ε = 0, γ → ∞  

px
θ
 
 
 

xp

(θ–p (εp + γp), 1–θ–pεp) (1,1,1)
(θ–p,1,1)

Rayleigh 2

 ; ,
0,

xe xθ α ε γ β
ε γ

− ≤ < < ≤
= →∞

2

 xe− ( )2 2 2

,e e eθγ θε θγ− − −+
(–1,0,θ)

Inverse Weibull
 ; ,

0,

pxe xθ α ε γ β
ε γ

−− ≤ < < ≤
= →∞

 
pxe θ −− ( ),

p p p

e e eθγ θε θε− − −− − −+
(0,–1,1)

Table 2: Example of ( ) { }1 [ ( )]cG x b a x
l

ϕ ν= − −  distributions.
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Proof

As given in Theorems (1) and (5), , differentiate (2.3) with respect 
to x, we have

( ) ( ) ( )
`

  c xlx e g x
ac

ϕϕ = .                 (2.37)

Compensation for (2.37) in (2.7), we get

( ) ( )
1

1  ( )
 

y
c x

r s r s r sb v e a g x y dx
ac r

ϕ

ε

µ µ +
 = − − − ∫ ,             (2.38)

which gives (2.36). Thus, (2.3) implies (2.36).

Theorem 10

Referring to (1.6) and (1.7), then (2.3) if and only if

( ) ( ){ }:
1:1 1

1 ( ) r nc X
r nr r r ry b v E e X y a

acr
ϕµ ϕ ++ +

 = − − = − 
,       (2.39)

Proof

As given previously of Theorems (2) and (6), substituting from 
(2.26) in (2.11), we have

( ) ( ) ( ) ( )1 1
1 y

c x c x
r r r ry e b v ae g x y dx

acr
ϕ ϕ

ε

µ ϕ −
+ +

 = − − − ∫          (2.40)

After some simplification, we get (2.36). Then (2.3) implies (2.36). 
Now from (1.7) and (2.36), we obtain

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( )

1

1

[ ]

1

y
r r

r c xy

r

r x G x g x dx G y

r G x e g xb v
y dx

acr crG y

ε

ϕ

ε

ϕ

ϕ

−

−

  = 

 −  − +
  

 
 
 
 

∫

∫

Taking the derivative with respect to y, we get

( )
`

 ( )

 ( )

   ( )
 G( )   

c y

c y

a ce yl g y
l y b v ae

ϕ

ϕ

ϕ−

−=
− −

.               (2.41)

Integrate (2.41), we obtain (2.3).

Special case

Return to (2.36), then put l=–1, v=1, we get

( ) ( ){ }:
1:1 1

1 ( 1) r nc X
r nr r r ry b E e X y a

acr
ϕµ ϕ ++ +

 = − − = − 
, α < x < y < ß

it is before doubly truncated case.

Theorem 11

Referring to (1.5), (1.7) and (2.3), then

( ) ( ):
:1 {

( 1)
s nc x

r ns r s r s r
l l b v E e X x a

ac n s
ϕµ µ −

 = − − + = + − +
.  (2.42)

Proof

As previously in Theorems (3) and (7), from (2.37) in (2.18), we have

( ) ( ) ( ) ( )1
1  

  1
c y

s r s r s r
x

l b v e a g y x dy
ac n s

γ
ϕµ µ −

 = − − + + − + ∫ ,

which gives (2.42).

Theorem 12

Referring to (1.5) and (1.7), then (2.3) if and only if

( ) ( )1:
:1 1

( ) 1
( ) ( )

r nc X
r nr r r r

l b vx E e X x
ac n r c n r

ϕµ ϕ +

+ +

− +  = + = + − −
.(2.43)

Proof

Similarly as given in Theorems (4) and (8), we easily prove it.

Special case

Return to (2.43), then put l=–1, v=1, we get

 ( ) ( )1:
:1 1

1 ,  
( ) ( )

r nc X
r nr r r r

bx E e X x x y
ac n r c n r

ϕµ ϕ α β+

+ +
 = − = + < < < − −

.

The relation before doubly truncated case (Table 3).

Conclusion
It was obtained recurrence relations based on order statistics 

without truncated and doubly truncated, and have been getting 
function of various distributions new by using certain parameters.
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