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ON EXPONENTIALLY o-PREINVEX FUNCTIONS AND
ASSOCIATED TRAPEZIUM LIKE INEQUALITIES

Artion Kashuri, Muhammad Uzair Awan*, Sadia Talib, Muhammad
Aslam Noor and Khalida Inayat Noor

In this paper, authors introduce a new extension of g—convexity called o—
preinvexity and generalize the discussed results by Wu et al. in "On a new
class of convex functions and integral inequalities”. Some special cases are
deduced from main results. At the end, a briefly conclusion is given.

1. INTRODUCTION

The class of convex functions is well known in the literature and is usually defined
in the following way:

Definition 1. Let I be an interval in R. A function f : I — R is said to be convex
on I, if the inequality

(1) fltu+ (1 =t)v) <tf(u) + (1 =) f(v)

holds for all u,v € I and t € [0,1]. Also, we say that f is concave, if the inequality
in (1) holds in the reverse direction.

Convex functions and their variant forms are being used to study a wide class of
problems which arises in various branches of pure and applied sciences. This the-
ory provides us a natural, unified and general framework to study a wide class of
unrelated problems.

The following inequality, named Hermite-Hadamard inequality, is one of the most
famous inequalities in the literature for convex functions.
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Theorem 2. Let f : I C R — R be a convex function and uw,v € I with u < v.
Then

@) f(“;”><viuAvf(x)dx<W.

This inequality (2) is also known as trapezium inequality.

The trapezium inequality has remained an area of great interest due to its wide
applications in the field of mathematical analysis. Authors of recent decades have
studied (2) in the premises of newly invented definitions due to motivation of con-
vex function. Interested readers can see the references [1]-[12].

Recently, Wu et al. in [11], introduced the following new classes of g-convex sets
and g—convex functions.

Definition 3. A set B C R is said to be g—convex set with respect to strictly
monotonic continuous function g, if

Mg (z,y) = 07" (1= t)o(x) + to(y)) € B, Ya,y € B, t €0,1].

Definition 4. A function B C R is said to be g—convex function with respect to
strictly monotonic continuous function p, if

fMg(z,y)) < (1 —t)f(x) +tf(y), Yo,y € B, te[0,1].

Note that the function f is called strictly g-convex on B if the above inequality is
true as a strict inequality for each distinct = and y in B and for each ¢ € (0,1).
The function f is called p-concave (strictly g-concave) on B, if (—f) is g-convex
(strictly p-convex) on B.

The main objective of this article is to introduce a new extension of p—convexity
called p—preinvexity and to generalize the discussed results by Wu et al. in [11].
Some special cases will be given as well. Interested reader can obtain in a similar
way new results for different operators and this results can be applied in different
areas of pure and applied sciences.

2. MAIN RESULTS

Now, we are in position to introduce the notions of p—preinvex sets and p—preinvex
functions with respect to the mapping 7 by using the quasi—arithmetic means which
can bring together all the power means M, for p € R.

Definition 5. A set B C R is said to be p-invex with respect to the mapping
7: B x B — R and strictly monotonic continuous function p, if

Mipr(z,y) = 07" (o(z) + tr(0(y), 0(x))) € B, Ya,y € B, t €[0,1].
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Definition 6. A function f : B C R is said to be exponentially g—preinvex with
respect to the mapping 7 : B x B — R, strictly monotonic continuous function p,
and non-positive 3, if

f@) )

F (Mg (@,9) < Q=52 + 4552, Yoy e B, te [0,1].

Note that the function f is called strictly exponentially g-preinvex on B if the above
inequality is true as a strict inequality for each distinct z and y in B and for each
t on (0,1).

Ift= %, then

f<9‘1<9(x)+7(g(y)2’9(x))>) < 1{f(x)+f(y)} Vz,y € B.

- 5 eﬂl’ eﬂy

The function f is called exponentially g—Jensen (or mid)—preinvex function.

Remark 7. It is worth to mention here that every p-convex set is g-preinvex with
respect to 7(o(y), o(x)) = o(y) — o(z), but the converse is not necessarily true.

We now discuss some special cases of Definition 6.

I). If we take 7(o(y), o(z))
f(z)

ePr

o(y) — o(x) and p(x) = Inx, then

f(y)

f(xl—tyt) <(1-1) +t oy

Va,y € [a,b] C (0,400), t €[0,1],
which is the concept of geometrically exponentially convex functions.
II). If we take T(o(y), o(x)) = o(y) — o(x) and o(z) = L, then

(i)

f(=)
eP

fly)

eﬂy

<(1-1t) +t , Va,y € [a,b] C (0,+00), t €[0,1],

which is the concept of harmonically exponentially convex function.

III). If p € R and taking 7(o(y), o(x)) = o(y) — o(x), o(x) = 2P, then

(1—t)£%i>+t”ig£,

£ = t)a? + ty?]7)
<

Va,y € [a,b] C (0,400), t €]0,1],

which is the concept of exponentially p-convexity as considered in [6].
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IV). If p € R and taking 7(o(y), o(z)) = o(y) — o(z), o(z) = €”, then

f(In((1 —t)e” + te?)

@) )

» Va,y € [a,b] C (0,+00), ¢ €0,1],
which is the concept of log-exponential convex functions.

From the above discussion it is evident that the class of exponentially o—preinvex
functions is quite unifying one. We now derive some integral inequalities using this
new class. It is worth to mention here that all these results continue to hold for
other classes of the convexity under suitable conditions.

Let us establish some new integral inequalities of Hermite-Hadamard type via expo-
nentially o—preinvex functions with respect to the mapping 7 and strictly monotonic
continuous function p.

Before we proceed further, let us recall the famous Condition C, which was
introduced and studied by Mohan and Noegy [8].

Condition C. A set B C R is said to be an invex set with respect to mapping
7(.,.) if and only if for any x,y € B and t € [0, 1], we have
1. 7(z,z+t7r(y,x)) = —tr(y, x),
2. 7(y,x +tr(y,z)) = (1 — t)7(y, ).
Note that for any z,y € B, t1,t2 € [0,1] and from Condition C, we can deduce
T(x 4+ tar(y, ), 2 + t17(y, ) = (t2 — t1)7(y, x).

Theorem 8. Let f : I = [u,v] — R be an integrable exponentially o—preinvex
function with respect to the mapping 7 : I x I — R which satisfies Condition C,
and strictly monotonic continuous function o, where T(o(v), 0(u)) > 0. Then for
non-positive 8 and o > 0, we have

(o (ot + ARy < e

o M (e(u)+7(0(v),0(u)))
x [ / (0(@) — o(w)** L2 g (2)da

efx

e~ He(w)+(e(v),0(w)))
+f (o) + 7(0(v), o(w)) — o)) L o/ ()

g <3 [l L0,
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where

A = 1t0"1 (1-1) t dt
S SBo (e (e)e@) | ehe (el T (-7 (a(0),(w))

and

dy— [ ! d-1) dt
27, B e (o) e@) | eBe Hetwrt (- Dr(e(w)etw) |

Proof. Since f is an exponentially o—preinvex function, taking ¢ = %, we have
- 7(e(y), o(z)) L[ fx)  f)
@ 7o (ot + 75 <3| T

Using = = 07" (o(u) + t7(0(v), o(u))) and y = o~ * (o(u) + (1 —t)7(0(v), o(u))) in
(4), we get

()
1 [f (o~ (o(u) +tr(o(v), o(u))))
-2

+

eBle™ (e(u)+tr(e(v),0(w)))) eBle™(e(w)+(1—t)7(e(v),0(u))))

£ (07 (o(w) + (1 = )7(o(v), Q@))))] .

Multiplying both sides of (5) with t*~! and integrating with respect to t on [0, 1],

we obtain .
/0 ta—lf (Q_l (Q(U) + T(Q(U)Qa Q(u)))) dt
1| Y a1 f (o7t (o(u) +tr(o(v), o(w))))
=3 l/o e e e e ey
Vool f (o7 (o(u) + (1= t)r(o(v), o(u))))
+/o e e =) 2 dt] :
Hence

ePr

o™ He(u)+7(o(v),0(u)))
x [ / (0@) — 00w TP g (2)da

o M (e(u)+7(e(v),0(u))) T
+f (o) + 7(o(), o(w)) — 0(@))* " I g ()
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So, the left-hand side of (3) is proved. Similarly, since f is a exponentially o—
preinvex function, we have

6 o™ (e(w) + (o) o)) _ (1= + 10
eBle (e(u)+tT(e(v),o(u)))) — eBleH(e(u)+tT(e(v),0(w))))
and
@ e (o) + 1= Drle(v). o) g + (1=
eBle™ (e(w)+(1—t)7(e(v),0(u)))) = eBlem e(u)+(1-t)r(e(v),e(w))))

Multiplying both sides of (6) and (7) with t*~! and integrating with respect to t
on [0,1], we get

/1 st lf (07" (o(u) + tr(0(v), o(u)))) N
0

eBle™(e(w)+t7(e(v),0(u))))

f (07 (ow) + (1 = )7(o(v), o(u)))) ] 0

eBle™(e(w)+(1-t)7(e(v),0(w))))

. a-n : (@)

1
a—1
N /0 t [{eﬂg—l(g(u>+t7<g<v>,g<u>>> eﬂ9‘1<9<U>+<1f>7(9<“>7@<“>)>} ef

eBe e(w)+tr(e(v),e(w))  eBe ' (e(w)+(1—t)r(o(v),0(u))) | ehv

Hence
a

27 (o(v), o())
o~ (e(u)+7(e(v),0(u))) x
% [ / (o) — o(w)** L2 g (2)da

ePr

o™ He(u)+7(e(v),0(u))) T
+ [ (o(w) + 7(o(v), o)) — ()"~ f<>gf<x)d4

IR ) f(v)
< 3 |:A1 e + Ay B } .

The proof of Theorem 8 is completed. O

Corollary 9. In Theorem 8, taking T(o(v), o(u)) = o(v) — o(u), we get

(e (M5") < s
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where

Ay = lt"“’l (1-1) ¢ dt
5=, Sho T ((1—De(w ) | ghe- (te(w)+(-Da(®))

and

A, = ! toz—l 3 (1 — t) dt
= Ao ((=Da(w+te) T ghe(telw+a—De) |

Corollary 10. In Corollary 9, taking a = 1, we get

f(g—l(Q“”;;Q“°)) < ot [ e

L, flu) f()
< 5 As P + As oho |
where .
B (1—1) t
As _/0 Lﬁgl((lt)g(U)ﬂg(v)) + eBo~ 1 (to(u)+(1—t)o(v)) dt
and

1
B t (1—1)
As = /O Lﬂg—wa—t)g(u)m(v)) + eﬂg‘l(tQ(U)Jr(l—t)Q(v))}dt'

Theorem 11. Let f : I = [u,v] = RT be an integrable exponentially o—preinves
function with respect to the mapping 7 : I x I — R and strictly monotonic contin-
uwous function o, where 7(0(v), 0(w)) > 0. Then for non-positive 5 and o > 0, we

have
2f(u)
efurott (o(v), o(u))

o (e()+7(e(v).e(w)) .
x / (o(x) = o(u)* ™ ((u) +7(0(v), o(w)) — o(x)) f(v)¢'(x)dx

v o~ (e(u)+7(e(v),0(u))) .
ﬁ<) L (o) — 0(u)* ™" F(2)d (x)dx

1 o~ (e(w)+7(e(v),e(u))) a1 s2,
/ (o) — 0(w)™ ™" (@) (x)de

! 2f°(w) | ala+Df*(v)  20f(u)f(v)
ala+1)(a+2) [ 2o T e2bv t B ]

—~~

oo
~
IN

L[ s 1) | tefts0)]
ala+1)(a+2) | e28u e2pv eButv) ’
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Proof. Using the arithmetic—geometric means inequality, we have

2f (Q_l (Q(U) + tT(Q(v), Q(u)))) ((1 —t) fe(;i) n tig?)

f(w)

ePu

+1

ePv

2
< [F (e (olw) + tr(e(v), o)) |* + [(1 9 ! (”)}

o)
= [7 (¢ (ew) + (o). o) P+ (1= 2Ll 4 2 D0y oyq_py SOOI

Multiplying both sides of (9) with t*~! and integrating with respect to ¢ on [0, 1],
we get

ePu
2f(v)

+ B

/ 1 (07 (olu) + tro(wv), o(w))) ] dt

0

1 2 U 1
< [ (@ et + orlate), o) P D) [t - o2

FA) [, 2@ ) [T
(10) + /Ot t2dt + /Ot t(1 —t)dt.

e2Bv eButv)

Substituting z = 07! (o(u) + t7(0(v), o(u))) in (10), we get

o Me(w)+7(e(v),0(u))) o
X / (o(z) = o(w)*™ (o(u) + T(0(v), o(u)) — o(x)) f(x)o (x)dx

u

2f(v) /@1<e<u>+r(e<v>,g<u>>>
efvratt (o(v), o(u) Ju

1 /gl(y(u)+7(g(v)7g(u)))

(o) = o(w))* ™" f(2)d' (x)dx

<

_ z) — o(u) ! ()0 (z)dx
S (0le) = o))" @)/ ()

1 2f2(u)  ala+1)f2(v)  2af(u)f(v)
() +0¢(Oé+ 1)(a+2) [ e2hu + e2hv + ePlutv) '

So the left-hand side of (8) is proved. On the other hand, since f is an exponentially
o—preinvex function, we have

f(w)

ePu

fv)

efv’

f (07" (o(u) +tr(o(v), o(w)))) < (1 —1) +t
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Hence

o M (o(w)+7(o(v),0(u)))
! / (o) — o(w))*™* f2(x)d (z)d

7 (o(v), 0(u)) Ju,

2

1
_ / 271 (7 (o) + t7(o(v), o(u)))) | dt

< /01 go-1 {(1 _piW +tf(v)rdt

ePu ePv

_ 1 2/%(u) | olat+ Df*(v)  2af(u)f(v)
(12) ~ala+1)(a+2) { e2Bu e2Bv eB(u+v) } :

Combining (11) and (12) we obtain the right-hand side of (8). The proof of Theorem
11 is completed. O

Corollary 12. In Theorem 11, taking 7(o(v), o(u)) = o(v) — o(u), we get

s [ )~ o) (0(0) o) o)
ol [ (o) = o) @ )
< G [ ()~ ) P w)da
eI e+ ]
s

Corollary 13. In Corollary 12, taking o = 1, we get

2f(u)
e’ (o(v) — o
2f(v

) ’ z)o' (x)dx
" (o) — ow)? / fz)ez)

1 [0, S0, H0r)

(u))? /U (o(v) — o()) f(z)0 (x)dx

S M/u f2($)9/(l‘)d.%‘ + g e25u 62[31) eﬂ(u-‘rv)

< ; [fQ(U) f2(v) f(U)f(v)} _

e2bu e2Bv 66(u+v)
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Theorem 14. Let f,g: I = [u,v] — R be two integrable exponentially o—preinves
functions with respect to the mapping 7 : I x I — R and strictly monotonic contin-
uous function o, where T(o(v), o(u)) > 0. Then for non-positive 8 and o > 0, we
have

1 o (e(w)+7(e(v),0(w)) B
i ) (o(a) — o)™ F()g(w)o ()
2f(u)g(u fl)glv)  _ N(uv)
~ ePuala+1)(a+2) e (a+2) (a+1)(a+2)
F(u) F(v) P(u,v)
Tale+)(a+2)  2(a+2)  (a+1)(a+2)
where
fwg(v) + f(v)g(u) fw)f() + g(u)g(v)
(13)  N(uw) = “F 50, Pluy) = Fat
and

f(u) + ¢*(u)
eQﬁu )

() +g*(v)

F(u) = 260

F(v) =
Proof. Since f and g are two integrable exponentially g—preinvex functions, we have

S (o7 (o(u) +tr(o(v), 0(w)))) g (o' (o(u) + tr(o(v), 0(u))))

(1) < [0-028 4 L0 [0 - 2l 490,

Multiplying both sides of (14) with t*~! and integrating with respect to ¢ on [0, 1],
we obtain

1
/ 71 f (07" (o(u) + tr(o(v), o(u))) g (0" (o(u) + tr(o(v), o(w)))) dt

0

ePu ePv eBv eBv

(15) g/olt“—l {(1—t)f(“) +tf(”)} [(1—t)g(“)+tg(”)]dt

_ fwg(u) ' a-1 2 ' a-1 f()g(v) ' a—1,2
=", t“7H(1 —t)*dt + N(u,v) ; t t(l—t)dt—&—w ; 42 de.
Substituting z = 07! (o(u) + t7(0(v), o(u))) in (15), we obtain the left-hand side
of (14). For the right-hand side inequality, using the arithmetic-geometric means
inequality in (15), gives

/01 =) 0] [ ) 2]

ePu eBv ePu eBv
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[ [ T oo 2]

ePv

<

DN | =

/1 {F(u)t“*l(l — 1) 4+ F(o)t* "% 4+ 2P (u, v)t* (1 — t)] dt
0

DO =

B F(u) n F(v) P(u,v)
S ala+1D)(a+2)  2@+2) (a+1)(a+2)
The proof of Theorem 14 is completed. O

Corollary 15. In Theorem 1/, taking T(o(v), o(u)) = o(v) — o(u), we get

1 v a—1 /
T . (e@) o) F@la(e) ()
< 2/ (u)g(u flglv) | N(uv)
— e2Bug(a+1)(a+2)  ePv(a+2)  (a+1)(a+2)
F(u) F(v) P(u,v)

“ala+1)(a+2)  2a+2) (a+1)(a+2)
Corollary 16. In Corollary 15, taking a = 1, we get

1 ! , fwg(w) | f(v)glv) | N(u,v)
mL f(x)g(x)o (x)dx < se2pe T 3ame t g

< F(u)+ F(v) + P(u,v)
— 6 .
Theorem 17. Let f,g: I = [u,v] = R be two similarly ordered integrable expo-

nentially o—preinvex functions with respect to the mapping 7 : I x I — R and strictly

monotonic continuous function o, where 7(0(v), o(u)) > 0. Then for non-positive 3
and o > 0, we have

1 o (o(u)+7(o(v),0(w))) »
m/ (0(x) = o(w)*™" f(2)g(x)d (x)dx
ala+1) 7’

where

M (o, B, u,v) = f(u)g(u) n Oéf(v)g(v).

e2Bu e2Bv

Proof. Since f and g are two similarly ordered integrable exponentially o—preinvex
functions, we have

(o7 (o(w) +tr(0(v), o(u))) g (07" (o(u) + tr(o(v), o(u))))
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< |a-pni +tf<”)} [(1 o) +t9<”>]

ePu eBv ePu eBv
~ - SOy [(1 S0 (o) o)
(16) <a-pl fﬁ?ﬁ” il (Zz’é’f”),

where (£ — L0y (9l _ sl)y > o Multiplying both sides of (16) with t*~! and

ePu ebv ebu ePv
integrating with respect to ¢t on [0, 1], we obtain

/ 1 f (07" (o(w) +tr(o(v), 0(u)))) g (07" (o(u) + tr(o(v), o(u)))) dt

0

e2Bu e2Bv

" : /o1 " [(1 _plWelw) | FRg) |,

Substituting = = 0~ (o(u) + t7(o(v), o(u))) in (17), we obtain (17). The proof of
Theorem 17 is completed. O

Corollary 18. In Theorem 17, taking T(o(v), o(u)) = o(v) — o(u), we get

v
(o(v) — o(u))”

Corollary 19. In Corollary 18, taking a = 1, we get

1 : / L[ flwgw)  f(v)g(v)
(Q(U)_Q(u))/u f@)g(@)d (@)dr < 5 | =Z5= + =251,

M(a, B, u,v)

/uv (o) = ()™ f@)g(e)e'(@)de < — =

Theorem 20. Let f,g: I = [u,v] = R be two similarly ordered integrable expo-
nentially o—preinvex functions with respect to the mapping 7 : I x I — R and strictly
monotonic continuous function o, where 7(o(v), o(u)) > 0. Then for non-positive
and o > 0, we have

1 o~ He(u)+7(e(v),e(u))) L ,
m/ (o(u) +7(0(v), o(u)) — o(2))*™ " f(2)g(x)0 (x)dx
R(a, B,u,v)
ala+1) 7

where
flwg(u) | J(®)g(v)

Ra, Byu,v) = a5, 2Bv

Proof. The proof is similarly as Theorem 17, so we omit it. O
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Corollary 21. In Theorem 20, taking T(o(v), o(u)) = o(v) — o(u), we get

[ ) = o)™ Folg(ord (e < TG,

v
(e(v) = o(u)*

Theorem 22. Let f,g: I = [u,v] = R be two integrable exponentially o—preinves
functions with respect to the mapping T : I x I — R which satisfies Condition C
and strictly monotonic continuous function o, where T(o(v), o(w)) > 0. Then for
non-positive 5 and o > 0, we have

2f (9_1 (Q(u) n T(Q(U)é Q(U)))> g (Q—l (Q(u) N T(@(v)é Q(U)))>

277 (o(v), o(u))

X [/gl(g(u)ﬂ(@(vhg(u))) (o(x) = o(u)*™" f(w)g(x)gl(w)d

X
62,83:

€2ﬂx

+/91(9(")+T("(")’9(“)” (o(u) + T(0(v), 0(u)) — 0(x))* " f(z)g(x)o (z) dm]

o 24+ a(la+1)
S CESNCED) Safat Diar2) | YY)

where N (u,v) is defined from (13) and M(1, 5, u,v) is defined from (17) for value
a=1

M(]‘7ﬂ7u77‘}) +

Proof. Since f and g are two integrable exponentially g—preinvex functions with
respect to the function g, by the same way as in the proof of Theorem 8, we have

; (Q_1 (Q(u) (T oYY (1 (g Tl D)

{ uw) +t7(e(v),e(w)))  f(e™! (Q(UH(lt)T(@(v),Q(U))))]
g

<1 -
=1

[ (e 1( (u) + t7(e(v), 0(w)))

eBle™(e(w)+tr(e(v),0(w))))

1(0 u)+t7(e(v),0(u)))) eBle (o(w)+(1=t)7(o(v),0(w))))

L9 (07" (o(u) + (1 = t)7(0(v), Q(U))))}

eBle™ (e(w)+(1-t)7(e(v),e(w))))

1 { f (o7t (o(u) + tr(0(v), o(w)))) g (07" (o(u) + t7(0(v), o(u))))
1

< —
(18) < e2B(e~(e(u)+tr(o(v),0(u))))

_|_

f (07! (o(u) + (1 = t)7(0(v), 0(u)))) g (0" (o(u) + (1 — t)7(0(v), 0(u))))
) W,

e2B(e™ (e(uw)+(1—-t)7(e(v),0(u))))

+[(1—t)f(“) + f(”)} [t 9) | _ )

ePu eBv Bu ebv
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6,8 e,ﬁv e,ﬁu e,@v

+[tf(1i) +(1 ft)M] [(1 I +tg(v)} }

Multiplying both sides of (18) with t*~! and integrating with respect to ¢ on [0, 1],
we obtain
1 7(o(v), o(u)) —1 7(o(v), o(u))
f (9 (Q(u) + 2 glo (o(u)+ 5

o { /1 ") (0" (o(u) + tr(o(v), 0(u)))) g (o~ (e(u) + tr(o(v), 0(w))))

< =
19) =< 4 e2B(e™ ! (e(u)+tr(e(v),e(u)))) di

dt

+/1 o1 f (o7" (o(w) + (1 = t)7(e(v), o(w)))) g (¢~" (o(u) + (1 = t)7(e(v), o(u))))

e2B(e™ 1 (e(u)+(1-t)T(e(v),e(u))))

+2M(1, 8, u,v) /1 t*71(1 — t)dt + N(u,v) /1 7 E + (1 -1)?) dt}.

0 0
Substituting
v = 07" (o(u) +17(e(v), o(u)))
and
y=0"" (o) + (1 - t)7(e(v), o(w)))
in (19), we obtain (22). The proof of Theorem 22 is completed. O

Corollary 23. In Theorem 22, taking T(o(v), o(u)) = o(v) — o(u), we get

of (91 <9(U) ;r @(v))> g (Ql <9(U) ;r Q(U))>

(07

“2(ev) — o))"
y [ / (o(@) — 0(w)* f@)g(2)'(2) / (ov) — o))"~ f(@)g(@)e () dx]

62,39: dx + e?,@m

24+ ala+1)
2a(a+1)(a+2)

«

< mM(laﬂauav) +

N(u,v).

Corollary 24. In Corollary 23, taking o = 1, we get

of (gl <@(U) ;r Q(U))> g (91 <9(U) ;r 9(@)))

! Y f@e)d @)
<g<v>—g<u>>/u ST

< G :




Exponentially g—preinvex Functions 331

Theorem 25. Let f,g : I = [u,v] — R* be two similarly ordered integrable
exponentially o—preinvexr functions with respect to the mapping 7 : I x I — R
which satisfies Condition C and strictly monotonic continuous function o, where
7(0(v), o(u)) > 0. Then for non-positive 3 and o > 0, we have

/ (Q—l (Q(u) N T(@(U)Z, Q(U))>> g (Q—l (Q(u) N T(@(U)Z, Q(U))>>

1 o 24+ a(a+1)
(20) Z+(a+1)(a+2) M1, B,u,v) + dafa+1)(a+2)

N(u,v),

where N (u,v) is defined from (13) and M (1, 5, u,v) is defined from (17) for value
a=1.

Proof. From Theorem 17, Theorem 20 and Theorem 22, we get inequality (20). O

Corollary 26. In Theorem 25, taking 7(o(v), o(u)) = o(v) — o(u), we get

F (g—l (Q(U) -2F @(@)) g (Q_l (9(“) ;r 9(v)>)

2+ a(a+1)

M(1, B, u,0) + da(a+1)(a+2)

N(u,v).

1 a
§[4+(a+1)(a+2)

Corollary 27. In Corollary 26, taking a = 1, we get

o (235 o (252 g

Theorem 28. Let f,g: I = [u,v] — R be two integrable exponentially o—preinves
functions with respect to the mapping 7 : I x I — R and strictly monotonic contin-
uwous function o, where T(o(v), o(u)) > 0. Then for non-positive 8 and o > 0, we
have

oM e(wtrle().e) re~t(e(wrle)ew)) 1 - -
/ / /t (olx) — o(w)** (o(y) — o(u))

u u 0

xf (07" (o(x) + tr(o(y), o(x)))) g (0~ (o(x) + tm(0(y), o(2)))) &' (x)e' (y) dt dy dx

2+a(a+1)) 2
S 2t D+ (e(v), e(w)) D(a; B, u,v)

ot Da+r2)

o e(w)+7(e(v),0(u))) 1 ,
x{/ (o(w) — o(w)* ™ g(v)e (v)dy

u

(o(z) = o(w)*~" f(2)¢'()dx

e~ e(w)+7(e(v),0(w)))
<

u
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“He(w)+T(e(v),0(w)) . ,
+/ (o(y) — o(w)™" f(y)o' (y)dy

o He(u)+7(e(v),e(w)))
.

(dx)—g@or*lg@»gcmdm}

u

_ _(2+a(at1)

(21) < me (e(v), o(u)) D(ev, B, u,v)
fw) | f)][g() , g(v)] 2a
+2(a +1)(a+2) { efu ehv ] {65“ * ePv }T (e(v); e(w)),
where

2(gw) , SWel) N
e?Prala+1)(a+2)  eP(a+2) (a+1)(a+2)

and N(u,v) is defined from (13).

D(a, B,u,v) =

Proof. Since f and g are two integrable exponentially g-preinvex functions with
respect to the function p, we have

F (o7 (o(@) +tr(e(y), o(2))) g (7" (e(x) +t(o(y), o(2))))
][00 ]

(22) —(- )Zf(e2),8x( x) t(lt){f(x)g(i/;(:rigw)f(y)] +t2f(62)6y( )

< |

Multiplying both sides of (22) with t*~! and integrating with respect to ¢ on [0, 1],
we obtain

Jé 1 f (o7 (o(@) + tr(o(y), o)) g (07 (o) + t7(e(y), o(x)))) dt

1 1
< f(j;)ﬁgix)/o 1911 — £)2de + f(?;)gy(y)/o o142y

4{fWM@N+ﬂ@ﬂw]/dﬁ4ﬂ1_ﬂﬁ

eﬂ($+y) 0

2f(z)g(x) f(y)g(y) N f(x)g(y) + g(x) f(y)

(23) T Prala+ D(a+2)  P(a+2)  PEti(at)at2)

Again, integrating both sides of (23) over the plane domain {(z,y) : z € [u,v],y €
[u,v]} and then using the left-hand side of Theorem 14, we deduce the left-hand
side of (21).
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On the other hand, substituting z = 07! (o(u) + t7(0(v), o(u))) and using again
the fact that f and g are two integrable go—preinvex functions with respect to the
function g, we get

o™ (e(w)+7(e(v)0(u))) o1
/ (0x) — o(w)** f(z)¢ (x)dx

=7 (Q(v),Q(U))/O Fe™" (o(u) + tr(e(v), o(w))))dt

(24) <3| 25 + 252 re (et ot

Similarly, we have

e~ He(w)+(e(v),0(w))) w1
/ (0(0) — o)™ F(0)e ()

(25) < 3| 250+ Z52re tate) otu.

0™ (o(w)+7(e(v),0(u))) - /
(o(w) — o(u)™ " g(x)d (z)dx

u

(26) < 3|2+ 5| tetwh .
o™ (e(u)+7(e(v).0(w))) »
(e(y) = o(u)™™ g(y)e' (y)dy
(27) <3| 20+ 5 | teto) ).

Combining (24)—(27) we obtain the right-hand side of (21). The proof of Theorem
28 is completed. O

Corollary 29. In Theorem 28, taking T(o(v), o(u)) = o(v) — o(u), we get

/U /U/O 271 (o(x) — 0(u))* " (o(y) — o(u)* " f (671 ((1 — t)o(x) + to(y)))
xg (07 (1 = t)o(z) +to(y))) o' (z)d (y) dt dy d
2+ a(a+1)) 20
= Pt Dt A TPl fu)
1

(a+1)(a+2)

+
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v

X{/U (o(y) — Q(U))O‘flg(y)g/(y)dy/ (o(z) — o(u)* ™ f(2)d (x)dz

u

v

+ [t = o) sty [

u

(o(x) — o(u))*™ g(x)g’(x)dx}

(2+a(a+1) o
= Pat Data A APl G )

1 fw)  f)][gw)  g(v) a
2(a+ 1)(a+2) [ efu ebv ] [ efu + eBv ] (o(v) — g(u))2 ’

+

Corollary 30. In Corollary 29, taking a = 1, we get

/v //0 fe7 M (1 =t)olx) +to(y))) g (7" (1 —t)olz) +to(y))) -

o' ()0 (y) dt dy dx
< {2 (0(0) — o) U(B.u.0) + [ ’ / " F(@)g)e ()0 (v) dy dx}

2 (Bu) L [ﬂu) . f(v)} [gw) . g(v)H,

4| ebu ePv efu ePv

_ (o(v) — o(w)*
= 3

where

U(Buv) = % {f(q;)gfu) N f(:ggfw} + N(?éw).

3. CONCLUSION

Interested readers can obtain in a similar way new results for different operators
such as the k—Riemann-Liouville fractional integral, Katugampola fractional inte-
grals, the conformable fractional integral, Hadamard fractional integrals, etc., and
these results can be applied in different areas of pure and applied sciences. It is
also worth to mention here that if we take 8 = 0, then we have results for the class

of o—preinvex functions, which are also new in the literature.
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