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Introduction

Throughout the paper w,y and A denote the classes of all, gai and
analytic scalar valued single sequences, respectively. We write w® for
the set of all complex triple sequences (x, ,), where m,n,k€N, the set
of positive integers. Then, w’ is a linear space under the coordinatewise
addition and scalar multiplication.

Some initial work on double series is found in Apostol [1] and
double sequence spaces is found in Hardy [2], Subramanian et al. [3-9],
and many others. Later on, some work on triple sequence spaces can
also be found in Sahiner et al. [10], Esi et al. [11-15], Subramanian et
al. [16-19], Prakash et al. [20-24] and many others.

Let (x,, ) be a triple sequence of real or complex numbers. Then the
series z:n ¥wne is called a triple series. The triple series z:vmk:rxmnk
is said to be convergent if and only if the triple sequence (S_ ) is
convergent, where

S _ m,n,k
mnk Z i, /',q:fxifq

A sequence x=(x, ) is said to be triple analytic if
1

mnk:

(m,n,k=1,2,3,...) -

Supm,n,k |xmnk |m+n+k <o,

The vector space of all triple analytic sequences are usually denoted
by A’. A sequence x=(x, ) is called triple entire sequence if

1
ntntk as o)
‘xmnk ‘m+n+k -0 m,n,k — oo,

The vector space of all triple entire sequences are usually denoted
by I’. The spaces A* and I” are metric spaces with the metric

1
d(x,y)=sup, . {‘xmnk — Vot ‘mwk ‘myn,k 1,2,3,..}, (1)

forallx={x__}andy={y }inI". Let ¢ be the set of finite sequences.

mnk:

Consider a triple sequence x=(x ). The (m,n,k)" section x!"mk

mnk:
. [mnk] _ mynk ~ ..

of the sequence is defined by x = Z;,,-,q:oxff'q“"jq for all i,j,g€EN,

where 3. is a three dimensional matrix with 1 in the (i,j,k)" position

and zero otherwise.

Let M and ® be mutually complementary Orlicz functions. Then,
we have:

(i) For all u,y > 0,

uy < M(u)+®(y), (Young’s inequality) [see [25]] (2)
(ii) For all u > 0,

un(u)=M(u)+D(1(u)). (3)
(iii) For all & > 0, and 0<A<1,

M(Au) < AM(u) (4)

Lindenstrauss and Tzafriri [26] used the idea of Orlicz function to
construct Orlicz sequence space

€M={xew:2f]M[X"'J<oo, for some p>0}.
)

The space £,, with the norm

=i p>0:5 (<]
P

becomes a Banach space which is called an Orlicz sequence space. For
M(t)=t"(1<p<eo), the spaces £, coincide with the classical sequence
space ¢ "

A sequence f=(f ) of Orlicz functions is called a Musielak-Orlicz
function. A sequence g=(g, ) defined by

o (V) =sup{‘v‘u—(f,,mk)(u):u > 0},m,n,k= 1,2,

is called the complementary function of a Musielak-Orlicz function f.
For a given Musielak-Orlicz function f, the Musielak-Orlicz sequence
space t is defined as follows

Vm+n+k
%)

tf:{xewz:M/( —0, as m,n,k—>oo},
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where M_ is a convex modular defined by

M/ (x) = Zzzlzllzzrﬂmk (‘xmnk

We consider £ equipped with the Luxemburg metric

Vm+n+k
o © O® Xk~ Yon
d (x’ y) = Zm:IZn:IZk:Ime [kmnlz}

is an extended real number.

)llrr1+n+k

,X= (ka) € t/».

If X is a sequence space, we give the following definitions:
(i) X= the continuous dual of X;
(i) X ={a= @0 20 i
(i) dflfigalif): Y, i ,
M.N.K
Zn,y,,,kzlamn/;xmr7k

(V)let X be an FK-space >¢; then Xf:{f(S,Mk):feX‘};

<o, for each xeX};

. )

<oo, for each xeX};

(iv) X" = {11 = () SUD,

1/ m+n+k

3 5 — . .
(vi) x° = {a = (i) SUD i | Wi Xt <o, for each xe X} ;

X, X, X are called a- (or Kothe-Toeplitz) dual of X, S-(or generalized-
Kothe-Toeplitz) dual of X, y-dual of X, §-dual of X respectively.

The notion of difference sequence spaces (for single sequences) was
introduced by Kizmaz [27] as follows

Z(A)={x=(x,) ew:(Ax,)eZ}
for Z=c,c,and {_, where Ax =x,-x, , for all kEN.

Later on the notion was further investigated by many others. We
now introduce the following difference double sequence spaces defined by

Z(A):{x:(xm)ew2 :(Axm")eZ}
)-(x,

:(X X ):xmn_xmnﬂ_

mn " mn+1

where Z=A’y* and A x
X +x for all m,neN.

m+ln m+1n+l

m+1n-Xm+1n+1

Let w’°(A,,,)-A°(A, ) be denote the spaces of all, triple gai
difference sequence space and triple analytic difference sequence space
respectively and is defined as

A =x x +x x +x +x
mnk

mnk~ m,n+l,k_xm‘n,k+l montLk+1 7 melnk m+1,n+1,k melnk+l”

0 —
'xm+1,n+1,k+1 and A xmnk_<x

mnk>'
Definitions and Preliminaries

1
Asequencex=(x, )issaidtobetripleanalyticif sup,,, ek < 00,

Kok
The vector space of all triple analytic sequences is usually denoted by A*.
1

m+n+k4)0
as m,n,k>eo. The vector space of triple entire sequences is usually
denoted by I'’. A sequence x=(x_ ) is called triple gai sequence if

((m-%—n-%—k)!‘x

‘mnk

A sequence x=(x, ) is called triple entire sequence if |x

mnk ‘mnk ‘

mnk:

)TIM _y 0 as m,n,k>co. The vector space of triple gai

sequences is usually denoted by y°. The space x* is a metric space with
the metric

Kok~ Y mnk

d(x,y) = sup,,., {((m +n+k)!

1
)m;,,1,n,k:1,2,3,.} (5)

forall x={x__ }and y={y }iny’.

Throughout the article w?,y*(A),A’(A) denote the spaces of all, triple
gai difference sequence spaces and triple analytic difference sequence
spaces respectively [28].

For a triple sequence x€w?, we define the sets

;(3(A):{xe w :((m+n+k)!‘Ax

Vm+n+k
i)

-0, as mnk—> oo}

Al (A) _ {x cw ssup, ‘Ax"mk Umensk oo}_
The space A*(A) is a metric space with the metric

1/m+n

d (x’ y) = SUP i {‘Axﬂmk — AV,
forall x=(x, ) and y=(y, ) in A*(A).

:m,n,k:1,2,---}

The space y*(A) is a metric space with the metric

)1 m+n+k

d(3,9) = 5up, (1 DA%, A0,
) in *(A).

Let p=(p,,.) be a sequence of positive real numbers. We have the
following well known inequality, which will be used throughout this

paper:

:m,n,k:1,2,---}

for all x=(x, ) and y=(y, .

Pmnk
‘am/; +B,. +

L~

?,
mnk < D(‘amnk

where a . and b
H=sup,, p,,,<o

Spaces of strongly summable sequences were studied at the initial
stage by Kuttner, Maddox and others. The class of sequences those are
strongly Cesaro summable with respect to a modulus was introduced by
Maddox as an extension of the definition of strongly Cesaro summable
sequences. Jeff Connor further extended this definition to a definition
of strongly A-summability with respect to a modulus when A is non-
negative regular matrix.

) ()

. are complex numbers, D=max{1,2"'} and

Let n=(A , ) be a non-decreasing sequence of positive real numbers
tending to infinity and A, =1 and A <A +1, for all a,b,ceN.

atb+c+3™ atb+ct3

The generalized de la Vall e e-Poussin means are defined by
Lae (X):ﬂtfhl(»zmvnv,(e,mxmnk, where I, =[abc—2,, +1,abc]. A sequence

x=(x ) is said to (V,1)-summable to a number L if ¢, (x)>L, as abc>oo.

Throughout the article E will represent a semi normed space by
a semi norm q. We define w*(E) to be the vector space of all E-valued
sequences. Let f be an Orlicz function and p=(p_ ) be any sequence of
positive real numbers. Let 4= (an’,’; ) be four dimensional infinite regular
matrix of non-negative complex numbers such that ) ah, <o

o mn

We define the following sets of sequences in this article:

[VE AN fp] 2= {x ew (E):lim,,, ) ZW,M(I’;:’ [ /-(q((m +nebax,, )" )]p """ ‘o 0}
uniformly in m,n,k.

[VA‘E’A,A;,f, p]l_3 = {x ew' (E):lim,,, 2 zm,,kz,wa,{f, [_f(q(A;xm )‘ minsk )}Pmk _ O}

uniformly in m,n,k
E - 3 0 * , Vm+n+k \ ] Prmnk
(VAN S op] o =AW (E)isup, usupy, 2y D ey | S (q(A,xm) ) <@

For p=1 these spaces are denoted by [Vf,A,A’,f,pL, for Z=y*I*
and A’ respectively. We define ‘

Similarly [KE,A;,LP]F} and [Vf,A;,f,p}A} can be defined.

For E=C, the set of complex numbers, q(x)=|x[; f{x)=x""kp =1,

mn

for all m,n,k€N, r=0, y=0, the spaces [Vf,A;,f, p]z , for Z=x*I% and A®
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represent the spaces [V,)L]Z, for Z=y*,I* and A’. These spaces are called as
A-strongly gai to zero, A-strongly entire to zero and A-strongly analytic
by the de la Valle-Poussin method. In the special case, where 1, =pqr,
for all p,q,r=1,2,3.... the sets [V,)L]X3, [V,A] . and [V,)L]A3 reduce to the
sets w;, w’; and ws.

In this chapter we introduced generalized semi normed difference
of triple gai sequence spaces defined by an Orlicz function. We study
their different properties and obtain some inclusion relations involving
these semi normed difference triple gai sequence spaces.

Main Results
Theorem 1

Let the sequence p=(p ) be analytic. Then the sequence space

)
mnk
[VE 4,40, 1, p:| , are linear spaces over the complex field C, for Z=y*
and A°.

Proof: It is easy. Therefore the proof is omitted.

Theorem 2
LetfbeanOrliczfunction, then [Vf,A,A;,f,pJ , C [Vf,
X
Proof: Let *=(x,.)e[V/ 4.A,f, P]ls
normed space by a semi norm g. Here there exists a positive integer M,
such that g<M,. Then we have

ﬂ’l jk A Vmen+k \ |Pmnk <D
pqr Zmnkelpqram” f q( 1/x’”"k) pquIYVlE[ ar mn

m+n+ Pn
(ol ) ) Dt ) A1 al

AN fop]

will represent a semi

Thus xe[Vf,A,A;,f,p]A3~
the proof.

Since xe [IQE,A,A;,f,p]Z3 . This completes

Theorem 3

Let p=(p,,,)JEX’ then [Vf, A,A;,f,l?]l; is a paranormed space with

VH

. man+k \ | Pmnk
g (x) = SUP g [)“;:;rzmumpq,,a':; ‘:f(q((m tnt k)!A;xm”,( )l k ):| j

where H=max(1,sup, p. )

Proof: From Theorem 3.2, for each XE[V AN f, p] 5. g(x)

)1 m+n+k

exists. Clearly g(-x)=g(x). It is trivial that ((m+n+k)!A;x =0

mnk
for x=6. Hence, we get g(é)ZO. By Minkowski inequality, we

have g(x+y)<g(x)
is continuous. Let a be any fixed complex number. By definition of f,

+g(y). Now we show that the scalar multiplication

we have x>0 implies, g(ax)->0. Similarly we have for fixed X and a>0
implies g(ax)->0. Finally x>0 and a0 implies g(ax)>0. This completes
the proof.

Theorem 4
A’A;il»Jﬂp:l 3 CliV/lE,A,A;,f,p:l 3 1S

strict. In general [V).4 Ay,f,l?] [V 4L f, P] for j=0,1,2,...r-1
and the inclusions are strict.

If r>1 then the inclusion [Vf>

Proof: The result follows from the following inequality

' Umentk \ | Pnk
A me 2 fla(m+n+iarx,,) <
D ﬂ k | Vm+n+k \ |Pmnk +
par Zmnkel @ q((m+n+hlx,,)
ar
Jk Umn+k+1 '\ | Pmnk
D quVZmnke[ | fle (m+n+k+1)xm,,k+l) +
ar
DAY,
D 2oy 2 et
jk

D ﬂ'}”ﬁZmnAel a'”

Umsntlek \ |Pmnk
et n 14 0k,,.,)""")]

Q

.| Sl

K

[#(at
g [f (q(
" [ (a(m+ 1404k, ,, )" )}"m .
s [f (q (m+n+k+3)x,,00) )]pm,,k

proceeding inductively, we have [vf.44).7.p],c

j=0,1,2,..
example.

[vf.aa.rp], for

.r-1. The inclusion is strict and it follows from the following

Example 1: Let E=C, q(x)=|x|; A =1 for all pgr€N, p =3
for all m,nk€N. Let flx)=x, for all xe[0,0);
all mnkjeEN; y=1, rzl.

a =m>n?k> for

)

Then consider the sequence x=(x

mnk
1 (men+k)
_ k
defined by x,.= ( +n+k)'(mn ) for all m,n,keN. Hence
nmk |:V A A’ :I but mnA I:V ‘,A,A/;l,f',p:IIS
Theorem 5

Let fbe an Orlicz function, then

(a) Let 0<p, .2q, . for all m,n,k€N and [M) be analytic, then
(VEANfop] e[V AN f.p] P

(b)y If
(Vi AN f.p]

o<inf, .p,.<p, <1 for al mmnkeEN then

c [Vf,A,A;,f]f

(@ If1=p,  SSUp,.P,u<

oo, then [V, 4.8, 1] <[V AN 1.p]
Theorem 6

Let f be an Orlicz function and s be a positive integer. Then,
(VAN fq] e[V AN, f.p],

Proof: Let ¢>0 be given and choose § with 0<d<1 such that
fit)<e for 0<t<d. Write Yu=/" (q(A; -
2ier @n [ G ) )™ = D, o LS D) ] 4 2y 0 L ) ]

Since fis continuous, we have

Y an[ S Y ag @)

mnkel | mnkel | v <5
r o Vmnk

Vm+n+k
) -M ) and consider

N
o Ymnk=

Yk =9

Yok 1+ Yok

and for y >d, we use the fact that, ¥, < s

definition of f, we have fory >6,
S () <21 (1) 722

Hence

and so, by the

1 Y )

pqr mikel,,

> Y @[ )]s max(l,(Z 7(1)s” )")

par mkel, Yk <0

VA fp) s

—
Yk =0

From (7) and (8) we obtain [Vf,A,A;,f,q]A;
This completes the proof.
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