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ON RAPIDLY VARYING SEQUENCES

*

Valentina Timotié, Dragan Djurci¢ and Ljubisa D.R. Kocinac

In this paper we investigate certain connections between the class Rs oo of
rapidly varying sequences (in the sense of de Haan) and the rapid equivalence,
selection principles and game theory.

1. INTRODUCTION

In 1930, J. Karamata [8] initiated investigation in asymptotic analysis of
divergent processes, nowadays known as Karamata’s theory of regular variation.
In 1970, de Haan [11] defined and investigated rapid variation and so stimulated
further development in asymptotic analysis. Two important objects in de Haan’s
theory of rapid variation are the class of rapidly varying functions and the class of
rapidly varying sequences. The theory of regular and rapid variability has many
applications in different branches of mathematics: probability theory, number the-
ory, differential and difference equations, in particular in description of asymptotic
properties of solutions of these equations, time scales theory, dynamic equations,
g-calculus, and so on. The book [1] is a nice exposition of Karamata theory and
the theory of rapid variability (see also [12, 11]).

We recall the definitions of rapidly varying functions and sequences.

Definition 1. ([11, 1]) A function ¢ : [a,00) — (0,00), a > 0, is said to be rapidly
varying of index of variability oo if it is measurable and satisfies the asymptotic

condition \
im M =00, A>1.
t—00 (p(t)

The class of rapidly varying functions of index of variability oo is denoted by Ry .
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Definition 2. ([2]) A sequence ¢ = (¢p)nen of positive real numbers is rapidly
varying (of index of variability oo) if the following asymptotic condition is satisfied:
c
lim 27 =00, A> 1,
n—oo Cp
where for a real number z, [x] denotes the greatest integer part of z. Ry o denotes
the class of rapidly varying sequences (see [2, 3, 4]).

Throughout the paper N will denote the set of natural numbers, R the set
of real numbers, S the set of sequences of positive real numbers, and S; the set of
nondecreasing sequences from S. Further, for two positive real functions g, h the
symbol ~ is used to denote the strong asymptotic equivalence relation defined by

g(x) ~h(z), T =00, < xlggo}glig =1,

while the symbol < denotes the weak asymptotic equivalence relation defined by

g(z) < h(z), >0, & 0< 11711136_)00M < lim, oo+ < 00

h(zx) h(zx)
(see [1]).
In this paper we define and study a new equivalence relation in the class
Rs,00 MS1, in particular its relations with selection principles and game theory.

2. RESULTS

We begin this section with definitions and concepts that we use in this article.
Real functions g¢,h : [a,00) — R, (a > 0), are mutually asymptotically
inverse, denoted by
g(z) ~ h(z), as z — oo,

(see [1, 6, 5]), if for each A > 1 there is an g = x9(A) > a such that the inequality

9(5) <hi@) < g0a),

is satisfied for each x > xg.
Especially, real functions (which are mutually asymptotically inverse) g, h :
[a,00) = (0,00), (a > 0), are mutually rapidly equivalent, in denotation

g(x) ~ h(z), as z — oo,

(see [7, 13]) if
lim 9(\z)
T—00 h(x) z—o0 g .1:)
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hold for each A > 1.

Sequences of positive real numbers (¢, )nen and (d,, )nen are mutually rapidly
equivalent in denotation
Cn ~dy,, as n — 00,
if
Can]

dpy
lim — =00 and lim nl _ %)
n—o0 n n—oo  Cp

hold for each A > 1.

Proposition 3. Let sequences ¢ = (¢p)nen and d = (dp)nen be elements from Sy .
If ¢n ~d,, as n — oo, then c € Rsoo and d € R oo

Proof. From ¢,, ~ d,, as n — oo it follows that for each A > 1 we have

c An
lim, o, 2 > liimn%oi{m"] ] lim,
Cn i) e
c An
[VAn]
> tim,
4y/xn)
. VAV
= lim, o - (00) = (00) - (00) = o
[VAn]
Therefore ¢ € R, o. Analogously we prove d € R, . O

Proposition 4. Relation ~ is an equivalence relation in Ry oo N'Sy.

Proof. 1. (Reflexivity) Let ¢ € Ry o, then lim,, o0 C[:n] = oo holds, for each A > 1,

hence ¢, ~ ¢,, as n — 00, so that reflexivity holds.

2.(Symmetry) According to the definition of relation ~, symmetry holds.

3. (Transitivity) Let ¢ = (¢n)nen, d = (dn)nen and e = (ep,)nen be elements
from R; o NSy such that ¢, ~d,, as n — 00, and d,, ~ e,, as n — oo. Then for
each A > 1 we have

d
li7rnn~>oo Zn) > himn%oo “an] himn%oo [on)
. C\/X\/X?’L
> lim, o (00) = (00) - (00) = oo
[VAn]
Analogously we prove that lim,, Hooe%‘] = oo holds, hence ¢, < e, holds, as
n — oo. O]

Let ¢ = (¢n)nen be element from S. Then the sequences

(1) € = (Cn)nen, G =max{cy|l <p <n} (cumulative minimum)
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and

(2) ¢ = (¢,)nen, ¢, =min{cy|p >n} (cumulative mazimum)

are called upper and lower associate of the sequence c, respectively (see [1]).
Proposition 5. Let c € Rs o and ¢, < dy, asn — oco. Then c, ~ dy,, as n — 00.

Proof. For each A > 1 it holds

C\n] Cl\n) . Cn

n n n
and
d d c
himn—>oo ] > himn—ﬂ)o Al ' himn—ﬂ)o A =
Cn CAn] Cn
This means that ¢, ~ dp, as n — 00. O

Proposition 6. Let ¢ = (¢,)nen € S. Then the sequence ¢ € Ry o if and only if
c, ~ @, holds, as n — co.

Proof. (=) If ¢ € Ry o, then according to [2, Theorem 2.1], the function p(z) =
Cl«]; T = 1, belongs to the class Ry ... It means that (according to [7, Theorem

1.1])) limy, 00 % = o0, for each A > 1, where the cumulative minimum ¢ and

cumulative maximum @ are defined analogously with (1) and (2): p(z) = inf {Tp(t) :
t > o} and §(z) = sup{p(t) : t < x}. Thus, lim, e 2% = oo for each A > 1. The

inequality ¢,, < ¢, <€y, for n € N, implies that for each A > 1 it holds

T
n—00 C T n—=oo Cp

lim
This means ¢,, ~ C,, a8 M — 00.
(<) Tt holds lim,, glg—"] = o0, for each A\ > 1, and thus

pal w5l Pl _

lim, ., — > 00—

for each A > 1, because the cumulative minimum is a nondecreasing function.
Again, according to [7, Theorem 1.1] the function ¢(x) = ¢, © > 1, belongs to
the class Ry and hence the sequence ¢ = (¢,)nen, as its restriction on N, is an
element of the class R . O

Proposition 7. Let ¢ = (cu)nen € S and let the sequence d = (dy)nen be an
element of the class Rs.oo. If d,, < ¢, < dp, forn >ng > 1, then ¢ € R; .
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Proof. Let ¢ = (¢n)nen € S. As d = (d,)nen is in the class R, o, according to [2,
Theorem 2.1], the function p(z) = diz), © > 1, belongs to the class Ry . Therefore,
according to [7, Theorem 1.1], for each A > 1 we have

d d
lim, P >y s gy 2R

n

It means that ¢ € R, . ]

Let ¢ = (¢p)nen € S. Then the sequence
1 n—1
(3) c= (En)nENa Cp = E ; Ck

is called the sequence of additive midpoint of the sequence c (see [1]).
Proposition 8. Let ¢ = (¢y)nen € Rsoo- Then € € Ry oo and ¢, ~ ¢, as n — oo.

Proof. Since ¢ = (¢p)nen € Rs 00, then, according to [2, Theorem 2.1}, the function
@(x) = c[a], © > 1, belongs to the class Ry . It follows that (see [7, p. 890])

x

5w) = [t o>

1
belongs to the class R¢ ... Consequently,
n

n—1
~ 1 1
= — = — > 2
3n) = - [ ety PIAEL

n
1

is an element of the class Ry o, and it holds that ¢(n) = ¢,. By [7, Theorem 1.3],

p(z), as ¢ — oo,

Py
2
23

and thus

also holds. O

Let us state the definition of well known selection principles, which we call
«; selection principles (see [9]).

Definition 9. Let A and B be subfamilies of the set S. The symbol «;(A, B),
1 € {2,3,4}, denotes the following selection hypotheses: for each sequence (A, )nen
of elements from A there is an element B € B such that:
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1. as(A, B): the set Im(A,,) NIm(B) is infinite for each n € N;

2. as(A, B): the set Im(A,) NIm(B) is infinite for infinitely many n € N;

3. ay(A, B): the set Im(A,) NIm(B) is nonempty for infinitely many n € N,
where I'm denotes the image of the corresponding set.

Let us recall the definition of an infinitely long game related to a (see [9, 10]).

Definition 10. Let A and B be nonempty subfamilies of the set S. The symbol
Ga, (A, B) denotes the following infinitely long game for two players, I and II, who
play a round for each natural number n. In the first round I chooses an arbitrary
element (A; ;)jen from A, and II chooses a subsequence y,, = (A, (;))jen of
the sequence A;. At the k" round, k > 2, I chooses an arbitrary element A; =
(Ag,j)jen from A and II chooses a subsequence ¥, = (A, (;))jen of the sequence
Ay, such that Im(ry(;)) N Im(ry;)) = 0 is satisfied, for each p < k — 1. II wins a
play
AL Yegs o5 Ak Y-

if and only if all elements from Y = (J,cy UjeN Ag, (), with respect to second
index, form a subsequence y = (ym )men € B.

A strategy o for the player II is a coding strategy if II remembers only the
most recent move by I and by II before deciding how to play the next move.

Let ¢ = (¢p)nen € S. Then we define
(4) [c], = {d = (dn)nen €S| e ~ dp,n — 00}
in Ry o, and for ¢ = (¢ )nen € S1 we define
() [c], = {d = (dn)nen € Si] e ~ dp,n — o0}
as the equivalence class in Ry s NSy, with regard to Propositions 3 and 4.

Proposition 11. The player IT has a winning coding strategy in the game G, ([c]..,
[c]r), for each fized element ¢ € Ry oo N'Sy.

Proof. (1°* round): Let the sequence ¢ = (¢y)nen € Rsoo N'S1 generating the
class [c], € S; be given and let o be the strategy of the player II. The player I
chooses a sequence X1 = (£1,)nen € [c], arbitrary. Then the player IT chooses
the subsequence o(x1) = (71 k, (n))nen of the sequence x;3, where Im(k;) is the set
of natural numbers greater then or equal to n; which are divisible by 2 and not
divisible by 22, and n, is a natural number such that % > 2 and w > 2 hold

for each A > 14+ ¢, ¢ > 0, and each n > n;. The last inequalities are possible
because of monotonicity of sequences ¢ and xj.
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(m*" round, m > 2): The player I chooses the sequence X, = (Tm,n)meN €

[c];, arbitrary. Then the player II chooses the subsequence

U(Xm7 (xm—l,km_l(n))neN) = (xm,km(n))neN

of the sequence Xuy,, so that Im(k,,) is the set of natural numbers greater then
or equal to n,,, which are divisible by 2™ and not divisible by 2™*!, n,, € N,
and C:”j > 2™ and ZPnl > 2™ hold for each A > 1+¢, € > 0, and each
n > n,,. The last mequahtles hold because the sequences (cn)nen and (Tm n)nen
are nondecreasing.

Now, we will look at the set Y = U, ,cxy Upen Zm, k. (n) Of pOsitive real num-
bers indexed by two indexes. This set we can consider as the subsequence of the
sequence y = (y;)ien given by:

yi = { Ty (n), it @ = kp(n) for some m,n € N;
;=

Ci, otherwise.

By the construction of the sequence y, we have that y € S. Also, the intersection
of y and xp,, m € N, is an infinite set.
Let us prove that y,, ~ ¢, as m — oo. Let M > 0. Choose the smallest

m € N such that 2™ > M. For each k € {1,2,. — 1} there is nj € N, so that
;[:"] > M and =2 > M hold for each n > nk Let n* = max{nf,...,n% _,}.

Therefore, the mequahtles > M oand 224 > M hold for each A > 1 +¢, € > 0,
and each ¢ > n*. Therefore, yi ~ ¢, as i — 0o, because M was arbitrary. One
concludes that y € [c],. O

Corollary 12. The selection principle as([c].., [c],) holds for each fized element c
from the class Rg oo NSy.

From Corollary 12 and [10, p. 109] we have

Corollary 13. The selection principles a;([c].., [c],) hold for i € {3,4}, where ¢ is
an arbitrary and fized element from Rg oo NS;.
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