APPLICABLE ANALYSIS AND DISCRETE MATHEMATICS
available online at http://pefmath.etf.rs

ApPpL. ANAL. DISCRETE MATH. 14 (2020), 697-709.
https://doi.org/10.2208/ AADM190221047A

A NOTE ON POLYLOGARITHMS AND INCOMPLETE
GAMMA FUNCTION

Dedicated to Academician Professor Gradimir Milovanovié¢
on the occasion of his 70th birthday.

Aykut Ahmet Aygiines

In this paper, we firstly introduce the polylogarithms and incomplete gamma
function. Then, we claim that there is a relation between polylogarithms and
a generalization of incomplete gamma function. Secondly, we give a formula
related to polylogarithms. Also,we obtain a relation between incomplete
gamma function and the derivatives of polylogarithms. Finally, we find a
generating function for the values of incomplete gamma function.

1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Throughout this article, we use the following standard notations:

N denotes the set of natural numbers, R denotes the set of real numbers and
C denotes the set of complex numbers. Also,

Ny ={0,1,2,3,---} = NU {0}

and the n-th derivative of any function f at zo is denoted by f(™ (zp).
The polylogarithm (or de Jonquiére’s function) Lis(z) (cf. [9]) is defined by

Lis(2) = Z % = 2®(z,s,1)

n=1
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(s € C when |z| < 1; Re(s) > 1 when |z| =1).
where ®(z, s, w) is the Hurwitz-Lerch zeta function (cf. [2], [5]) defined by

n

D(z,s,w) = Z (n—T—iw)s

n=0
(s € C when |z| < 1; Re(s) > 1 when |z| =1)

for w € C\{0,-1,-2,-3,--- }.
The integral representation of Hurwitz-Lerch zeta function is as follows (cf.

[5]):

1

10gt S 1t’u) 1
1.1 P dt
(1) (2.5,w) / -
0
or
oo
1 1 7wt
1.2 (0]
(12) (2, 8,w) = I‘(s/l—ze
0
Let N € Ng. For w =1 and s = N + 1, by using equation (1.1), we obtain
L’iN+1(Z) = ZCI)(Z,N + 1, 1)
1
(=D [ (logt)
1. = dt.
(13) TN 1— 2t

0

By choosing z = 1 in (1.3), the polylogarithms can be reduced to Riemann
zeta function (N + 1) (cf. [4]) given by

N+1 Z niV+1

where N > 0.

Recently, many authors have investigated the poly-Bernoulli polynomials
B () (cf. [6], [7], [8]), by using the properties of polylogarithms. A. Bayad
and Y. Hamahata gave a generating function of B (x) as follows (cf. [1]):

sz(l—e >
1—e~ g

for every integer k.
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Also, Kaneko defined B for every integer k by generating function (cf. [12])

szl—et kt
B)
= Z

where BYY = BT(Lk)(O). In [12], an explicit formula for BY was given by

e En: (1)mm!{ :L }

n (m + 1)

m=0

where { ZL } is the Stirling number of the second kind (cf. [13]) defined by

e =3 {0

n=0

Polylogarithms also appear in generating function of generalized harmonic
numbers H, , (cf. [10]) defined by

"1
Hup =) o
k=1

where r € C.

From [1] and [12], we note that the polylogarithms are associated with poly-
Bernoulli polynomials, specially poly-Bernoulli numbers and the Stirling number
of the second kind.

Also, we introduce the incomplete gamma function I'(s,x) (cf. [10]):

o0

(1.4) I(s,z) = /tsfle*tdt

where Re(s) > 0 and = € R.

By choosing 2 = 0 in (1.4), we obtain the classical Euler gamma function (cf.
[10]) given by

oo

I(s) = /tsfleftdt.

0

Polylogarithms and incomplete gamma function are useful functions in Ana-
lytic Number Theory and Mathematical Physics.
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2. A GENERALIZATION OF INCOMPLETE GAMMA FUNCTION

In this section we introduce a generalization of incomplete gamma function
I, -(s, ). Then, by using the integral representation of polylogarithms Liyy1(2),
we obtain a relation between polylogarithms and a general case of incomplete
gamma function.

Recently, some authors have studied on generalizations of incomplete gamma
function I'(e, x; B) for Re(ar) > 0 and S € C.

In [11], Chaudhry and Zubair studied on the generalized incomplete gamma
function given by the following integral:

oo

(1.5) o, x; 8) = /tafle*tfﬁt_ldt.

x

In [3], Miller derived several reduction formulas for specializations of a certain
generalized incomplete gamma function T'(a,x; 8) and its associated Kampé De
Fériet function.

It is possible to define a generalization of different type from equation (1.5).
Let u € R. Then, we define
tNe—Ht

1—ze—mt "

LV 10 = |

x

In this section, we claim that I', .(s,z) is associated with polylogarithms.
Firstly, we give the following key theorem for our claim:

Theorem 1. Letb > a >0 and N € Ny. Then, we have

log b N

et 1 N 1%k { (log )N F Lip 11 (b2) — (log )N ~* Li

1 — zet _;kz—o p o) !{(log d) irt1(bz) — (loga) int1(az)} .
loga =

Proof. From equation (1.3), we get

1
1— 2t ' z '
0

We have

1.0 /aogtwdt: “(log(u+a))V

1—2za—zu

—_
|
IS
&
o 7

by substituting t = u + a.
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Then we have
b—a

1
(L) / (log(u + a))th _ / (log((b — a)v + a))N (b— a)do,
0

1—za—zu 1—za—z(b—a)
0

by substituting u = (b — a)v into the right side of equation (1.7).
From (1.6) and (1.7), we arrive

b 1
(log t)N (log((b — a)v + a))N
(1.8) Cost)” yy (b— a)dv.
/ O/

1—2zt 1—za—z2(b—a)

a

On the other hand,

1

b
(1
/ ogt)N /logb+logu b,
l—zt 1—bzu
0

0

by substituting ¢t = bu.
By using binomial expansion,

b 1
1 N
/ ogt)N _ / (log b + log u) b
1—zt 1—bzu
0

( zkv ) (logb)N_kk!(—l)kiLikH(bz)

= bz
1</ N
(1.9) = ZZ( P ) (log b)N *EN(—=1)*Lijy 1 (b2).
k=0
Similarly,
fogt)N 1L/ N Nk .
(1.10) e dt:;z . ) Qog )N T kI (=1)  Lik 11 (a2).
0 k=0

Suppose that b > a > 0. Then, we set

b b
N
/ (logt)N _ / (logt) g — / (logt)N it
1- zt 1—2zt 11—zt
0 0
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From (1.9) and (1.10), we have
(1 11)

/(logit z Z ( ) ~1)* {(log )" *Lip11(b2) — (log a)V " Lij41(az)} -

1—zt

a

By using (1.8) and (1.11), we obtain

| lo(G—ayoran™

1—za—z(b—a)v

. ( v >k!(1)k{(logb)N’€Lik+1(bz) — (log )N * Lij 1 (az)} .

By substituting log((b — a)v 4+ a) = t into the left side of the above equation,
we get

1 1 )) log b N :
og((b—a)v+ t e
1.12 dv = dt.
(1.12) / 1fzafz —a)v v /1fzafz(etfa)(bfa)
0 loga
By using the equation (1.12), we arrive at the desired result. O
Remark 1. By choosing a =1 in Theorem 1, we have
(1.13)
logb
tVet 1 _ 1V Y | N_
it = ~Linu(2) N!'+ Z Yok (log b)N 7 Lij1(b2) v .
0

By substituting ¢t = —u into the left side of equation (1.13), we have

logb Nt —logb N 0 N
tVe uve ute
1.14 — dt= N+l / —du=(-1)V / —du.
( ) / 1— zet (=1) 1—zeu (=1) 1—zeu
0 0 —logb
For b > 1,
< N y N < N
ute " ute " ute ¥
1.15 —du = —d —d
( ) / 1—ze u b / 1—ze @ u+/1—ze*” b
—logd —logbd 0
where
e N _—u Li
(1.16) /Ldu:N@(z,Nﬂ,l) _ mliva@)
1—ze v z
0
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for s = N + 1 and w =1 in equation (1.2).
From (1.14), (1.15) and (1.16), we have

TN -t logb v 4 (2)
tVe~ tVe Lini1(z
——  dt=< (=N dt Nl ——
/ 1—zet (=1) / 1— zet + z
—logb 0

or

) . B N
/ e dt = (-1)N Z< JZ ) (_1)kk!(logb)NﬁkLik.;_l(bZ)

1—ze? z =
—logb k=0

by using equation (1.13).

For b — e~?, we get the following equation:
T Vet NQL VR
Y k=0
where b € R.

Remark 2. While z — 0 in equation (1.17), we arrive

(N +1,b) = /tNe’tdt = e 'N! I
b k=0
where .
Li _
i Ler1(e™2)
z—0 z

By substituting b = pc into equation (1.17), we get

T Net N L (pe)N—Fk
1.1 ——dt = — ——— I THe2).
(1.18) / 1—ze™t z Z (N —k)! i (e72)
e k=0
By substituting ¢ = pv into the left side of equation (1.18), we arrive at the
following corollary:

Corollary 1. Let ¢, € R and N € Ny. Then, we have

N )ka

[ oNenw N! (pe ‘ e
Lpz(N+1,0) = / 1_ ze—Hv dv = puN+1 Z (N — k)!LZk+1(e ez).

Remark 3. By choosing =1 in Corollary 1, we have
ImTy (N +1,¢) =T(N +1,¢).
z—0

Therefore, we note that 'y, (N +1,¢) is a generalization of the incomplete gamma
function T(N + 1,¢).
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3. MAIN RESULTS

In this section, we firstly give a formula for the polylogarithms. Secondly,
we obtain a relation between incomplete gamma function and the derivatives of
polylogarithms. Finally, we find the generating function for the values of incomplete
gamma function.

From equation (1.3), we get

1

(logt)™ Linyy1(M=z) N
1.1 dt = ———=(—1)" N!
(1.19) / — Mzt Mz (=1)
0

By substituting v = Mt into the left side of equation (1.19), we get

/(logt / logu—logM)Ndu
1- Mo~ M 1—-zu

0

Denote such a partition P, that is P = {0,1,2,--- ,M}. For k € Ny, we
integrate on [k, k + 1]:

M +
(1.20) /(loguflogM Z/ (logu — log M)N o
k=0

1—2zu 1—zu
0

By substituting u = v+k into the left side of equation (1.20) for each integral,
we have

k+1 1
/ (logu — log M)N / (log(v + k) — log M )N
1—zu 1—kz—2zv
k 0
Then, we arrive
1 g 1
/ (logt)¥ _1]&1/ (log(v + k) — IOgM)Ndv
Mzt M 1—kz—2zv '
0 k=079

By using binomial expansion,

1
1 ~log M)V
(1.21) / Ogv+k e )T 4,

kz— zv

0

:/11—kz—zv i( ) (—log M)N=I(log(v + k))’ p dv

0 j=0
/ (1 k))
og(v +
—log M)N
) 8 /1—kz—zv
0

(1.22) i (

j=0

<=2
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Also, by substituting log(v + k) = ¢ into the right side of equation (1.22), we
have

1 log(k+1)
/ (log(v + k)) / tlet
dv = dt.
1—kz—2v 1— zet
0 log k
Hence,
1
Liyy1(Mz) N /(logt)N
—— 2 (-1)"N! = —=— dt
Mz (=1) 1— Mzt
0
| Mol N N log(k+1) et
— N— &
- () el [
k=0 j=0 logk
N
1 N Ne tiet
= — . —log M) 7 d
MZ<]>< og M) /lfzet
j=0 oo
log(k+1)
M-1 N )
1 N N—si Vet
1.2 — . —log M) ™7 dt
(1.23) S (V) e =
k=1 j=0 log k
where
0 it %S it
tle . tle™
dt = (=1)Y | ———dt
/1—zet ( )/1—ze—t
—00 0
_ (—1)13'!7%'“(2).

z

By using Theorem 1 for b = k 4+ 1 and a = k, the equation (1.23) can be
written as

%(ZMZ)( YN - A;ZEN;( ]]V )(—logM)N*j(—l)jj!Lim(z):
7 2 2 (5 ) e 8 (1) corn{ SIS )

Consequently, we arrive at the following theorem:

Theorem 2. Let M, N € Ng. Then, we have
N

(DY MLis (M +2)2) = 3

Jj=0

N

J ) (—log(M +2))N =9 (=1)7j!Lij11(2) =

M N j . j 1
N[ iy {8k 2)I T i (4 2)2)
ZZZ( j ) ( " >(_1°g(M+2))N ey T!{ ~(log(k + VYT Lirea((k + 1)2) }

k=0 j=07r=0
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For our second main result, we use

_ n —n,ut
(1.24) = Zz

From equation (1.24), we have

tYze H
/1 /t tN E z"e‘"“t> dt
—ze M

8

c <, n=1
(oo}
(1.25) = ) " tNe‘”“tdt
n=1
By substituting nut = u, we get
(oo} 1 (oo}
(126) /tNein'utdt: W / uNefudu.
c nuc

From equation (1.26), equation (1.25) becomes

TN ut 1 > n ®
ttze” z _
7dt = — — UNE udu
1_ zent (N1 § : RN+l

- n=1 e

I'(N +1,nuc) ,
LS Z Nt

Then, from Corollary 1, we deduce

N
I'(N + 1,nuc) n - e
Z nN+1 = N! Z sz+1(e Hez)
n=1 k:O
or
(127) 7; "’LN+1 Z = kzzom 'Lk+1(€ Z)
for & = pec.
We define
N N—k

Ine(2) N'ZWL%H( ~2).

The n-th derivative of function fN,E:
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For z =0,
N
n Nk
f](vné(()):]\fl@ €Z(N_k)|Lzl(:&-)1(O)
k=0 ’
In the left side of equation (1.27), by using the property of Taylor series, we
obtain

(N + 1,n¢) F2(0)

nN+1 n!

N
N! gN—k
— 2 o-ng :(n)
= e kz:% i 0

Consequently, we arrive at the following theorem:

Theorem 3. Let £ € R, N € Ny and 1 <n € N. Then, we have
SN £ 108 L eV

Remark 4. The n-th derivative of function Ligi1(2) is given as follows:

%Lik“(z) _ mf:n(m—1)(m—2)(mm—k3)~--(m—n+1)zmn
X (m+n—1)(m+n—2)(m+n—3)---(m+1)
B mz::() (m+n)k :
o (man—n
— m;)mz
For z =0, we arrive
(1.29) Lif™ (0) = %

From (1.28) and (1.29), we get

eT(N +1,n8) o= &Nk
nN N _Z(ka)!nk'

k=0

We expand the series both side of the above equation for NV € Ny:

ne (t/n)™ 2 N
" Y T(N +1,n8) N = szt
N=0 N=
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By using Cauchy product for the right side of the above equation, we have

oo )N c© N tEVN—F 74\ *
I P N =l )

N=0 N=Ok:0(
o0 N oo
- (%) (o)
N=0 : N=0
‘ 1
- 6514

where |t/n| < 1.

For t — nt,
N efnf(lft)

> t

(N L
> TN +1n) 5 = ——
N=0

where |t < 1.
Hence, we obtain the following corollary for né = x:

Corollary 2. Let © € R and |t| < 1. Then, the values of incomplete gamma
function is given by the following generating function:

efm(lft)

1-1¢

= > T(N+ L)
N=0
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