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¢-BINOMIAL FORMULAE OF DIXON’S
TYPE AND THE FIBONOMIAL SUMS

Wenchang Chu and Emrah Kilig*

Cubic sums of the Gaussian g-binomial coefficients with certain weight func-
tions will be evaluated in this paper. To realize this, we will derive two
remarkable formulae by means of the Carlitz—Sears transformation on termi-
nating well-poised g-series. As consequences, several summation formulae on
Fibonomial coefficients are presented by specializing the value of base ¢ in
our g-series identities.

1. INTRODUCTION

Throughout this paper we use the following notations: the g-Pochhammer
symbol (z;¢), = (1 —z)(1 —2q)...(1 —2¢" ') and the Gaussian ¢g-binomial coef-

ficients . . )

When = = ¢, we sometimes use the notation (g), instead of (g;q),. We

conveniently adopt the notation that [Z] .= 0if £k < 0 or k > n. With the g-shifted
factorial given by [n]! =[], 11%%; = (¢;¢)n/(1 — ¢)™, the g-analogue of Dixon’s

identity [1,6] can be reproduced as

S fs ] ] o] -
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Here and forth, the g-binomial sum “}°,” is finite even though the summation

index k runs formally from —oo to oo, because the summation limits (lower and

upper) will be determined automatically by the g-binomial coefficients involved.
Define the {U,, V,,} sequences by linear recurrences for n > 2 by

Up=pUpn1+Up2, U=0, Uy =1,
Voo = pVi—1 + Voo, Vo=2, Vi=p.

With a, 8 = (p +p?+ 4)/2, they admit the expressions in the Binet forms

an_ﬁn

U, = P>

For n > k > 1, we define further the generalized Fibonomial coefficient

{n} U,U0,...0, th {n} {n} .
= w = = 1.
k U (UlUQ...Uk)(UlUQ...Un_k-) 0 U n U

When p = 1, they reduce to the usual Fibonomial coefficient, denoted by {Z} T
For more details about the Fibonomial and generalized Fibonomial coefficients,
see [4,5,12,14,15].

Our approach will essentially be based on the following connection between
the generalized Fibonomial and Gaussian ¢-binomial coefficients

and V,=a" + 38"

{n} :ak(”_k){n] with ¢ =8/a or a=1i/\/q.
EJy k],

It will employed to transform summation formulae on Gaussian g-binomial
coefficients with certain weight functions into those on generalized Fibonomial co-
efficients with certain generalized Fibonacci and Lucas numbers as coefficients.
Therefore, we categorize such sums in the current literature according to the num-
ber of Gaussian g-binomial coefficients (or Fibonomial coefficients) in these sums:

e We can refer to [7-9,12] where the authors compute certain sums including
only one coefficient.

e In [9,11] the authors compute various sums including products of two coeffi-
cients.

e For the sums including products of three coefficients, which are sometimes
called “g-Dixon-like formula”, we refer to [10].

Now we recall one result from each group. Recently the authors of [7,9] proved
sum identities including certain generalized Fibonomial sums and their squares with
or without generalized Fibonacci and Lucas numbers. We recall such a result: if n
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and m are both nonnegative integers, then from [7], we have, besides three similar
formulee, that

i":{zn} U o i{%n—l} U
2m—1)k — tnm 4k—2)n>
k[, GmY £\ 2k—1f, Y

k=0

where

n—m

I Var, if n>m;
k=

Tn,m = —n—1

—1 .

kH Voo i n<m.
=1

From [9], we have that for any positive integer n,
2n n 2n 2 n
2n} 2n VorUsz(2k-1
I I | LD S el B |
1 =1 2k—1 all = .
k=0 By k=1 ol WL e Uk
Recently Kilic and Prodinger [8] computed the following Gaussian g-binomial
sums with a parametric rational weight function: For any positive integer w, any

nonzero real number a, nonnegative integer n, integers ¢ and r such that t +n >0
and r > —1,

" Tl (—1)igUE) it r _1Yig-tgw () —tws
ZH (1)q=(q;q)n{z( (1)a”q _

il, (ad?;q%), 4 q“:q); (@¥:q%),—; (aq™;q), 4

=0 =0

t—r—1 . .
-1y Z {n + j:| {t —-1- j] qw(rgl)Jr(jt)rwajt}.
’ n T w
§=0 q q

For the sums including certain triples of Fibonomial coefficients, with or
without extra Fibonacci numbers, Kilig¢ and Prodinger [10] investigated them sys-
tematically, discussed their proofs and recorded a long list of summation formulae
as corollaries. We recall one of them as an example. For nonnegative integer n:

2n 2
Z(_l)k |:2];fl:| |:2n]:_ 1:| q§(3k’—6n—3)(1 + qQk)
q

k=0 q
n q n q

As corollaries of previous identities, by specializing the value of ¢, the authors
showed that each identity corresponds to two identities which have slightly different
forms. In fact, the last identity corresponds to the following two identities:

ST {0 () (Tt

k=0

An+2 2
Z (_1)(1;) 4n 4+ 2 dn + 3 Vi = 2(_1)n+1 4n + 2 6n+ 4 .
k k U 2n+1),2n+1),

k=0 U
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As mentioned above, the authors [10] consider some sum formula including
certain triple Gaussian g-binomial or Fibonomial coefficients, where one of them at
least has different upper index, that is, upper indices of these coefficients are not
same.

In this paper, we shall investigate cubic sums of Gaussian g-binomial coeffi-
cients and their applications to sums of Fibonomial coefficients. By means of the
Carlitz—Sears transformation, we shall first prove two main theorems about the
g-binomial sums of Dixon’s type and apply them to derive several closed formu-
lae. Then these ¢g-binomial identities will be transformed into Fibonomial sums as
consequences.

2. EVALUATION OF @Q-BINOMIAL SUMS OF DIXON’S TYPE

In the theory of basic hypergeometric series (briefly as g-series), there are
numerous useful summation and transformation formulae. We record here the
following transformation due to Carlitz and Sears (cf. Gasper—Rahman [3, I11I-14],
where the reader may also refer for the g-series notation).

Lemma 1 (Carlitz [2] and Sears [13]: a = ¢~ ™).
5 |% O d ‘ cqaz | (az;9)
372 qga/b, qa/d 1T 0d | T (259)0

qa/bda \/aa 7\/5, mv 7\/‘]70' .
X5¢4{ ax, q/z, qa/b, qa/d‘q’q '

Performing the replacement k& — i — n on the summation index k, we can
express the g-binomial sum as the following well-poised series

2n 3 k(3k—1) 2n n 3 (n—4)(1+3n—3i)
S S ] e
k nt+k q i=0 tlg
i —1\n —2n —2n —2n
— q3(2)+2n<7> % 3¢2 q 9 q , g q;q1+3nx .
X q, q
Now applying Lemma 1, we can rewrite the last 3¢o-series as
—2n —2n —2n
q ) q ) q ‘ 1+3n
; T
302 [ 7. g |51 }

:(qinx;q)oo5¢4 |:q1+2n7 qina 7q7n’ qéina 7‘]%7” ‘qq:| .
("2 9)oo a ¢ q "z, ¢z
Then we can reformulate the 5¢4-series, by its reversal, as
_ _ 1 1_
5¢4 |:q1+2n, q n’ —q n, qz2 n’ —q?z " ‘qq:|
¢ ¢ q "z, ¢/
IR ) (U T [q‘”, " 0" o gfe
(6:0)3 (@ "z )n (¢ /25 q)n -q, 4%, —q%, ¢
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By combining the last and simplifying the quotient of g-shifted factorials

W) (@ n(a O ~2n=a(3) & Dsn

("% Q)0 (:0)3(0 "0 Qnl(a " /230)n 1 (:9)3

We establish the following theorem.

Theorem 2.

S, ]3qk<3';“xk _ @)

g n+kl, (:9)3

—n 0 —n

" ¢ q¢" =z g/
x5¢4{ -4, ¢*, —¢%, ¢"

b

QQCI}'

)

Theorem 3.

q
g (I-a)z 9}
[q"% ", q
—q, q

Z(_l)k {2” + 1] ’ Lk (1 — 2)(¢; 4)3nt1

- n+k

-, ¢z, q/
, —qz, ¢t

X 504 3

QQQ]-

Proof. Making the replacement £k — 1+ n — ¢ on the summation index k, we
can express the g-binomial sum as the following well-poised series

3 2n+1 3
S [ e = S e PR e

n+k 7
k +rly i=0 q

n —1-2n —1-2n —1—-2n
— qS( ;rl)<_x)n+1 % 3¢2 |:q , g ¢ y 4 .
)

¢ q3+3n/x:| )

The last 3¢o-series can be expressed, according to Lemma 1, as

—1-2n —1—-2n —1-2n

q y 4 P 343n
; xr
302 [ 7 g |91 / }

— (qin/xﬂQ)OO ¢ |:q2+2na q7n7 7q7n’ q7%7n7 7q7%7n
=TT~ 5P4 _ _
(" /75q) 0 ¢, ¢ gz, q"/x

Taking into account of the reversal series, we have also

(J§Q]-

_ _ _1_ _1_
Y @, g =g, g, —g 2 7
q ¢, q "z, q /x|
o (@) Q)2

()3 (g q)n(g" /25 q)n

a” ¢ q¢" qx, q/z }
X504 { 3 3 43,149 -
—q,  q2, —q2, ¢ 7"
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Finally, summing up and then simplifying the quotient

w (0 (@) (@2 q)2n
(@" /23 9)00 (6 Q)3 (025 Q)0 (@25 )
e Y nH (1 — 2) (g3 9)3n+1
K ( T ) (1= (g3

We prove the formula stated in Theorem 3.

O

By specifying = to powers of the base ¢ in Theorems 2 and 3, we get imme-

diately the following elegant formulae.

Example 1 (Theorems 2 and 3: z = 1).

3 2n 17 woen  (6:9)s
k _ ) n
(_1) |:n+k:| q 2 - . 3
q

- (¢:9)3
Z(fl)k 2n+1 3 Sk(l;—l) - 0
- n+k qq o

Example 2 (Theorems 2 and 3: = = ¢).

3

2n k(3k+1) q;9)3n

E (—l)k|: ] q ® :( )33’
q

p n+k ()}
S 2n+1)° won (¢ @ans
nek], T o
q r/mn

k

Example 3 (Theorems 2 and 3: z = ¢~ ).

Z<_1)k|: 2n ]gqak(zl) _ (¢ D)3n » 3¢"(1 —q™)

p n+k (¢:9)3, 1—g*
Z(_l)k |:2?”L + 1:| 3qw _ (q; Q)3n+1
- n+k], 9(¢; )3,
Example 4 (Theorems 2 and 3: z = ¢?).
Z(l)k[ 2n :|3q3k(2+1) _ (q;Q)Sn « 3qn(1 — qn)
p n+kj, (¢:9)3 1—g*

q
n+kl, (: )3 1— g3+t

k

where A(q) =1+ 3¢™+L.

S (-1 [2ﬂ+ 1]3 seren (g @)sni  Alg) = ¢’ A(GTY)

)
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Example 5 (Theorems 2 and 3: z = ¢~ 2).

W[ 2017 ks (g5@)sn . Bla) — ¢*"'B(gY)
Z(_l) k a - - )3 X n 2n 3n ’
- n+kj, (9 (+q"+¢") (¢ —q)
S (1) {27” 1}361’“(32” _ @@z Alg) — P ATY)
k ntkl, (¢:0)3, (gt —1)

where  A(q) =1+ 3¢"*! and B(q) = 1 — 2q™ — 2¢*™ + 6¢°™.

For two integers o < 7, define the Laurent polynomial by
T
py) ==Y Wyt
A=0o

Then according to Theorems 2 and 3, we have the following corollaries.

Corollary 4.

Z(_l)k 2n ’ w ( k) _ (Q;q)Bn
i ntk], T P T g8

T _ _ — A 1-X
O A R )
X;Q*'sm{ —q,  q%, —q%, ¢TI
=0
Corollary 5.
3
on+ 117 sek-1) (¢; O3n+1
. k|: } 2SRy = LDzt
zk:( ) n+k], (@) (1-a)(g9)3
T —n —-n —-n 14X 1-X
R A RN
X 17(])\ QA5¢4|: 3 3 —1— q'Q:|'
)\ga( : —q, q2, —qz, q 'Y

Performing the replacements k — —k and k — 1 — k, respectively, on sum-
mation indices, we get the following reciprocal relations

3 3
n k(3k—1) 2n k(3k+1)
Z 1)k LICLES S N Z 1)k REAED g
( ) |:TL + k:| qq k ( ) n+ k qq ,
3 3
2n+1 3k(k—1) 2n+1 3k(k—=1) _
§ :(_1)k|: :| g 2 +EXA _ § :(_1)k|: :| q k)\-ﬁ-)\.

n+k q . n+k g

They lead directly to the two general annihilated g-binomial sums:

on 1% ker-1)
S 2] e — ety =0,
k q

3
> o (-1)F F:jkl} ¢ {p(d*) +p(d M)} =0.
k q
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The two formulae displayed in Corollaries 4 and 5 are remarkably useful in
evaluating the g-binomial sums of Dixon’s type weighted by Laurent polynomial
factors, because the sums on the right hand side contain a limited number of terms
independent of n. By appropriately devised Mathematica commands, we are able
to deduce a number of closed formulae. A selection of those “nice” ones are given
below as examples, where the specific polynomials are highlighted in the headers.

Example 6 (p(y) =1+y).

Z(—l)k[ " ]3qk(3’§‘1)p(q"“) BPACILIEL
k n+k, (¢:9)3°
2n+1 3 3k(k—1) (¢; Q)3n+1
~1 "[ } q ‘)=~
;( Pk . ="y
Example 7 (p(y) =1-—1y).
on 1% ke
S ] e o
p n+k q
2n +11° ka1 (¢ 9)3n+1
(1)’“{ } q p(q") = -5
; n+k], (:9)%
Example 8 (p(y) =1+y~ ).
on+11% seeo) (45 9)3n+1
zk:( Pln sk . (@) q9(¢; 9)3,
Example 9 (p(y) =1 -y~ ).
T 2n 1% sy (¢:9)3 (1—q")?
—1 k[ :| 2 k = ) n s
;( ) ntkf, Pl (q)y ~ 1—¢*
2n+1 3 ko) (¢; Q)3n+t1
—1 k|: :| 2 k = ’7.
z’;( Ptk J PO ="
Example 10 (p(y) = (1 +y)?).
Z(—I)k{ " qu(sgl)p(qk) _ (@@)sn 31 —¢*") (1 +4q")
) n+k, (4:9)3 L—g¢™
Example 11 (p(y) = (1 —y)?).
2n 1% ke (@) _ (1—¢")°
-1 k|: :| 2 k = — ! n .
;( N P J P() ()i 1-¢"
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Example 12 (p(y) =y~ ' (1 +y)?).

Z(fl)k [ 2n ]qu(sg’_l)p(qk) (Q; Q)Bn « 3(1 + qn) (1 - q2n) )

p n+k " (g0 (1—¢%)

Example 13 (p(y) =y ' (1 - y)?).

e[ 20 ] seen (@500 (1= 07)?
zk*:( ! [”““Lq P = (@9)5 (1—¢)

Example 14 (p(y) = y(1 +y~')?).

Z(—l)k[ i qu(gzl)p(qk) _ @@ 3= U +g")

p n+k (0 (1—¢*)

Example 15 (p(y) = y(1 —y~")?).

on 1° h(3k=1) _ (s@s (O —q")°
Xk:(_l)k [n + k]qq ey == @i A=)

Example 16 (p(y) =y~ ' (1 +y)?).

on 1° h(3k=1) _ (69)sn _ 6(1+¢") (1-¢*")
zk:(_”k[nm]qq MO =y T e

Example 17 (p(y) =y~ ' (1 - y)?).

on 1° k(3k—1)
Z(l)’“[ } () = 0.
- n-+k p

Example 18 (p(y) = y*(1 +y~1)%).

Z(—l)k[ an ]3 %p(qk) (4:9)3n » 6(1+q™) (1 _q2n).

R ntk CTE 1—gn

Example 19 (p(y) = y*(1 -y~ ')?).
3
> (-1 [n?k} ¢ pldh) =0,
k q
Example 20 (p(y) = (1 +¢"y)).

3 .
Z(—l)"’[ o } () = (14 4 LD
k q

(©:9)3
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Example 21 (p(y) = (1 - ¢"y)?).

Z(—l)k{ 2n r wp(qk) _ (@9)3n y (1-¢"2(1 _an).

ntkf,! (¢ (1—g%)

Example 22 (p(y) = y~1(1 — q"y)?).

Z(_l)k[ 2n :|3qk(3];1)p(qk) _ qn (q;Q)?m ~ (1 — qn)Q(l — q2n).

- n+k (3:9)3 (1—¢%)

Example 23 (p(y) = y(1+ ¢"/y)?).

o +11% sk 1 (@ D3nt1
—1 k?|: :| q 5 P qk =(1— q2n 1 ’7
Xk:( ) n+k], (a7 = ( ) (a:9)3

Example 24 (p(y) = y(1 — ¢"/y)?).

Z(—l)k[ i ]3qk(3’31)p(q’“) _ @), (1070 —¢7)

k n+k - (g9)3 (1-¢m) 7
om +1]° ey 1 (D304
lk{ }q = p(d") = (1 — ) =n
Zk:( ) n+k], (4" = ( ) (¢;9)3,

Example 25 (p(y) = (1 - ¢"y)*).

o 20 ] reen 0 (@@)se (1= g")P(1—¢*)?
S]] ) - G < e
Example 26 (p(y) =y (1 +¢"y)*).

ol 20 ] reen 0 (g59)se | 697 (1— ™)
Z,;( & [nHqu Plg") (@93~ 0-¢)

Example 27 (p(y) =y~ (1 — ¢"y)?).

om 1° k(3k—1)
I R TR
Zk: n+k q

Example 28 (p(y) = y(1 — ¢"/y)?).

Y 2n 3 k(gz;m Ky (q;q)3n (1 _qn)?)(l _q2n)3
21;( g [”Jrqu Pe) (Ga)f (=1 —gn 1)

Example 29 (p(y) = y2(1 + ¢"/y)?).

_ An

Z(_l)k[ on qu(sgl)p(qk) _ (¢;9)3n y 6¢"(1—q )_

n+k (:9)3 (1—¢3)
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Example 30 (p(y) = y(1 — ¢"/y)?).

Z(—l)k[ 2 Equ(qk) =0.

k n+k

Example 31 (p(y) = y(1 £ ¢**/y?)).

2n + 117 ko) 1\ (3 @)3n+1
1 k[ ] a k) = (1 g2n1) L Ysnt1
;( L - qq pla) = (15 ¢ (93
Example 32 (p(y) = (1 4+ ¢*>"Tly)).
om 1° k(3k—1) n ;4)3n,
Z<—1>k[ } () = (1 gy B
q

p n+k (4;9)3

Example 33 (p(y) = y(1 £ ¢***1/y)?).

on +1]° skaon) (¢ @)3n11
zk:( L qq ple) ={1-a"") (93

More identities could be derived similarly. However, we shall not enlarge this

list of examples due to the space limitation.

3. APPLICATIONS TO FIBONOMIAL SUMS IDENTITIES

As described in the introduction, we give, in this section, some applications
to the generalized Fibonomial sums identities by specializing the value of ¢ = §/«,
in the examples established in the last section. For each consequent identity, the
corresponding example used to derive it will be specified. Furthermore, we point
out that all identities displayed below hold for all the nonnegative integers n with

A =p?+4.

1. Examples 6 and T7:

S0 el {2),

2. Example 16: §;; =1 for ¢ = j and 9;; = 0 for ¢ # j otherwise.

N o

& U 3n
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. Example: 20:

k 2n ° 3n 2n
v f2) {2),
; n+kjy, njglnly
. Example 23:
b f2n+1\° 3\ [2n
Z (_1)(2) Vnsz = —AUzp-1Uspn11 .
. n+k U n)ylnly
. Example 24:
b (20 4+ 17 3 [2n
Z (—1)(2) { 3 } Ur_ )= U3n+1U2n1{ } { } -
k ntkly n)ylnly
. Example 29:
o 20 \° w Umn (30) [2n
Z (_1)(2) V2, =6(-1) Zan )
. n+k), Usn ln)ylnly

. Example 31:

3

() [ _ ) (20
Z( 1) n+k UU2n—2k V2n+1U3n+1 n v n U,

k

 (2n+1)° 3n) (2n
Z (—1)(2) { "t k} Von—or = _AU2n—1U3n+1{ n }U{ N }U-

k U
. Example 32:
3
k 2n 3n 2n
(—1)(2){ } Va +1+k—V27+1{ } { } ,
zk: n+kjy " ' nlyln)y
3
k 2n 3n 2n
(_1)(2){ } U2n+1+k=U2n+1{ } { } .
%: n+k), nfyln)y,
. Example 33:
Ky (20 +1)° 3n) (2n
Y ) 2]
Z n+k ), Intl-k " " n)yln)y

3
ey (2n + 1 3n 2n
1) V2 — AU i1 Us, .
) {n+k}U 2n+1—k An+1V3n+1 n v n U

- -
7
|
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