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ABSTRACT. Let R be a commutative ring with unity (1 # 0) and let J(R) be
the set of all ideals of R. Let ¢ : J(R) — J(R) U {0} be a reduction function
of ideals of R and let ¢ : J(R) — J(R) be an expansion function of ideals of
R. We recall that a proper ideal I of R is called a ¢-d-primary ideal of R if
whenever a,b € R and ab € I — ¢(I), then a € I or b € 6(I). In this paper,
we introduce a new class of ideals that is a generalization of the class of ¢-d-
primary ideals. Let S be a multiplicative subset of R such that 1 € S and let I
be a proper ideal of R with SN I = (J; Then I is called a ¢-d-S-primary ideal of
R associated with s € S if whenever a,b € R and ab € I — ¢(I), then sa € I or
sb € §(I). In this paper, we present a range of different examples, properties,
and characterizations of this new class of ideals.

1. INTRODUCTION

Throughout this paper, all rings are commutative with (1 # 0). Let J(R) be the
set of all ideals of R. Hamed and Malek [5] introduced the concept of S-prime
ideals, which is the generalization of prime ideals, where S is a multiplicative
subset of R such that 1 € S. Recall from [5] that a proper ideal I of R with
INS = () is said to be S-prime if there exists s € S such that for all a,b € R with
ab € I implies that sa € I or sb € I. In a recent study, Almahdi, Bouba, and
Tamekkante [1] introduced the concept of weakly S-prime ideals, which is also a
generalization of S-prime ideals, prime ideals, and weakly prime ideals, where S
is a multiplicative subset of R such that 1 € S. Recall from [1] that a proper ideal
I of R with INS = () is said to be weakly S-prime if there exists s € S such that
forall a,b € R, 0 # ab € I implies that sa € I or sb € I. Zhao [11] introduced the
concept of expansion function of ideals of R. Let § be an expansion function of
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ideals of R. Recall from [11] that a proper ideal I of R is said to be a §-primary
ideal of R, if a,b € R with ab € I, then a € [ or b € §(I). This concept of
d-primary ideals is a generalization of the concepts of prime ideals and primary
ideals. Let 0 be an expansion function of ideals of R and let ¢ be a reduction
function of ideals of R. In [6], the author introduced the concept of ¢-0-primary
ideals, and this concept is a generalization of the concept of d-primary ideals
in [11]. So from this point of view, ¢-d-primary ideals generalize the concepts
of prime ideals, weakly prime ideals, almost prime ideals, primary ideals, weakly
primary ideals, and almost primary ideals. For more generalizations of prime
ideals, we refer to [7-9]. Our main purpose in this paper is to extend the concept
of ¢-d-primary ideals of R to the concept of ¢-0-S-primary ideals of R, where S
is a multiplicative subset of R such that 1 € S. This means that the concept of
¢-0-S-primary ideals is a generalization of the concepts of prime ideals, weakly
prime ideals, almost prime ideals, primary ideals, weakly primary ideals, almost
primary ideals, S-prime ideals, weakly S-prime ideals, almost S-prime ideals, S-
primary ideals, weakly S-primary ideals, and almost S-primary ideals. However,
the converse is not true in general (see Examples 2.6, 2.9, and 2.10). Let ¢ and
0 be a reduction function and an expansion function of ideals of R, respectively,
and let S be a multiplicative subset of R such that 1 € S. In this paper, we call
a proper ideal I of R, with INS = (), a ¢-6-S-primary ideal of R associated with
some s € S if whenever a,b € R such that ab € I —¢(I), then sa € I or sb € 6(1).
Among many results in this paper, it is shown (Proposition 2.17) that if I is a ¢-
0-S-primary ideal of R associated with some s € S, which is not S-primary, then
I? C ¢(I). Theorem 2.20 proves that a proper ideal I of R is a ¢-§-S-primary
ideal of R associated with some s € S if and only if for each a & (6(I) : s), we
have either (I : a) C (I :s) or (I : a) = (¢(I) : a). Similarly, in Theorem 2.21,
we prove that a proper ideal I of R is a ¢-6-S-primary ideal of R associated with
some s € S if and only if for each a & (I : s) we have either (I : a) C (6(]) : s) or
(I :a)=(¢(I): a). In the case when S satisfies the conditions ¢(I) = (¢(I) : s)
for some s € S and (¢(I) : t) C (¢(I) : s) forallt € S, it is proved (Theorem
2.33) that [ is a ¢-9-S-primary ideal of R associated with some s € S if and only
if (I:s)is a ¢-d-primary ideal of R if and only if S7!I is a ¢s-05-primary ideal
of ST'Rand ST'INR=(I:s).
In the next section, let f : X — Y be a nonzero (4, ¢)-(v, ¥)-epimorphism. In
Theorem 3.3, we prove that f induces one-to-one correspondence between ¢-9-
S-primary ideals of X associated with some s € S consisting ker(f) and -7-
f(S)-primary ideal of Y associated with f(s) € f(S). Also, in Lemma 3.7, we
prove that if a,b € X, then (a,b) is a ¢-d-S-twin zero of I, where [ is a ¢-9-5-
primary ideals of X associated with some s € S consisting ker(f), if and only if
(f(a), £(b)) is a Y--f(S)-twin zero of f(I).

In the last section, we determine all ¢-0-S-primary ideals in direct product of
rings, and we prove some results concerning ¢-9-S-primary ideals in the direct
product of rings (see Theorems 4.1-4.4).
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2. PROPERTIES OF ¢-0-S-PRIMARY IDEALS

Definition 2.1. Let R be a commutative ring with unity (1 # 0), and let J(R)
be the set of all ideals of R.

(1) Recall from [11] that a function ¢ : J(R) — J(R) is called an expansion
function of ideals of R if whenever I, J, K are ideals of R with J C I, then
d(J) Co(I) and K C §(K).

(2) Recall from [6] that a function ¢ : J(R) — J(R) is called a reduction
function of ideals of R if ¢(I) C [ for all ideals I of R and if whenever
P C @, where P and @ are ideals of R, then ¢(P) C ¢(Q).

Definition 2.2. Let R be a commutative ring with unity (1 # 0), and let S be
a multiplicative subset of R. Suppose that § and ¢ are expansion and reduction
functions of ideals of R, respectively.

(1) A proper ideal I of R satisfying NS = () is said to be a §-S-primary ideal
of R associated with s € S, if whenever ab € I, then sa € I or sb € (1)
for all a,b € R.

(2) A proper ideal I of R satisfying I NS = () is said to be a ¢-§-S-primary
ideal of R associated with s € S, if whenever ab € I — ¢(I), then sa € I
or sb € §(I) for all a,b € R.

Throughout this section, R denotes a commutative ring with unity (1 # 0), S
denotes a multiplicative subset of R such that 1 € S, §,v: J(R) — J(R) denote
expansion functions, and ¢, : J(R) — J(R) denote reduction functions.

In the following example, we recall from [3] some examples of expansion func-
tions of ideals of a given ring R.

Example 2.3. (1) The identity function dy, where §o(I) = I for any I €
J(R), is an expansion function of ideals in R.

(2) For each ideal I of R, define §,(I) = v/I. Then 6, is an expansion function
of ideals in R.

(3) Let J be a proper ideal of R. If 6(I) = I + J for every ideal I in J(R),
then ¢ is an expansion function of ideals in R.

(4) Let J be a proper ideal of R. If 6(I) = (I : J) for every ideal I in J(R),
then ¢ is an expansion function of ideals in R.

(5) Assume that §; and &9 are expansion functions of ideals of R. Let § :
J(R) — J(R) such that 6(1) = 61() + 62(f). Then § is an expansion
function of ideals of R.

(6) Assume that d; and d2 are expansion functions of ideals of R. Let ¢ :
J(R) — J(R) such that §(I) = 01(L) N d2(I). Then 0 is an expansion
function of ideals of R.

(7) Assume that 01,...,0, are expansion functions of ideals of R. Let § :
J(R) — J(R) such that 6(I) = N’,6;(I). Then § is also an expansion
function of ideals of R.

(8) Assume that §; and ds are expansion functions of ideals of R. Let § :
J(R) — J(R) such that §(I) = d1(d2(/)). Then ¢ is an expansion function
of ideals of R.
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Recall that if ¥y, 19 : J(R) — J(R) U {0} are expansion (reduction) functions
of ideals of R, then we define 1)1 < 1) if ¥y (I) C o(I) for each I € J(R).

In the following example, we recall from [2] some examples of reduction func-
tions of ideals of a given ring R.

Example 2.4. (1) The function ¢y by ¢g(I) = 0 for any I € J(R) is an ideal

reduction.

(2) The function ¢¢ by ¢o(I) = {0} for any I € J(R) is an ideal reduction.

(3) The function ¢5 by ¢o(I) = for any I € J(R) is an ideal reduction.

(4) The function ¢, by ¢, (I) = I" for any I € J(R) is an ideal reduction.

(5) The function ¢, by ¢, (I) = N2, I" for any I € J(R) is an ideal reduction.

(6) The function ¢; by ¢1(1) = T for any I € J(R) is an ideal reduction.
Observe that ¢@ S ¢0 S ¢w =~ S ¢n+1 S ¢n >~ "0 S ¢2 S Cbl-

Remark 2.5. (1) If § < ~, then every ¢-9-S-primary ideal of R is a ¢-v-S-
primary ideal. In particular, every ¢-S-prime ideal of R is a ¢-0-S-primary
ideal. However, the converse is not true in general.

(2) If ¢ < 1), then every ¢-0-S-primary ideal of R is a 1-0-S-primary ideal. In
particular, every 0-S-primary ideal of R is a ¢-0-S-primary ideal. How-
ever, the converse is not true in general.

Example 2.6. (1) Set R = Zjy and [ = 4Zyy. Then 6,(I) = VI = 2Z,.
Take S = {1} and ¢ = ¢y. Then it is easy to check that [ is a §;-S-primary
ideal of R. Moreover, [ is not an S-prime ideal, since (2)(2) =4 € I but
2 1.

(2) Set R = Zy5 and S = {1,5}. Then S is a multiplicative subset of R. Let
I = {0}. Then 6;(I) = 6Z13 and ¢o(I) = I? = (0). So, I is an almost-
01-S-primary ideal of R associated with s = 5. Moreover, (3)(4) =0 ¢ [
but neither (3)(5) = 3 € 6;(I) nor (4)(5) = 8 € §;(I). Thus, [ is not a
01-S-primary ideal of R associated with s = 5.

| |

Proposition 2.7. Let {J; : i €A} be a directed set of ¢-0-S-primary ideals of
R associated with s € S. Then the ideal J = U;cpJ; is a ¢-0-S-primary ideal of
R associated with s € S.

Proof. Let ab € J — ¢(J), where a,b € R. Suppose sa ¢ J. We want to show
that sb € 6(J). Since ab & ¢(J), we have ab & ¢(J;) for all i €A. Let t €A such
that ab € J; — ¢(J;). Then sa € J; or sb € §(Jy), since J; is a ¢-0-S-primary
ideal of R associated with s € S. Since sa ¢ J, we have sa ¢ J;, which implies
that sb € 6(J;) C 0(J). Hence J is a ¢-0-S-primary ideal of R associated with
s€eS. O

Proposition 2.8. Let {Q; : i €A} be a directed set of ¢p-0-S-primary ideals of
R associated with s € S. Suppose ¢(Q;) = ¢(Q;) and 6(Q;) = 6(Q;) for every
1,7 €A If ¢ and § have the intersection property, then the ideal J = NMieaQ; 1S a
@-0-S-primary ideal of R associated with s € S.

Proof. Lett €A. Since ¢(Q;) = ¢(Q:) and 6(Q;) = d(Q;) for every i €A, and since
¢ and ¢ have the intersection property, then ¢(J) = ¢(Q;) and 6(J) = 6(Q:). Let
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ab € J — ¢(J), where a,b € R such that sb € §(J). Then ab € Q; — ¢(Q;). Since
Q; is a ¢-0-S-primary ideal of R associated with s € S, we conclude that sa € Q;
or sb € 0(Qy). Since sb & §(J), sb & 6(Q;) = d(J). Hence we conclude that
sa € @ for each t €A, which implies that sa € J. Thus, J is a ¢-0-S-primary
ideal of R associated with s € S. O

Obviously, every ¢-o-primary ideal R is a ¢-0-S-primary ideal. In particu-
lar, every weakly-d-primary (§-primary) ideal of R is a weakly-0-S-primary (J-S5-
primary). However, the next two examples show that the converses are not true
in general.

Example 2.9. Let R = Zsg, let I = 20Zg, and let S = {1,5,25,45,65}. Then
S is a multiplicative subset of R such that I NS = (). Let § = §; and ¢ = ¢y.
Then 6,(I) = VI = 10Zgy and ¢o(I) = (0). Let a,b € R such that 0 # ab € I.
Then 2|ab, which implies that 2|a or 2|b. Thus, 5a € 01(/) or 5b € 6;(I). Hence
we conclude that I is a weakly-0;-S-primary ideal of R associated with s = 5.
Moreover, 0 # (4)(5) = 20 € I but neither 4 € I nor 5 € §;(/). Thus, I is not a
weakly-d;-primary.

Example 2.10. Let R = Z[z] and let I =< 4z >= 4aZ[x]. Let ¢o(I) = I* =
< 1622 > and let §,(I) = VI =< 22 > . Let S = {2 : k > 0}. Then S is
a multiplicative subset of R such that I NS = (). Moreover, I is an almost-0;-
S-primary ideal of R associated with s = 2 € S, since if f(z),g(x) € R with
f(x)g(x) € I — I?, then z|f(z) or x|g(x), which implies that 2f(x) € §;(I) or
2g(x) € 6,(I). Since 4z € I — I? and neither 4 € I nor x € §;(I), then we get
that I is not an almost-d;-primary ideal of R.

Proposition 2.11. Let I be a proper ideal of R such that I is a ¢-0-S-primary
ideal of R associated with s € S such that \/6(I) C (V1) and \/o(I) C ¢p(V/T).
Then V1 is a ¢-6-S-primary ideal of R associated with s.

Proof. Let a,b € R such that ab € /I — ¢(v/I). Then ab € /I, which implies
that a”b" € I for some n > 1. If a™" € ¢(I), then ab € /(1) C ¢(V/1), a
contradiction. Thus, a"b" € I — ¢(I), which implies that sa” € I or sb" € §({).
Thus, sa € VI or sb € \/6(I) C §(v/T). Hence, VT is a ¢-0-S-primary ideal of R

associated with s. O

Corollary 2.12. Let I be a proper ideal of R such that I is a ¢-S-primary ideal of
R associated with s € S. Suppose that \/o(I) C ¢(VI). Then T is a ¢-S-prime
ideal of R associated with s.

Proof. Let 6(.J) = +/J for every ideal .J in R. Then, by the above proposition, if
I is a ¢-S-primary ideal of R associated with s, then v/T is a ¢-S-prime ideal of
R associated with s. O

Proposition 2.13. Let [ be a proper ideal of R such that I is a ¢-S-primary
ideal of R associated with s € S. Suppose that /(1) C ¢(V1) and that (p(v/T) :

z) C (¢(VI) : s) for eachz € S. Ifa € R— (/I :5), then SN (VI :a)=0.
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Proof. It is easy to see that /I NS = (), since I NS = (. Also, by the above
corollary, /T is a ¢-S-prime ideal of R associated with s. We show that SN (\/7 :
a) = (. Let t € S such that ta € VI. If ta € ¢(/I), then a € (p(\/1) : t) C
(¢(\/I) : s), which implies that sa € ¢(v/I) € VI, a contradiction. Thus,
ta € VI — ¢(\/7) implies that sa € VT or st € /I, which is a contradiction
again, since a & (v : s) and SN+T = 0. Thus, SN (V1 :a) = 0. O

Corollary 2.14. Let I be a proper ideal of R such that I is a ¢-0-S-primary ideal
of R associated with s € S with §(I) C V1. Suppose (p(\/1) : z) C (¢(VI) : 5)
for each x € S and (6(I) : s) = (VT : s). Then (6(I) : s) = (6(I) : s°) and if
whenever a € R — (6(I) : s), then SN (0(I) :a) =10

Proof. Since I is a ¢-0-S-primary ideal of R associated with s and 6(I) € /1,
it is easy to see that I is a ¢-S-primary ideal of R associated with s and (v/T :
s) = (VI : s%). Since §(1) € /T and (§(I) : s) = (VI : 5), we have (6(I) : 5) =
(6(I) : s?). Moreover, if a € R — (§(I) : s), then sa & v/I. Thus, by the above
proposition, S N (v : a) = §. Hence SN (5(1) : a) € SN (VI : a) = 0, since
5(I) C VI O

Recall that if I, J, K are ideals of R such that K = I U J, then K = I or
K=1J.

Theorem 2.15. Let I be a proper ideal of R such that I is a ¢p-0-S-primary ideal
of R associated with s € S. If a € R — (6(I) : s*), then (I : sa) = (I : s) or
(I:sa)=(¢p(I): sa).

Proof. 1t is enough to show that (I : sa) = (I : s) U (¢(I) : sa). It is easy
to see that (I : s) and (¢(I) : sa) are subsets of (I : sa). Let r € (I : sa);
then rsa € I. If rsa € ¢(I) then r € (¢(I) : sa). So we may assume that
rsa & ¢(I). Thus, rsa € I — ¢(I) implies that sr € I since s’a & 6(I). So,
re (I:s). Thus, (I : sa) = (I :s)U(¢(I) : sa). Hence (I : sa) = (I : s) or
(I:sa)=(¢p(1): sa). O

Corollary 2.16. Let I be a proper ideal of R such that I is a ¢-S-primary ideal
of R associated with s € S. If a € R — (/I : 5), then (I : sa) = (I : s) or
(I:sa)=(¢p(1): sa).

Proof. Let I be a proper ideal of R such that [ is a ¢-S-primary ideal of R
associated with s € S. Then it is easy to see that (v/T : s) = (VT : s?). Thus, if

a € R— (V/I:5),then a € R— (VI :s%. Hence, by Theorem 2.15, (I : sa) =
(I:s)or (I:sa)=(o(): sa). O

Proposition 2.17. Let I be a proper ideal of R such that I is a ¢-0-S-primary
ideal of R associated with s € S. If I is not a 6-S-primary, then I* C ¢(I).

Proof. Suppose that I? ¢ ¢(I). We claim that I is a 6-S-primary ideal of R
associated with s. Let a,b € R such that ab € I. If ab € I — ¢(I), then sa € I
or sb € §(I). Therefore we may assume that ab € ¢(I). Suppose that al Z ¢(I).
Then there exists p € I such that ap & ¢(I). So, a(p+b) € I — ¢(I) implies that
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sa €I ors(p+0b)€d(l),and since sp € I C (1), we have sb € 6(I). Similarly,
if bI Z ¢(I), then we obtain that sa € I. Thus we may assume that al C ¢(I)
and bI C ¢(I). Since I* € ¢(I), there exist p,q € I such that pg & ¢(I). Thus,
(a+p)(b+q) € I — ¢(I), since ab + aq + pb € ¢(I). Hence s(a + p) € I or
s(b+ q) € §(I). Consequently, we conclude that I is a §-S-primary ideal of R
associated with s. OJ

Let R be a commutative ring with unity and let I be a proper ideal of R. Then,
by Proposition 2.17 and by taking S = {1}, the following results hold.

Remark 2.18. (1) If I is a weakly prime ideal of R such that [ is not a prime
ideal, then I? = 0 (it suffices to take § = §y and ¢ = ¢y).
(2) If I is a weakly primary ideal of R such that [ is not a primary ideal, then
I? = 0 (it suffices to take § = §; and ¢ = ¢y).
(3) If I is an n-almost primary ideal of R such that I is not a primary ideal,
then I? = I™ (it suffices to take § = §; and ¢ = ¢,,).

Referring to [5, Proposition 2(4)] and [1, Corollary 2.6], it is clear that if P is
an S-prime ideal (a weakly S-prime ideal) of R for some multiplicative subset S
of R, then there exists s € S such that sv/0C P (P C V0 or s/0 C P). Hence,
by using Proposition 2.17, we can deduce easily the following corollary, which is
a generalization of [5, Proposition 2(4)] and [1, Corollary 2.6].

Corollary 2.19. Let I be a ¢-6-S-primary ideal of R associated with s € S. Then
1€ \/a(1) or sy/a(T) C 8(1).

Proof. Suppose that I € \/¢(I). Then I? € ¢(I), and hence by Proposition 2.17,
I is a 0-S-primary ideal of R associated with s € S. We show that sy/¢(1) C §(1).
Suppose on the contrary that s\/¢(1) € 6(I). Then there exists y € \/¢(I) such
that sy & 0(I). Let k be the minimal positive integer such that y* € ¢(I) C I.
Since [ is a J-S-primary ideal of R associated with s, we have sy € (/) or
sy*=1 € I, which implies that sy*~' € I, since sy ¢ &(I). Again sy & 6(I)
implies that s%y*~2 € I. Continuing in this process, we get that s*~'y € I. Since
sy & 6(I), we get s* € I, a contradiction. Hence sv/o(I) C §(I). O

Theorem 2.20. Let I be a proper ideal of R. Then the following statements are
equivalent:
(1) I is a ¢-6-S-primary ideal of R associated with s € S.
(2) For each a € R such that a & ((I) : s), we have either (I : a) C (I : s)
or (I:a)=(o6(1): a).
(3) For all A and B ideals of R, if AB C I and AB € ¢(I), then sA C I or
sB Cé(1).

Proof. (1) — (2): Let a € R such that a ¢ (6() : s); then sa ¢ 6(I). Suppose
that (I : a) # (¢(I) : a). We show that (I : a) C (I : s). Let r € (I : a). If
r & (¢(I) : a), then ra € I — ¢(I) implies that sr € I, since sa ¢ §(I). Suppose
r € (¢(I) : a). Since (I : a) # (¢(I) : a), let " € (I : a) such that ' & (¢(I) : a).
So, ar’ € I — ¢(I) implies that s’ € I, since sa & 6(I). Thus, a(r+1") € I —¢(I)
implies that s(r + ') € I, since sa € §(I). Because s(r + 1) € I and sr’ € I, we
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get sr € I. Consequently, we conclude that (I :a) C (I :s).

(2) — (1): Let a,b € R such that ab € I — ¢(I). Suppose that sa ¢ d(I), we
show that sb € I. Since b € (I : a) and b € (¢(I) : a), we get immediately,
(I :a) C(I:s). Thus, be (I:s)and sbe I. Accordingly, I is a ¢-0-S-primary
ideal of R associated with s.

(2) — (3): Let A and B be ideals of R such that AB C I. Suppose that sA Z [
and that sB & 6(I). We claim that AB C ¢([). Let b € B — (6(I) : s). Then
(I:b) C(I:s)or ({:b)=(¢(I):0b).Since AC (I:b)and AL (I:s) we
get immediately, (I : b) = (¢(I) : b). So, Ab C ¢(I). For any ¢ € BN (6(1) : s),
then b4+ c € B — (6() : s) implies that A C (I : b+ ¢) = (¢(I) : b+ ¢). Thus,
A + ¢) C ¢(I) implies that Ac C ¢(I), since Ab C ¢(I). Consequently, we
conclude that AB C ¢([).

(3) — (1): Let a,b € R such that ab € I — ¢(I). Then < a >< b >C [ and
<a><b>¢Z ¢(I) imply that s < a >C I or s < b >C §(I). Thus, sa € I or
sb € 6(I). Accordingly, I is a ¢-d-S-primary ideal of R associated with s. O

The following result can be proved similar to the previous theorem. Hence, we
omit the proof.

Theorem 2.21. Let I be a proper ideal of R. Then the following statements are
equivalent:

(1) I is a ¢-6-S-primary ideal of R associated with s € S.

(2) For each a € R such that a € (I : s), we have either (I : a) C (6(I) : s)
or (I:a)=(¢(I):a).

(3) For all A and B ideals of R, if AB C I and AB Z ¢(I), then sAC I or
sB Co(1).

Theorem 2.22. Let P be a ¢-6-S-primary ideal of R associated with s € S. If
(@(P) - a) C ¢(P : a) for each a € R — P, then (P : a) is also ¢-6-S-primary
tdeal of R associated with s.

Proof. Let x,y € Rsuch that xy € (P :a)—¢(P : a). So, xzya € P—¢(P) implies
that sza € P or sy € 6(P). Hence, sz € (P : a) or sy € §(P) C (§(P) : a). Thus,
(P :a) is a ¢-0-S-primary ideal of R associated with s. O

Corollary 2.23. Let P be a ¢-0-S-primary ideal of R associated with s € S
and let J be an ideal in R such that J € P. If (¢(P) : J) C ¢(P : J) and
(0(P):J) Co(P:J), then (P:J) is a ¢p-0-S-primary ideal of R associated with
s.

Proof. Let a,b € R such that ab € (P : J) — ¢(P : J). Then abJ C P and
abJ € ¢(P), since (¢p(P) : J) C ¢(P : J). Thus, < a >< b > J C P and
<a><b>J < ¢(P) imply, by Theorem 2.20, that s < a >C P C (P : J) or

s<b>JCdP). So,sa€ Porsbe (§(P):J)C§P:J). Hence (P:J)isa
¢-0-S-primary ideal of R associated with s. |

Suppose that [ is a ¢-0-S-primary ideal of R associated with s € S such that
¢ F# pg. I (I:5)=1(6(I):s), then the following result holds.
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Proposition 2.24. Let I be a ¢p-0-S-primary ideal of R associated with s € S such
that (I :s) = (6(I):s). If I is not a 6-S-primary ideal, then sI\/¢(I) C ¢(I).

Proof. Since I is a ¢-0-S-primary ideal of R associated with s € S such that [
is not a §-S-primary ideal, by Proposition 2.17, I* C ¢(I). Let a € \/¢(I). If
a € (I :s), then sa € I, and by Proposition 2.17, we get that sal C I* C ¢(I).
Therefore we may assume that a & (I : s) = (6() : s). Then by Theorem 2.20,
(I :a) C{ :s)=(0{):s)or({:a)= (o) :a) Now, if ({ : a) =
(¢(I) : a), then al C ¢(I) implies that sal C ¢(I). So we may assume that
(I :a) C(I:s). Let n > 1 be the minimal integer such that a™ € ¢(I). Then
a"t e (I:a)C (I:s)implies that sa® ! € I. Clearly, n — 1 > 2, since sa & I.
If sa” ' & ¢(I), then sa™ ' = (sa)(a"?) € I — ¢(I) implies that s’a € I or
sa™ % € §(I). Indeed, if s*a € I, then s*> € (I : a) C (I : s) implies that s> € I,
a contradiction. So, sa”? € §(I), and hence a" 2 € (§(I) : s) = (I : s) implies
that sa" 2 € I — ¢(I), since sa"' & ¢(I). Continuing in this process, we get
that sa € I, which is a contradiction. Therefore, sa® ! € ¢(I). Let j be the
minimal integer such that sa’ € ¢(I). Then j > 1, since sa ¢ ¢(I). Suppose
there exists x € I such that sax & ¢(I). Then sa(a’~' + x) € I — ¢(I) implies
that s’a € I or s(a/~' + x) € §(I). Since s?a ¢ I, s(a’~' + x) € §(I), which
implies that a’~' +z € (6(I) : s) = (I : s). Thus, sa’~! + sz € I implies that
sa’~' € I, since sx € I. Since j > 1 is the minimal integer such that sa’ € ¢(I),
we get sa’ ! € I — ¢(I). Again continuing in this process, we get sa € I, which
is a contradiction. Hence, sax € ¢(I) for each x € I and for each a € \/¢({).
Consequently, we conclude that sl \/W C o). OJ

Corollary 2.25. Let I and J be ¢p-0-S-primary ideals of R associated with s € S
such that (I : s) = (6(I) = s) and (J : s) = (8(J) : s). If I and J are not
d-S-primary and ¢(J) C ¢(I), then sIJ C ¢(1).

Proof. Since I and J are ¢--S-primary ideals of R not §-S-primary, by Propo-
sition 2.17, I C /¢(I) and J C y/é(J) C y/é(I). Thus, by Proposition 2.24,
slJ C sI\/o(I) C o(I). O

Proposition 2.26. Let I be a ¢-6-S-primary ideal of R associated with s € S
such that ¢(J) = ¢(I) for each ideal J C I. Suppose that P is an ideal in R with
S(INP)=6I)N§(P) and 5(IP)=6(INP). If PNS #0, then INP and IP
are ¢-0-S-primary ideals of R.

Proof. Tt is clear that (PNI)NS = PINS =0. Pickt € PNS. We show that
I NP is a ¢-0-S-primary ideal of R associated with ts. Let a,b € R such that
abe INP—¢(INP). Thenabe INP —¢(I) C I — ¢(I). Thus, sa € I or
sb € §(I) implies that tsa € INP ortsb e 6(I)NP Co(I)Nd(P)=d(InNP).
Consequently, I N P is a ¢-6-S-primary ideal of R associated with ts. We have a
similar proof for IP. O

Let ¢ # ¢y be a reduction function of ideals of R such that ¢(P) = ¢*(P) for
each ideal P of R. Then the following result holds.

Proposition 2.27. The following statements are equivalent.
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(1) Every ¢-0-S-primary ideal of R is a d-primary.
(2) If I € J(R), then ¢(I) is a 0-primary ideal of R and every §-S-primary
ideal of R is a d-primary.

Proof. (1) — (2): Let I € J(R). From the definition of ¢-6-S-primary ideals
of R and ¢(I) = ¢*(I), we have ¢(I) is a ¢-6-S-primary ideal of R and every
¢-0-S-primary ideal of R is a d-primary. Hence, ¢([) is a d-primary ideal of R.

(2) — (1): Let I be a ¢-0-S-primary ideal of R associated with s € S. It is
enough to show that [ is a 6-S-primary ideal of R associated with s. Let a,b € R
such that ab € I. If ab & ¢(I), then ab € I —¢(I) implies that sa € I or sb € §({).
Indeed, if ab € ¢(I), then a € ¢(I) implies sa € ¢(I) C I or b € §(¢(I)) C 6(I)
implies sb € 0(I), since ¢(I) is a §-primary ideal of R. Thus, I is a §-S-primary
ideal of R associated with s hence, by (2), I is a §-primary. O

Corollary 2.28. The following assertions are equivalent:
(1) Every weakly S-prime ideal of R is a prime ideal.
(2) R is a domain and every S-prime ideal of R is a prime ideal.

Proof. 1t suffices to take ¢ = ¢y and § = 9, in Proposition 2.27. OJ

Corollary 2.29. The following assertions are equivalent:
(1) Every weakly S-primary ideal of R is a primary ideal.
(2) R is a domain and every S-primary ideal of R is a primary ideal.

Proof. Tt suffices to take ¢ = ¢y and o = d; in Proposition 2.27. 0

Remark 2.30. Let S; C S5 be multiplicative subsets of R and let I be an ideal
of R disjoint with S,. Clearly, if I is a ¢-0-S;-primary ideal of R associated with
s € S, then I is a ¢-0-Sa-primary ideal of R associated with s € S5. However,
the converse is not true in general (take ¢ = ¢y and § = 4y in [1, Example 2.3]).

Proposition 2.31. Let Sy C Sy be multiplicative subsets of R such that for any
s € Sy, there exists t € Sy with st € S1. If I is a ¢-6-Sa-primary ideal of R
associated with s € S, then I is a ¢p-0-Sy-primary ideal of R.

Proof. Let t € S5 such that st € S;. We show that [ is a ¢-0-S;-primary ideal of
R associated with st € Si. Let a,b € R such that ab € I — ¢(I). Then sa € I
implies that sta € I or sb € §(I) implies that stb € §(I). Consequently, [ is a
¢-0-Si-primary ideal of R associated with st € Sj. O

Recall that if S is a multiplicative subset of R with 1 € S, then S* ={r € R:
L € U(S7'R)} is said to be the saturation of S. One can easily see that S* is
a multiplicative subset of R containing S. If S = S*, then S is called saturated.
Moreover, it is clear that S* = S* (see [1]).

Proposition 2.32. [ is a ¢-0-S-primary ideal of R if and only if I is a ¢-6-5*-
primary ideal of R.

Proof. First, we show that S* NI = (. Let r € S*NI. Then I is a unit in

ST'R, so there exist a € R and s € S such that (1)(%) = 1. Hence, there exists
t € S such that tra = ts, which implies that tra € I NS, a contradiction.
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Therefore, S* NI = (). Since S C S*, I is a ¢-6-S-primary ideal of R associated
with s € S, which implies that I is a ¢-0-S*-primary ideal of R associated with s.
Conversely, suppose that I is a ¢-0-S*-primary ideal of R associated with s € S*.
Let 7 € S*. Then I € U(S™'R) implies that (£)(¢) = 1, where a € R, z € S.
Hence, there exists t € S such that tra = tx € S. Take ' = ta. Then ' € S*
with 'r =tx € S. Let S; = S and let S, = S*. Then, by Proposition 2.31, I is a
¢-0-S-primary ideal of R. |

Assume that §5(S™1J) = S716(J) and ¢s(S~1JT) = S~1é(J) for each J € J(R).
Let I be a proper ideal of R such that ¢(I : a) = (¢(I) : a) and 6(1 : a) = (6(I) : a)
for each a € R. Moreover, assume that 6(S~'I N R) = S~'6(I) N R. Then under
the two conditions ¢(I) = (¢(I) : s) for some s € S and (¢(I) : t) C (¢(1) : s) for
each t € S, the following result holds.

Theorem 2.33. Let I be a proper ideal of R such that I NS = 0. Suppose that
ds(S7H) # STIR, if ST # STIR. Then the following statements are equivalent:
(1) I is a ¢-6-S-primary ideal of R associated with s € S.

(2) (I :s) is a ¢-6-primary ideal of R.
(3) S
4) 5

(J
(1

ST is a ¢g-05-primary ideal of ST'R and (I : t) C (I : s) for eacht € S.
S~ is a ¢s-05-primary ideal of STR and ST INR = (I : s).

Proof. Let I be a proper ideal of R such that TN S = (). Then S~'I # S™'R
implies that dg(S™'I) # S~ R. Moreover, it is easy to check that §(1) NS = @

(1) = (2): Since INS =0, (I )#R LetabeRsuchthatabE(
s) — (¢(I) = s). Then sab € I — gb(]), which implies that s’a € I — ( ) or
sb € 6(I). Thus, sa € I, since s*> &€ 6(I), or sb € §(I). Hence, a € (I : s) or
be (§(1) : s). Consequently, we conclude that (1 : s) is a ¢-d-primary 1deal of R.
(2) = (3): S 1] # S7'R since IﬂS = (. Let &, 2 € S™'R such that £> €

s’s

ST — ¢5(S7). Then 2 = £ ¢ S~ — ¢g(S71) for some u € I. So there
exists t € S such that tabs; = tslsgu € I. If tsyspu € ¢(I), then £ € ¢5(S7'), a
contradiction. Hence, tabss € I —¢(I), which implies that tabss € (I : s)—(¢(1) :
s), since ¢(I) = (¢(I) : s). Thus, a € (I : s) or tbss € (6(I) : s). Therefore, sa € I
implies that & € S™'1 or stbsg € d(I) implies that = € S~'4(I). So, we conclude
that S7'T is a ¢g-0s-primary ideal of ST'R. Let t € S and let a € (I : t).
If a € (¢p(I) : t), then a € (¢(I) : s) C (I : s). Therefore, we may assume
that a &€ (¢(I) : t). So, ta € I C (I : s) and ta & ¢(I) = (¢(I) : s). Thus,
ta € (I :s)—(¢(I): s), which implies that a € (I : s), since t ¢ (6(I) : s).
Consequently, we conclude that (I :¢) C (I : s).

(3) — (4): By using part(3), we have S7'I is a ¢g-0s-primary ideal of S™'R. Let
s € S such that (I : t) C (I : s) for each t € S. Then it is easy to check that
(I:s)C ST INR. Let a € S'T N R. Then there exists t € S such that ta € I.
Thus, a € (I : t) C (I : s) implies that ST' TN R C (I : s). Hence we conclude
that S~17 N R — (I:s).

(4) — (1): Suppose that S™'I is a ¢g-ds-primary ideal of ST'R and let S~'INR =
(I : s) for some s € S. We show that [ is a ¢-6-S-primary ideal of R assoaated
with s. Let a,b € R such that ab € I — ¢(I). Then 22 € S71I — ¢5(S711). Thus,

e S or b e dg(S7H) = S(I), since ST is a ¢g-dg-primary ideal of
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STIR. If T € S71I, then there exists ¢t € S such that ta € I, which implies that
a="9¢eS"NR=(I:5).So, sa € 1. Similarly, if 2 € S7!6(I), then there
exists #' € S such that ¢'b € §(I), which implies that b = £ € ST(I)N R =
S(STHINR)=06(:5)=(5(I):s). So, sb € §(I). Hence we conclude that I is a
¢-0-S-primary ideal of R associated with s. OJ

Let R be aring and let S C R be a multiplicative subset of R. Next, we give an
example of a proper ideal P of R with P NS = () such that if (¢(P) : s) # ¢(P)
for some s € S, then P is a ¢-0-S-primary ideal of R associated with s, but
(P :s) is not a ¢-0-primary ideal of R.

Example 2.34. Let R = Z[z] and let P =< 4z >= 42Z[x]. Let ¢(P) = P? =<
1622 > and let 6;(P) = VP =< 2z > . Let S = {2¥ : k > 0}. Then it is easy to
check that PNS = () and P is an almost-0;-S-primary ideal of R associated with
s=2€ S. Also, it is easy to check that (P? : s) = (< 162% >: 2) =< 822 >+ P2
Moreover, (P : s) = (< 4z >: 2) =< 2z > is not an almost-0;-primary ideal of
R, since 2x €< 2z > — < 42% >, but neither 2 €< 2z >= /< 2z > nor

T EC 2 >= /< 2z >.

3. (¢,0)-(¢,v)-RING HOMOMORPHISMS

Following [10], let X and Y be commutative rings with unities and let f : X —
Y be a ring homomorphism. Suppose that ¢ and ¢ are expansion and reduction
functions of ideals of X and that v and ¢ are expansion and reduction functions
of ideals of Y, respectively. Then f is said to be (0, ¢)-(7, 1)-homomorphism if
O(fH(J) = fH(v(])) and &(f7H(])) = f~H(eb(])) for all J € J(V').

Remark 3.1. (1) If f: X — Y is a nonzero epimorphism and 1 is the unity
of X, then f(1) is the unity of Y.
(2) Suppose that f: X — Y is a nonzero (d, ¢)-(7, 1)-epimorphism, and let
I be a proper ideal of X containing ker(f). Then it is easy to see that
A(F(1)) = FO(I)) and $(f(1)) = F(6(1)) (see [10, Remark 2.11]).
(3) If S is a multiplicative subset of X containing 1, then f(S) is a multi-
plicative subset of Y containing f(1).

Theorem 3.2. Let f: X — Y be a nonzero (0, )-(y,1)-epimorphism. Then the
following statements are satisfied:
(1) If J is a Y-y-f(S)-primary ideal of Y associated with f(s) € f(S), then
f~YJ) is a ¢p-6-S-primary ideal of X associated with s € S.
(2) If I is a ¢p-0-S-primary ideal of X associated with s € S containing ker(f)
and f is surjective, then f(I) is a 1-y-f(S)-primary ideal of Y associated
with f(s) € f(5).

Proof. (1) If S is a multiplicative subset of X with 1 € S, then f(5) is a multi-
plicative subset of Y with 1 = f(1) € f(95), since f is a nonzero epimorphism.
Let J be a 9-vy-f(S)-primary ideal of Y associated with f(s) € f(S). Choose
a,b € X such that ab € f~1(J) — ¢(f~'(J)). Then we have f(a)f(b) € J—(J).
Since J is a 1-y-f(S)-primary ideal of Y associated with f(s) € f(S), we con-
clude that f(s)f(a) € J or f(s)f(b) € v(J), which implies that sa € f~*(J) or
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sbe f1(y(J)) =d6(f"1(J)). Hence f~1(J) is a ¢-§-S-primary ideal of X associ-
ated with s.

(2) Let I be a ¢--S-primary ideal of X associated with s containing ker(f), then
the unity in Y is f(1) € f(9), since f is a nonzero (4, ¢)-(7,1)-epimorphism.
Choose z,y € Y such that zy € f(I) — ¢(f(I)). Since f is onto, we can
choose a,b € I such that f(a) = x and f(b) = y. This implies that f(a)f(b) =
f(ab) € f(I). Since ker(f) C I, we conclude that ab € I. If ab € ¢(I), then
xy = f(ab) € f(¢(I)) = (f(I)), which is a contradiction. So, ab € I — ¢(I). As
I is a ¢-0-S-primary ideal of X associated with s, we have sa € I or sb € §(I).
Thus, we conclude that f(s)x € f(I) or f(s)y € f(6(I)) = v(f(I)). Therefore,
f(I) is a ¥-y-f(S)-primary ideal of Y associated with f(s). O

From the above theorem we obtain the following result.

Theorem 3.3. [Correspondence theorem] Let f : X — Y be a nonzero (9, ¢)-
(v, ¥)-epimorphism. Then f induces to one-to-one correspondence between the
¢-0-S-primary ideals of X associated with s € S containing ker(f) and the ¥ -y-
f(S)-primary ideals of Y associated with f(s) € f(S) in such a way that if I is
a ¢-0-S-primary ideal of X associated with s € S containing ker(f), then f(I) is
the corresponding ¥-y-f(S)-primary ideal of Y associated with f(s) € f(5), and
if J is a Y-y-f(S)-primary ideal of Y associated with f(s) € f(S), then f~(J)
is the corresponding ¢-6-S-primary ideal of X associated with s € S containing

ker(f).

Assume that ¢ and ¢ are expansion and reduction functions of ideals of R,
respectively. Let J be a proper ideal of R such that J = ¢(J). Then 7 :
J(R/J) — J(R/J) defined by ~(I/J) = 6(I)/J and ¢ : J(R/J) — J(R/J)
defined by (I/J) = ¢(I)/J are expansion and reduction functions of ideals of
R/J, respectively. Moreover, if S is a multiplicative subset of R, then S = S/.J
is a multiplicative subset of R/J, where S/J ={s=s+J € R/J : s€ S}.

Let @ be a proper ideal of R, and let S be a multiplicative subset of R. Recall
that @ is said to be a weakly §-S-primary ideal of R associated with s € S, if
whenever 0 # ab € @ for some a,b € R, then sa € Q or sb € §(Q).

Theorem 3.4. Let 6 and ¢ be expansion and reduction functions of ideals of
R and let J be a proper ideal of R such that J = ¢(J). For every L € J(R),
let v : J(R/J) — J(R/J) be an expansion function of ideals of R/J defined by
Y(L+J/J)=06(L+J)/J and letp : J(R/J) — J(R/J) be a reduction function of
ideals of R/ J defined by (L+J/J) = ¢(L+J)/J. Then the following statements
hold:
(1) A map f : R — R/J defined by f(r) = r+ J for every r € R is a
(0,9)-(7,v)-epimorphism.
(2) Let I be a proper ideal of R such that J C I and let S be a multiplicative
subset of R. Then I is a ¢-0-S-primary ideal of R associated with s € S
if and only if I/J is a y--S-primary ideal of R/J associated with 5 € S.
(3) Let I be a nonzero proper ideal of R such that ¢*(I) = ¢(I). Then I is a
¢-0-S-primary ideal of R associated with s € S if and only if I/o(I) is a
weakly v-S-primary ideal of R/$(I) associated with 5 € S.
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Proof. (1) It is easy to see that f is a ring-epimorphism with ker(f) = J. Let K
be an ideal in R/.J, then K = L 4 J/J for some ideal L € J(R). Therefore,

fOE) = 0L+ I/ 0) = 0L+ J) = 0(fH(K)),

FTH(K) = FHO(L + T/ T)) = o(L + ) = o(f 7 (K)),

since f is onto. Thus, f is a (9, ¢)-(7, ¥)-epimorphism.
(2) Let I be a proper ideal of R such that J C I and let S be a multiplicative
subset of R. Since the map f defined in (1) is a (6, ¢)-(, ¥)-epimorphism with
ker(f) = J and f(I) = I/J. Then, by the correspondence theorem (Theorem
3.3), I is a ¢-0-S-primary ideal of R associated with s € S if and only if I/J is a
y-1p-S-primary ideal of R/.J associated with 5 € S.
(3) Let J = ¢(I); then J = ¢(J). Moreover, f(I) = I/¢(I) and ¢(I/p(1)) =

o(I)/o(I) =0 € R/p(I). Hence, by the correspondence theorem (Theorem 3. 3)
I is a ¢-6-S-primary ideal of R associated with s € S if and only if I/¢(I) is
weakly v-S-primary ideal of R/¢(I) associated with 5 € S. D

Definition 3.5. Let I be a ¢-0-S-primary ideal of R not §-S-primary. Then
there exist a,b € R such that ab € ¢(I) with sa & I and sb ¢ §(I). In this case,
(a,b) is called a ¢-0-S-twin zero of I.

Theorem 3.6. Suppose that I is a ¢-0-S-primary ideal of R associated with
s € S. If there exist a,b € R such that (a,b) is a ¢-0-S-twin zero of I. Then

VI =/6(I).

Proof. Let a,b € R such that (a,b) is a ¢-0-S-twin zero of I. Then I is not a
§-S-primary ideal of R. Hence, by Proposition 2.17, I? C ¢(I) C I implies that

VI =/o(I). O

Lemma 3.7. Let f : X — Y be a nonzero (8, )-(v,)-epimorphism and let
I a ¢-6-S-primary ideal of X associated with s € S such that ker(f) C I. Let
a,b € X. Then (a,b) is a ¢-0-S-twin zero of I if and only if (f(a), f(b)) is a
Y-y-f(S)-twin zero of f(I).

Proof. By Theorem 3.2, f(I) is a 1-y-f(S)-primary ideal of Y associated with
f(s) € f(S). Let a,b € R such that (a,b) is a ¢-9-S-twin zero of I. Then ab € ¢(I)
with sa ¢ I and sb ¢ (7). So, [(a)[(b) = f(ab) € w(f(I)) with (s)(a) & F(T),
since ker(f) C I and sa ¢ I. Similarly, f(s)f(b) € v(f(I)). Thus, (f(a), f(b))
is a ¥-vy-f(S)-twin zero of f(I). Conversely, let a,b € R such that (f(a), (b))
is a ¢-7-f(S)-twin zero of f(I). Then f(a)f(b) = f(ab) € »(f(1)) = f(o(I))
with f(s)f(a) = f(sa) ¢ f(I) and f(5)f(0) & (f(])) = f(o(I)). Thus, ab €
FU) = oL~ (717) = 9(1), since kex() € 1. Noreover, sa & f=(f(1)
=T and sb & f~1(v(f(I))) = §(I). Consequently, we conclude that (a,b) is a gb
0-S-twin zero of I.

Corollary 3.8. Let § and ¢ be expansion and reduction functions of ideals of
R and let J be a proper ideal of R such that J = ¢(J). For every L € J(R),
let v:3(R/J) — J(R/J) be an expansion function of ideals of R/J defined by
YL+ J/J)=0(L+J)/J and let ¢ : J(R/J) — J(R/J) be a reduction function
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of ideals of R/J defined by (L + J/J) = ¢(L+ J)/J. Let a,b € R. Then the
following statements hold:
(1) (a,b) is a ¢-6-S-twin zero of I if and only if (a+ J, b+ J) is a -y-S-twin
zero of 1/J.
(2) (a,b) is a ¢-0-S-twin zero of I if and only if (a + ¢(1),b+ ¢(I)) is a
y-S-twin zero of 1/¢(I).

Proof. (1) It follows from Theorem 3.4(2) and Lemma 3.7.
(2) Tt follows from Theorem 3.4(3) and Lemma 3.7. O

Theorem 3.9. Suppose that I is a ¢-0-S-primary ideal of R associated with
s € S. If there exist a,b € R such that (a,b) is a ¢-0-S-twin zero of I, then
al C ¢(I), bI C ¢(I). In this case VI = \/é(I).

Proof. Since (a,b) is a ¢-6-S-twin zero of I, we have ab € ¢(I), sa ¢ I, and
sb ¢ 6(I). So, I is not a J-S-primary ideal of R associated with s. So, by
Proposition 2.17, 12 C ¢(I) C I implies that VT = \/¢(I). Now, we show that
al C ¢(I) and bl C ¢(I) case by case.

Since sb & 6(I), by Theorem 2.20, (I : b) C (I : s) or (I : b) = (¢(I) : b). Also,
since a € (I : b) and a & (I : s), we get that (I : b) (¢(I) : b). Hence we
conclude that bl C ¢(I).

Similarly, by Theorem 2.21, sa ¢ I implies that (I : a) C (6(I) : s) or (I : a) =
(¢(I) : a). Since b € (I :a) and b & (6(1) : s), we get that (I : a) = (¢(I) : a).
Hence we conclude that al C ¢([I). O

Definition 3.10. Suppose that [ is a ¢-0-S-primary ideal of R such that AB C I
and AB Z ¢(I), where A and B are proper ideals of R. Then I is said to be a
¢-0-S-free twin zero with respect to AB if (a,b) is not a ¢-9-S-twin zero of I for
every a € A and b € B. In particular, [ is said to be a ¢-0-S-free twin zero, if
whenever AB C I with AB Z ¢(I), for some ideals A and B of R, then ¢-6-S-free
twin zero with respect to AB.

Theorem 3.11. Let I be a ¢-0-S-primary ideal of R associated with s € S. Then
I is a ¢-0-S-free twin zero if and only if for ideals A and B of R with AB C I
and AB € ¢(1), either sA C I or sB C o(I).

Proof. Suppose that [ is a ¢-0-S-free twin zero, and let A and B be ideals of R
such that AB C I and AB Z ¢(I). Then I is a ¢-§-S-free twin zero with respect
to AB. We show that either sA C I or sB C (/). Suppose sB < §(I). Then
there exists b € B such that sb € §(I). Let a € A; then (a,b) is not a ¢-0-S-twin
zero of I. If ab & ¢(I), then ab € I — ¢(I) implies that sa € I, since sb & 6(1). If
ab € ¢(I), then sa € I, since (a,b) is not a ¢-6-S-twin zero of I and sb & 6(1).
Accordingly, we conclude that sA C I. Conversely, suppose that if whenever A,
B are ideals R with AB C I and AB ¢ ¢(I), then either sA C I or sB C §({).
We show that [ is a ¢-0-S-free twin zero. Let P and @) be ideals of R with
PQ C I and PQ < ¢(I). Then, by the assumption, either sP C I or s@Q C d(1).
Let p € P, q € Q. If (p,q) is a ¢-6-S-twin zero of I, then pq € ¢(I) with sp & I
and sq & (1), a contradiction, since sP C I or sQQ C §(I). Thus, (p,q) is not
a ¢-0-S-twin zero of I for every p € P and ¢ € (). Hence we conclude that I is
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a ¢-0-S-free twin zero with respect to P(Q), which implies that I is a ¢-0-S-free
twin zero. 0

4. ¢-0-S-PRIMARY IN DIRECT PRODUCT OF RINGS

Let R; be commutative rings with unity for each i = 1,2 and let R = Ry X Rs
denote the direct product of rings Ry and R,. Also, let S; and Sy be multiplicative
subsets of Ry and R,, respectively. Then S = 57 x S5 is a multiplicative subset
of R. Suppose that ¢; and 9; are reduction and expansion functions of ideals
of R; for each i = 1,2 respectively. Following [10], we define the following two
functions:

S(Il X IQ) = 51(]1) X 52(]2),

O x I) = ¢1(Ih) X ¢o(I).
Then it is easy to see that § and é are expansion and reduction functions of ideals
of R, respectively.

Theorem 4.1. Let Ry and Ry be commutative rings with 1 # 0 and let R =
Ry X Ry be a direct product ring, and let S = Sy X Sy be a multiplicative subset of
R. Suppose that §; is an expansion function of ideals of R; and ¢; is a reduction
function of ideals of R; for each i = 1,2 such that ¢o(Rs) # Rs. Then the
following statements are equivalent:

(1) I X Ry is a ¢-6-S-primary ideal of R associated with (s1,s,) € S.

(2) I is a 61-Sy-primary ideal of Ry associated with s; and Iy X Ry is a

0-S-primary ideal of R associated with (sy,s5).

Proof. (1) — (2) : Suppose that I; x Ry is a ¢-6-S-primary ideal of R associated
with (s1,s2) € S and let a,b € R; such that ab € [;. Then (a,1)(b,1) =
(ab,1) € I, x Ry — ¢(I; x Ry). This implies that (sq,s5)(a,1) € I X Ry or
(s1,82)(b,1) € 5([1 X Rs). Hence we conclude that sja € I; or s1b € §1(11), and
thus, I is a 0;-Si-primary ideal of R; associated with s;. If I; X Ry is not a 5-S-
primary ideal of R, then by Proposition 2.17, we have (I; x Ry)? C ngﬁ(Il X Rs),
which implies that Ry = ¢2(Ry), a contradiction. Thus, I; X Ry is a 4-S-primary
ideal of R associated with (s1, s2).

(2) — (1) : It is clear, since every 4-S-primary ideal of R associated with (s1, s3)
is a ¢-0-S-primary ideal. O

Theorem 4.2. Let Ry and Ry be commutative rings with 1 # 0, let R = Ry X Ry
be a direct product ring, and let S = S; X Sy be a multiplicative subset of R.
Suppose that §; is an expansion function of ideals of R; and ¢; is a reduction
function of ideals of R; for each i = 1,2. Then the following statements are

equivalent:
(1) I x Ry is a $-6-S-primary ideal of R associated with (s1,82) € S that is
not 0-S-primary.

(2) ¢(I1 x Ry) # 0, ¢o(R2) = Ry and Iy is a ¢1-01-Si-primary ideal of Ry

associated with s, that is not d,-Sy-primary.
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Proof. (1) — (2) : Suppose that I; x Ry is a ¢-6-S-primary ideal of R associated
with (s1, ;) that is not 6-S-primary. Then by Proposition 2.17, we have (I x
Ry)? C ¢(I, X Ry), which implies that ¢(I; x Ry) # 0. If ¢o(Ry) # Ry, then by
Theorem 4.1, I} X Ry is a 0-S-primary ideal of R associated with (s1,82), which
is a contradiction. Thus, ¢9(Ry) = Ry. Moreover, it is easy to see that I; is a
¢1-01-S1-primary ideal of Ry associated with s, since I1 X Ry is a (ﬁ—g—S—primary
ideal of R associated with (s1, s5). If I is a 0;-Si-primary ideal of Ry associated
with s;, then by the correspondence theorem (Theorem 3.3), I; X Ry is a 5-S-
primary ideal of R associated with (si, s3), which is a contradiction. Hence I; is
a ¢1-01-S1-primary ideal of Ry associated with s; that is not d;-Si-primary.

(2) — (1) : We show that I; x Ry is a $-6-S-primary ideal of R associated with
(s1,82) € S. Let (a,c),(b,d) € R such that (a,c)(b,d) = (ab,cd) € I} X Ry —
gg(ll X Ry). Then ab € I1 — ¢1(I1), since ¢o(Rs) = Rs. This implies that sja € I
or s1b € 61(11), and hence we conclude that (s, sq2)(a,c) = (s1a,sec) € I} X Ry or
(s1,82)(b,d) = (81D, 55d) € 61(I1) X 62(Ry) = 6(I; X Ry). Thus, I x R, is a ¢-0-
S-primary ideal of R associated with (s1, s2). Finally, if I; X Ry is a 3—S—primary
ideal of R associated with (s1, s9), then it is easy to see that I; is a §;-S;-primary
ideal of R; associated with s;, which is a contradiction. Hence I; X Ry is not a
d-S-primary ideal of R associated with (s, s5). O

Now suppose that for each i = 1,2, if I; # ¢;(I;), then S; N ¢;(I;) = () and if
S; N 6;(1;) # 0, then S; N I; = S; N 6;(I;). Then we obtain the following result.

Theorem 4.3. Let Ry and Ry be commutative rings with 1 # 0, let R = Ry X Ry
be a direct product ring, and let S = S; x Sybe a multiplicative subset of R.
Suppose that 6; is an expansion function of ideals of R; and ¢; is a reduction
function of ideals of R; for each i = 1,2. Let I = I; X Iy be a proper ideal of R,
for some ideals Iy # ¢1(11) and Iy # ¢o(13) of Ry and Ry, respectively, such that
for every i € {1,2}, if I # R;, then §;(1;) # R;. Then the following statements
are equivalent:
(1) Iisa $-6-S-primary ideal of R associated with (s1,82) €.
(2) I = Ry and I3 is a 05-Sa-primary ideal of Ry associated with sy or Iy = Ry
and Iy is a 01-S1-primary ideal of Ry associated with s; or sy € Is N Sy
and Iy is a 61-S1-primary ideal of Ry associated with s, or s; € I; N .S
and Iy is a 63-Sy-primary ideal of Ry associated with ss.
(3) I is a 6-S-primary ideal of R associated with (s, s3) € S.

Proof. (1) — (2) : If I, = Ry, then by Theorem 4.1, I5 is a §-Se-Primary ideal
of Ry associated with s,. Similarly, if I, = Ry, then by Theorem 4.1, [; is a
01-S1-Primary ideal of Ry associated with s;. Assume that I; and I, are proper
ideals of R;, Ry, respectively. Let a € I;. Choose b € Iy — ¢o(I3). Then
(a,1)(1,b) = (a,b) € I —¢(I). As I is a ¢-0-S-primary ideal of R associated with
(s1,52), we have (s1, $2)(a, 1) = (s1a,s2) € I = Iy x Iy or (s1,$2)(1,b) = (s1,590) €
5([) = 51([1) X (52(12) ThllS7 s € SoNlyor s €5 N (51(]1) = S; N 1;. Assume
that s, € Sy NI, Since SN I = (), we have S; NI, = (). We show that I; is a ;-
S1-Primary ideal of R; associated with s;. Let a,b € R; such that ab € I;. Then
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(a,55)(b,1) € I—@(I), since sy € SoN Iy and sy & do(I5). As I is a ¢-0-S-primary
ideal of R associated with (s, s3) € S, we have (s1, s2)(a, s2) = (s1a, (s2)?) € I or
(s1,52)(b, 1) = (s1b, s3) € 6(I), which implies that sya € I; or s;b € 6;(I;). Thus,
I is a 0;-Si-primary ideal of R; associated with s;. Similarly, if we assume that
s1 € S1 N I, then I, is a d5-Se-primary ideal of Ry associated with ss.

(2) = (3) : If I = Ry and I, is a §3-Se-Primary ideal of Ry associated with ss,
then by the correspondence theorem, I is a 5-9 -primary ideal of R associated with
(s1,$2). Similarly, if I = R and I; is a 0;-S;-Primary ideal of R; associated with
s1, then I is a §-S-primary ideal of R associated with (s1, 82). Now, suppose that
s1 € I1 NSy and 5 is a d9-So-primary ideal of Ry associated with s,. We show
that I is a 0-S-primary ideal of R associated with (s1,s2). Let (a,c¢), (b,d) € R
such that (a,c)(b,d) = (ab,cd) € I. Then cd € I, which implies that syc € I, or
Sod € 09([2). Since sy € Sy N I, we have (s1,$2)(a,c) = (s1a,s2¢) € I; X I or
(s1,52)(b,d) = (s1b, s2d) € I, x 65(I5) C 6y(I1) % 65(I5). Thus, I is a 6-S-primary
ideal of R associated with (sy,s2). Similarly, if we assume that sy € Sy N Iy and
I is a 01-S;-primary ideal of R; associated with s;, then [ is a 5—S—primary ideal
of R associated with (sq, s2).

(3) = (1) : Clear. O

Suppose that for each i = 1,2, if I; # &;(I;), then S; N ¢;(I;) = @ and if
Si N 6;(1;) # 0, then S; N I; = S; N 6;(I;). Then we obtain the following result.

Theorem 4.4. Let Ry and Ry be commutative rings with 1 # 0, R = Ry X Rs.
Let 01 and 6o be expansion functions of ideals of Ry and Ry, respectively, and let
O1, O be reduction functions of ideals of Ry and Rs, respectively. Let I = Iy X I
be a proper ideal of R such that I # QAS(I) for some ideals I; and Iy of Ry and Ry,
respectively, such that for every i € {1,2}, if I; # R;, then 6;(I;) # R;. Then I is
a gg—(g—S—pm'mary ideal of R associated with (sy,s3) € S that is not 5—S—pm’mary if
and only if one of the following conditions satisfies:

(1) I =1 x I, where ¢1(I,) G I G Ry, such that I, is a ¢1-01-Sy-primary
ideal of Ry associated with si that is not 01-S1-primary and Iy = ¢o(1s)
with S € SQ N (ﬁg([z)

(2) I =1 x I, where ¢3(I2) G Iy G Ry, such that Iy is a ¢o-02-So-primary
ideal of Ry associated with sy that is not d3-Sa-primary and I, = ¢1(14)
with s; € S1 N ¢1(]1)

Proof. Suppose that I is a ¢-6-S-primary ideal of R associated with (s1,S2) that is
not S-S—primary. Assume that I; # ¢1([1) and Iy # ¢o(I3). Then by Theorem 4.3,
I is a 6-S-primary ideal of R associated with (s, s;), a contradiction. Therefore
I, = ¢1(11) or Iy = ¢o(I3). Without loss of generality, we may assume that I, =
¢2(I). We show that s, € Sy NIy or 5 € Sy NI Choose x € IT — ¢1(I1). Then
for b € I, we have (z,1)(1,b) = (2,b) € I —¢(I). Since I is a ¢-6-S-primary ideal
of R associated with (s1,s2) € S, we have (s, s5)(2,1) € I or (s, s3)(1,b) € 6(I).
Therefore, (si@,55) € I = I} x Iy or (s1,s5b) € 6(I) = 0,(I) x 8(I5) and hence
S9 € SoNly=53N ¢2<IQ) or s €5 N 61([1) =5 nNI.

Case (1): Suppose that s, € Sy NIy = Sy N do(lz). Then Sy NI = ), since
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S NI =1(. Next, we show that I, is a ¢;-0;-S;-primary ideal of R; associated
with s;. Observe that I; # Ry. For if I} = Ry, then SN 1 = (S; x Sg) N (R X
bo(I2)) = S1 X (S N Pa(13)) # 0, a contradiction. Thus, I} # R;. Let a,b € Ry
such that ab € I} — ¢1(I;). Then (a,1)(b,0) = (ab,0) € I — ¢(I) implies that
(51,52)(a,1) = (sla, 82) S Il X 12 or (51,82>(b, O) = (Slb, 0) S (51([1) X (52([2)
So, sia € Iy or s1b € 01(I1). Therefore I; is a ¢1-6;-S1-primary ideal of R;
associated with s;. We show that [; is not a d;-S;-primary ideal of R; associated
with s;. Suppose that I is a §;-S;-primary ideal of R; associated with s; and
let (a,c), (b,d) € R such that (a,c)(b,d) = (ab,cd) € I. Then ab € I implies
that sja € I or s1b € 01(I1). Since sy € Sy N Po(l3) then (s1,s2)(a,c) € I or
(s1,52)(b,d) € 6(I). So, I is a 6-S-primary ideal of R associated with (s, s2), a
contradiction. Thus, I; is a ¢1-01-S;-primary ideal of Ry associated with s; that
is not 0;-S;-primary.

Case (2): Suppose s; € SN I;. Then Sy NIy = (0, since SN T = (. We show
that Iy = ¢o(I3) is a d9-Se-primary ideal of Ry associated with sy. Let a,b € Ry
such that ab € I = ¢o(15). Choose x € I} — ¢1(11). Then (z,a)(1,b) = (z,ab) €
I— ¢E(I) Since I is a ¢-6-S-primary ideal of R associated with (s1,82), we have
(s1,89)(w,0) = (s12,50a) € I = I} x I or (s1,82)(1,b) = (s1,8b) € 6(I) =
01(11) X 02(I3), which implies that sea € I or s3b € d9(I3). Thus, Ir = ¢o([3) is a
do-So-primary ideal of Ry associated with s,. Now, we show that case (2) cannot
be happened by proving that I will be a 5—S—primary ideal of R associated with
(s1,s2), which is a contradiction. Let (a,c),(b,d) € R such that (a,c)(b,d) =
(ab,cd) € I. Then cd € I, implies that soc € Iy or sod € do([3). Since s € S1N 1y
we have (s, $2)(a,c¢) = (s1a,s2¢) € I} X Iy = I or (s1,52)(b,d) = (s1b,s2d) €
I, % 65(I,) C 6(I). Thus, I is a 0-S-primary ideal of R associated with (s, s5),
which is a contradiction.

Conversely, suppose that (1) satisfies. Let (a,c), (b, d) € R such that (a, c)(b,d) =
(ab,cd) € I — ¢(I). Then ab € I, — ¢y(I1) implies that sya € I or s1b € & (Iy).
Thus, (s1,$2)(a,¢) = (s1a,s2¢) € Iy x Iy = I or (s1,82)(b,d) = (s1b,82d) €
51 (Iy) x I, C 6(I). Thus, I is a ¢-0-S-primary ideal of R associated with
(s1,82). Finally, we show that I is not a 5—S—primary ideal of R associated
with (s, s2). Suppose that [ is a o-S-primary ideal of R associated with (s1,$2),
and let a,b € Ry such that ab € I;. Then (a,sq2)(b,1) = (ab,s2) € I. So,
(s1,52)(a, 52) = (s1a, (s2)?) € I or (s1,82)(b,1) = (s1b, s3) € 6(I), which implies
that sja € I or s1b € 01(I1). Thus, I; is a §;-S;-primary ideal of R; associated
with s1, a contradiction. Hence I is a g%—g—S—primary ideal of R associated with
(s1,52) that is not 4-S-primary. O

Corollary 4.5. Let Ry and Ry be commutative rings with 1 #£ 0, R = Ry X Rs.
Let 01 and 6y be expansion functions of ideals of Ry and R, respectively. Let
I = I, x Iy be a proper ideal of R for some ideals Iy and Iy of Ry and Rs,
respectively, such that for every i € {1,2}, if I; # R;, then 6;(1;) # R;. Then I is
a nonzero weakly-g—S—pm'mary ideal of R associated with (s1,s2) € S that is not
5—S—pm’mary if and only if one of the following conditions satisfies:
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(1) I = I} x I, where Iy is a nonzero proper ideal of Ry such that I is
a weakly-01-S1-primary ideal of Ry associated with s € Sy that is not
01-S1-primary and Iy =0, so = 0.

(2) I = I} x I, where Iy is a nonzero proper ideal of Ry such that I is
a weakly-09-Sa-primary ideal of Ry associated with sy € Sy that is not
09-So-primary and I, =0, s; = 0.

Proof. In Theorem 4.4, let ¢(I) = ¢1(I1) x ¢o(I5) = (0,0) for each proper ideal
I = Il X IQ of R. O
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