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OSCILLATION FOR SECOND ORDER NONLINEAR
DIFFERENTIAL EQUATIONS WITH A
SUB-LINEAR NEUTRAL TERM

YINGZHU WU, YUANHONG YU, JINSEN XIAO

ABSTRACT. We study the oscillatory behavior of solution to the second order
nonlinear differential equations with a sub-linear neutral term

(a®)[(@(t) + p(O)z*(r(1)))']) + a(®)2’(o(t)) =0, ¢ >1to > 0.
A new criterion is established that improves related results reported in the
literature. Moreover, some examples are provided to illustrate the main results.

1. INTRODUCTION

This article concerns the second order nonlinear differential equation with a sub-
linear neutral term

(a®[(@(t) + pOz*(rE))]) + )2’ (0(t) =0, t>t>0,  (1.1)
under the following assumptions:

(A1) a,f and v are the ratios of odd positive integers with o € (0, 1];
(A2) a € C([ty,0), (0,00)), @' (t) > 0, p,q € C([ty, ), (0,00)), lim;—y00 p(t) = 0
and ¢ is not eventually zero on [t*, 00) for t* > t;
(A3) 7 € O([tp,0), R), ¢ € CY([tg, =), R), 7(t) < t, o(t) < t, o'(t) > 0, and
limy o 7(8) = limy_y 00 0(t) = 00.
A function z(t) € CY([T, 00), R), T, > 1 is called a solution of if a(t)[(x(t) +
p(t)z®(7(t)))]" € CY([Ty, 00), R) and satisfies on an interval [T}, 00). We only
consider the nontrivial solutions of (I.I)), which means sup{|z(t)| : t > T} > 0 for
all T > T,. A solution of is said to be oscillatory if it has an arbitrarily large
zeros on [T, 00); otherwise, it is called non-oscillatory. Equation is said to be
oscillatory if all its solutions are oscillatory.

Oscillation phenomena arise in various models from real world applications; see,
e.g., [1, 13, 16 20, 22]. In particular, we refer the reader to the papers [16, 22]
for models from mathematical biology and physics where oscillation and/or delay
actions may be formulated by means of cross-diffusion terms. The increasing in-
terest in oscillatory criteria for the second order nonlinear differential equations is
motivated by their applications in the natural sciences and engineering, see, for
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example, [2, B, [, 8, @ [10] 15l 17, 18, 2T, 23] [26] and the references cited therein.
For (L.1)), one important special case is when v = 1,

(a())(@(®) + p()a*(7(1)") + a(t)a’ (o()) = 0. (1.2)

Note that if p(¢) = 0, this equation is the well-known Emden-Fowler equation which
has been widely applied in mathematics and theoretical physics (see [19, 25]). When
a =1, Li et al. [I7, [I8 21I] obtained oscillation criteria under canonical and non-
canonical conditions. In 2014, Agarwal et al. [I] discussed the oscillatory behavior
of with 8 = 1. Later on, Grace and Graef [12] and Tamilvanan et al. [24]
considered the sub-linear (0 < 5 < 1) and super-linear (5 > 1) cases under the
non-canonical condition
<1
/ ——dt < o0 (1.3)
1 alt)

and obtained the oscillation criteria of all solutions of . Tamilvanan et al. [24]
studied the sub-linear and super-linear cases under the canonical condition

<1
/to wdt:oo (1.4)

and obtained the oscillation of all solutions of (1.2)).
Another important special case of (1.1 is (when 8 =)

(a(®)[(@(®) +p(B)a*(7(#)]) + a(t)a” (o(t)) = 0. (1.5)

If p(t) = 0, this equation is called the half-linear differential equation which is
first studied by Hungarian mathematicians Bihari and Elbert in the 1970s, and has
attracted considerable attentions in recent years, see, for example, [2, [ @, [10] 20,
[IT, 23, 25]. However, all of those results on the oscillation of are for a = 1
and few for 0 < a < 1.

Now in this article we shall use the Riccati transformation technique to study the
oscillation behaviors of for different positive constants a, 3 and +. In Section
2, we establish a new oscillation criterion for . In Section 3, we present some
examples to illustrate our results.

2. MAIN RESULTS

Without loss of generality, we only deal with the positive solution of (1.1]) in the
proofs of our results. In what follows, all functional inequalities are assumed to be
satisfied for all ¢ sufficiently large. We define the functions

2(t) = () + p()z*(r(t), w(t) = /tm al/i(s)ds’

0 )
A=y YT e

and assume that
(A4) w(tg) < oc;
(A5) max{p(o(t)), v (c(t))} < 1.

Before giving the proof of our main theorem, we need the following lemma derived
by Zhang and Wang [27].



EJDE-2022/53 OSCILLATION FOR SECOND ORDER NONLINEAR DES 3

Lemma 2.1. Let & be a ratio of odd positive integers, A, B >0 and w > 0. Then
55
(€ + 1)t

Theorem 2.2. Let (A1)—(Ab5) hold. If there exist a positive nondecreasing function
p € C([to,0),(0,00)) and two positive constants K, M such that

Aw — BwH% < ASH1 B¢,

. UONGIC) .
Jim [ [p@a) 1 - 006 - B e = @

tim [ [x(s)a(s)(1 ()" — (ot O Ty oo (2

t=oo | n+1 m(s)a'/7(s)
hold for sufficiently large T > to, where & = min{8,~v}, n = max{3,v} and
t
oy = 7 B,
o(t), v=5,

then every solution of (1.1) is oscillatory.

Especially, when 8 = =, equation (1.1)) is oscillatory if assumptions (2.1) and
(2.2) hold for K =1 and M =n = .
Proof. Suppose to the contrary that (1.1)) has an eventually positive solution z(t),

i.e., there exists a t; > to such that x(t) > 0,z(7(¢)) > 0, and z(o(t)) > 0 for all
t > 1. It follows that z(t) > 0 for ¢t > t;. From (1.1]), we see that

(a(t)(z'(1)") = —a(t)a”(o(t)) <0, (2.3)

which implies that a(¢)(z'(t))" is decreasing and thus 2'(t) does not change sign
eventually. Therefore, there exists a to > ¢; such that either 2/(¢) > 0 or 2/(t) < 0
for all t > to.

Case I. First we assume that 2’(¢t) > 0 for all ¢ > t5. Recall that z(t) = z(t) +
p(t)x*(7(t)), hence we have z(t) > x(t) and

x(t) > z(t) — p(t)z*(7(t)), t > ta. (2.4)

Since z(t) is a positive increasing function, 7(t) is a positive decreasing function
and 7(t) — 0 as t — oo, then there exists a t3 > t such that

z2(t) > 7w(t), t>ts. (2.5)
Hence we obtain ®
p(t
2(t) > (1 - W)Z(t)' (2.6)
This, and the definition of ¢(t), imply that
(@@ () + a0 — (o)’ (o(t) <0, ¢ >ts. (2.7)
Now define a function w(t) by
a(t)(2'(t))”
w(t) == P(t)ma t > ts. (2.8)

It follows that w(t) > 0 for ¢ > t3, and

o a®EO) | @OEGNY Sed)E )0 (1) (o)
w0 =0 O P S m T ) '
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By (2.7) and (2.8), we obtain

(1) < —p(Da(O)1— oo () + Boltla(t)(='() o’ ()2 (o(1))

21 (o (1))
We discuss this inequality in three cases. If 4 < 3, notice that a'/7(t)2'(t) <
a'/7(o(t))2'(o(t)), then

Bo'(t) By i1

,w/ _ _ o /8 A7 _— I z(o Yow v .
(£) < —p(D)q(t)(1 = (o))" + Dt 2O *)

Since z(o(t)) is increasing, then there exist constants k; > 0 and ¢4 > ¢3 such that
[2(a(t))] = > kq for t > t4. It follows that

w(t) —

. (2.9)

w'(t) < - e PO ko) o
0= =P =2l Ly = G@aomy ™ - 240

An easy computation shows that k;y = 1 as v = 5. Now if v > 3, we claim that
[z’(t)]%7 is increasing. Observing that (a(t)(2'(¢))?)’ < 0 and d/(¢t) > 0, then
z"(t) < 0, which implies that z’(t) is decreasing and hence [z’ (1?)][1%7 is increasing.
Therefore, there exist constants kg > 0, t5 > t4 such that [z’ (t)]ﬁ%7 > ko for t > ts.
It follows from that

W) < ~pl)a(0)1 - plo(©)’ + 20 - M[au)}‘?w‘*?(t)
< o) (1 - (o)) + Ly - LT a2y sy

(1) (p(t)a(t))?
Combining this inequality and , we have
W () < —  olo@n)? + 2B _SEo(t)
(t) < —p(t)a)(1 = @(a(t)))” + o0 (P)al0(0)F
for t > t3, where £ = min{y, 8}, K = min{ky, k2}, and

o(t) {t, v > B,
o(t), v<§8.
Obviously, K =1 if 8 =y and K is a positive constant if 3 # ~.
For the inequality (2.11] -, applying Lemma [2.1| with A = % and
_ eKo'(t)
(p(t)a(6())

we obtain

: (' (1) 1 a(0(t)
w'(t) < —p(t)a(t)(1 — p(a(t)))? + E+ DS (Ep(t)o' (t)E

Integrating this inequality from T" > ¢5 to t > T', we have

'(6)as)(1 - lo(s)))f - L)
| a1 = (o))" - e b S sl
< w(T) ~ w(t) < w(T),

which contradicts ([2.1)).

(2.12)
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Case II. Assume that 2/(¢t) < 0 for t > t3. In view of (l.1)) we have that
(a(t)(=2'(t))) > 0, t > ty. Then a'/7(t)(—2'(t)) is an increasing function and
thus

2 (s) < (Z((g)l/vz’(t), 5>1>to. (2.13)

Integrating this inequality from ¢ to u, we obtain

2(u) — z(t) < a7 ()2 (t) /tu a7 (s)ds, t>ts.

Letting u — oo we then obtain
2(t) > w()a V() (=2 (), t>ts. (2.14)
We define the function

V(t) = W, t>to. (2.15)
It follows that V(¢) > 0 for all ¢t > ¢5. By we have
2(t) = 77 () (a(t)(=2'(1)))- (2.16)

For this inequality, we first observe that if v > 3, then 27=#(¢) is a decreasing
function and thus there exist constants l; > 0 and ¢35 > to such that z7—? (t) <l

for t > t3. By (2.16]) we obtain

Lh>27P@) > a0V (), ~>8, t>ts. (2.17)
Now from we see that
() > 7P () (a1 (1) (=2 (1) (2.18)

If v < B, then (a'/*(t)(—2'(t)))?~7 is an increasing function. Hence there exist
constants Iy > 0 and t4 > t3, such that

-8
Iy > (r”%t)(—z’(t)))7 >V (), t>ty. (2.19)

Combining (2.17) and (2.19)), we have
0< 71OV <1, >ty (2.20)

where n = max{vy, 8} and I = max{ly,l2}.
Observing (2.14)) again we obtain

(@)’ >0, t>ts (2.21)

It follows that % is a positive increasing function. From assumption (A3) we have

7(t) <t and thus

< )
m(7(t)) ~ w(t)
By this inequality and (2.4)) we deduce that
m(7(t))

t) > z(t) — p(t) ——==2%(t). 2.22
(t) 2 2(0) —plt) 2" () (2.22)
Since % is a positive increasing function and 7 (t) is a positive decreasing function

tends to 0 as t — oo, then there exists t5 > t4 such that

2(t) > w3 (t), t>ts. (2.23)
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In view of the above two inequalities, for ¢ > t5, we have
p(t)T(7(t))
p(t)m(7(t))

> (1- 5w )0
= (1 —9(t)z(t).

By and the fact 2/(t) < 0, we have

/

(alt)(=="(1)")" = a()(1 = (a()))"=" (). (2.24)
Taking derivative of the function V' (¢) defined by (2.15) and then using we

obtain
— Z/ ’Y+1
V'(t) > q(t)(1 —¥(a(t)))? + 5a(t)£5+1(§§)) , t >t (2.25)

8
For this inequality, we first treat the case v > . Since [z(t)]Tw is an increasing

B=xy
function, then there exist constants my > 0 and tg > t5, such that [z(¢)] 7 > my
for t > tg. Hence,

V() > (t)(1 — (o (1) + auﬁwz(tﬂ Sy ()
By am (2.26)

> q(t)(1 = ¢(o(t)” +

If v < 8, we find that [al/V(t)(—z’(t))]B%w is an increasing function. Thus there

exist constants mq > 0 and t7 > tg such that [al/’y(t)(—z’(t))]L? > mg for t > tr.
In view of (2.25]), we then have

B

V() = q(t)(1 = (a(t))” + peaTe () (—2' ()] TV (t)
5 (2.27)
> a1 — o) + eV @), et

Now if v = 3, it is easy to see that m; = my = 1. Hence (2.26)) and (2.27) still
hold.

Combining (2.26)) and (2.27) we obtain

V(1) > qt)(1 - $(o(6)’ + alf‘fmv’%), t>t, (2.28)
B, v =8,

here n = max{~, and M = Multiplying (2.28)) by 77 (¢
where 7 x{7, 8} const > 0, £ B plying (2.28) by 7"(t)

and integrating the resulting inequality from T > t7 to t, we have

[ w111 - viots))as

T

< /T 1 (s)a" Y (s)[nV (s) — M?T(S)VUTH(S)]ds + 7TV (t) — " (T)V(T).

Again using Lemma [2.1] we obtain

nV(s) = Mr(s)V'7 (s) < (#)m(ﬁ)”f’ws»
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In view of the above two inequalities and (2.3]), we have

1t7r77$ $)(1 —w(a(s)))? — 0 yn+1 (n/M)" s
[ e - - (At A <l @)

Letting ¢ — oo in the above inequality we then get a contradiction to (2.2). The
proof is complete. U

Recently, Jadlovskd and Dzurina [I4] used the characteristic equation method
to establish a variant of Kneser oscillation theorem for the second order differential
equation

(r(®)ly' 1y () + aOly(r(@E)|* y(r (1)) = 0 (2.30)

under non-canonical conditions. This result is extended by Chatzarakis et al. [0]
for the equation

(r@®ly' 1"y (1) + Z ai()ly(m:(8))|* My (7i(1) = 0. (2.31)

Another extension is due to Bohner et al. [5], who studied the half-linear neutral
differential equation

(a®)(Z' (1)) + a)y* (o (t) =0 (2.32)
where z(t) = y(t)+p(t)y(7(t)), and obtained a generalization of the Kneser theorem.

Theorem 2.3 ([5, Theorem 2]). Assume
A = liminf mlo(t))

t—00 7r(t)

If
amax{K*(1 - K)\;*K: 0< K <1}

(1= po)> 7

E 1/« a+1
htrgg)lfa )T (t)q(t) >

then equation (2.32) is oscillatory.

Obviously, (2.32)) is a special case of equation (1.1) (when @ = 1 and 8 = 7).
Now by Theorem we derive the following Kneser oscillation criterion for (|1.1))
under non-canonical conditions.

Corollary 2.4. Theorem[2.3 still holds if the conditions (2.1)) and (2.2) are replaced
by

tim sup /T a(s)(1 — (0(s))) ds = oo, (2.33)
lim inf 77 (00’ (Da() (1= (o))" > ()" ()" (234)

respectively.

Proof. Equality (2.33) follows by substituting p(t) = 1 into (2.1)). Now suppose
(2.34) holds and denote p = (#)”H(ﬁ)n. Then, for any € > 0, there exists a
sufficiently large 7', such that

A1~ B O) > —Frres 2T
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Integrating the above inequality from 7' to ¢ we obtain

/[ﬂ@M@u—wwumﬂ———ﬂ—44@

T m(s)a'/(s)
T €
> —d 2.35
[ s (235)
! dr(s) 1 1
=— — =¢(ln— —In—).
5ﬂ~w@> (o )
Then (2.2]) holds as ¢t — oco. This completes the proof. (I

The following theorem is for (1.2]), the special case of (L.1)) with v = 1, and the
theorem is Kneser oscillation criteria for Emden-Fowler neutral (1.2]) and sub-linear

neutral ((1.5)).

Theorem 2.5. Suppose v = 1. Then C’orollary still holds if is replaced
by any one of the following conditions:
(i) B> 1, liminfe o 7" (#)a(t)q(t)(1 — (o (t)))” (,ﬁl)ﬁﬂ(%)ﬁ;
(i) B <1, liminf o w2 (t)a(t)q(t)(1 = (o (1))’ > 537
(iii) B =1, liminf; o 72 (t)a(t)q(t)(1 — ¥(a(t))) > 1/4.

The following theorem is for (L.5]).

Theorem 2.6. Suppose B = . Then C’omllary still holds if (2.2)) is replaced
by

IE¥WWWWMWMWWW>G%J{

Note that Theorem [2.5| improves [I, Theorem 2.2] and [12, Theorems 1-4]. The-
orem improves [2, Theorem 2.2], [4, Theorems 2.2-2.4], [10, Theorem 3 and
Corollary 1].

3. EXAMPLES

In this section, we provide some examples to illustrate our results.

Example 3.1. Consider the Emden-Fowler neutral differential equation

(120 +mor(3)) +aot'a’ ) =0, 121, 1)

where 3 is a ratio of odd positive integers, py € [0, g), go >0and 6 > —1.

We are going to use Theorem to show that (3.1) is oscillatory. Note that
a(t) =32, 1(t) = t/2, o(t) = t, p(t) = po, q(t) = qot® and a = v = 1. Thus we

have
_ 1 =3 50 _ 91—1/2
W(t)—/t al/"/(s)ds_/t sT2ds =2t

ot) = s = v = PO o,

Therefore, (A1)—(A5) and (2.33) hold.
Now we see that if 8 > 1, then n = max{3,1} = 8 and

lim inf 7+ (Ha(t)g(t) (1 — (o (1))
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= litm inf 281 (t)go (1 — \/ipo)ﬂt‘;_gﬂ = 00
— 00
holds for ¢ > g — 1. Hence Theorem (1) is satisfied as > 1 and § > g —1.
If 8 < 1, we have 5 = 1 and thus
lim inf 72(£)a(t)g(t) (1 — ¥(o(£)))® = liminf 4g0(1 — v2po) "3 = o0
t—o0 t—o0

holds for ¢ > —1/2. Then Theorem (i) is satisfied as 8 < 1 and 6 > —1/2.
If 3 =1, we have n = 1 and thus

timinf 7 (0)a(t)a(t)(1 — (o(1)” = Hminf 4an(1 = Vo)t > 7

holds for 6 = —1/2. Now Theorem [2.5}(iii) is satisfied as 8 =1 and § = —1/2.
We, therefore, can make clear from the above discussion that (3.1)) is oscillatory
if(i) f>1and o > g—Lor (if) < land 6 > —1/2, or (iii) =1 and § = —1/2.
Note that Li et al. [I5] considered the equation
/
(72 (®)) +y(t) =0, (3.2)

which is a special case of (3.1) with pg =0, ¢y =1,=0, 5 =1.
The following example illustrates Theorem

Example 3.2. Consider the half-linear neutral differential equation

(P9 [(0) + por(5) T + a0 ) =0, ¢ > 1, (3.3)

where v is a ratio of odd positive integers, gg € (0,00), pg € [0, v/0.5), A € (0,1].
Observing that a(t) = 71 7(t) = t/2, o(t) = M, p(t) = po, and q(t) = qo, we

have
(t) = ~ o
t al/’Y(S) tl/’Y7

o0) = B, vl = 2T v,

Hence, the conditions (A1)-(A5) and (2.33) hold.
An easy calculation shows that

liminf 77 (H)a' V(1) (1 = & (o(1))” =7 (a0 (1 = V2po)”.
oo
Then by Theorem we conclude that (3.3) is oscillatory if

! )VH. (3.4)

1— Vapa)Y <7
qo( \[po) > S+

Remark 3.3. This example is also studied by Bohner et al. [4]. According to [4,
Theorem 2.1], equation (3.3) is oscillatory if

Qo(1— V2po)” > (%)7 (3.5)

Obviously, this restriction is contained in (3.4)).
In 2], the authors considered the special case of (3.3) when v=1,A =1, i.e,

(# (=) + pox(g))/)l + qox(t) = 0. (3.6)
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By [2, Theorem 2.1], equation (3.6] is oscillatory if

1
qo(1 —2po) > i (3.7)

which is just a special case of (3.4) when v = 1. Note that if pp = 0 and v = 1,
then (3.4) or (3.7) reduces to qo > 1/4, which is sharp for oscillation of the Euler
differential equation (see [2] [4])

(2 (1)) + gox(t) = 0.
Another special case of is studied by Dzurina and Jadlovska [I0], which
reads
(@ (1)) + qoa? (M) = 0, (3.8)
where go > 0, v > 1, A € (0,1]. Due to [10, Theorem 3], one can conclude that
is oscillatory if gg > 1. However, by Theorem we can obtain a sharp condition

1 (411
> (—— . 3.9
Example 3.4. Consider the sub-linear neutral Emden-Fowler equation
1 t\\"\/ t
(#(z)+ 52°(3)) ) + A" (5) =0, t=4, (3.10)

where a, 8 are ratios of odd positive integers with a € (0, 1].

For this example we set a(t) = t2, p(t) = 1/t2, q(t) = M’, b > —1, A > 0,
7(t) = o(t) = t/2. Hence we obtain

1 4« 8
m(t) =1, wlo(t) =, Y(o®) = o
Therefore, (A1)—(A5) and (2.33) hold.
Now if b > n — 1, we have
8(1
minf L _ 5 — lim _ S\t
htrglogfﬂ (t)a(t)q(t)(1 —(o(t)))” = htrglogf)\(l tQO‘) t = oo.

Then ({3.10) is oscillatory because of Corollary
If b=n—1, we see that when n =0 =1,

lim inf 71 (Da(0)g(t) (1 - (o(1))? = liminf x(D)a(t)a(t)(1 — ¥(o(t)) = A
—00 — 00
By Theorem iii)7 we conclude that (3.10) is oscillatory for A > 1/4.

Remark 3.5. Grace and Graef [12] considered when a = 1/3, A = 1, and
used Theorems 1-4 to obtain oscillatory results for (1) =3 and b=9, (2) =3
andb > 4, (3) f=1and b > 0, and (4) § = 1/3 and b > 0. Another result for
when 5 =1 and b = 0 from Agarwal et al. [I], showed that this equation is
oscillatory if A > 1/4.

Example 3.6 (|8, Example 3.10]). Consider the equation
(ﬂ“ [(m(t) + p(t):ca(f))/r) + At“xﬁ(f) =0 (3.11)
2 2 ’

where a(f) = 171, (1) = . g(t) = M5, 5> 0, (1) = PO and p(r) is i
a positive function such that

L PO (D)

= 0.
oo 2ot
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When 8 > v, equation (3.11)) is a super-linear equation. From Theorem [2.2| we
see that if

g(57) = limint =" (0 (a1 - (e 0) > (55)7 (1) B12)

then (3.11)) is oscillatory. A direct computation shows that
9(8,7) = liminf 771 (£)a'/ 7 (£)g()(1 — (0 (¢)))” = lminf #5757, (3.13)

Setting 6 + 1 > % then gives ¢ = oo and hence the inequality (3.12)) holds. Note

that from [8, Theorem 3.1], one can also deduce that (3.11) is oscillatory for § > g
Now if 8 = v, equation (3.11)) is a half-linear differential equation. Again using
Theorem [2.2| we conclude that (3.11)) is oscillatory if

9(8, 8) = liminf 7° ! (t)a* (1)q(t) (1 - (0 (2)))" > (%)“1. (3.14)
Letting § = 0, we obtain
9(8,8) = liminf NEATETE (3.15)
— 00 tB

It follows that if A > W, then (3.14) holds. We also mention here that if

B =~ and § = 0, from [8, Theorem 3.2], one can deduce that (3.11)) is oscillatory
for A > 1/p%. Therefore, Theorem improves both [8, Theorems 3.1 and 3.2].

Remark 3.7. The theorems of [§] only hold for 0 < a < 1. However, Theorem [2.2]
in this paper can also be applied to the case of & = 1. In addition, the conditions
of the theorem only require to find the limit.

4. CONCLUSION

In this article, we use Riccati transformation and some inequality techniques to
establish some new Kneser oscillation criteria for second order nonlinear differential
equations with sublinear term. Our method is different from those reported in
[5, 6 [14] and the results can be used to deal with the half-linear, the sublinear, the
linear and the Emden-Fowler neutral differential equations. Those examples given
in the last section show that our results improve some well-known results published
recently in the literature.
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