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LOWER AND UPPER SOLUTIONS FOR DELAY EVOLUTION
EQUATIONS WITH NONLOCAL AND IMPULSIVE
CONDITIONS

XUPING ZHANG

ABSTRACT. In this article, we apply the method of lower and upper solutions
for studying delay evolution equations with nonlocal and impulsive conditions
in infinite dimensional Banach spaces. Under wide monotone conditions and
noncompactness measure condition of nonlinear term, we obtain the existence
of extremal solutions and a unique solution between lower and upper solutions.
A concrete application to partial differential equations is considered.

1. INTRODUCTION AND MAIN RESULTS

Many complex process in nature and technology are described by functional
differential equations which are dominant nowadays because the functional compo-
nents in equations allow one to consider after-effect or prehistory influence. Delay
evolution equation is one of the important type of functional differential equations,
in which the response of system depends not only on the current state of sys-
tem, but also on the past history of system. For more details on this topic, see
[1 3] 18, 211, 221, 23] 25| 26} 27, 28] and the references therein.

The study of abstract nonlocal Cauchy problem was initiated by Byszewski in
[B]. It is demonstrated that the nonlocal problems have better effects in applica-
tions than the traditional Cauchy problems, differential equations with nonlocal
conditions were studied by many authors and some basic results on nonlocal prob-
lems have been obtained, see [6], 8l @] 15 [17), 24} 29, [30] and the references therein
for more comments and citations. Particularly, there has been a significant devel-
opment in the theory of impulsive evolution equations with nonlocal conditions in
Banach spaces. In 2009, Liang, Liu and Xiao [24] combined impulsive conditions
and nonlocal conditions, and investigated the nonlocal impulsive evolution equation
in Banach spaces. Later, Balachandran, Kiruthika and Trujillo [4], Chang, Kavitha
and Mallike Arjunan [7], Chen and Li [9], Debbouche and Baleanu [11], Ji, Li and
Wang [16], Fan and Li [I7] studied the impulsive evolution equation with nonlocal
conditions.
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We mention that in 2012, Chuong and Ke [I0] studied the delay evolution inclu-
sions involving nonlocal and impulsive conditions

u'(t) + Au(t) € F(t,u(t),us), t€10,a], t # ty,
uth) = uty) + I(uty), k=1,2,...,m, (1.1)
u(s) +g(u)(s) = ¢(s), se[-r0]

where X is a Banach space, F' : [0,a] x X x C([-r,0],X) — P(X) is a multi-
valued map, P(X) stands for the collection of all nonempty subsets of X, A is a
closed linear operator on X. By using the fixed point theory for multi-valued maps
and the theory of differential inclusions, the authors obtain the existence of mild
solutions for nonlocal problem . Furthermore, by applying corresponding mea-
sure of noncompactness estimates, they also proved the continuity of the solution
mapping, which demonstrates that the solution set depends continuously on initial
data. But so far we have not seen relevant papers that study delay evolution equa-
tions involving nonlocal and impulsive conditions by applying the iterative method,
perturbation technique and the method of lower and upper solutions.

Let X be a Banach space with norm || - ||, and a and h positive constants. We
denote by PC([—h, a], X) the space of piecewise continuous functions u : [—h,a] —
X such that u(t) is continuous at t # tg, left continuous at t = ¢, and u(t;)
exists for £k = 1,2,...,m. Evidently, PC([—h,a], X) is a Banach space with norm
[ullpc = supie(—p,a Hu( )||- Let us(7) = u(t + 7) for 7 € [—h,0]. In this space B
is considered as a Banach space of piecewise continuous functions v : [—h,0] = X
with the norm ||v]|g = sup_j,<.<q [[v(s)]|-

In this article, we use the method of lower and upper solutions to discuss the
existence of solutions to the delay evolution equations with nonlocal and impulsive
conditions in an order space X,

W(t) + Ault) = f(t,u(t),w), te0,a], t#t,
( ) (l;) ( (tk)) k=12,....,m, (12)
u(s) = g(u)(s) + ¢(s), s€[-h,0],

where A : D(A) C X — X is a closed linear operator and —A generates a positive
strongly continuous semigroup (positive Cy-semigroup, in short) T'(¢) (¢ > 0) on X;
f:]0,a] x X xB — X is a Carathéodory continuous; 0 < t; < tg < -+ < t,, < @ are
pre-fixed numbers, I, € C(X, X) is an impulsive function, k = 1,2,...,m, u(tZ)
and u(t, ) represent the right and the left limits of wu(t) at ¢ = tj, respectively;
¢ € C([—h,0],X) is a priori given history, while the function g : PC([—h,a], X) —
C([—=h,0], X) implicitly defines a complementary history, chosen by the system
itself; u; denotes the function in B defined as u(7) = u(t + 7) for 7 € [—h, 0] and
u¢(+) represent the time history of the state from the time ¢ — h up to the present
time t.

We denote Jy = [—h,0], J1 = [0,t1], Jp = (tp—1,tk], K =2,3,....m~+ 1, tpy1 =
a, I' = [—=h,a]\{t1,ta,...,tm} and I" = [—h,a]\{0,t1,ta,..., t;mn}, and use X; to
denote the Banach space D(A) with the graph norm || - | = |- ||+ [][A-||. An
abstract function u € PC([—h,a], X)NC*(I",X)NC(I', X1) is called a solution of
the delay evolution equations with nonlocal and impulsive conditions if u(t)
satisfies all the equalities in .
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Let X be an ordered Banach space with partial order <, whose positive cone

={u € X | u > 0} is normal with normal constant V. Evidently, PC([—h,a], X)
and BB are also order Banach spaces with partial order “ < ” reduced by the posmve
function cones Kpc = {u € PC([—h,a],X) : u(t) > 97 t € [=h,a]} and K =
{u € B|u(s) >0, s €[—h,0]} (0 is the zero element of X) respectively. For
v,w € PC([—h,a],X) with v < w, we use [v,w] to denote the order interval
{u € PC([-h,a],X) | v < u < w}, and [v(t),w(t)] to denote the order interval
{ue X v ) u(t) < w(t), t € [~h,a]}. If a function v € PC([—h,a], X) N
CHI",X)NC(I', X,) satisfies

)

u'(t) + Au(t) < f(t,u(t),u), t€0,a], t #tg,
uth) —ulty) < Ip(uty), k=1,2,...,m, (1.3)
u(s) < g(u)(s) + ¢(s), s €[=h,0],

we call it a lower solution of problem ([1.2)); if all inequalities of are reversed,
we call it an upper solution of problem.

The method of lower and upper solutions is an important method for seeking
solutions of differential equations in abstract spaces. Early on, Du and Lakshmikan-
tham [14] built the method of lower and upper solutions for addressing the initial
ordinary differential equations in Banach space. Latter, Guo and Liu [19] built
an upper and lower solution method for the initial value problem (IVP) impulsive
differential equations in an ordered Banach space X,

W(t) = f(t,ut), Gu(t), tel0,a], t#t,
uth) —ulty) = In(uty), k=1,2,...,m, (1.4)
U(O) = Zo,

where f € C([0,a] x X x X, X),a>0,0<t; <ty < <ty <a, I; € C(X,X),
k=1,2,...,m,

t
= / K(t,s)u(s)ds, K e C(ART), A={(t,s)|0<s<t<al
0
They proved that if IVP (1.4) has a lower solution v(® and an upper solution w(®)
with v(© < w(©, and the nonlinear term f and impulsive function I, satisfy the
monotonicity condition

f(t7jvg) - f(t,x,y) > _C’(:E - LL‘) - C*(g - y)? Ik( ) > Ik( )

vt <z <z<w®), GO <y<g<auw®(), vteloa, (1.5)
with positive constant C' and C*, and noncompactness measure conditions

a(f(t,U,V)) < Lia(U) + Laa(V), (1.6)

a(Iy(D)) < Mya(D), (1.7)

where U,V, D C X are arbitrarily sets, a(-) denotes the Kurataowski measure of
noncompactness in X, L1, Lo and M}, are positive constants and satisfy

2a(M+L1+aKOL2)+ZMk <1, (1.8)
k=1

where Ko = max(; sea K(t,5), then IVP (1.4) has a minimal and maximal solu-
tions, which can be obtained by a monotone iterative procedure staring from v(°)
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and w(® respectively. Recently, Chen and Li [J] extended the results of [I9] to the
nonlocal impulsive problem evolution equations without delay in X,

u/(t) + Au(t) = f(ta U(t), Gu(t))v teJ, t #tg,
u(th) —u(ty) = In(ulty)), k=1,2,...,m, (1.9)
u(0) = g(u) + o,
where g constitutes a nonlocal condition, zg € X.
The purpose of this article is to improve and extend the above-mentioned results
to the delay evolution equation involving nonlocal and impulsive conditions (1.2]).
We will delete the noncompactness measure condition (|1.7) for impulsive function

Ij; and the strong restriction condition (1.8) for the constants. Our main results
are as follows.

Theorem 1.1. Let X be an ordered Banach space and its positive cone P be normal.
Assume that problem has a lower solution v(®) € PC([~h,a], X)NCY(I", X)N
C(I', X1) and an upper solution w®) € PC([~h,a], X)NC*(I",X)NC(I', X1) with
v < wO Suppose also that the following conditions are satisfied:
(H1) There exists a constant C > 0 such that
f(ta j?ﬂ) - f(tvmvy) > _C((E - :L')v
forVt € [0,a], 2,7 € X andy, § € B with v (t) <z <z < w®(t) and
() <y <y < (W)
(H2) Iy, is increasing on order interval [v(9 (t),w ) ()] fort € [0,a], k = 1,2,...,m;
(H3) The nonlocal function g(u) is continuous and compact and is increasing on
order interval [v(® w(®)];
(H4) There ezists a constant Ly > 0, such that for every t € [0, al,

o ({7t u™ @), (u))})
Saalo(08) ¢ o(( )

—h<7<0
where {u™} C [ w)] is countable and increasing or decreasing mono-
tonic set and {(u™);} C B.

Then problem (1.2) has minimal and mazimal mild solutions between 0@ and w®,
which can be obtained by a monotone iterative procedure starting from v(® and w(®
respectively.

Theorem improves the main results in [9] and [I9]. In Theorem if X
is a weakly sequentially complete Banach space, then the condition (H4) holds
automatically. Hence, we can easily obtain the following result from Theorem

Theorem 1.2. Let X be an ordered and weakly sequentially complete Banach space
and its positive cone P be normal. Assume that the problem has a lower
solution v(9) € PC([—h,a), X)NCY(I", X)NC(I', X1) and an upper solution w® €
PC([~h,a), X)NC*I", X)NC(I', X1) with v(® < w®, and conditions (H1)-(H3)
are satisfied, then problem has minimal and mazimal mild solution between
0@ and w®, which can be obtained by a monotone iterative procedure starting
from v(© and w© respectively.

If we replace assumption (H4) by the assumption
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(H5) There exist positive constants Ly, My and L, < w5 such that for any
u,v € [0 w®] and s € [~h,0],
fQu(t), u) — f(t 0(t), 1)
< My(u(t) —v(t) + Le(u(t+7) —v(t+71)), Vtel0,al,
g9(u)(s) = g(v)(s) < Lg(u(s) —v(s)), Vs € [~h,0],

then we have the following uniqueness result.

Theorem 1.3. Let X be an order Banach space and its positive cone P be normal.
If problem has a lower solution v(®) € PC([~h,a), X)NC*(I",X)NC(I', X;)
and an upper solution w® € PC([~h,a], X) N C*(I",X)NC(I', X;) with v(®) <
w®, such that conditions (H1)-(H3), (H5) hold, then problem has a unique
solution between v(© and w'® , which can be obtained by a monotone iterative pro-
cedure starting from v(© or w9,

The proofs of Theorem [I.1] and [I.3] will be shown in the next section.

2. PROOF OF MAIN RESULTS

Throughout this paper, let A: D(A) C X — X be a closed linear operator and
let —A generate a positive Cy-semigroup T'(¢t) (¢ > 0) on ordered Banach space X.
Then there exist constants M; > 1 and ¢ € R such that

IT(B)]| < Mye®, ¢ 0. (2.1)
Denote £(X) by the Banach space of all bounded linear operators from X to X
equipped with its natural topology. From (2.1) we know that

M= sup [[T(0)|ecx) > 1 (22)
te[0,a]

is a finite number. One can easily to see that for any constant C' > 0, —(A + CI)

also generates a positive Co-semigroup S(t) = e~ “*T'(t) (¢ > 0) in X, and

sup [|S(t)|lex)y = sup [le"T(@)||ex) =M > 1. (2.3)

t€[0,a] te[0,a]

Definition 2.1. A function v € PC([—h,a], X) is said to be a mild solution of
(1.2) if it satisfies the equation

g(u)(t) + (1), t € [~h,0],
u(t) = ¢ T(t)[g(u)(0) + ¢(0)] + fy T(t — ) f (s, u(s), us)ds (2.4)
+ 20wty <t (= te) I (u(te)), t €0,al.

We use a(-) denote the Kuratowski measure of noncompactness on the bounded
set of X. For the details about the definition and properties of the measure of
noncompactness, we refer to the monographs by Ayerbe, Dominguez and Lépezwo
[2], Banas and Goebel [3], Deimling [12]. The following lemma will be used in proof
of Theorem [T1]

Lemma 2.2 ([20]). Let D = {u,}52; C PC([0,a], X) be a bounded and countable
set. Then a(D(t)) is Lebesgue integrable on [0,a], and

a

a({ /Oa un ()dt | n € N}) < 2/0 a(D(t))dt.
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Proof of Theorem[I]. Tt is easy to see that problem (1.2)) is equivalent to the fol-
lowing delay evolution equations involving nonlocal and impulsive conditions

u'(t) + Au(t) + Cu(t) = f(t,u(t),ur) + Cu(t), t€]0,a], t#ty,
u(th) —ulty) = I(u(ty)), k=1,2,....m, (2.5)
u(s) = g(u)(s) + ¢(s), s € [-h,0],

for any constant C' > 0. Therefore, we consider F : [v(9, w(®)] — PC([~h,a], X)
defined by

g(u)(t) + o(t), ift € [-h,0],
(Fu)(t) = § S(#)[g(u)(0) + (0)] + f5 S(t — 8)[f(s,u(s),us) + Cu(s)ds  (2.6)
T2 0<tpr S —te) Ip(ulty)), ift €[0,al,

where S(t) = e~CT(t) (t > 0) is the positive Cy-semigroup generated by —(A+CT).
By Definition the mild solution of problem (1.2 is equivalent to the fixed point
of F defined by ([2.6)).

First, we prove that the operator F : [v(® w(®] — PC([~h,a], X) defined by
is continuous. For this purpose, let {u(™15, C [v(9) w(?] be a sequence such
that lim, 0 u™ = u in 0@, w®)]. Then for any t € [0,a], lim, 00 (u(™); = u;.
If t € [-h,0], by and the continuity of the nonlocal function g, we have that

I(Fu™)(t) = (Fu)@)] = lgu™)(t) = g(w)(t)| = 0 textas n = oo,  (2.7)

and if t € [0,a], by the Carathéodory continuity of the nonlinear function f, and
the continuity of the impulsive function I for k = 1,2,...,m, we obtain

Tim (s, u) (), (u).) + Cu(s) — f(s,u(s).w) ~ Cul9)] =0 (28)
a.e. s € [0,t]; and
lim_ (T (u'™ (tg)) — Tn(u(ty))| =0 for k=1,2,...,m. (2.9)
Applying assumption (H1), we know that for any u € [v(9,w(®)] and s € [0,1],
t€0,al,
F(5,019(5), (017)5) + CoO(s) < f(s,u(s), us) + Cu(s)
< f(s, 00 (5), (W @)) + Cw@(s).

The above inequality combined with the normality of the positive cone P, we know
that there exists a constant Cy > 0, such that

Ilf(s,u(s),us) + Cu(s)|| < C1, s€]0,t], t €[0,a]. (2.10)
By (2.3), (2.6]), (2.8))-(2.10) and the Lebesgue dominated convergence theorem, we

know that for any ¢ € [0, a],
I(Fut™)(t) = (Fu)(®)]
< M|lg(u™)(0) — g(u)(0)]
" M/o 1£(5,u™(5), (™)) + Cul™(5) = f(s,u(s),u;) = Cus)llds 21D

+M Z (e (™ (t)) — In(u(ty))]| = 0 as n — oco.

0<tp<t
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Hence, from (2.6] and we obtain

HQU(”) — Qul|lpc — 0 asn — oo,

which means that F : [v(®),w(®] — PC([~h,a], X) is a continuous operator.

Secondly, we prove that ]-" maps [v(, w] to [v(®w(®)] is a monotonic increas-
ing operator. By assumptions (H1)—(H3), F is increasing in [v(?,w(®)], and maps
any bounded set in [v(®), w(®)] into a bounded set. Next, we show that v(®) < Fo(©)
and Fw© < w©, Letting

h(t) = (WOY (1) + AvO@t) + CoO (1), tel0,a], t £ty k=1,2,...,m

By Deﬁnition we obtain that h € PC([0,a], X) and h(t) < f(t,vO(t), (v®)s)+
CvO)(t) for t € [0, a). Therefore, by Definitions the definition of lower solution
and the positivity of the Cy-semigroup S(¢) (¢ > 0), we obtain that for ¢ € [0, al,

v () = S(t)v@(0) + /tS(ts syds+ Y St —t)p @) — v O(t,)]
0

0<tp<t

< S(O)[g(w)(0) + p(0)] + /0 S(t = 8)[f(5,07(s), (017)s) + Mv©(s)]ds

+ Z S(t — t) I (v (t1,))

0<tp<t

= (FoO)(t), telo,d,
and we know that for ¢ € [—h, 0],

vO(t) < g()(1) + o(t) = (Fo D) ().

The two inequalities above imply that v(®) < Fv(©) . Similarly, it can be shown that
Fw©® < w®. Therefore, F : [0 w®] = [0 w(] is a monotonic increasing
operator.

Now, we define two sequences {v(™} and {w(™} in the ordered interval [v(?), w(©)]
by the following iterative scheme:

o™ = Fo=D ) = FumD =12, (2.12)
From the monotonicity of F, it follows that
@ <M <@ <iii <™ < <™ < <@ < w® <@ (2.13)

In what follows, we prove that {v(™} and {w(™} are convergent on [—h,a]. For
convenience, let U = {v(™ | n € N} and U* = {v("~V | n € N}. Then U = F(U*).
From U = U* U {v(©} it follows that a(U(t)) = a(U*(t)) for t € [~h,a]. Let

o(t) == a(U(t) = a(U" (1), te[~h,al

Going from Jy to Jy,41 interval by interval we show that ¢(t) = 0 in [—h, al.
For t € Jy, by (2.6) and assumption (H3), we have that

p(t) = a(U(1) = a(FU) (1) = a{g(™ V) (1) + (1)} =
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For t € Jy, by (2.6), Lemma [2.2] the assumptions (H3) and (H4), we have
o(t) = a(U(t) = a(F(U")(1))
= a({50g@")(0) + 6(0)]

i /ot S(t = 5)[f (5,0 V(s), (0" V),) + Cv(”‘”(sﬂ})
<2M /t a({f(s,v““l)(s), (™)) + cv(nﬂ)(s)})ds (2.14)
0

< 2M/0 [Lfa(U*(s)) + Ly sup o(U'(s+71))+ Ca(U*(s))}ds

—h<7<0

¢
= 2M/ [Lfgo(s) +L; sup @(s+7)+ Cgp(s)} ds.
0 —h<7<0

Let p1(t) = sup{p(s) : —h < s < t}, t € J;. Then we have for any t € Jy,
p(t) <pi(t),  sup @(t+7)<pi(t). (2.15)
—h<7<0

Combining with (2.14)) and (2.15)), we obtain that for any ¢ € Jp,

p1(t) <2M 2Ly + C’)/O p1(s)ds.

Hence, by the Gronwall’s inequality on gets that p;(¢) = 0 on J;. This means that
w(t) =0 on Jy. In particular, a(U(t1)) = a(U*(t1)) = ¢(t1) = 0, this implies that
U(ty) and U*(t1) are precompact on X. Thus I; (U*(t1)) is precompact on X and
a(l1(U*(t1))) = 0.

Now, for t € Jo, by and the above argument, we have

olt) = a(U(1) = alFU)(1)
= a({8®lg("1)(0) +6(0)]})

+ a({/o S(t— S)[f(s,v(n—l)(3)7 (v(n—l))s) + CU(n_l)(s)]ds})
+a({L" D (t)}) (2.16)

< QM/O [Lyo(s)+ Ly sup (s +7)+ Cp(s)]ds + a(I1(U*(t1)))

—h<7<0
¢
=2M | [Lyp(s)+ Ly sup @(s+7)+Cp(s)]ds.

t1 —h<7<0
Let pa(t) = sup{p(s) : —h < s < t}, t € Jo. Then for any t € J;, we have
p(t) <pa(t),  sup @t +7) < pa(). (2.17)
—h<7<0

Combining with (2.16)) and (2.17)), we obtain that for any t € Js,

p2(t) <2M (2L + C)/ pa(s)ds.

ty

Again by the Gronwall’s inequality one gets that pa(t) = 0 on Jy. Thus ¢(t) =0
on Ja, from which we obtain that a(U*(t2)) = 0 and a(I(U*(t2))) = 0.
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Continuing such a process interval by interval up to J,,+1, we can prove that
o(t) =0 on every Ji (k=0,1,...,m+1). Thus, {v,(¢)} is precompact on X and
{v™(t)} has a convergent subsequence for every t € [—h,a]. Combining this with
the monotonicity , we easily prove that {v(") (t)} itself is convergent for any
t € [~h,a]. Using a similar argument with {v(")(¢)}, we can prove that {w(™(t)}
is also convergent for any t € [—h,a]. Set

lim o™ () = u(t), lim w™(t) =a(t), te[-h,al.

n—oo

Evidently, {v(™} C PC([~h,a], X), so u is bounded and integrable on [~h, a].
By , we have that

v (1) = FD)(t)
g ) () + o(t), it t € [~h,0),
=1 SMgw™ D) (0) + ¢(0)] + fy St — 8)[f (5,0 D (s), (v =D),)
+Cv T (8)]ds + Yoy, <0 S(E— t) (0D (tx)),  if ¢ € [0, al.

Letting n — oo in the above equalities, by the Lebesgue dominated convergent
theorem, we have

u(t) = (Fu)(t)
g)(t) + o(t), ifte[-h,0]
=4 S®)g(w)(0) + $(0)] + [y S(t — 5)[£(5,u(s), (w)s) + Cu(s)]ds
T2 0ct, et S —te) Ik (u(ty)), ift e 0,al.

This means that u € PC([—h,a],X) and u = Fu. Similarly, we can prove that
u € PC([~h,a],X) and w = Fu. Letting n — oo in (2.13)), we see that v(¥) <
u <7 < w®. By the monotonicity of F, it is easy to see that v and @ are the
minimal and maximal fixed points of F in [v(?), w(?]. Therefore, u and @ are the
minimal and maximal mild solutions of the problem in [U(O),w(o)], and they
can be obtained by a monotone iterative procedure starting from v(®) and
w(©)| respectively. This completes the proof. (I

Proof of Theorem[1.3 We firstly proof that (H1) and (H5) imply (H4). For this
purpose, let {u(™} c [0 w(®)] be a increasing sequence. For m,n € N with
m > n, by (H1) and (H5), we obtain that for every ¢ € [0,a] and T € [—h, 0],

0 < f(t,ul™ (1), (™)) = f(t,u™ (1), (W™)e) + Clu™ (1) —ul™ (2)]
<(C+Mp)u™ () —u™ )] + Lpu™ t + 1) —u™(t+ 7))

By this and the normality of cone P, we have that for any ¢ € [0,a] and some
T € [=h,0],

£t ut™ (@), (™)) = £t u™ (1), (@™),)]|
< N(C+ My)[[u™ () — ul™ ()]

+ NLp[u™ (t 4 1) — u™ (& +7)|| + C|u™ (1) — u™ (#)
< [N(C+ My) + Clu™ () — u™ (1)

+ NL; sup ||u(m)(t—|—r)—u(")(t—|—r)||.
—h<7<0



10 X. ZHANG EJDE-2022/31

From this inequality and the definition of the measure of noncompactness, it follows
that for every ¢ € [0, al,

({7t @), @0} < Ly n({u@O}) + s p({u™@+1)})],

—h<7<0

where Ly = max {N(C+My)+C,NL;}. If {u™} C [0, w®)] is decreasing, the
above inequality is also valid. Hence (H4) holds.

Therefore, by Theorem problem has minimal mild solution v and max-
imal mild solution @ in [v(®), w(®)]. Next, going from Jy to J,, ;1 interval by interval
we show that u(t) = u(t) on every Jy (k=0,1,...,m+1).

For t € Jy, by and assumption (H5), we obtain

0 <u(t) —u(t) = Fu(t) — Fult) = g(u)(t) — g(u)(t) < Ly(u(t) — u(t)).
Combining this and the normality of cone P, we have
[a(t) — u(t)| < NLgl[a(t) —u®)l, te .

Hence, for any t € Jy,
(1= NLg)[a(t) — u(t)|| < 0.

From the above inequality and the assumption 1 — N fg > 0, one gets that u(t) =
u(t) on Jo.

For ¢ EOJl7 by and assumption (H5), we have
u(t) — u(t) = Fu(t) — Fu(t)
S(t)[g(w)(0) — g(w)(0)]
+ [ (= L., @) = Fs.(5). 1) + Ca) — ()
LyS(t)(@(0) — u(0))

+/0 S(t = s)(C + Mg)(u(s) —u(s)) + Ly(@(s + 1) —u(s + 7))]ds.

0 <

IA

Since u(0) = u(0), using the above inequality and normality of cone P, we can
prove that

[[a(t) —u(®)]] SNM/O [(C+My)|[a(s) —u(s)| +Lyl[t(s +7) —u(s+7)|]ds. (2.18)

We define a non-negative function pf (t) = sup{|[u(s) —u(s)| : —h < s <t} on J;.
Then, for any ¢ € Jy,

[(t) — u(®)]] < ph (1), sup_[[at+7) - u(t+ 1) < (). (2.19)
From ([2.18) and (2.19)) it follows that
¢
Pi(t) < NM(C + iy +Zf)/ Pi(s)ds, e
0

By this fact and Gronwall’s inequality, we obtain that @(t) = u(t) on Ji.
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For t € J,, since I1(u(t1)) = I1(u(t1)), using completely similar argument as
above for t € J;, we can prove that

[a(t) — u(t)]]

< NM/O [(C+ My)l[u(s) — u(s)l| + Lylla(s + ) — u(s + 7)llds

(2.20)
<NM /:[(C + My)|[a(s) — u(s)l| + Lel[a(s + ) — u(s + 7)|]ds
Defining a non—lnegative function ph(t) = sup{|[u(s) — w(s)|| : =h < s < t} on Jo.
We know that for t € Js,
[a(t) —w(@)ll < p(t),  sup [[u(t+7) —u(t+7)| < po(t). (2.21)

—h<7<0

Combining ([2.20) and ( , we have

t
ph(t) < NM(C+ My —l—ff)/ ph(s)ds, t € Ja.
t1
Again by the Gronwall’s inequality, we obtain that p5(t) = 0 on J5. Hence, T(t) =
u(t) on J.
Continuing such a process interval by interval up to Jy,,+1, we see that w(t) = u(t)

over the whole of [—h,a]. Therefore, & := u = wu is the unique mild solution
of problem (L.2) in [v(®,w(®], which can be obtained by the monotone iterative
procedure (2.13)) starting form v(*) or w(®). This completes the proof. (]

3. EXAMPLE

In this section, we give an example to illustrate the applicability of our abstract
results obtained in Section 2. We consider the delay parabolic partial differential
equation involving nonlocal and impulsive conditions of the form

0 0? |w(z, t)]
&w(x,t) - L@w(x,t) = L(1 Tw(, t / G(s)w(z,t + s)ds,
x € [e,d], t €10,q], t # tg,
o - |w(z, k)| _ 3.1
w<x7tk)_w(x’tk)+1—|—|w(x,tk)|’ €le,d, k=1,2,...,m, (3.1)

Jw(e,t) =w(d, t) =0, te€]l0,a],

w(z,s) = /Oa p(s,8)1g(1 + |w(z, t)|)dt + ¢(z, s), x € [c,d], s € [-h,0],

where ¢ > 0 is the coefficient of heat conduction, a,h,L > 0 are all constants,
0<t; <ty <-+ <tm<a, Ge L(—h,0,RT), p(s,t) is a continuous function
from [—h,0] x [0,a] to RT, ¢ € C([c,d] x [~h,0],RT).

Let X = L%([c,d],R) with the norm || - || and let P = {v € L?([c,d],R) : v(x) >
0 a.e. € [¢,d]}. Then X is a Banach space, P is a normal cone of X with normal
constant N = 1. Define an operator A : D(A) C X — X by

2

0
Aw = oW W € D(A).

The domain D(A) is defined by
D(A) = H*(c,d) N H}(c,d).
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It is well know that A has discrete spectrum with eigenvalues \, = tn?7?(d —

¢)? (n € N) and the corresponding normalized eigenvectors are e, (z) = \/2/z sin nra(d—
¢), z = +/d — ¢+ (sin2nmc — sin 2n7wd) /(2n7), the set {e, : n € N} is an orthonor-

mal basis of X and

o
Aw = Z(w,en)en, w € D(A).
n=1
Furthermore, —A generates a positive Cyp-semigroup 7'(t) (¢ > 0) in X, which is
given by

o _wn2x2¢
T(t)w = Ze @ (w,ep)en, weX, t>0.

n=1
L7\'2,
and || T(t)| < PRCEL , for any ¢ > 0. Let
U(t) = ’lU(',t), te [_hva]a

w(- 0

ety ) = L(e ) + [ Gt s, e ol

V@)l
T+ (e, )]

Q(U)(S)=/Oap(&t)lg(lJrIw(wt)l)dt, ¢(s) = ¢(-,5), s €[=h,0].

Iy (u(tr)) k=1,2,...,m,

Then the delay parabolic partial differential equation involving nonlocal and im-
pulsive conditions (3.1]) can be transformed into the abstract form of problem ([1.2)).

Theorem 3.1. Assume that there exists a function v = v(x,t) € PC([c,d] x
[—h,a],R) N CY([0,1] x I",R) such that

0 0? lv(z, )] 0
av(az,t} - L@U(%,t) > L(m) + [h G(s)w(v,t + s)ds,

le [O,CLL i 7é tk7
|w(, k)|

L+ |w(z, )|’

U(O,t) = ’U(l,t) =0, te [O,G],

o(z, th) > vz, ty) + k=1,2,...,m,

v(z,s) > /Oa p(s,t)1g(1 + |v(x, t)])dt + ¢(x, s), s € [—h,0].

Then the delay parabolic partial differential equation involving nonlocal and impul-
siwe conditions (3.1) exist a minimal mild solution and a mazimal mild solution
between 0 and v(x,t), which can be obtained by a monotone iterative procedure
starting from 0 and v(x,t), respectively.

Proof. From the assumption and the definition of nonlinear term f, impulsive func-
tion Iy, for k =1,2,...,m and nonlocal function g, we can verify that that v(9) =0
and w(® = v(x,t) are the lower and the upper solutions of the delay parabolic
partial differential equation involving nonlocal and impulsive conditions re-
spectively. Furthermore, the conditions (H1), (H2) and (H3) are satisfied with
C = 1 and the nonlocal function g : PC([—h,a], X) — B is completely continuous.
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On the other hand, from the definition of nonlinear term f, we know that

0
0 < flt.vnpn) = f(tonen) < L{E - )+ [ Geals) - (9)as.

for all t € [0,a], v1,v2 € X and @1, @2 € B with < ¢1 < 9. Combining this and
the normality of cone P, we have

||f(t7v27S02) - f(tavhgol)‘b

0
< L(Jlvz = vall2) + Lh G(s)llp2(s) = p1(s)ll2ds

0
< L([Jva — v1]l2) +/ G(s)ds sup |lp2(s) — ¢1(s)l|2-
—h —h<s<0

Then for every t € [0, a],

u({rtu™ @), wn})
< max {L, /Oh G(s)ds} {ﬂ({u(")(t)}) + sup Ou({u(”)(t + 5)})},

—h<s<

where {u(™} C [0 w(®] is countable and increasing or decreasing monotonic

set. This means that the condition (H4) holds with Ly = max {L, fi)h G(s)ds}.
Therefore, our conclusion follows from Theorem [I.I} This completes the proof. O
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