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In this paper we study matrix biorthogonal polynomials sequences that sat-
isfy a nonsymmetric three term recurrence relation with unbounded matrix
coefficients. The outer ratio asymptotics for this family of matrix biorthogo-
nal polynomials is derived under quite general assumptions. Some illustrative
examples are considered.

1. INTRODUCTION

The study of the outer ratio asymptotics, i.e. the limit of the ratio of two
consecutive polynomials p,, and p,41 of a sequence of polynomials, (p,(x))nen, or-
thogonal with respect to an inner product, outside the convex hull of the support
of the measure of orthogonality has attracted the interest of many researchers in
the last decades. Since the first study of Nevai in 1979 (cf. [14]) for orthogonal
polynomials with respect to a measure supported on an infinite subset of the real
line with convergent recurrence coefficients, more general situations have been con-
sidered, such as the case of asymptotically periodic recurrence coefficients with a
finite number of accumulation points (cf. [16], [19], [20]) or the case of unbounded
recurrence coefficients (cf. [19]).

In 1993 Durén (cf. [9]) gave the characterization of symmetric bilinear forms
for which the multiplication operator by a polynomial is a symmetric. There,
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necessary and sufficient conditions were deduced, so that, a sequence of scalar
polynomials (p,(x))nen satisfying a (2N + 1)-term recurrence relation

N
B(@) pa(@) = 0 pa(@) + 3 (Enk Puoi(@) + cusis Pasi(@)),
k=1

is orthogonal with respect to a symmetric bilinear form (generalization of the
Favard’s theorem). In particular, their attention was focused on the discrete
Sobolev type inner products. In that work, the author gave a first idea to connect
scalar orthogonal polynomials with respect to a bilinear form and matrix orthogonal
polynomials with respect to a positive definite matrix of measures. From the above
result, Durdn and Van Assche [13] proved that if (p,,(2))nen is a sequence of scalar
polynomials satisfying a (2N 4 1)-term recurrence relation, then it is related to a
matrix polynomial sequence (P, (x))nen satisfying a three-term recurrence relation
with matrix coeflicients

(1) x Py (z) = Apng1 Poga(2) + Bp Pr(z) + A4;, Pro1 (o), n €N,

and initial conditions Py(z) = Iy and P_;i(x) = Oy, where for each n € N, A,, is
an upper triangular, nonsingular matrix and B,, is a Hermitian matrix.

The above results reawakened the interest on matrix orthogonal polynomi-
als (cf. the survey paper [7]). So, in [12] Durdn and Lépez-Rodriguez studied
properties for the zeros of a sequence of matrix polynomials (P, (x))nen which are
orthonormal with respect to a positive definite matrix of measures W. Next, Duran
in [10] showed two important results: the first one is a quadrature formula for ma-
trix polynomials and the second one is the Markov theorem for matrix orthogonal
polynomials when again the matrix of measures is positive definite. In [8], the
author deals with the outer ratio asymptotics for matrix orthogonal polynomials.
Therein, Duran obtained the asymptotic behavior of two consecutive polynomials
belonging to the matrix Nevai class, i.e. these polynomials satisfy a three-term
recurrence formula as in (1) where, again, A, are nonsingular, upper triangular
matrices and B,, are Hermitian matrices for all n € N, and such that 4,, — A
and B, — B. Later on, Durdn and Daneri-Vias analyzed the above case but when
the matrix sequences (A, )nen, (Bn)nen diverge in a particular way (cf. [11] for
details).

Recently, Yakhlef and Marcelldn [18] have studied the outer relative asymp-
totics of sequences of matrix orthogonal polynomials for Uvarov perturbations in
the degenerate case, i.e. given a positive definite matrix of measures «, and its cor-
responding sequences of matrix orthonormal polynomials, (P$(x))nen, satisfying a
three-term recurrence relation as in (1), they define a new matrix of measures 3 as

dB(u) = da(u) + Mé(u — ¢),

where M is a positive definite matrix, é(u — ¢) is the Dirac measure supported at ¢
that is located outside the support of da, and the sequence of matrix orthonormal
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polynomials associated with dB, (P?(x))n,en. Then, they study the outer relative
asymptotic between the sequences (P (x))nen and (P (z))nen under quite gen-

eral assumptions on the coefficients of the three-term recurrence relation (A, )nen,
(Bn)neN-

When the matrix of measures, W, is no longer Hermitian, we can define a
bilinear (respectively, sesquilinear form) in RN >N [z] (respectively, in CV*¥[z]) and
deal with sequences of biorthogonal matrix polynomials, (V,,(2))nen, (Gn(Z))nen,
which play the role of the left and right-orthogonalities (cf. Definition 1). It can
be proven that these sequences satisfy a three-term recurrence relation

(2) an(l‘) = Qp Vn-&-l(x) + Bn Vn(l') + Tn Vn—l(x)a
(3) 2 Gp(2) = an Gry1(x) + by Gr(x) + ¢ Gpo1(2),

where a,, au,, by, Bn, are nonsingular matrices. Without loss of generality we can
suppose that a,, o, are lower triangular matrices and ¢,, v, are upper triangular
matrices (cf. [13]).

As we have said above, matrix polynomials defined by recurrence formulas
as (2) appear in a natural way in the literature and its study paid an increasing
attention in the last decades. For example in [4], the authors give a matrix inter-
pretation of the multiple orthogonality in terms of matrix orthogonal polynomials
satisfying the same kind of recursion formulas. On the other hand, in [1], [2], [15]
were studied perturbations of measures (Christoffel, Geronimus, and Geronimus-
Uvarov) which yield to non-positive definite matrix of measuress, and thus, to
biorthogonality.

Ezample 1. Let u be a scalar measure supported on the real line, and (p,(2))nen
its corresponding sequence of monic orthogonal polynomials. If W(x) is a ma-
trix polynomial of degree M, then we can define a new measure dji = W(x)du
(Christoffel transformation of the measure) which clearly is non-positive definite
as W (z) needs not to be identical to WT(z). In particular, taking W (z) = [& 1],
then following the techniques developed in [1], it is easy to see that the sequence
of matrix polynomials

P (0) @

Vi(a) = Kn(x,O)/pn(O) Pn(0) Kn(2,0) =W (pn,pnt1)(0) pn(z)
! 0 K, (2,0)/pa(0) ’

Cla) = — Ko (2,0)/pa(0) 0 ] |

l— (K, 0)p},(0) + Z5552) [, (0) - Ko(,0)/pa(0)
with W (pn, pri1)(z) = pn(x)p%+l($) = Pn+1(2)p,(2), and

Ko (2,0) = (pn(0) prt1(2) — Pt (0) pa(2)) /2,

satisfies

/ Vi () W () G (&) dp() = Ty Gy,
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ie. (Vo(2))nen, (Gn(x))nen are sequences of biorthonormal polynomial with re-
spect to dji and satisfy the three-term recurrence relations (2) and (3) with a,, =
Ynt1, bn = Bn, and ¢, = ap—1 = In (cf. Theorem 1).

Outer ratio asymptotics for the class of matrix biorthogonal polynomials sat-
isfying the three-term recurrence relation as in (2) was studied for the first time
in [6]. There, the authors analyzed the case of convergent recurrence coefficients
by introducing an analog of the Nevai class of matrix polynomials for the nonsym-
metric case, the generalized matrix Nevai class.

In the present contribution our aim is to generalize those results when the
coefficients of the nonsymmetric recurrence formula diverge in a particular way.

The structure of the manuscript is as follows. Section 2 provides the basic
background about matrix biorthogonal polynomials (V,,(z))nen and (Gn(x))nen
that satisfy dual nonsymmetric recurrence relations (see cf. [4, 5, 6]). Here, we
establish the relations between the zeros of these two families of polynomials and
discuss the most appropriate way of scaling these matrix polynomials in order to
obtain its asymptotic behavior. Section 3 deals with the outer ratio asymptotics
for left and right-orthogonal matrix polynomials with varying recurrence coeffi-
cients. We also deduce quadrature and Liouville-Ostrogradski formulas for the
right-orthogonal polynomials. Section 4 is focused on our main result (Theorem 8),
the outer ratio asymptotics of matrix orthogonal polynomials satisfying recurrence
formulas with nonsymmetric and nonsingular recurrence coefficients diverging in a
particular way. Section 5 is focused on the study of the case when certain matrix
appearing in the recurrence formula is singular.

2. MATRIX BIORTHOGONAL POLYNOMIALS

Let us a consider a quasidefinite N x N matriz of measures, W, i.e. W =
[wi’j]gj;lo, with measures, w; j, 1,7 € {0,..., N —1}, supported on the real line but
not necessarily positive definite with matrix moments, U,, = [ 2" dW (z), n € N,

and such that the Hankel determinants satisfy

det ( [Ui+j}i,j:0,,,.’n) # 0, n € N.
We will assume, without loss of generality, that the matrix of measures is normalized

by Uy = [dW (z) =Iy. If P and R are matrix polynomials in CV*¥[z], then we
introduce the following sesquilinear form,

(P, R) = /P(x) dW (z) R" (z), P,R € CN*N[g].

Definition 1. Let W be a quasidefinite N x N matrix of measures. The matrix
polynomial sequences, (V,,(z))nen (respectively, (G (2))nen), such that for every
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n,m € N, deg V,,(z) = n (respectively, deg Gy, () = m) and

/Vn(x) AW (z) z™ = Q1 6,0 m, m=0,...,n
(respectively, /w" AW () G () = QP 6,1 1, n=20,...,m),

where 6, ., is the Kronecker symbol and ol (respectively, Qg)) are nonsingu-
lar matrices for n € N, are said to be the left (respectively, right) biorthogonal
polynomial sequences with respect to W.

We also refer to (Vi (2))nen, (Gn(z))nen as biorthonormal polynomial se-
quences with respect to the quasidefinite matrix of measures W, when

/V,L(z) dW (z) G () = 1IN Onm, n,m € N.

Theorem 1 (cf. [5], Theorem 4). Given a quasidefinite matriz of measures W, then
its biorthogonal polynomial sequences, (Vi (z))nen, (Gn(x))nen satisfy the three-
term recurrence relations

(4) xVo(x) = Ap Va1 (z) + B, Vi () + Cy Vi1 (), n €N,
(5) x Gn(x) = Gn—l(x) An—l + Gn(x) Bn + Gn—i—l(x) Cn+17 n e Nv

with V_1(z) = 0N, Vo(z) =1In, and G_1(x) = O0n, Go(x) =1Iy. Here, A, and C,
are nonsingular matrices for every n € N.

Without loss of generality we can suppose that (A4, )nen (respectively, (Cr)nen)
is a sequence of lower (respectively, upper) triangular matrices (cf. [13]).

In the same way as in the scalar case, the Favard’s Theorem for matrix
polynomials can be found in the literature (cf. [5], Theorem 7).

Theorem 2. Given a quasidefinite matriz of measures W, then its biorthogonal
polynomial sequences, (Vi (z))nen, (Gn(x))nen, are such that for each n, V,(x) and
G (x) have the same zeros.

Proof. Notice that the N-block tridiagonal matrix associated with the recurrence
relation (5) for the polynomials G, (z) is the transpose of the N-block tridiago-
nal matrix

By Ay Oy
Ci B A
J = o

On CQ By

associated with the recurrence relation (4) for the polynomials V,,(z). The result
follows by taking into account that the zeros of V,,(x) (G, (), respectively) are the
eigenvalues of J,, (JT, respectively), where J,, is the truncated matrix of J, with
dimension nN x nNN. O
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Definition 2. Let W be a quasidefinite matrix of measures and (V;,(x))nen and
(Gn(2))nen the corresponding sequences of biorthogonal matrix polynomials. We
define the first kind associated polynomial sequences (Vfﬁl) (2))nen and (G%l) (X)) nens
as follows,

Vathi(w) = / WdW(y), GV, (z) = / AW (y) W

The first kind associated polynomial sequences (Vn(l)(x))neN, (G%l)(x))neN
also satisfy the three-term recurrence relations (4) and (5) with initial conditions,
V(@) =0, VI (2) = A7, and G (2) = 0, GV (2) = CT 1.

In order to obtain the outer ratio asymptotics for polynomials with varying
recurrence coefficients we will need some auxiliary results such as quadrature and
Liouville-Ostrogradsky type formulas for biorthogonal polynomials. For the left-
orthogonal polynomials these results can be found in the literature (see [6]).

Lemma 1 (cf. [12], Lemma 2.2). Let A(z) be an N x N matriz polynomial and
let a be a zero of A(x) of multiplicity p, i.e. a is a zero of det A(x) of multi-
plicity p. We put L(a, A(z)) = {v € CY : 5" A(a) = On} and R(a, A(z)) =
{veCN:A@wv =0y} If dimL(a, A(z)) = dim R(a, A(z)) = p, then
(Adj (A@@) (@) = O, for j=0,....p—2, and (Adj(A(x)))" " (a) # On.
Moreover, rank ( Adj (A(x)))(pfl)(a) =p.

Lemma 2 (cf. [3], Proposition 5.14). Let P,(z) be a matriz polynomial of degree n
with m different zeros {xp1,...,Tnm} and with {{1,..., 4y} as corresponding mul-
tiplicities. For any matriz polynomial R(x) of degree less than or equal to n — 1
and z € C\{xn1,...,ZTnm} we have

_ - Cn k — = D’n k
1 _ _Tnk 1 _ TR
R(a) (Pu(e) ! =3 =2y (Pal) R = 3
k=1 ) k=1 ’
where
B 0y . (£x—1)
Gt = (det Pn)(z’“)(:rn,k)R(xn’k) (Adj Fu(=) (Ene)
Ly, . (0e—1)
D = Adj P, .
" (det Po) (B (a1 (AQ @) o) Rlons)

Theorem 3 (Quadrature formula). Let (V,,(2))nen, (Gn(x))nen be the sequences
of biorthogonal matrix polynomials with respect to a quasidefinite matriz of mea-
sures W, and let ( n(l)(x))neN, (Gsll)(x))neN be its first kind associated polynomial

sequences. Given the different zeros of Vi (x), {@n.1,...,Tn.s}, with multiplicities
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{l1,...,Ls}, we define the matrices Ty, , fm’k, as
gk . (r—1) )
* = V(o A V@) Vs (@)
r Cr : (bx—1)
k= CGnnale "“)(det G7L)(ek)(xn7k)( j Gin(2)) (1)

Then, for any polynomial P(x) of degree less than or equal to 2n — 1 the following
quadrature formula holds

/P(m) dW (z) = ip(xn,k)rn,k, /dW Zrn k P(zn1)
k=1

Proof. We will prove the quadrature formula for the right orthogonal polynomials,
because the left one is already proved in [6]. Let P(x) be a matrix polynomial of
degree less than or equal to 2n — 1. Since G, (z) is a polynomial with nonsingular
leading coefficient, then P(z) = Gy (z) C(z)+R(x). Here C(x) and R(x) are matrix
polynomials with degree of R(z) less than or equal to n — 1. Using Lemma 2 we
get

Gt = —_—
2 @) Rl = 30—

k=1 ’
where the matrices D, j, are

Ly,
D, =
T (et Go) @) (2 1)

Taking into account that R(xy ;) = P(zn k) — Gn(zn k) C(2n,k) and
. Lo
(@ne) Gr(@ni) = C(@np) (Ad) G) ™V (@) = O,

Uy
t Dy =
we ge K (det G, )(ek)(xn &

(Adj Gn(@)) ™ (@) Rl@n ).

6) (AdjG,,) Y

) (Adj Gn(x))“’“*”(xn,k) P2 ).

Thus, P(z)= )+ Z Gn( a: i Using again (6), we have
- dnk

P(z) = )+ z wlonk) py

T — Tn,k

and by the definition of the first kind associated polynomial, it follows that
/dW(x)P(x) . /dW(x) +Zan (@np)

So, from orthogonality we have /dW Z Gm 1(@m.k) Dk, and the

result follows. O
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Theorem 4 (Liouville-Ostrogradski formula). Let (V,,(2))nen, (Gn(x))nen be the
sequences of matriz biorthogonal polynomials with respect to a quasidefinite ma-

triz of measures W and (Vn(l)(x))neN, (Gg)(x))neN be, respectively, the first kind
associated polynomial sequences. Then,

(7) Va(2) GV (2) = VL (2) G (2) = A},
8) V(@) G (x) — VIV, () Grsa (2) = O Ly,

where A,,, C,, are the nonsingular matrices in (5).

Proof. Equation (7) was already proved in [6]. To prove (8) we proceed by induction
on n. For n = 0 the result follows from the initial conditions. We assume that
the formula V,(x) Gz()l)(x) - Vp(i)l(x) Gp1(z) = C’p_jl istrue forp=1,...,n— 1.

First, we use the recurrence relation in Gg)(x) and Gp41(z) to obtain

. W (@) = V(@) Ga(x))
x (#ly — Bp) City — (Va(2) Gy (@) = VI (2) G r (2) Any O L

n—1

V(2) GO (2) — VY, () G () = (V) G

Second, we prove that V,,(z) G’Sll(x) - Vrfi)l(x) G, (x) = O0y. Using the definition
of the first kind associated polynomial, we get

Va(@) G2 (2) = VY, (2) G ()
_ (Ve dW ) oy [V @) Galy)
_/ L Gl vn()/ e,
Valy) dW (y) G (y)

T—y
account the left and right-orthogonalities, the result follows. With this in mind

Adding and subtracting / in the last relation and taking in

(9) Val2) GV (@) — VY (@) G (@)
= —(Vu(2) G2y (2) = VIV, (&) G (2)) A Oy

n

Now, using the recurrence relations for V,(z) and V,El_)l (x),
Va(@) G5 () = V) (2) G ()
= AL (@ = Bu1) (Vaoa (2) GYY o (2) = Vi (2) G (@)
— AL Coy (Vs (@) G5 (@) = Vs () G ().
Since V,,_1(z) Gy (2) — V.Y, (2) Gy (2) = 0,, we deduce
Vi(@) G2, (@) = Vil (2) G ()
= — AL Co 1 (Voo (2) Gy (@) = Vis(2) Groa ().
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Using this relation in (9) we obtain
Va(2) GO (2) = VY (@) G ()
= A1 Coct (Vaa(2) G () = Vi) G () A Oy
According to the induction hypothesis the result follows. O

In the sequel, we will assume that the matrix recurrence coefficients diverge
in a particular way: we will suppose that there exists a sequence of positive definite
matrices (Dy,)nen such that

lim D;Y2?A, D;'? = A, lim D;Y?B,D;'?=B

)

(10) n—o0 n—oo
lim D;'/?C, D;'/? =C, lim D;'/?D}? =1y
n— o0 n—r00

When unbounded coefficients are considered in the scalar case (assuming the same
hypothesis given by (10)), the outer ratio asymptotics is then obtained for the
scaled polynomials p,(c,z). However, in the matrix case there is a large range of
possibilities to define the scaled matrix polynomial P(Hz) (cf. [11]). From now
on we will work with two notions of scaled matrix polynomials depending on the
kind of orthogonality (left or right) that we will deal with. In the case of left-
orthogonality, the suitable definition of scaled matrix polynomials was introduced
by Durdn in [11].

Definition 3 (cf. [11]). Given the sequences of recurrence coefficients (A4, )nen,
(Br)nen, and (Cp,)nen, we can define a sequence of matrix polynomials (V,,(2))nen
in one matrix variable, as

TVo(T) = Ap Vit (T) + Bo Vu(T) + Co V1 (T),

with initial conditions V_1(T) = Oy, Vo(T) =In. We define the left-scaled matriz
polynomials as V! (z) = V,,(H x). On the other hand, the natural definition in
order to scale the right-orthogonal polynomials is the following one. Using the
recurrence coefficients we can define another matrix polynomial sequence of one
matrix variable, (G,)nen, as

G, (T) T = Gn_l(T) A,_1+G, (T) B, + Gn+1(T) Cn+17

with initial conditions G_;1(x) = On and Go(z) = Iny. Now, we define the right-
scaled matriz polynomials as GH (z) = G,,(H z).

Notice that, in particular, for each non-negative integer k the scaled polyno-
mial sequences (V,”*(z))nen and (GP*(x))nen, are biorthogonal with respect
to a certain varying matrix of measures Wj. We will say that (V,P*(2)),en and
(GPx(x))nen are matrix biorthogonal polynomials with varying recurrence coeffi-
cients. In this way, our main result, Theorem 8, will be a consequence of a more
general theorem on outer ratio asymptotics cf. Theorem 6.
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In the sequel, we associate with three given matrices A, C, B, where A, C,
are nonsingular, the left-orthogonal Chebyshev matrix polynomials of second kind
(USB4(z)),en which are defined by the recurrence formula

1) 2USEA@) = cUuSHA (@) + BUSPA@@) + AUSEA(2),  neN,

with initial conditions US"?*(z) = Iy and U%®*(x) = O, as well as the right-

orthogonal Chebyshev matrix polynomial of second kind (74:5:¢(x)),,en given by
(12)  aTABO@) = TAPC () A4+ TABC(@) B+ TABC(@)C,  neN,
where T64’B’C(x) = Iy and Tfl’B’C(x) = Oy. We denote by We g 4 the matrix
weight for which the polynomial sequences (US54 (2))nen, (TAEC(2))nen are
biorthogonal.

3. OUTER RATIO ASYMPTOTICS FOR ORTHOGONAL
POLYNOMIALS WITH VARYING RECURRENCE COEFFICIENTS

Foreach k = 1,2, ..., we consider orthogonal matrix polynomials (Ry, k() )nen
and (Sy, % (%))nen, given by the recurrence relations
(13) @Ry (2) = An i Ros1,k(2) + Bk Ry (%) + Cr g Rin—1,1(2), n €N,

(14) zSpi(x) =Sn-16(x) An_1k + Snk(2) Bng + Snt1,6(2) Cog1 e, neEN,

with Ro,k(x) =1y, R—l,k(x) =0xn, and 80716(33) =1y, S_l,k(JC) =0ypy.
For a fixed k, these matrix polynomial sequences are biorthogonal with re-
spect to a certain quasidefinite matrix of measures which we denote by W.

As far as we know, the only result on outer ratio asymptotics for matrix
polynomials satisfying nonsymmetric recurrence relations is the following one.

Theorem 5 (cf. [6], Theorem 3). Let W be a quasidefinite matriz of measures,
and (Vo (2))nen, (Gn(2))nen biorthogonal polynomial sequences with respect to W,
satisfying,respectively, the three-term recurrence relation (4), (5). Let us assume

lim A, = A, lim B, = B, lim C, =C,

n—oo n—oo n—oo
with A, C nonsingular matrices. We denote by A, the set of zeros of (V,(2))nen,
and T’ = ﬂ My, where My = U A,. Then,

N>0 n>N
) _ _ dWe,B,A(Y)
nlgIc}o Vn_l(,fL') Vn, l(x) Anil = / W, reC \ F,
i O G (o) G (o) = [ 12240, reC\T,
n— 00 xr — y

where We g a is the matriz of measures associated with the second kind Cheby-
shev matriz polynomials. Moreover, the convergence is locally uniform on compact

subsets of C\T.
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In the previous case, the coefficients of the recurrence relation are assumed
to be convergent.

The following result generalizes the previous one in two senses: we consider a
case of varying recurrence coeflicients and, for a fixed k, the recurrence coefficients
will diverge in a particular way.

Theorem 6. Let Wy, be, for each k € N, a quasidefinite matriz of measures and
(Bn.i())nen, (Snk(x))nen be the sequences of biorthogonal matriz polynomials
depending on a parameter k, k = 1,2,..., satisfying (13), (14). Let (nm)men,
(km)men, be two increasing sequences of positive integers and we will assume that
there exist three matrices A, B, and C, with A and B nonsingular, such that for
alll € N,

(15) lim Anmfl,km = A, lim Bnmfl,km = B, lim Cnmfl,km = C

m— 00 m— o0 m—r oo

We denote by Enk the set of zeros of Sy, k,, and [ = ﬂ MNJ.C, where MNJC =

N>0
U An,k- Then,
n>N
AW, t
(16) lil}n an’_Lk"’(z) RT::uknz(x) A;;}l_l,k?‘n = /%1:()’ x e C\F’
dw, ~
(17) lim Ol St (@) St (@) = /LA(‘”) zeC\T,
m—o0 myivm mHvm €T —y

where We g a(x) is the matriz weight for the generalized Chebyshev matriz poly-
nomials defined in (12). Moreover, the convergence is locally uniform for x on
compact subsets of C\T.

Proof. We will prove the asymptotic result (17). Notice that (16) follows by using
similar arguments. First, we consider the sequence of discrete measures (fin k)nen
defined by

S

fk = Y S Bk (@,0e )T S, (@), neN,
j=1
where 2, ;, j = 1,...,s, are the different zeros of the matrix polynomial, R,, i (z),

or, equivalently, the zeros of Sy, () (cf. Theorem 2) with multiplicities {¢1, ..., ls},
and

05 (A (S (@) (@ns)
(det(Sp k(@)@ (@npg)

fn,k,j = S?SI—)Lk(xmk,j)
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Notice that from the quadrature formula

S

/d,ufn,k(x) = ZRn—l,k(xn,k,j)fn,k,jsn—l,k'(xn,k,j)

7j=1
:/Rnfl,k(:c) de(l') Sn,lyk(x) :IN, n = 1,2,....

According to Lemma 2, we get

S

(Smk(m))_l Sp—1x(z) = Z

k=1

Dr kj

T— Tk,
where

]
(det Smk)(ej)(xn,k,j)
Multiplying in the left hand side of (18) by C’;}C

e.
C—l Dn o C—l J
n,k kg n,k (det Sn,k)(ej)(xn,k,j)

. 2;—
(18)  Dyi; = (Ad) Snp (@)™ @nks) Snr ok (-

. L —
(A S k(@) ™ (@) Sn 1 (k).
and applying the Liouville-Ostrogradski formula (8)

. Cr—
Sn,k(xn,k:,j)(Ad‘] Sn,k)( K (xn,k,j) = ONa

we get C;iDn,k,j =Rn_15(xn k) fn,k Sn—1,k(Tn,k,;). From the definition of the
dﬂn,k(y)

matrices fn,k, we have C’giS;}c(w) Sn—1.6(z) = /7, x e C\ [. For two
kPn, Ty

given nonnegative integers n, k, let us consider the generalized Chebyshev matrix
polynomials of the second kind, (745 (x)),en, defined in (12). We can prove by
induction that

(19) lim /dunm,km (@) (@) =Ty b0

m—roo

To this end, we can write
(200 S1k(@) TMP(@) = Snk(@) Kin—1.0(2) + D Snik (@) it
=1

where Kj ,_1,(x) is a matrix polynomial with degree less than or equal to n —
1. Thus,

/dﬂn,k(m)TlA’B’C(af) = Rt (@) Dot Stk (@ ) T (1 5)

j=1

S n
=D R 1@k ) Do (S (@) Kint (@) + D Sk (k) Aigin—1,1)-

j=1 i=1



Outer ratio asymptotics for biorthogonal matrix polynomials 766

According to the definition of the matrices fnk and taking into account that

. ) —
(Adj (Sn,k)(x))( g 1)(a:n,k,j) Sk (T ki)
= Sk (@ ies) (Ad) (Snp) (@) (@nhs) = Ow,

A
Weget/dunk x) Ty BC (g ZRn 1,56 (Tn k,5) nk,] ZSn ik @k ) Ditn—1,k)-

Using the quadrature formula glven in Theorem 3, we conclude
/dunk A B.C (g Z /Rn 1.6(2) dWi () Sn—i k(@) Aitn—1k = A1,1,n-1,k-

So, (19) follows when 11_1}1 Ajimn, 1.k, =In 65141, holds. We use induction on .

When [ = 0 the result is immediate. Now assuming that the result is valid up to [,
the three-term recurrence relation for the matrix polynomials (74 5:¢ (z)),en yields

Sn1n(@) TP (@) = 81 k(@) (2177 (2) = 19 (2) B — TP C () ©) A7

Using (20) and the three-term recurrence relation for (S, x(x))nen

ANjisim1k=An ik DNj 1 gma kA + Bk A1 A7
+Cnj A1k A = DNy g BAT = Ay i1 s CATE
For j > 143 or j <1 —1 the induction hypothesis shows that

hm Ag 141, —1,km = ON.

We study the cases j = 1,7 =1+ 1, and j = [ + 2 separately:
Case 1. j =1.

. . 1
M Aj it -1 = M (A 1k Ai1,imm -1,k A

+ Brg o Bldsi =Lk AT+ Cp A1, mm =1,k ATt — ALl 1,k B At
— A —1k, CA™ ) =(C—-C)A™ ' =0y.

m

Case 2. j=1+1.

. . —1
lim Al+1,l+1,nm71,km = lim (Anmflfl,kmAlylﬁnm,Lkm A
m—0o0 m—0o0

+Bnm_l_17k7nAl+1al7nm_17k7n A_1+Cn7n_l_lAl+2;l7nnz—1;k)m A_l_Al+17lan7n_17k7n BA—l
— Aip10-1mm—1k CA™Y) = (B—B)A™" =0y.
Case 3. j=1+2.

. . 1
Hm Ao i1mm -1k, = m (An,, 12500 A1 inm —1,km A

+ B —1-2. k0 At 2,001k A HCo —1—2 3 1 —1 ke AT =210 — 1k, BAT

m m m

—Appoi—tmp -1k, CAT) = AA™ =1y,
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Now, in the same way that was done in [11], one can prove

din dW,
llm M 7n7km (y) — / C7B7A(y) , T e (C \ 1—\7
by using the so called method of moments. O

4. MAIN RESULT

Definition 4 (cf. [17] Section 7.7). Let A, B € CN*¥ be Hermitian matrices. We
write A > B if the matrix A — B is positive semi-definite. Similarly, A > B means
that A — B is positive definite.

It is easy to see that the relation > (respectively, >) is reflexive and transitive.

Definition 5. Let (A,)nen be a sequence of Hermitian matrices. We say that
(An)nen is an increasing sequence if A, 1 > A, for every n € N.

Theorem 7. Let the matriz sequence (Dy,)nen be increasing. Then, for eachn € N,
the polynomials V,Pn(z) and GP(x) have the same zeros. Moreover, denoting
by Tn,; the zeros of V,Pn(z) or GPn(z), then there exists a positive constant M
(independent of n) such that the the zeros T, ; are contained in a disk D = {z €
C:lz| < M}.

Proof. The N-block tridiagonal matrix associated with GLPx (x)Di/ % is the trans-
pose of the matrix

D;1/2BOD;1/2 D;1/2AOD;1/2 0y
j(k) - D;1/201D;1/2 D;1/2BID’;1/2 D;1/2A1D;1/2
0y D,;l/QCzD,;l/Q D;1/2B2D;1/2 ’

associated with D;/ 2VnD #(x). The first statement is an straightforward consequence

of the fact that the zeros of V,P(z) are the eigenvalues of jgj\), (truncated N-
block tridiagonal matrix of dimension nN) and the zeros of G2 (z) D,i/ ? are the

eigenvalues of jfllj\),T (the transpose of the previous one). Using the Gershgorin disk

theorem for the location of eigenvalues, it is enough to show that the entries of the
matrix J,n are bounded (independently of n). But the entries of this matrix are

D;;l/QAn D;1/2 _ D;1/2D}/2D;1/2An D;WD}/ZD,ZW’
D28, D2 = Dy ? DY D, V2B, DA DY D,
D,:l/zcn Dk_-l/g _ D,Zl/QDi/QD;l/zCn D;1/2D,1/2D,;1/2'
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Since the matrices D;l/QAn D;1/2, D;l/an D;l/Q, and D;l/QCn D;l/Z converge
and Iy > D,;l/ 2D71/ Zifn < k since (D, )nen is an increasing sequence, then the

result follows. O

The theory of matrix orthogonal polynomials with varying recurrence coef-
ficients studied in the previous section allows us to prove the main result of this
paper, i.e. the outer ratio asymptotics for matrix biorthogonal polynomials satis-
fying three-term recurrence relations as in (4) and (5) with unbounded coefficients
reads as follows.

Theorem 8 (Outer ratio asymptotics). Let (V,,(2))nen and (Gn(x))nen be the se-
quences of biorthogonal matriz polynomials with respect to a quasidefinite matriz of
measures, W, satisfying the recurrence relations (4), (5), respectively. Let assume
that there exists a sequence of positive definite matrices (Dp)nen such that (10)
holds with A and C nonsingular matrices, and consider the scaled matrixz poly-
nomials sequences (V,Pn(x))nen, (GP"(2))nen given in Definition 3. We denote

by A, the set of zeros of V.P(z) and by T = m My, where My = U A,

N>0 n>N
Then,
(a) If we assume that the matriz sequence (Dy)nen 18 increasing, then T is a com-
pact set.

(b) The following outer ratio asymptotics hold

lim D2V () (V) oy < [ Terall e,

n—o00 z—1

lim DY2C" (GP(2)) ' G, (2) DY :/M 2€C\T,

n— oo

where We g, a is the matriz weight for the generalized Chebyshev matriz poly-
nomials of the second kind defined by (11). Moreover, the convergence is locally
uniform for z on compact subsets of C\T.

Proof. Let (D,)nen be a sequence of N x N positive definite matrices. In order
to apply Theorem 6, we consider the scaled matrix polynomials V,Px(z), GP*(x)
associated with the parameters (A, )nen, (Bn)nen, (Cn)nen- Taking into account
their definitions, we have

(21) x Dy V;Pr(2) = A, V,EN (2) + B, VPR (2) + C, V.24 (2),

n

(22) GPr (2) Dyx = GE* | (2) A1 + GE*(2) By + GD% | (2) Cri
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and so

2D/?ViPr () = D2 A, DDV (2)
N D,;l/QBn Dk,l/zDi/z VnDk (z) + Dk—l/QC,n D;1/2D;/2 VnDJcl([L‘),

G (@) D* = G (@) DD P A DY
+GPx(z) D;* Dy ? B, D V? + GPE (x) DY Dy VP Ciy DY,
respectively. For each k, taking

Ry i(z) = DY/?VPr(), S, 1(z) = GPx(z) DY/,
Ani = D;'?4, D;Y2, B,y = Dy V2B, D2, C . = Dy Y2C, DY,

the matrix polynomial sequences (R, 1 (2))nen, (Sn.k(Z))nen satisfy the three-term
recurrence relations, (13), (14), respectively, with initial conditions Rg(z) =
Goi(z) = D;m and R_qx(x) = G_1x(z) = Ony. Then, the matrix polyno-
mial sequences (R, x(2))nen, (Snk(x))nen are orthogonal with respect to a certain
varying matrix of measures Wy. Under the assumptions (10) it is easy to see that
the limit conditions (15) are satisfied for n,, = k,, = m. Then, Theorem 8 holds.
Finally, from Theorem 7 we have that if the matrix sequence (Dp)nen iS
increasing, then the zeros of V,P»(x) and GP»(z) are bounded (and so T is a
compact set), as we wanted to prove. O

FEzample 2. In Example 1 let us take the scalar measure du = e *dx, o > —1,
supported on ]0,c0[ and (L%),en its corresponding sequence of monic orthogonal
polynomial (Laguerre polynomials of parameter o). The biorthogonal sequences of

matrix polynomials with respect to the new measure [’5 _Il] r%e~*dx are

atl(py_atntl e, o n o
v [otl(y) DlOTEETIA@T Tretl(z) 2o LoTH(2)
n\&) = = ,
0 Lot (z) 0 Lot ()

Gn(z) = — [nK:(w,O) ) Plditl) ke (o) )LD RS @0)
(a+1) ( ) I'(a+n+1) oy ( ) I'(a+n+1)

Moreover, the sequences (V,,(z))nen, (Gn(x))nen satisfy the three-term recurrence
relations (4), (5) with A,, =1Ix,
B _|nta+2 -2/(a+1) o — n(a+n+1) 0
L 0 2n+a+2|’ " 0 nla+n+1)|"

On the other hand, taking the sequence of positive definite matrices (D, )nen,
2

_In® 0 12 _[n O ~12 _|1/n 0
where D,, = [0 RQ], we find that D,/” = {0 n}’ D, = [ 0 1/n and
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Dy '? Drl/fl =Iy. Thus,

(2n+a+2)/n*  —2/((a+1)n?)

D;Y?B, D;Y? = { ] , andso D;Y?B,.D;'? - 0y,

0 (2n + a + 2)/n?
1/2 1/2 Q+TT:+1 O 1/2 1/2 1 O
D;Y?c,D;Y? = , andso D;'?C,D;'? - .
0 otntl 0 1

From Theorem 8 we get

tim DV () (v () oy = [T e,

n— oo z—1t

lim DY2C; (GP(2)) " GP» (2) DL/ :/M7 z€C\T,

n—o00 z—t

where Wy o 1 is the matrix of measures associated with the sequence of orthogonal
polynomials (US"%! ()),en satisfying

in’O’I(a:) = Uif’lj(a:) + Ulf)’ll(a:)7 neN,

n

with initial conditions UOI’O’I(x) =Iy, U (2) = 0.
Notice that it is an interesting situation, because Wy o ;(x) is a positive defi-
nite matrix of measures. Moreover, using Corollary 2.3 in [8] we obtain

[ Wiostt) 21 V& BT

22—t 2 2

Ezample 3. Let (V,(2))nen, (Gn(x))nen be matrix polynomial sequences satisfying
the recurrence relations (4) and (5), respectively, with

[ 2n? 0 _[3/n 4/n _[2n? 2n
An_[7n2+1 5n2}’ B”_[n SnQ}’ C”_[O nl|

If we take the sequence of positive definite matrices, (Dy)nen,

D o_ n® 1/n? +1/n* —2/n3
" (n2—1)2 —2/n? 1/n? +1/n|’
1/2 ot 1/n  —1/n? 12 [1/n 1/n? —1/2 11/2
then Dn = 21 |:—1/7’L2 1/7’l 5 Dn - 1/n2 l/n ) Dn Dn*l — IN

From here

D124 p-1/2 _ [2 +1/n®+5/n2+7/n  (Tn® +7n%+1)/n* ]

T+1/n2+7/n 5+1/n*+2/n?+7/n

and so, D;l/zAnDﬁl/2 — ﬁ g},

D_l/QB D_1/2 _ {(9n2+3n—|—4)/n4 (8n3+5n—|—3)/n4 :l

(9n* +3n+4)/n  (8n° +n3 +4n + 3)/n°
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—1/2 —1/2 0 0
D, '"B,D, — [0 8}’

_ _ 2+ 3/n? 5/n _ _ 2 0
1/2 1/2 _ 1/2 1/2
DIV2C, D {(3n2 s 1eam| DatCaD— |0

Theorem 8 yields

_ aw, t
lim DY2VPw (2) (VP (2)) ' AL, DY? = /LA() zeC\T,

n— 00 n z—1 ’

_ dW, t
Jm DO (G2 ) 6o py = [ el e,
where dWe g a(x) is the matrix of measures of the sequence of biorthogonal poly-
nomials satisfying for all n € N,

2 0 0 0 2 0
xUS’B’A(x)z{O 1] USﬁ’A(azH[O 8] U,?’B’A(xH{? 5} Up2 (@),

aBC, 20 00 ABCc, |2 0
TP (z) = Tn-i-? (x) {7 5] + TP () [0 8] T ) {0 J 7

with initial conditions US"P4(z) = TOPA(2) = Iy, U2 (2) = TSP (2) = 0.

5. THE SINGULAR CASE

In this section, we study the case when the limit matrices A or C' are singular.
In [11], for the case of symmetric recurrence coefficients the authors proved that
the outer ratio asymptotic also exists in the singular case, although they cannot
compute explicitly the degenerate positive definite matrix of measures appearing
in the limit. A similar argument can be applied for obtaining the existence of
outer ratio asymptotics for matrix polynomials satisfying recurrence relations with
nonsymmetric coefficients.

Theorem 9. Let (V,,(2))nen, (Gn(2))nen be the sequences of biorthogonal matriz
polynomials with respect to a quasidefinite matriz of measures, W, satisfying the
recurrence relations (4), (5). Let us assume that (Dp)nen is an increasing sequence
of matrices. Under the hypotheses of Theorem 8, if limit matriz A is singular, then
there exists a matriz of measures, vy, for which
. 1/2v,Dyn D, 1,1 p1/2 di(t)

Finally, if the matrix C is singular, then there exists a matriz of measures vs,
such that

lim DY2CSY (GP(2)) " (2) GPn, (2) DY/? = /dL(t) 2€C\T.

n— oo z—1
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Moreover, if we write Fu(z) = IM and Fo(z) = | w2t) with = ¢ supp(v),

z—1 z—t 7
then these analytic matriz functions satisfy the matrix equation

(23) CF(z)AF(z)+(B—2I)F(z)+1=0y.

Proof. Following the technique given in Section 4 of [11], it is enough to reduce the
result to the case of varying recurrence coefficients and to use the matrix polyno-
mials 2! Iy, instead of US4 (x) and TA5C (), in the proof of Theorem 6.

In order to prove that the Hilbert transforms of the measures 1 and v, satisfy
the matrix equation (23), let us remind that the polynomials V,P*(z) and GP*(z)
satisfy (21), (22), i.e.

eD,/*V,Pr(x) = D, "? A, VP4 (2) + D 2B, VP () + Dy 20, VS (2),

2GPx(z)D)/* = GP* (2) A, 1Dy ? + GP* () B, Dy ? + GP% (2)C iy DL 2.

Let us multiply the right hand side of the first one by (VnD")_1 (z) Dy /%, and the

left hand side of the second one by D, '? (G,’?")_l (z). Now, we put k = n and
take limit as n tends to infinity. Then, from Theorem 8

. _ -1 _ _
lim D, '/2A, V.25 (z) (VP) " (2)D, Y2 = F,

n—oo
. _ -1 _ _
nh_{IOIODnl/2 (G’I’?n) (‘T) Gf«tl(‘r) Cn+1 Dn 2 = FCI’
and the result follows. O
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