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ABSTRACT. We propose two methods based on projections for approximating
the solution of Fredholm integral equations of the second kind. The projection
is either the orthogonal projection or an interpolatory projection onto a space
of piecewise polynomials of any degree < r—1. We show that the two methods
have asymptotic series expansions and that the orders of convergence can be
further improved by multi-step Richardson extrapolation, where the calculation
is repeated with each subinterval halved. These orders of convergence are
preserved in the corresponding discrete methods obtained by calculating the
integrals with a numerical quadrature formula. Numerical examples are given
to validate the theoretical estimates.

1. INTRODUCTION

Let us consider the Fredholm integral equation defined on X = £°[0, 1] by

u(s) —/0 k(s u(t)dt = f(s), 0<s<1, (1.1)

where k denotes a smooth kernel, f is a real continuous function, and u is an
unknown function. Classical methods for the numerical solution of (1.1) include
the Galerkin method based on the orthogonal projection onto a finite-dimensional
subspace of X and the collocation method based on an interpolatory projection
(see [1]). The iterated Galerkin solution is obtained by one step of iteration
and was proposed by Sloan [13]. The authors in [2] developed a new type of
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superconvergent Nystrom and degenerate kernel methods for eigenvalue problems.
The Kantorovich method, based on “Kantorovich regularization” (Kantorovich,
1948) was discussed by Schock [11]. It is shown that if the right-hand side f of the
operator equation is less smooth than the kernel of the integral operator, then the
Kantorovich solution has a higher order of convergence than the Galerkin solution.
Sloan [14] also introduced the iterated Kantorovich method and established that
it has a faster convergence than the Galerkin, iterated Galerkin, and Kantorovich
methods. Recently, this method was investigated in [1] in the nonlinear case.

One is often interested in improving the orders of convergence of the
approximate solutions. Asymptotic error analysis of approximate solutions is
a classical numerical analysis topic. If the error expansions for numerical
solutions are established, then the Richardson extrapolation can then be used
to obtain approximate solutions of higher order. Asymptotic series expansions
for the iterated Galerkin and iterated collocation solutions were proved by
Mclean [10]. Then for the degenerate and Nystrom methods, they were proved
in [3]. Asymptotic series expansions for the iterated collocation method were also
obtained in [9]. This method was already used for iterated modified projection
solutions in [7] and for the corresponding eigenvalue problems in [3].

The main aim of this paper is to give an asymptotic error expansion of
the iterated Kantorovich method. Thus the Richardson extrapolation can be
performed on the solution, and this will increase the accuracy of the numerical
solution greatly. We also give an asymptotic expansion for a degenerate kernel
solution, and we show that the extrapolated solution converges as rapidly as the
corresponding one in the Kantorovich method. We show that the obtained orders
of convergence are still valid after taking into account the errors introduced by
the numerical quadrature formula.

Now, we give a summary of the paper. In Section 2, notation is set,
the numerical methods are described, and some relevant results are recalled.
Asymptotic series expansion for the iterated Kantorovich method with both the
orthogonal projection and the interpolatory projection at Gauss points is obtained
in Section 3. The degenerate kernel method using an interpolatory projection is
analyzed in Section 4. Section 5 is devoted to the discrete version of the proposed
methods. Numerical results are given in Section 6.

2. PRELIMINARIES AND NOTATIONS

For any positive integer n, let
A,: 0=85)<581 <8< - <8,_1<8,=1 (2.1)
be the uniform partition of [0,1], with knots {s; = T%, i = 0,...,n} and
meshlength h = % For a fixed » > 1, we denote by II, the space of polynomials
of degree < r — 1. Let

X, = {v:0,1] —R:v

be the set of functions that are polynomials of degree < r —1 on each subinterval
[si—1, si]. The functions in X,, need not be continuous at the node points s;.

[si—1,8i] € Hrv 1< < n}
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We consider two types of projections from X to X,,.

e The map 7, is the restriction to X of the orthogonal projection from £2[0, 1]
to X,,. Then

(mau)(s) == > {u, 0)pi(s), (2.2)
i=0
where {1, 2, ..., @n} is an orthogonal basis for X,, and (-, -) is the inner product
in £2[0,1].
e For u € €[0, 1], let m,u denote the unique piecewise polynomial of degree r — 1
that satisfies

where the collocation points are

tij=0G0—14+m1)h, 1<i<n, 1<j<r,

and {7, ..., 7.} are the r Gauss points in [0, 1]. This map, if necessary, is extended
to X as in [5], and then 7, is a projection. In both cases, , converges pointwise
to the identity operator. Moreover, the projection , is uniformly bounded with
respect to n, that is,

p = sup ||7Tn||DC—>DC < Q.
n

Let u,v € C"[0, 1]. If 7, is the restriction of the orthogonal projection to £*°[0, 1],
then it follows that

/01 u(t)(J — Wn)v(t)dt‘ = [(u =, v = m0)|

(c)?l[u oo |0 | soh®

<
Let « be a positive integer. For u € €0, 1], we set

(04
lullase = D 1.
=0

If 7, is the interpolatory projection at r Gauss points, then for v € €7[0, 1] and
v € €%[0,1] (see [6]) it holds

(2.4)

1
[ = myoerie] < calul ol (25)
0

where ¢; is a constant independent of n.
Let K be the integral operator defined by

1
(Ku)(s) := / k(s, t)u(t)dt, s €[0,1]. (2.6)
0
Then (1.1) can be written in the operator form as
(I —=K)u=f. (2.7)

For our convenience, we let

z = Ku. (2.8)
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Then writing the solution to (2.7) as u = z + f, we have
z =Kz +XKf. (2.9)

The Kantorovich method is obtained by applying the classical projection method
to the “regularized” equation (2.9). Thus the approximate solution is

Uy = 2n + [, (2.10)
where z,, satisfies
(I — 1K)z, = m, K f. (2.11)
Note that the above equations are equivalent to a single equation for wu,
(I —mX)u, = f. (2.12)

Throughout this paper, this method will be, respectively, called a Kantorovich-
Galerkin or Kantorovich-collocation method when the orthogonal projection or
the interpolatory projection is used.

Finally, the iterated Kantorovich approximation is defined by

Up = Kup, + f = 2, + f, (2.13)
where
Zn = Kzp + K f. (2.14)
From (2.11) and (2.13), we observe that z, = 7,2,, and hence
(I —Kmp)z = Kf. (2.15)

Let 7, be the interpolatory projection given by (2.3). Interpolation is a simple way
to obtain degenerate kernel approximations. In fact, we consider the degenerate
kernel

ho(s,t) = mk(s,t), s,te€l0,1],
obtained by interpolating the kernel with respect to the variable ¢. Then the
associated degenerate kernel operator is defined by

1
(Kpu)(s) = / ho (s, t)u(t)dt. (2.16)
0
The corresponding approximation of (1.1) is
(I — K )ul = 1. (2.17)

Using the expression of m,, equations (2.15) and (2.17) can be reduced to linear
systems of equations of size nr.

Let By(t) = 1 and for j > 1, let B;(7) denote the Bernoulli polynomial of
degree j. Let B; be the periodic Bernoulli function defined by

B;(t) = B;(t), 0<t<1, Bi(t+1)=B,(t), teR.

We give the following analysis of Fuler—Maclaurin series expansion (Steffensen
[9]). Let f:1]0,1] — R be ¢ times differentiable on [0, 1] and let 0 < 7 < 1. Then

hz fl(i —1+7)h] = /O ft)dt + Z BZ—ET) [f@‘*l)(t)};o B+ By, (2.18)
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Ey = —he/ —B£< )f(é()

Henceforth, we shall always assume that the kernel function x belongs to
€2m+2]0, 1)? for some integer m > 0. This implies that K : €*[0, 1] — €2™+2[0, 1]
is compact for 0 < ¢ < 2m + 2. Furthermore, it is assumed that —1 is not an
eigenvalue of K. These assumptions ensure that (J— %)~ : €4[0, 1] — €2m*2[0, 1]
exists and is uniformly bounded.

In the next section, we establish an asymptotic error expansions for the iterated
kantorovich method.

where

3. KANTOROVICH METHOD

Throughout this paper, we assume that the sum ZZ? equals zero when ny > neo.
Let m1, 12, ..., be the sequence of orthonormal polynomials in with respect to the
inner product considered above, that is, 1, is a polynomial of degree p — 1, and

(Mps M) = Opg for all p,q > 1.

T) = Z Mp(0)1(T)

The following result was proved by Mclean [10].

Define

Theorem 3.1. Let , be the projection operator defined by (2.2) or (2.3). Assume
that w € C*™*2[0,1]. Then

(Kmpu)(s) = Zh% Ropu)(s) + O(h¥™+2), (3.1)

where, for the orthogonal projection, we have
1

(Ryu)(s) = cpp(Ku®)(s +Zcpq[( )p_q_lﬁ(s,m(q)(t)] ,

t=0
1 1 B o q

Cpg = / / A (o,7)2 Q(T? (o 'T> dodr,
o Jo (r—q) q

while, for the interpolatory projection it holds that

and

1

(Ryu)(s) = Epp(KulP))(s) + Zcpq [( )P—q— k(s, t)ul? (t)] , (3.2)

= ! TBp—q(T)w Vdr :
o = / (1) 2 ) (3.3
(o= [, T T (0 — o) .

Dy(7) .—/O ] o) do, (3.4)
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The proof of the proposition below is similar to the proof of [10, Theorem 2.1].
Proposition 3.2. For n large enough, when restricted to €*™2(0, 1], we have
(K, —9) ' = (K —9)"' + Z h2P8, + O(h?™+2), (3.5)
p=r

where
8 =—(K—-9N"Ryy(XK-9)"", (r<p<2r—1),

8p=—(K—7)" (RQP (K —9)""+ ZRQ,, 2 ) (2r < p < m).
Proof. Note first that Ry, maps €*™*2[0, 1] on itself. On the other hand,

(fKﬂ'n — J) = (fK — j) + Z h2pR2p + §2m+27 (36)
p=r

where Ry, 2 maps €22[0, 1] on itself and || Ry yo| = O(R*™*2). Using (3.6) for
the integers m and m — p, we obtain successively

(K = NK =)' =T+ ARy (K =)™ + Romya(K —9) 7!

p=r
m m m—p
> nP(Km, —9)8, =Y b ((x —9)8, + > h¥RyS, + Fgm_2p+23,,)
p=r p=r i=r
m p—r m
= Z h2p ((IK‘ — j)Sp + Z R2p—2i8i> + h2p ZEQm_2p+28p.
p=r 1= p=r

Set B, =7 — (Km, — I)(KX —J)~t — Zth(inn — 7)8,. It follows from the

p=r

definition of 8, that

m b
_ Z h2P (Rzp(iK N+ (K-8, + Z RZinSi)

p=r i=r

= — <E2m+2(fK - 5)_1 + h? ZEQm—Qp-i-QSp)

p=r

— (EQmH(K I Zf_zzmzmsp) = O(h*™*?).
p=r
Since the operators 7, converge to identity operator pointwise and X is compact,
then for n large enough, the operators (Xm, — J)~! exist and are uniformly
bounded. Therefore, it suffices to multiply B, by (Xm, — J)~! to obtain the
desired result. O
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For u, satisfying (2.13), define
Un,0 = ?jn
and

t4r—1
A g 01 — Up o1

Jl+r—=1 _ 1 ’

Up g = (=1,2,....m—r. (3.7)

Now, we are ready to state and prove the main result of this section.

Theorem 3.3. Let the right-hand side f of (1.1) be in C[0,1]. Then

Upyp = U+ Z R A, + O(R* ), £=0,1,...,m—r, (3.8)
p=~L
where the functions Ag, are independent of h.

Proof. From (2.7) and (2.13), we have u,, — u = z, — z, and by using (2.9) and
(2.15), we can write

%, — 2= (K — N IKf — (K — I) LK. (3.9)
Thus since Kf € €*™*2[0,1], (3.5) gives

Uy —u=—» h¥8,(Kf)+O(h*"?). (3.10)

p=r
From the above asymptotic error expansion, it follows that the function w,q
approximates u with accuracy of order O(h?"). For a general integer ¢ > 1, the

(th step Richardson extrapolation u,, approximates w with accuracy of order
O<h2r+2€). ]

4. DEGENERATE KERNEL METHOD

Let , be the interpolatory projection defined by (2.3) and let [t;1, ..., t;, tlu
denote the divided difference of w based on {t;,...,t;,t}. Then we have the
following result.

Proposition 4.1. Let ®, be the function defined by (3.4) and assume that u €
C?m+2(0,1]. Then for any t = (i — 1+ 7)h € [si_1,5], where 0 < 7 < 1 and
1 <i <n, we have

2m—+1
(w—mu)(t) = Y huD ()0, (7)w,(r) + O(h7"F2). (4.1)
q=r
Proof. For i =1,...,n, the Newton remainder for polynomial interpolation is
(U — Wnu)(t) = [tﬂ, R A, t]u H(t — tij), t e [Si—la Si], (42)

j=1
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and the Peano representation of divided differences (see [15]) gives

Sttt t] (@ — )t
[til,...,tir,t]u—/ [zla s Liry ](. 'U)+ u(r)(v)dU7
Si—1

- (r—1)!
1 r—1
B (71, T TI(0 =) )
= /0 = 1) u'"[(i — 1+ o)h]do. (4.3)
Then using Taylor’s theorem,
2m—+1 @r(; _ 1 h
Wi~ 1o =Y~ K(Z ;7) Lo — ryirha=r 4 o(n2m+2r). (4.4)
q—r)!
q=r
Noting that ¢ — ¢;; = (7 — 7;)h, we have
[t ti) = we(m)n". (4.5)
j=1
Now the result follows immediately by combining (4.2)—(4.5). O

In the next theorem, we provide the asymptotic expansion for the error (I, —
K)u.

Theorem 4.2. Assume that f € €*™2(0,1]. Then

(Kau)(s) = (Ku)(s) + > B> (Typu)(s) + O(h*™+), (4.6)
where
(Tu)(s) = GyplKu) +Zcpq [( ) %s,wum] ,

and the constants ¢,, are defined by (3.3).
Proof. For fixed s € [0, 1], we denote ks(t) := k(s,t). Then (4.1) implies

(% — %) Z / (Olult)dt,

2m+1
Z hqz Ju(t)dt + O(h*m+2),

=r i=1 (47)
2m+1

Z hq/ (7) {hzl(ﬂgq)u)[(i S1g T)h]} o (F)dr

+ O(h2m+2).
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According to the summation formula (2.18) for the function f = k) % u, we have

h}Z@ﬁMﬂu—1+TM}:/‘%EQJMQMt

(3)" o]

t=0

p=1
4 O (h2m+27p) )

Substituting the above equality into (4.7), and noting By(7) = 1, one finds, after

rearranging,
2m—+1

(5, = K)ul(s) = Y (Tyu)(s)hP + O(R™™H).
p=r

Thus to complete the proof, we need only verify that T,u = 0 if p is odd or if
p < 2r — 1. Note first that ®, is a polynomial of degree ¢ — r (see [12, p. 128]).
Since the polynomial w, is orthogonal in £2[0,1] to every polynomial of degree
<r —1, we conclude that T,u = 0 for all p <2r — 1.

On the other hand, for all 1 < p < r, we have 7,_,.; = 1 — 7,. Then using the
fact that

[T1,. .y Ty L — 7] (@ — a)fr_l =[m,...,7,7][®— (1 — a)]’;_l
and w,(1 —7) = (=1)"w,(7), it holds
Dy(1—7) = (=1)""Py(7).
Furthermore, the Bernoulli polynomials satisfy
Bj(1—1)=(=1)Bj(r) j=0,

which means

1 1
/0 ©y(7) Bp—g(T)wr(T)dT = (=1’ /0 ©y(7) Bp—g(T)wr(T)dT.
Therefore ¢,y = 0 for r < ¢ < p when p is odd. O

Let u,o := u? and let u,, be the sequence defined by (3.7). The following
result shows that the solution w,, has error expansions in even powers of h,
beginning with a term in A% 2.

Theorem 4.3. Let the right-hand side f of (1.1) be in C*™2[0,1]. Then

Une =u+ Y BTPC,+ OB, £=0,1,....m—, (4.8)
p={
where the functions Cy, are independent of h.

Proof. Since || KX —X,|| — 0 as n — +o0, for all large n, (J—X,,) is invertible and
uniformly bounded. Following the same steps as in Proposition 4.1, it is shown
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that there exist bounded linear operators §, : €*+2[0,1] — €2m+2[0, 1], r < p <
m, such that

(I—K) ™ = (T =K) 4> h?S, + O (4.9)
p=r
Thus from the identity
u—y =T =5)f = (0 -K)7f

we obtain .
w—uy =Y B8, (f)+ O(h*?), (4.10)

p=r
and consequently the error expansion (4.8) is proved. O

5. DISCRETE METHOD

In practice, the integrals in the definitions of the orthogonal projection 7, and
the operators X and X, involved in (2.2), (2.6), and (2.16) are not computed
exactly. It is necessary to replace them with a numerical quadrature formula,
giving rise to discrete methods. In this section, we provide an asymptotic
error expansion for the discrete iterated Kantorovich-collocation method, and
the analysis can be extended to Kantorovich—Galerkin and degenerate kernel
methods. We consider a basic quadrature formula defined by

A = Nuwisle) = [ s, (-1

with nodes o1, 09,...,0, € [0, 1], and weights are such that

Zp:’wj =1.
j=1

For1<i<mand1l<j<p,lets; = (i—1+0;)h. Then (5.1) gives rise to the
composite quadrature formula

0..(f) ;:hzzwjf(sij):/() F(t)dt. (5.2)

i=1 j=1
Thus the Nystrom approximation of the integral operator X is defined as

(KPu)(s) == Qulrils, Ju() = h > > wik(s, sij)ulsy). (5.3)

i=1 j=1
Suppose that the quadrature formula (5.1) is symmetric, that is,
Op—j+1 = 1-— 0j and Wp—j4+1 = Wy, 1 S] < P,

and is exact for all polynomials of degree < 2r — 1, that is

1
Q, :/ p(t)dt, Vpe H2 .
0 "
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The following result can be proved by using Proposition 4.1.

Theorem 5.1. Let w, be the interpolatory projection defined by (2.3). Assume
that w € €*™+2[0,1]. Then
2m+1
(K mau)(s) = (KPu)(s) + Y WP (Rapu)(s) + O(h7™H), (5.4)
p=r
where R, is defined by (3.2) with
Q(PyBp—qwr) ‘

Cpg ‘= — 5.9
Pq (p o C])' ( )

Let v, be the iterated discrete solution satisfying v,, = v,, + f, where
(9= K m) o0 = K5 f (5.6)

Let w0 = v, and let u, ¢ be given by (3.7). Then we have the following result.

Theorem 5.2. Assume that f € C[0,1]. Then the solution w,, has error
expansions in even powers of h, beginning with a term in h* +2¢.
Proof. According to [10], we have

2m+1

(Ku)(s) = (Ku)(s) + Y (Topu)(s)B% + O(*™2), (5.7)

p=r
AB,) |\
B = S |(5) s o)

provided u € €?™*2(0, 1]. Therefore, writing

XPr, — K =KPr, - KP + KP — K
it follows from Theorem 5.1 and (5.7) that

2m+1
KD — K =Y Usph™ + O(B*"?).

p=r

where .

t=0

Using the same arguments as previously, we can show that
2m+1

(I —KPm) = (=)= > Vo™ + O(h*?), (5.8)
p=r
for some bounded linear operators Uy, Vo, p =7,...,2m + 1. Then

Up—u=0, —2= (1 —KPrm,) "KL f — (- K)"'Kf,
= (I = K7m) K f = (I =)7K+ (3= K ma) " (I f = Kf).
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Using (5.7) and (5.8), it holds
(9= K ma) " (I f = Kf) =(T = K) (K f = Kf)

2m—+1
+ 3 Vap(KP f = Kf)RP + O(h>+2),
p=r
2m+1 2m+1
= Z { f] fK 1T2p+VQp Z UQqth}hQP
q=r
+ O(th”).
Therefore
2m—+1 2m+1
:Jn — U= Z {‘/prf + (j — K)_ngp + szp (Z UzqhQQ> } h?p + O(h2m+2).
p=r —r
(5.9)
O

Remark 5.3. Note that when p = r and the quadrature points used in the
quadrature formula (5.1) are the r Gauss points in [0, 1], that is, o; = 7, the
operator K2, coincides with the operator K. In such a case, the discrete
iterated Kantorovich-collocation method is reduced to the Nystrom method
applied to the regularized equation (2.9).

6. NUMERICAL RESULTS

In this section, numerical examples are given to illustrate the theory established
in the previous sections. Note that all required integrals were calculated by using
the 2-points Gauss quadrature formula.

Example 6.1. We consider the following Fredholm integral equation with a
degenerate kernel

1
uls) — [ etuar = 5s). s€ 0.1
0
where f(s) is selected so that u(s) = s.

Let X,, be the space of piecewise constant functions (r = 1) with respect to the

uniform partition of [0, 1]

1 2 n

0=—<-<--<=-=1L

n o n n
The projection 7, is chosen to be either the interpolatory projection at the nr =n
midpoints
(n) 2i—1 ,

t, = , 1=1,...,n,
2n

or the restriction to £°°[0, 1] of the orthogonal projection from £2[0, 1] to X,,. Let

EP = ||u— tnyllss, [=0,1,2,3,
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TABLE 1. Kantorovich—Galerkin method.

Eg (7)) E? (03] Eg g Eg Qa3
829 x 1072 — [111x107% — [465x107% — [426x107 2% —
2.06 x 1072 2.01|6.88x 1076 4.01|7.22x 1079 6.01]1.65x 10~ 8.03
515 x 1073 2.00|4.29 x 1077 4.00 [ 1.13 x 10~ 6.00 | 6.44 x 10”7 8.01
1.29 x 1073 2.00 | 2.68 x 107® 4.00| 1.76 x 10~ 6.00
3.22x107% 2.00|1.68 x 1072 4.00
8.05 x 107° 2.00

B e oS

TABLE 2. Kantorovich-collocation method.

n Eg (7)) E? (&5} Eg Q9 Eg’ Qs
2 [126x10°" — [615x107* — | 717x10" — |209x10°1% -
4 1311 x1072 2.02]3.78x107° 4.03| 1.10 x 1078 6.03 |8.03 x 10~ 8.03
8 | 7.74x107% 2.01[2.35x10°% 4.01]1.71 x 107 6.01 |3.12 x 1071 8.01
16 [ 1.93 x 1072 2.00 | 1.47 x 1077 4.00 | 2.66 x 1072 6.01
3214.83 x107* 2.00|9.17 x 107 4.00
64 1.21 x 107* 2.00

TABLE 3. Degenerate kernel method.
n Eg (%) Eil (03] Eg [65) Eg Qa3
2 591x1072 — [473x10* — [38x107 — |137x10°1% —
41144 %1072 2.03[2.92x107° 4.02| 5.89 x 107 6.03|5.25 x 1071 8.02
8 [358x 1072 2.01[1.82x107% 4.00]9.16 x 107" 6.01 | 2.04 x 10715 8.01
16 [ 8.95 x 107* 2.00 | 1.14 x 10~ 4.00 | 1.43 x 10~ 6.00
321223 x107* 2.00|7.11 x 1072 4.00
64 | 5.59 x 107° 2.00

where u, is defined by (3.7) and w, is the iterated Kantorovich solution 1,
or the degenerate kernel solution u2. The numerical orders of convergence are
computed as

)
‘T log(2)
The expected orders of convergence are
040227 a1:4, 062:6, ()é3:8.

The results are given in Tables 1-3.
It can be seen from the above tables that the computed orders of convergence
match well with the theoretical ones.

Example 6.2. Consider
u(s) — /1 sinh(v/2s — 1) cosh(t — 2)u(t)dt = f(s), s € [0,1], (6.1)
0

where f € C[0, 1] is so chosen that u(s) = /s is the solution to (6.1). The results
are given in Tables 4—6.
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TABLE 4. Kantorovich—Galerkin method.

Eg (7)) E{L (0%} E;L (0%)] Egb [0 %]
1.16 x 1072 — [ 426x10° — [959x10® — [359x1071 —
292 x 1072 1.98| 2.75x107% 395 1.53 x 107° 5.97|1.44 x 10713 8.01
733 x107* 1.99| 1.73 x 1077 3.99 | 2.41 x 10~ 5.99 | 5.66 x 10716 8.00
1.84 x 107* 2.00| 1.09 x 10~® 4.00 | 3.77 x 10713 6.00
4.59 x 107° 2.00|6.79 x 10719 4.00
1.15 x 107 2.00

B S 0 koS

TABLE 5. Kantorovich-collocation method.

Eg (7)) EIL (0] E;L Q9 Eg Q3
1.71x1072 - [776x107° — [828x10°% - [1.92x 107 -

4.33x 1073 1.984.93 x 107% 3.98| 1.31 x 1072 5.98 | 7.59 x 10714 7.98
1.09 x 1073 1.99]3.09 x 107 3.99{2.06 x 10711 5.99 | 2.98 x 10716 8.00
2.72 x 107 2.00|1.94 x 107® 4.00 | 3.22 x 1071 6.00
6.80 x 107> 2.00 | 1.21 x 1072 4.00
1.70 x 107° 2.00

LB S oS

TABLE 6. Degenerate kernel method.

Eg (7)) E? (075] Eg [65) Eg Q3
296 x 1072 — [1.04x107* — | 147x1077 — [6.48 x 10717 —
6.63 x 107* 2.16 | 6.67 x 107 3.96 | 2.36 x 1072 5.96 | 2.81 x 10713 7.84
1.60 x 107* 2.04 | 4.19 x 1077 4.00 | 3.72 x 107" 5.98 | 4.15 x 1076 9.40
4.00 x 107° 2.01 |2.62 x 1078 4.00 | 5.82 x 10~ 6.00
9.95 x 107% 2.00 | 1.64 x 1072 4.00
64 |2.48 x 1075 2.00

W =
B oy NS

Tables 4 and 5 illustrate that high accuracy is obtained by the extrapolated
Kantorovich method even when the solution and the right-hand side are only
continuous. However, the Richardson extrapolation in the degenerate kernel
method improves the order of convergence slightly from 2 to 2.5. The full
superconvergence order 2r+2¢ in the case when the right-hand side is not smooth
can be obtained by applying the degenerate kernel method to the regularized
equation (2.13) instead of (1.1).
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