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ASYMPTOTIC EXPANSIONS AND INEQUALITIES
RELATING TO THE GAMMA FUNCTION

Chao-Ping Chen* and Cristinel Mortici

C(z4+1)Y/®

We present some asymptotic expansions and inequalities for T(at2) /@D

and I'(z + 1)/,

1. INTRODUCTION

The function ¢ (n) = (n!)l/" (for n € N := {1,2,...}) has many applications
in pure and applied mathematics. For example, in 1963 Minc [25] (see also [23,
Conjecture 4]) conjectured, then Brégman [9] and Schrijver [30] proved that the
permanent of a (0, 1)-matrix with row sums ry, ro,...,7, is less than or equal to
¢ (r1) ¢ (re) - ¢ (ry). It is easy to see that

2 n n?
1" 1 1 1 1
(77’—’_7): 1+ - 1+ — 14+ = g 1+ — ,
n! 1 2 n n
which yields

n+1

n

(1)

1 n
§<1+> <e, n € N.
n! n
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By using (1), Hardy [18] presented a proof of Carleman’s inequality

oo o0
E (a1a2~-~an)1/” <e E G,
n=1 n=1

where a,, >0 for n € Nand 0 < Y7 | a, < oo.

When investigating a conjecture on a upper bound for permanents of (0, 1)-
matrices, in 1964 Minc and Sathre [26] discovered several noteworthy inequalities
involving (n!)'/™. One of them is the following:

n

n n!
< <1,
n+1 "/ (n+ 1)!

It is known in the literature that for » > 0 and n € N,

n 1 & 1 =R v vn!
(3) < ( " / iT> <
n+1 n; n—&-l; "/ (n+1)!
When investigating a problem on Lorentz sequence spaces, in 1988 Martins [24]
published the right-hand inequality of (3). The left-hand inequality of (3) was
proved in 1993 by Alzer [4]. In 1994, Alzer [7] showed that if » < 0, the Martins
inequality is reversed. In 2005, Chen and Qi [13] proved that the Alzer inequality

is valid for all real numbers r. Also in [13], these authors posed the following
conjecture: For any given natural number n, the function

1 e/ 1 n+l . 1/r
EZi:ll /rﬂzi:l ? ) T#O>
(1)’ r=
is strictly decreasing on (—oo,00). As far as we know, this conjecture has not yet
been proved.

n € N.

(2)

The inequalities (2) and (3) have attracted much interest of from many math-
ematicians and have motivated a large number of research papers concerning new
proofs, various generalizations and improvements; see, for example, [1, 4, 5, 6, 7,
13, 14, 17, 21, 22, 27, 28, 29, 31, 32| and the references cited therein. See also
[1] for some historical notes.

Alzer [5] proved that for n € N,

n

n+1< n! < n+1
n+2 " R+ T n+2v2-1

The lower and upper bounds in (4) are the best possible. Guan [17] presented the
following improvement:

(4)

n

n+1 n! n+1

< <
n+2 " v /int 1) nt2

(n+ 1)/n+D n>2.
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Chen [10] proved that for n € N,

1 n 1
n(n+1) 1 ’I’L! n(n+1)
(\/ 27771) (1 T a) <0 CES] < (\/ 27m) (1

with the best possible constants

1 1

1
n—+b

)

Alzer [6] also proved the following continuous version for every real number

xr > 2:
T+2 T (z+1)"*
r+1 (T (x+2))1/(91+1)’

where I denotes the gamma function. Mortici [28] proved that for x > 2,

T(z+1)""
(5) Lyi(z) < W < My (),
where
1 _1
Ly(z) = %xm
r 4 5In27) + 5

and

M) = TR

N[O~

1
2 2eGEFD exp {

z+ % In(2m) + x2(x +1)

We find by Maple software that Mortici’s approximation

%1n2(27r) — tIn(2m) + 2 }

1/x 1 _ 1
T(x+1) z:c-l—zln(27r) me, 7 - 00
T (z+2)H w5 + 5
is better than Guan’s approximation
r H/e 1 o
(6) (z+1) xer (x+1)1/(+1), T — 00,
F(x+2)1/(x+1) T+ 2
since y L 1
Pt D otsbm@n-—3 o (1
Pe+2)/@ 0 o+ L) + 3 &
and

Ferll/z z+1 2z Inz
F(x(—|— 2)13(x+1) T rt2 @+ 10 <x2> :
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By mainly using the following asymptotic formula:
(7) InT(z+1)=zlnz —z+Inv2rz +O(x™1), x — 00,

we find that

I(x+1)Y/* Eeay)
(8) Tz 1 21/~ (Vame) ™7

In this paper, we develop the approximation formula (8) to produce various
asymptotic expansions. Based on the obtained expansions, we prove new upper
and lower bounds for T'(z + 1)Y/%/T'(z + 2)Y/=+1). We also consider asymptotic
expansions and inequalities for T'(z + 1)/%.

2. LEMMAS

The following lemmas are required in our present investigation.

Lemma 1 (See [15, Corollary 1]). It follows that

exp L) ~1+ E Lz = oo,
xJ xJ
j=1 j=1
In|1+ 2|~ 2= o0,
xJ xJ
i=1 j=1

the coefficients p; and q; have the following relations:
k.
p’flpgz .. .pjj
%= > Filkol -kl
ki+2ko+-4jk =] J

summed over all nonnegative integers k; satisfying the equation

ki +2ko +--- 4 jk; = J,

and
k1 ko kj
_ ql q2 . q
k—1
D DI G Vi - teey
o kylkg!- - Kyl
ki +2ko+-+jk =)
kit+kot--t+kj=k
1<k<j
where the summation is over all nonnegative integral solutions (ki,ka,...,k;) of

the equations

by 4+ 2y 4+ jkj =4, ki+ko+-t+ki=k k=12..]
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Lemma 2 (See [11]). Let

oo
x) ~ E a;x™’, T — 00
Jj=1

be a given asymptotical expansion. Then the composition exp(A(x)) has asymptotic
expansion of the following form

exp(A4 Zb z, T — 00,
where
1 J
bo = ;Z kapbj_r,  jeEN.
k=1

3. ASYMPTOTIC EXPANSIONS

Theorem 3 develops the approximation formula (8) to produce a complete
asymptotic expansion.

Theorem 3. As v — oo, we have

T (x+1)"" . e
(9) ——————— ~ (V2mz) "ED exp Z o

T (2 +2)/@D e

with the coefficients a; given by

)k B
(10) a1 =—-1, az=0, a;= lek+2( k+1’“+2+1), j>3,

where B, (n € Ng :=NU{0}) are the Bernoulli numbers defined by the following
generating function:

(11)

Py & om
ez—1:ZB"H’ 2| < 2.
n=0

Proof. Tt follows from Stirling’s series for the gamma function (see [2, p. 257, Eq.
(6.1.40)]) that

(12) Inl(z+1) ~Inv2r —|—x1nx—x—|—z JH T — 00,
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where B,, are the Bernoulli numbers defined by (11). Using (12), we find that for
T — 00,

T(x+1)"°
In ————
T (2 +2)"/ @D
1 1\ ! 1
== (1+- InT(z+1)—alnz—azn {1+ -
A xr X
VA T Bin Ny~ (D
Z o nvarx x+z 3G+ Dad Z(j—i—l)xj
Jj=2 L 7=0
o D e Bj i) 2
sz:; = In x—x—1+zj+1 T—(—l) |
T(z+1)""
In
T (a4 2)"/@
oo ; (oo} oo
—1)71nv/2 1 —1)* 1 (B 1
R LSS (B )
Jj=2 k=2 J 1‘] J
1 X (1) Inv2 =X (—1)i~k-1 /B 1
N77+Z( V'In Y =) M2 ()R ) =
x xd k+2 k+1 )
j=2 =3 k=0
We then obtain
r ne
T (z+2)"/*0
N—l—l—i(—l)j ln\/2ﬂ'x—j§) ! (_1>kBk+2+1 1
x = k=0k+2 k+1 J

where an empty sum is (elsewhere throughout this paper) understood to be nil.
Noting that

1 - (=1
14 _—= - >1
( ) x(gj + 1) ; zJ x> 1,
from (13) we deduce (9). The proof is complete. O

Here, from (9), we give the following explicit asymptotic expansion:
I(z+1)Y°
T (2 +2)"/ @0

o 17 11 419 491
~ /2 z(zF1) _ = _ _ e .
(Varz) P < z T 12 T 1208 T 36025 36020 | )
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By Lemma 2, we deduce from (15) that

I (z+1)"" o 11 5 35
16 i el N SV D) et (12 4 - 4 % Y% ).
(16) T (z+2)"/ @0 (Vama) TR DR T R

1
We call the representation (\/ 271'95) ==+ the kernel of asymptotic expansion

1/ 1
of % The emergence of the kernel (v2mz)*®™ has a superiority, the

1/a .
L(z+1) 5 are rational numbers, see (15)

coefficients of asymptotic expansions of T(at2)/GFD

and (16).
Stirling’s series for the gamma function is given (see [2, p. 257, Eq. (6.1.40)])
by

AN = Bo,,
(17) Iz +1) ~V2mx (g> exp (Z Sm@m 1)x2m1> , T — o0.

m=1

The following asymptotic formula is due to Laplace:

T\ 1 1 139 571
(18) TG +1) ~ Vamz (7) (1 T or T 2887 T 5184027 248832000 )
as x — oo (see [2, p. 257, Eq. (6.1.37)]).

The expression (18) is sometimes incorrectly called Stirling’s series (see [16,
pp. 2-3]). The formula (9) is an interesting analogue of Stirling’s series (17), while
the formula (16) is an interesting analogue of the Laplace formula (18). Stirling’s
formula

DNz +1) ~V2rz (g)

is in fact the first approximation to the asymptotic formula (18), while the formula
(8) is the first approximation to the asymptotic formula (16).

Recall that a function f is said to be completely monotonic on (0, 00) if it
has derivatives of all orders on (0, 00) and satisfies the following inequality:

(=D f™(z) >0 for xe€(0,00) and n e No.

Alzer [8] first proved in 1997 that for every m € Ny, the function
(19)

. 1 = Bs;
Ry(z) = (=1)™ [InT(z) — <x—2> lnx—!—x—ln\/ﬂ—;W

is completely monotonic on (0, c0). In 2006, Koumandos [19] gave a simpler proof of
the complete monotonicity property of R,,(x). In 2009, Koumandos and Pedersen
[20, Theorem 2.1] strengthened this result.
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Some computer experiments led us to conjecture that for every m € N\ {1},
the function

Fo(z)=(-1)" |In

1/x m
F(m+1)/ _ln wa_z j
I'(z+42)Y z(z+1)

is completely monotonic on (0,00), where «; are given in (10). This conjecture is
similar to the complete monotonicity property of R,,(x) in (19). However, we have
not been able to verify it.

Theorem 4 develops Guan’s approximation formula (6) to produce a complete
asymptotic expansion.

Theorem 4. As x — oo, we have

(20)

I(z+1)"" r+1 a1 Inz =
~ (x4 1)@ exp | ———— +

where

(21)

=In V bj

B -1
k2 ) >3

3
Z k+1 )(k +2)

l\D\OJ

(-1 (mvr -
Proof. We find that for z — oo,

1 1
(22)  In (;”12 (z+ 1)w<w+1>>

_x- (1Y o~ CDFP - ()T R (-1 1

- Z zJ Inz + Z zk Z jad + Z j zJ
Jj=2 k=2 j=1 j=1
9] oo j—3 ; 9]

& (1 Sy 1 &)@ o) 1
j=2 =3 k=0 j=1
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From (13) and (22), we obtain that

T (x+1)"" 1
23) ot 13<x+1) - (x S t 1)“”1*1))
I'(x+2) x4+ 2
0o . j—3 &
; 27 —1 -1)*B -1\ 1
~ (—1)J‘1<ln\/x+ —1 3 ) B )
ot 2m J = (k+1)(k+2) )l
Noting that (14) holds, we deduce from (23) that
F 1 1/1; 1 1 1 o] )
) w- L@ (H (Hl)mm) UL o XY
T(z+2) /(z+1) T+ 2 2x(x + 1) = xJ

where b; are given in (21). The formula (24) can be written as (20). The proof is
complete. O

Remark 5. The formula (20) can be rewritten as

1
I'(z+1)Y° m—i—l( 1\ 7@ > b,
~ VI + — exp 1, T — 00,
F(z+2)1/(f'3+1) T+ 2 vV ;m]

where b; are given in (21). Namely,
(25)

1
Fz+1)Y" 241 1\ 7@
F(x+2)1/(x+1)Nx—|—2 \/5—’_%

3 23 19
X exp <_21n\/27r N 5 —In+27 B g—ln\/27r +> .

22 x3 4

It follows form (25) that

1"(:1:—}—1)1/1 _r+1 (

1\ =D
~ xr+ —= , r — o0,
D (z+2)/0F) w42 Ve x)

7

which is better than Guan’s approximation (6), since

1

Fz+1)Y" z+1 1\ 70 1

= O T e .
I(z+2)/0 o +2 Vet 7 O\

Remark 6. Noting that (14) holds, we deduce from (23) that

I(x+ 1)1/I x+1 1\\ 7=
e Y r 2\t P
I'(x+2)

S
>

Jj=2

&

8
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where ¢; are given by

3

3 (21 2 (=1)FBjys — 1
=—2, ¢ =(-1)" i > 3.
w=my o= (S iy ) 02

Namely,

1

I (iL’ —+ 1)1/1’ T + 1 1 z(wc+1)

(26) e Y gy (VT
T(z+2) z P

Xexp<_2ﬁ+w_w+w_?mx6
By Lemma 2, we deduce from (26) that
(27)

1

T+ 2+1 1\ 7&F0 323 49

~ Vorz (14 = 1— = 4 == 2 ).
T(@+2)/@D o2\ e 22 T 128 2dpt

It follows form (27) that

r 1 Yz 1 1 :L(wl+1)
(x+1) T szr (\/27rx<1+>) , T — 00,
T(z+2)YE  o+2 x

23 19 1991 3521 )

which is better than Guan’s approximation (6), since

T 1 /= 1 1 eEs)] 1
(28) (z + 13( o= i <\ﬁ2m (1 + >> +0 <2> :
I(z+2)7" x4+ 2 z T

In view of (28), we now introduce the approximations family:

[(x+1)Y/* x+a c\\ z@EFD
29 ~ (\/2 (1 f)) ,
(29) Tt 2)/@ ~ oy VT3

where a, b, ¢ € R are parameters. Setting

112
(U,,b,C) - (_272a3>

n (29), we find (by Maple software) the following higher approximation:

1
[(x+ 1)Y= 2z — 1 2 S@tD) 1
= 2 14— — ).
(30) [(z + 2)1/@+1) or + 1 Vorz 1+ 3 +0 )
1
)

Theorem 7 develops the approximation formula (31) to produce a complete
asymptotic expansion.

Likewise, we find (by Maple software) that

1
[(x+1)Y/ 2z — 1 2\ 7@
31 = V2 — 0
B farguem T a1 \VEEeR (g, *
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Theorem 7. As x — oo, we have

1
1z IS z(z+1)

I'(z+1) 2z -1 Dj
7 V2mx exp Z s

T+
I'(z+2)

(32) 1/(z+1) ~ 20 + 1

with the coefficients p; given by

(33) pj = Bj + Bi+1, JjeN
and
1—(=1)—1t ,
5j—0‘j+l+m’ JeN,

where o given in (10). Namely,

(34)

P+ 221 2 1 1 s
(z+1) ~ |:\/27T$8Xp<——‘,—87[—3—|—---):| .

T'(z+ 2)1/(1"‘1) 2z +1 3x  4x?  T7202%  16z*

Proof. We first express (32) as follows:

o0

I'(z+1)"° 1-11  In(V2 JR——
(35) 1n(+— Z —+ n(v2mz) 4 Z&
= J- x(zx+1) xd

T (x4 2)"@ - 27 z(z+1)

Write (9) as

(36) In

I'(z+ 1)1/z In(v27z) N i a;
I'(z+2)Ye  z(@+1)

It follows from from (35) and (36) that

S N S N e R
(37) Zlﬁ Z<QJ+Z+MW+O‘J+1+W pei

Jj=1 Jj=1

Equating coefficients of equal powers of x in (37) we obtain (33). The proof is

complete.

O
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Theorem 8 develops the approximation formula (30) to produce a class of

complete asymptotic expansions.

Theorem 8. Letr # 0 be a given real number. The following asymptotic expansion

holds:

F(z+D)Y" 22-1

38 ~
(%) T(z+2)Y/@ 20+1

o o ¢ (7)
2rx 1+;7

with the coefficients q; = q;(r) given by

1
1/r7] =@+

k1, k2 K
vtk P1 P2 0Py .
L kitkot-tk; 21 P2 TP
G= ) kel SN
k1+2ko+--+jkj=j
where p; given in (33).
Proof. We first express (38) as follows:
(39)
T(z+1)"° (-1 =11  In(v2 1 :
MINCES VL e Vi B ) o l1 6
F (l’ + 2)1/((E+1) o E 23 xd 1'(1; + 1) rx(x —+ 1) o xJ
It follows from from (35) and (39) that
[ a0 0o rp;
(40) In 1+ZE NZF.
j=1 j=1
By Lemma 1, we have
ki k kj
g = 3 pRtha etk Pipy P
/ kilka!- - k17

ki +2kat-+jk; =)

where p; given in (33). The proof is complete.

O

Remark 9. In fact, the coefficients q; = q;(r) in (38) can be given by the recurrence

relation.
Write (40) as

o0

exp Z

j=1

rp i
xJ

E J
Jj=
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By Lemma 2, we have
.
=1 q= Ezkpkquk, JeN,
k=1

where p; given in (33).

The representation using recursive algorithm is better for numerical evalua-
tions. Settingr =1 andr = % in (38), respectively, we give two explicit asymptotic
eTPansions:

1
(x+ l)l/x 2¢ — 1 2 1 923 1183 (@ F1)
~ Vorz (14 — — -
rar e “aert [V T 50 T 5602 T 648005 3sss0at

and
_ 1
P+ 21 [ 47 803 631 e
T(z+ 2@ 2241 T <x+ 3" 18 " 324002 T 18602% >

Allasia et al. [3, Theorem 3] proved that for > 1,

r+1 1\*
41 — < (14+ - .
o o< ()
This is a continuous version of the first inequality in (1). Chen and Qi [12] showed

that the inequality (41) is reversed for 0 < x < 1 and equality occurs for z = 1.
Also in [12], the authors proved that for x > 0,

x 1\"
42 —_— < 1+ = .
@ o < (142)
By mainly using the asymptotic formula (7), we find that
1\"T(z+ 1)Y= i
(43) (1 + ) Lat+1) 7™ R~ ( 271'3:) .
x x

Theorem 10 develops the approximation formula (43) to produce a complete
asymptotic expansion.

Theorem 10. As z — oo, we have

1\* T(z+ 1)Y= T o W
u L L) e e 4
(44) ( + x) . Tx ) exp ]; =
with the coefficients w; given by
1 —1)7 B;
(45) wp = —=, o.)-—( ) + J j>2,

A N (R )

where B,, are the Bernoulli numbers.
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Proof. Write (44) as

x 1/:17 o0 )
(46) In <1 + 1> % ~ Z (‘Lj
z T (\/271'96) * j=1 .

The Maclaurin series of In(1 + ¢) with ¢ = 1 gives
1 = (—1)it
4 In{l+—-)= —_—
@ (1) =2
Jj=1
Using (12) and (47), we deduce from (46) that for z — oo,

1 [ (—1) B, X wj
) _2w+z<j+1+j(j—1>)’“_wj'

j=2 j=1

Equating coefficients of equal powers of x in (48) we obtain (45). The proof is
complete. O

Here, from (44), we give the following explicit asymptotic expansion:

1\* T(z+ 1)Y= T 1 5 1
4 1+ - 7~( 2 ) )
(49) < + x> x ) P\ T + 1222 4a3 +

By Lemma 2, we deduce from (49) that

1\* T(z+ 1)Y= 5 1 13 23
50 1+ = 7~<\/2 ) - — 4 — == ).
(50) ( + 1:) x e 2z + 2412 4823 *

Some computer experiments led us to conjecture that for every m € N, the
function

T T 1/x m Wi
Gm(z) = (=1)™" |In <1+i> F((\/;)) —Zx—;

is completely monotonic on (0, 00), where w; are given in (45).
It follows form (50) that

1\" T(x+ 1)Y= 5 1
(1—!—) u:( 27rx) +O().
x x x
We find (by Maple software) the following higher approximation:
204+ 1\ Iz + 1)Y= 3 1
(51) (23;—1) - _( ch) +0(=)-

Theorem 11 develops the approximation formula (51) to produce a complete
asymptotic expansion.
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Theorem 11. As z — oo, we have

224+ 1\" I'(z+ 1)/ :
(52) (2x — 1> T ~ ( 7T£C) <P E:: I
with the coefficients \; given by
14 (=1)7 B,
(53) )\1 = 0, )‘j = + ( ) =+ J j > 2,

G+D2+ GG -1)" 7T
where B,, are the Bernoulli numbers.

Proof. Using (47), we have

2w4+1 1 1
In n(1+—)-In(1- =1
T 1T {n( +2x) n( )] +Z g+12a+1xa

Taking the logarithm of (52) yields

o0

(54) Z]+12J%1xlj+1(I‘(x—f—l)—xlnx—l—x—ln ) Z
Jj=2 j=1

Using (12), we obtain from (54) that

oo ; (oo}
14 (=1)7 B, 1 Aj
9) 2 ((j T G-) P T
Equating coefficients of equal powers of z in (55) we obtain (53). The proof is
complete. O

Remark 12. The asymptotic expansion (52) can be written as

2¢ +1 IF(x—i—l)l/’c : > )\2]‘
(56) <2:c — 1) - ~ ( 27730) exp ; 2 |
where ) B
Aoj = . jeN.

@+ 025 " 2jj - 1)

Here, from (56), we give the following explicit asymptotic expansion:

20 +1\" T'(xz+ 1)/
2¢ — 1 T

(QW.%)%GX L—i— ! + o __ 1 + -
P\ 622 T 72027 T 2016026 806402° ’
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which deduces that

<2x+ 1)1 D(z+ 1)Y=

20— 1 x
1

~ (Varz)

14ty 17 n 983 n 12139
6x2 720zt 18144025 = 21772800x%

4. INEQUALITIES

The formula (34) motivated us to observe the following Theorem 13.
Theorem 13. Forxz > 1,

I(z+1)"/"

(57) Ly(z) < Tz 12/

< MQ(I),

where

1
2 — 1 2 1 \]7=m
Lalw) =577 [”mxp (:),x - 496)}

and

1
21 — 1 2 \]5ED
Ms(x) = ] {\/27rxexp (3@)} .

Proof. Tt follows from the known result (see [8, Theorem 8]) that for 2 > 0,
(58)

xlnx—a:—&—ln(\/%)ﬁ-é 36023 <InT(z+1) <xlnx—x+1n(\/%)+é.
It is well known that

2m— —
(59) Z 7 o)

Jj=1 Jj=1
for —1 <t <1 and m € N. The proof of Theorem 13 is based on the inequalities
(58) and (59).
In order to prove the inequality (57), it suffices to show that for > 1,
2z —1  In(V2nz) 1 2 1
n L
2e+1  zxz+1)  =z(x+1) \3z 422
T(z+1)"° 1 1
< th(];—l—Z)l/(aH—l) T InT(z+1)—azlnz—zn{1+ -

2 — 1 n In(+v27x) n 12
20 +1  wz(zx+1) =z(x+1)3x

<In
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By (58), it suffices to show that for x > 1,

(60)

1n2x_1+ ! z_ L <¥—x+i—é—mln 1—1—1
20+1  z(xz+1) \3z 4a? z(z+1) 12z 36023 x

and

(61) ! rl em(1e )| w2ty L2
—— |2+ — —zhn - n —
x(x+1) 122 x 2r+1  z(z+1)3x

In order to prove (60) and (61), it suffices to show
f(z)>0 and g(z) >0 for z>1,

where

fx) =

_360m4+210x2—90$+1_ 1 n (1 1 _1n2$c—1
360z*(z + 1) r+1 2z + 1

and

1222 +7 1 1 2z — 1
_ In(14=)+1
9() 129:2(1:+1)+1:+1n( +x)+n2x+1

By (59), we find that for z > 1,
Fla)=—m(1+
(z+1)?

. (1 I 1)
(x+1)2 \z 222 323
144025 — 72025 4+ 1202* + 1690z> + 4422 — 265z + 4
- 36025 (z + 1)2(422 — 1)
151023 + 16422 — 265z + 4

_— <0
360x®(x + 1)2(42? — 1)

1\ 144028 — 7202% + 1202* + 169023 + 4422 — 2652 + 4
36025 (x + 1)2(422 — 1)

and

, 1 1 48z — 242 — 442% + 212 + 14
—g'(z)=——n(1+—-) -
(x+1)2 x 1223 (x + 1)2(42%2 — 1)
1 11\ 48z* —24a® — 44a® + 212 4 14
(x+1)2 \z 222 1223 (x 4+ 1)2(422 — 1)
_ 3+49(x — 1) + 32(z — 1)?
1223 (2 + 1)2(422 — 1)

> 0.

Hence, the functions f(z) and g(z) are strictly decreasing for = > 1, and we have
i = i = > 1.
flz) > tlgrolo f®) =0 and g(z)> tli)rgo gt)=0 for z>1

The proof is complete. O
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Remark 14. [t is observed from Table 1 that for x > 2,
Li(z) < Lo(x) and Ms(z) < M;(z).

This shows that the inequality (57) is sharper than the inequality (5).

Table 1. Comparison between inequalities (5) and (57).

x Lo(x) — Li(xz)  M;(z) — Ma(x)
2 3.362 x 1072 4.288 x 1073
10 4.629 x 1074 1.260 x 10~°
100 5.766 x 10~ 1.568 x 107?
1000 5.905 x 1071  1.608 x 1013
10000 5.920 x 10713 1.612 x 10~'7

The formula (49) motivated us to observe the following Theorem 15.

Theorem 15. Forz > 1,

1 1\“T 1)/ 1
(62) exp () < (1+> L)l < exp <+ 52>.
2z T x(\/ﬁ)L 2v 12z

Proof. In order to prove the inequality (62), it suffices to show that for 2 > 1,

1 S

1 1 1
~ 2z <zln <1—|— x> + o [lnf(m—i—l) —xlnx—ln(\/27rx)] < o + To22"

By (58), it suffices to show that for > 1,

1\ 1 1 1 1
Fa)=al(1+= )+~ -2+ — - )+ —
(@) xn( +x>+x( T T 360x3)+2x>0

and

1 1 1 1 5

By (59), we find that for z > 1,

Fa)>a(f- L)+t PSS S SRS S\ Sk S
SR s\ T 122 736028 ) T 22 36024

and

Gx) <z lfLJri Jrl *IIZ‘FL + L5 =0
r  2x?2  3x3 x 12x 2¢ 1222

The proof is complete.
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Remark 16. The inequality (62) can be written for x > 1 as

x : 1 1\”
- 2 I 14+ =
I‘(m+1)1/f” ( mc) exp( 217) < < + x)

xr

T 1 5
S — i .
(63) < [(z+1)1/= ( mg) P ( 2 12:1;2)

For x > 1, the lower in (63) is sharper than the lower in (42). For x > 3, the lower
in (63) is sharper than the lower in (41).
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