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HOLDER ESTIMATES AND ASYMPTOTIC BEHAVIOR FOR
DEGENERATE ELLIPTIC EQUATIONS IN THE HALF SPACE

XIAOBIAO JIA, SHANSHAN MA

ABSTRACT. In this article we investigate the asymptotic behavior at infinity
of viscosity solutions to degenerate elliptic equations. We obtain Hélder es-
timates, up to the flat boundary, by using the rescaling method. Also as a
byproduct we obtain a Liouville type result on Baouendi-Grushin type opera-
tors.

1. INTRODUCTION

In this article we study the asymptotic behavior at infinity of viscosity solutions
to the degenerate non-divergence elliptic equation

n—1 n—1
Lu = 22 Z a;j(z)Diju(z) + 25 Z @in(2)Dinu(x) + Dyppu(z) =0 (1.1)
ij=1 i=1

in Rﬁ\gf, where n > 2, o > 0, R =R" N {z, >0}, B =R} N {|z| < 1}.

To ensure the ellipticity of operator L, we assume that a;;(x),am(z) € C(R})
(i,j = 1,...,n — 1) and that there exist constants 0 < A < A < co such that for
each £ € R"71,

n—1
NEP <€) ay(@)e < AP, Vo eRY, (1.2)
i,j=1
and for some 0 < § < 1,
n—1
TR lain [z~ gy > 0. (1.3)
=1

In this article, solutions always indicate viscosity solutions (see [3] for definition).
For o = 0, by and , L is uniformly elliptic. The asymptotic behavior at
infinity was considered in [7]. Note that the crucial key to obtain the asymptotic
behavior is the boundary Hoélder estimates, which is classical for uniformly elliptic
equations (see 3] [5]).

For a > 0, a;; = 1 and a;, =0 (i, j < n—1), L is a Baouendi-Grushin type

operator,
n—1

Lu =22y Diju(x) + Dpnu(z) =0, (14)
i=1
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which was introduced in [Il, [6]. There have been extensive works on the studies
of the Baouendi-Grushin type operators (see [2, 4, 8, T0] and references therein).
For a > 0 and a;; satisfies (I.2)), Le and Savin [9] obtained the boundary Schauder
estimates for solutions of the degenerate elliptic equation

e Z aij(2)Diju(x) + Dppu(z) = 29 f(z) in By,

3,7=1

In this article, we study the asymptotic behavior at infinity of solutions of
with the coefficients satisfying (1.2) and ( .

By rescaling method similar to the one in [9], we establish the Holder estimates
up to the flat boundary of solutions of (L.IJ).

Theorem 1.1. Letu € C(B ) be a solution of
Lu(z) =0 in By
u(x)=0 on By N{z, =0},

where L is given by (1.1)) with the coefficients satisfying (1.2) and (1.3). Then
u e CTa (By ).

(1.5)

Theorem |1.1} Harnack inequalities, and the comparison principle yield our main
theorem as follows.

Theorem 1.2. Let u € Cl(@i\Bf') be a solution of
) —+
Lu=0 inR}\B,
u=0 on{x, =0,z >1},

where L is given by (1.1)) with the coefficients satisfying (1.2)) and (1.3); and for
some s > 0,

(1.6)

la3j () = 85| + lain(@)| < (|’ +237*) ™" inRINBY, ij<n (L)
Assume that |u| < 1 on 0B; N{x, > 0}, |Du| <1 in @’;\Bl+ and |Du| — 0 as
|z| = oco. Then
Cxp,

1

T 2420\ "7 tarrray
(|x | 1+o¢)2 Tn )

lu(z)] < in RU\B, (1.8)

where C' > 0 and R > 1 depend only on «, §, s and n.
Remark 1.3. When o = 0, Theorem still holds (see [1]).

By Theorem [I.2] and the comparison principle, we have the following Liouville
type theorem.
Theorem 1.4. Let u € C*(R?) be a solution of
Lu=0 1inRY,
(1.9)
u=0 on {z, =0},

where £ is as in (L.4). If |Du| — 0 as |x| — co. Then u(x) must be zero.
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The rescaling method is a classical one to show the boundary Schauder/Hdolder
estimates in (degenerate) linear elliptic equations (see [9]). Similarly, one can also
show the boundary Holder estimates

n—1 n—1
z2e Z a;j(x)Diju(z) + 2z, Z @in(2) Dinu(x) + Dppu(z) = 22 f(x).
i,j=1 i=1

The asymptotic result (Theorem may push forward the study on asymptotic

behavior of solutions of the following degenerate Monge-Ampere equation
det D*u = f(x)22* on {x, > 0},

n

where o > 0, and f(x) is positive and continuous.

This article is organized as follows. In Section[d we show the boundary Holder
estimates, which can be approached by the interior Holder estimates via rescaling.
In Section[3 a supersolution is constructed according to the fundamental solution
of one Baouendi-Grushin type operator in the half space. Then it together with
the Holder estimates up to the flat boundary implies that Theorem holds.

2. PrROOF OF THEOREM [L1]
First, we show that (1.2) and (1.3)) ensure the ellipticity of L.
Lemma 2.1. Let the coefficients of L in (L.1)) satisfy (1.2) and (L.3). Then L

is elliptic in Ef. Furthermore, for each fixed €9 > 0, L is uniformly elliptic in
Ff N{z, > ¢eo}.

The proof of the above lemma is standard, and is shown in the Appendix. To
show the Holder estimates up to the flat boundary, we need to give some notion
(see [9)).

Definition 2.2. We define a distance d, between point y and point z by
doly, z) =1y — 2| + |yt — 2t
Observe that the relation between d, and the Euclidean distance,
C|y*'z‘1+a Sda(yaz) Sc|y*2|ﬂ (21)
— 1
day.2) ~ |y —=2| ify.z€ By n{z, > ) (2:2)
For each h > 0 and each = € R", we denote
En@) = {z e R": |2/ =T > + |zn — T < b}, (2.3)
and Fj = diag (h% , h%, cee h%, e ) For simplicity, we denote
Ep=Ep0)={z eR": |2/]* + |2, 20+ < h};  Ef =Epn{z, >0}
A simple calculation gives
1 1 1
FhEa/(§en) = Ea/h<§h2<1+a>en>7 FLEf = E;f, (2.4)

where e, = (0,...,0,1), o/ = 4-20+a),
Note that (1.1)) and d, keep their forms under the transformation x — Fjx.

Precisely, let
u(x) =u(Frzx), x € F;. (2.5)
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Then it solves

n—1 n—1
L= 22 Y~ @(2) Dyji(x) + 25> 2iin () Dinti(7) + Dppii(z) =0 (2.6)
ij=1 i=1
with
a;j(x) = aijj(Fpx), Qin(zr) = apm(Frx), 4,5 <n-—1, (2.7)

da(ya Z) = hil/zda(th, th) (28)

If function w is y-Holder continuous in 2 C Er with respect to d,, we write
w € CY(N2) and define

lw(y) —w(z)]
Wiz = sw  ——— wlleym = lwllie @) + [wleym)-
Ca(Q) y,zeﬁ,y#z (da(y’z))'Y Coc(Q) L (Q) Ca(Q)
Prrof of Theorem[I.1, We divided this proof into two cases.
Case 1. u € CTH% (FY/Q N{z, > %}). By Lemma L is uniformly elliptic
in Ef/z N {x, > 1/8}. Applying the classical Holder estimates to u, there exists
C > 0, depending only on A, A, «, 0, n and ||u|| =, such that

[U]Cﬁ (M) é CHUHLOO S C.

Case 2. u € CTa (EY/Q N {z, <1/8}). We show this case by four steps.
Step 1. There exists C' > 0, depending only on A, A, a, 8, n and ||u|| L, such that
lu(z)| < Cx, in BY. (2.9)
4

We only need to show that for each 2 € {z, = 0,[2/| < 2},
lu(zo, xn)| < Cxy,.

Let

— ! /12 ¢ 2+«

u(z) = Cxy + Bla' — xp|* — 2 %n
with B = 16]|u|| . One can choose C' > 0, depending only on A, a, n, and ||u| e,
such that

Lu<0in B, u>||ullp~ >uon dBy, (2.10)

by taking
C
2(n—1)AB— 2+ a)(1+«a)C/2 <0, %0+ Bla' — xp)* > ||lu||z~ on 0B .
Therefore, (2.10) and the comparison principe (see [I1, Theorem 6]) yield (2.9).
Step 2. For any fixed h € (0,1],

[u] <C. (2.11)

I (B (507050 )

In fact, let w be as in , and then w solves in Bf. By and ,
U< Ch™™  in BY. (2.12)

Similar to Case 1, applying the Holder estimates to @ in E% (%en), we have

o

~ 1
ot (5 (teny) S Ol oy < ChEEF.
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By (2.2)), we see

4] < ChaTra .

cIw (Bar($en))
This together with (2.4)), (2.5]), and (2.8]) yields (2.11]), since
lu(y) —u(z)| _ [u(Fry) — u(Fr2)|

(daly, 2)) 75 A7 T (dy(Fry, Frz)) e

o
Step 3. We prove that u € Ca™ at 0 along e, direction, that is,

lpsarare,) — u(0
sup ‘“(2 en) “1( )|

T <C
0<h<1 ((%hm)1+a) T+a

for some C > 0 depending only on A, A, o and n. It suffices to prove that
‘u(%hﬁen) - u(O)‘ < O,

where C' > 0 independents on h.
Indeed, Step 2 yields that for each £k =1,2,...,

1. 1 1 1 PR R
‘u(?khww en> - u(QkH h en>’ < C2 k- tpae
This implies that

u(GEh T e,) — ulghrh T )|

1
h20+a)

ju(3e,) — u(o)]

1
h20+a)

M

>~
Il
-

c2 k<.

o

>
Il
—

1
Therefore, u € Cat™ at 0 along e,, direction.

1
Step 4. We show Case 2. Similar to Step 3, we have that u € Ca*™ at any
x € BT/Q N {z, = 0} along e, direction.

Let y,z € Ef/z N{z, < é} and denote by ¥y, 2, the nt® component of y and z,

respectively. If z € EQ,Z(HQ)%QL(H&) (yn) or y € By 204a 2040 (zn), by (2.11)), we
are done. Otherwise, z ¢ E2,2(1+a>y2<1+a) (yn) and y & E, 5,4 2040 (2n), which
yields

ly — z[* > max {27 2(1F) 2(0Fe) 9=2(1ta),2(1+a) 1 (2.13)
By Step 3 and the boundary value condition, we obtain
u(y) = u(2)] < |uly) —u', 0)| + |uy’, 0) — u(z",0)| + [u(z",0) — u(2)|
< Clyl + Clzal < Cly = 2[7=  (by @I3)).

It follows that u € C'Ta (FY/Q N{zn < 3}). Therefore, by Case 1 and Case 2, we
complete the proof of Theorem [1.1 [

(2.14)
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3. PROOF OF THEOREM

In this section we divide the proof of Theorem into two steps as the following.
In fact, Subsection gives the convergence at infinity of the solutions in Theorem
and then Subsection shows its asymptotic behavior at infinity. Recall that
the symbols Fj,, E; and E;lr are defined in Section

3.1. Convergence at infinity. In the subsection we apply Hoélder estimates up
to the flat boundary to show that the solution in Theorem [I.2] converges at infinity.
Hereinafter, we say a constant is universal if it depends only on A, A, «, ¢ and n.
The universal constant may change from line to line if necessary. A straightforward
corollary of the boundary Holder estimates is the following result.

Corollary 3.1. Let u € C(E} R\E+) be a solution of
Lu=0 1in EZR\ER,
on A(E{\Er) N {zn > 0}, (3.1)

<1
1 4=
u < 7 on 8(E4R\ER) N{z, = 0},

where L is given by (1.1 . with coefficients satisfying (L.2)) and ( in E R\ER for
some R > 0. Then there exists a universal constant cg > 0 such that

u(x) <1l—co ondFEsrN{x, > 0}.

Proof. We only need to set u(x) =1/2 on 8(E R\ER) N {xn = 0}. Otherwise, one

can consider a supersolution v with v(z) = 5 on J(E] R\ER) N{z, = 0}, and if it
holds for v, by the comparison principle, so does for u. Let

i(z) = u(Frz), =€ EF\E;.

By the definitions of Fr and E}; in Section [2, we have FR(EI\ET) = EIR\E;
Then B
Li=0 in Ef\E],

on (B \ET) N {an > 0}, (3:2)

Q)

<1
1
2
where L is given by (2.6). Clearly, the coefficients of L also satisfy and

in B \El+ Then by the third equality in (3.2) and Theorem there exists a
universal constant 0 < 7 < 1 such that

)

on (EF\Ey) N {a, = 0},

2
u(z) < 3 on 0E;N{0 <z, <7} (3.3)

By the comparison principle, we have u < 1 in EI\EIF Then 1 — u satisfies
L1-a) =0 in Ef\E].
By the interior Harnack inequality for 1 —u, there exists a universal constant C' > 1
such that

C inf (1-1)> sup (1—a)> sup 1—a) >
OExN{x,>T7} OEsN{z,>1} BEQH{ITL:T}(

cm»—~
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This implies

u(r) <1-— % on 0E; N {xy, > 7}. (3.4)

This, the definition of u ,and (3.3) implies the conclusion, via taking ¢y = % O
Applying Corollary we have the following convergence result.

Theorem 3.2. Letu € C’(RZ_\EI") be a solution of Lu =0 in Ri\Ef, where L is
given by with the coefficients satisfying and n Ri\ﬁf If

e |u| <1 on (0FEy N{zx, > 0})U{x, =0,|z| > 1},

e u(z',0) = B as || = o0

e |Du(z)| — 0 as |z| — oo.
Then u(x) — B as |x| — oo.

Proof. The proof of this theorem is divided into two steps as follows.
Step 1. |u] < 1in @i\ﬁf For any € > 0, since |Du| — 0 as |z| — oo, there exists
R. > 1 such that N

|Dul <e inR}\QF, (3.5)
where QEE = {(2/,z,) : |2'| < R:,0 < x,, < R.} is a cylinder. By |u| < 1 on
{z, =0, |z| > 1}, (3.5) and Newton-Leibniz formula, we have

lu(z)| <14 2ex, on dQF N{x, > 0}.
Since |u| <1 on (90E; N{x, > 0}) U {x, =0, |z| > 1}, we obtain
=+
|u(z)| <1+ 2ex, on 8(QEE\E1 ).
Obviously, 1 4 2ez,, solves (L.1]) in Q};E \E;r Then by the comparison principle,

lu(z)| <142z, inQF \Ff
Letting € — 0, it completes the proof of step 1.

Step 2. u(z) — S as |z| — co. We only need to set 8 = 0. Otherwise, we consider
u(z)—p
+Al -

Now we argue by contradiction. If this step is not true, by Step 1, u has finite

superior limit @ > 0 or inferior limit u < 0 at infinity. It suffices to assume that
u > 0.

By the definition of @ and u(z’,0) — S as |z'| — oo, there exists large Ry > 1
such that for all R > Ry,

0\ - . TN\t
< —
u(m)7(1+2>u in R\E
and )
/ Co\ - . /
< — — >
u(x,0)72(1+2>u if |2'| > R,

where ¢y is given by Corollary |3.11 Then applying Corollary to (11(20))7 in
Pl u

EIR\E;, we obtain for all R > Ry,
u(@) < (- c)(1+2)a< (1= L)a on 0Fan N {ea > 0},

This implies
u(z) < (1 - %O)ﬂ in ﬁi\E;Rp
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which reaches a contradiction.

Theorem implies the following corollary.
Corollary 3.3. Let u be as in Theorem[1.3 Then u(z) — 0 as |z| — oo.

The proofs is obvious and thus we omit it here.

d

3.2. Asymptotic behavior at infinity. In this subsection we obtain the asymp-
totic behavior at infinity of solutions in Theorem[I.2] through constructing a barrier

function.
To get the barrier function, we first let

Ln
(la'[2 + Bt *) ™

w(z', x,) =

where 3 = m, y=151 4 2(%@ Simple calculations deduce that

2vx;x .
Dyw=— TEin 1 < n;

(|$’|2 +ﬁx%+2a)7+1)
1 YB(2 + 2a)a2 T2
(4 5a2)T (o' + pod2e) ™
27200 (v + Dziwjzn
(|2/]2 + BaZP>) ™ (|72 + Badt2)
Djw = — 2% + 29B(2 + 2a)z;zp > i< n;
in (‘$,|2 +6x721+2a)7+1 (|x’|2 +ﬁx%+2a)w+2’ )
Dow = — YB(2 + 2a)z L2 B2+ 200)2 g L2
(|12 + Baz%ﬁa)wl (J='|2 + Bx%+2a)7+1
Yy + DB (2 + 2a)%ap e

(|I‘l|2 + ﬂx%+2a)7+2

Dijjw = — 1,7 < mny

2vy(n — 1)alt2« 4y(y + 1)|2' [Pl t2e 82+ 20) 2

(3.6)

B2+ 2a)%x, P (v +1)B(2 + 2a) %t
(‘x/‘g + ﬁx%+2a>’y+1 (\x’|2 + Bx%+2a)’y+2
_ {=2y(n— 1) —1B(2 +20)(3+ 20)Jak?
(|£L'/|2 _’_51,%+2a)7+1
L Bl DIP + 20 + @)y
(‘.I‘/‘Q +6x%+2a>’¥+2
_{=29(n—1) —9B(2+20)(3 + 2a) }, 2 Ay(y + D)z, 2

(|x’|2 +ﬂx%+2a)7+1 (|x’|2 +ﬂx%+2a)v+1
_29{-(n 1)~ (1+a) ' (3+2a) +2(y + 1)}a,t>*

(|22 + Bz%”a)wl

(=2 +ﬂx%+2a)w+1 (‘x/|2+/8x72l+2a)7+2 (ja'|? +ﬂx%+2a)’\/+1
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2+ 1-(1+a) " 4 2y},

=0
(J2/[2 + BaZt2e) ™!

where v = 271 + m, and £ is given by (1.4]). Using w, we can construct a
)

supersolution of (|1.1)) as follows.

Lemma 3.4. Let L be given by (1.1) with coefficients satisfying (1.2), (1.3) and
(1.7). Then for each p € (O,min{ﬁ, 1}), there exists Ryg > 1 depending only on
P, S, a and n such that

Lw—w'""*) <0 inRI\Ep, . (3.8)
Proof. For i,j < n, we have

|Dij(w' )| = [(1 + p)w”Dyjw + p(1 + p)w” ™' DywDjw|
vy, dy(y +1)|2" Py }
(|$/|2 +5$%+2a)7+1 (|x’|2 +Bw%+2a)7+2
dy|a’' P

(|x’|2 +Bx%+2a)2(7+1) (3.9)
C(p, o, n)wlxy, C(p,a,n)wP~1a2

T (a2 BT ()2 4 padtre)
2
n

<( —|—p)w"{

+p(1+ p)uwr™!

C(p,a,n)wP™ 1z

= 2vy+17
(la'[2 + Bt 2) ™

and
|Dm(w1+/’)‘ = ’P(l + p)wﬂleianw +(1+ p)w”me|
< 2+ p)wﬂ—llelxn{ 1 VB2 + 2a)z2+2e }
> (|.’L'I|2 + 5x%+2o¢)7+1 (|$/|2 + ﬁx%+2a)7 (|£C/|2 + ﬂ$%+2a)’)’+1
+(1+ p)wp{ calid 29B(2 + 20 |2’ |27 +2 }
(\x/|2 + 5x%+2a)7+1 (\x’|2 + 5x%+2a)7+2
C(p’av”)wpfl\x’\xn C(p, a,n)wP|a’|

= | +1
(|22 + Bait2*) ™ (| + Bait>)
< C(p,a,n)w’= 2! |z,

— 241>
(\x’|2+ﬂxi+20‘) vy

(3.10)
where C(p, a,n) is positive, depending only on p, a and n, and may change from
line to line. Thus,

n—1
L(w't?) = 22« Z(l + p)w’ Dyw + p(1 + p)w’* DywDiw + (1 + p)wP Dyppw
i=1
T o1+ p)ut N (Dyw)?
= +p(1+ p)w (D, w)?

n—1

29%;%y 2
o e e $ (- )
= (‘x/‘Q +ﬂx%+2a)’)’+1
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( 1 _ YB(2 + 2a)z2 T2 )2}
(|a:’|2 + ﬁx%+2a)"f (|ac’|2 6303{"20‘)7“
_ 472|1,/|2x2+2a 1
= p(1+ p)w” 1{ > + 2
(|x’|2 + 6x%+2a)2(7+1) (|x’|2 + ﬂx%wa) ¥
VB2 + 20252 22+ 20)%a e
- 27 2( +1)}
(Ja[2 + Bat>) (|a'[? + Bai )™
_ ) o1 4,)/2 24+2a B 2'7(1 _’_a)flx%JrZa
= p(1+ p)w 21 21
(2 + B2 (w2 + B

1
+ (|x/|2 + ﬁx2+20¢)2’y.}
(n—1)(n—-1+ m)ﬂ(l + pJwP a2t N p(1+ p)wP=1

(|a|? + Bat?) ™! (|a'[2 + Ba32)*

where v = 251 + m, and £ is given by (L.4). This, (3.9), and (3.10) imply that

L(w1+p)
n—1
w'*) Z (@) — 6,5 Dis ()22 = 37 Jagn (@) | D ()|
7,7=1 =1
p—1 p—l 2+2a
> p(1+ p)w B (|x’| —|—x}l+a)7s C(p,a,n)w

(|x’|2 +ﬂx%+29‘)27 (|x’|2 +5$2+2a)27+1
—s C(p, a,n)wP Y2 |z,
(J2/|2 + BaZt2e) 7 (3.11)
o1+ phur? C(p, 0 m)we~!
(|22 + B232)"T (/]2 + Bad )™
C(p,a,n)wP=1
(7 + p )T

= (l2'| + 2%)

Y

3p(1+ pluwf™t
= (|$/|2 +ﬂx%+2a)2’y

in R%\E,

for some Ry > 1 depending only on p, s, «, and n. Similarly,

n—1 1
L < 2w+ 3 Jagj(@) = 8|1 Dijwlai® + 3 lain(@)]| Dins
nI=t i=1
< C(Pya 'n,) 142 C(p7a,n)|:c’|
> (|x/|2+5x%+2a)7+1+% (\x’|2+ﬂx%+20‘)7+1+%
C
: e (3.12)

(ja/|2 + pa2tee) T e ot
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S

Since p € (0, min{ 1}), we obtain

=
wP~! xﬁ_l
2y 2 1
(Ja'2 + B222) (|ja/]2 4 BaZt2e) 1T D (3.13)
2 2420\ —27—7(p—1) — 7575
> (|2’ + pat?) e
1-p S 1+ 2«
T =)
(-2 -20-1 dita)) TUT TS T 1w
(3.14)
St P
Ty Py o

By (3.11), (3.12)), (3.13)), and (3.14]), we have
L(w—w'™) <0 in R:L_\E;O
for larger Ry > 1 depending only on p, s, o and n. [

Proof of Theorem[I.3. By Lemma for each fixed p € (0, min{-%:,1}), there
exists R > 1 depending only on s, o and n such that

L(w—w')<0 in Ri\E;.

By u(z) =0 on {z, =0}, |Du(z)| <1in RZ’F\ET and Newton-Leibniz formula,
lu(z)| < 22, on OErN{z, > 0}.
On 0ER N {z, > 0}, it is clear that
w—w =w(l —w’) > (R, a,n)x,.

The above two inequalities imply that for some C > 0 depending only on s, §, «
and n,

lu(z)] < C(w —w'™?), on OER N {z, > 0}. (3.15)
For any € > 0, by Corollary [3.3] there exists R. > R such that
lu(z)| <e, x€dERr, N{z,>0}. (3.16)

It follows from (3.15), (3.16) and u(z) = 0 on (Eg_\ERg) N {z, = 0} that
u(z)] < C(w — w'*?) + ¢ on (EL\EpR).
By the comparison principle,
u(z)| < C(w —w'*?) +e in B \Ep.
Then (1.8)) is immediate by letting ¢ — 0. O
4. APPENDIX

Proof of Lemma[2.1 We denote

au(x) e al,n,l(ac)
Al(z) = ;
an—l,l(I) coo Gp—1n-1(T)
ay p(z)z
A(z) = Al(z)a3? ,

an—1,n(T)T]

an(z)z A n—1(x)z 1



12 X. B. JIA, S. S. MA EJDE-2023/33

where a;;(z) and am(m) are given by (L.I)). It suffices to show that eigenvalues of
A(x) are posmve in By 1 and have uniformly bound (depending on the fixed number
go) in B1 N{z, > eo}.

When A’(z) has eigenvalues A (z), ..., A,—1(z), by (L.2)), we obtain A < X;(z) <
A,i=1,2,...,n — 1. Then there exists a orthogonal matrix P’(,_1)xn-1) such
that

(PYTA'P' = diag{\i(z),..., A_1(2)}.

Observe that eigenvalues of A(z) are that of the matrix

Ap (x)x2 a1, (z)xd
B(z) := PTAP =
An—1(2)22% g ()2
6n,1($)$2 e Zinm_l(x)xg 1

with
/
Qi Z Lain(), i=1,...,n—1; P:(JS (1))

Thus, we only need to show that all eigenvalues of B(z) are positive in ET and
have uniformly bound in Ef N{z, > ep}. Forany i =1,2,...,n, let e; € R™ be
the unit vector with its i*" component is 1. Then

el B(z)e; = \iz2®, el B(x)e, = ainal, e B(x)e; =0,

for i,5 <n —1, and el B(x)e, = 1.
For each ¢ € R™ with |§ | = 1, there exists a unique sequence {b;}; such that

E=3"" biegand > b7 = 1. Then by (L.2),

n—1 n—1
¢"B(x) = Z (bies) Bij(x)(bje;) > Aan® Y b7 + Y 2bibn s naly + b5
ij=1 i=1 i=1

Applying Cauchy’s inequality to 2b;b,,a; 2%, we have that for each 7 € (0, 1),

n—1 n—1 n—1
| Z 2bibn'di,nx$| <rT Z {)\%bixz}2 4+ 7t Z {/\*1/2bnﬁi,n}2
i=1 i=1 i=1

n—1 n—1
=TA2 Y b+ A,
i=1 i=1
Therefore, for each 7 € (1 —4,1),
n—1 n—1
€' B(2)¢ > A2 Zb2+b2 AN 0TI TG,
i=1 i=1

n—1

> (L—m) Ay Y 0+ by {1—77'(1=0)}  (by (L3)),

i=1

which implies that L is elliptic in Ef. And if {z,, > €¢}, then

ETA(z)E > (1 — 1)Aede Zb2+b2{1—r Y1 -0)}
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> min {(1 —7)Aeg®, 1 -7 (1-06)}.
In particular, taking 7 =1 — %5, we have that for each = € E;r N{x, > o},
1 1..—
T A@)E = min {01~ (1 - 38) 7 (1 =)} > 0.

Therefore, eigenvalues of B(z) have uniformly below bound in Ej N{z, > eo}
Similarly, one can obtain the uniformly upper bound of eigenvalues of B(z) in

By N{z, > eol} O

Acknowledgments. The authors are grateful to the referees for their valuable
comments. Also the authors want to thank the journal editor for kind help. The first
author was supported by the Natural Science Foundation of Henan Province (Grant
No. 222300420232). The second author was supported by the Natural Science
Foundation of Henan Province (Grant No. 222300420321).

REFERENCES

[1] M. S. Baouendi; Sur une classe d’opérateurs elliptiques dégénérant au bord, C. R. Acad. Sci.
Paris Sér. A-B 262 (1966), A337-A340. MR 0194744

[2] W. Bauer, K. Furutani, C. Iwasaki; Fundamental solution of a higher step Grushin type
operator, Adv. Math. 271 (2015), 188-234. MR 3291861

[3] L. A. Caffarelli, X. Cabré; Fully nonlinear elliptic equations, American Mathematical Society
Colloquium Publications, vol. 43, American Mathematical Society, Providence, RI, 1995.
MR 1351007

[4] N. Garofalo; Unique continuation for a class of elliptic operators which degenerate on a
manifold of arbitrary codimension, J. Differential Equations 104 (1993), no. 1, 117-146.

[5] D. Gilbarg, N. S. Trudinger; Elliptic partial differential equations of second order, Classics
in Mathematics, Springer-Verlag, Berlin, 2001, Reprint of the 1998 edition. MR 1814364

[6] V. V. Grusin; A certain class of hypoelliptic operators, Mat. Sb. (N.S.) 83 (125) (1970),
456-473. MR 0279436

[7] X. B. Jia, D. S. Li, Z. S. Li; Asymptotic behavior at infinity of solutions of Monge-Ampére
equations in half spaces, J. Differential Equations 269 (2020), no. 1, 326-348. MR 4081524

[8] I. Kombe; Nonlinear degenerate parabolic equations for Baouendi-Grushin operators, Math.
Nachr. 279 (2006), no. 7, 756-773. MR 2226410

[9] N. Q. Le, O. Savin; Schauder estimates for degenerate Monge-Ampére equations and smooth-
ness of the eigenfunctions, Invent. Math. 207 (2017), no. 1, 389-423. MR 3592760

[10] R. Monti, D. Morbidelli; Kelvin transform for Grushin operators and critical semilinear
equations, Duke Math. J. 131 (2006), no. 1, 167-202. MR 2219239

[11] M. Ramaswamy, S. Ramaswamy; Mazimum principles for viscosity subsolutions of some
second order linear operators and some consequences, Nonlinear Anal. 26 (1996), no. 3,
415-428. MR 1359223

XIAOBIAO JIA (CORRESPONDING AUTHOR)
SCHOOL OF MATHEMATICS AND STATISTICS, NORTH CHINA UNIVERSITY OF WATER RESOURCES AND
ELECTRIC POWER, ZHENGZHOU 450046, CHINA

Email address: jiaxiaobiao@ncwu.edu.cn

SHANSHAN MA (CORRESPONDING AUTHOR)
SCHOOL OF MATHEMATICS AND STATISTICS, ZHENGZHOU UNIVERSITY, ZHENGZHOU 450001, CHINA
Email address: mass1210@zzu.edu.cn



	1. Introduction
	2. Proof of Theorem 1.1
	3. Proof of Theorem 1.2
	3.1. Convergence at infinity
	3.2. Asymptotic behavior at infinity

	4. Appendix
	Acknowledgments

	References

