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ON A GENERALIZED FUNCTION-TO-SEQUENCE
TRANSFORM

Slobodan B. Trickovi¢*, Miomir S. Stankovié

By attaching a sequence {an}nen, to the binomial transform, a new oper-
ator D, is obtained. We use the same sequence to define a new transform
T.. mapping derivatives to the powers of D, and integrals to D, '. The in-
verse transform B, of T, is introduced and its properties are studied. For
an = (—1)", Ba reduces to the Borel transform. Applying 7. to Bessel’s
differential operator %x%, we obtain Bessel’s discrete operator DonN,. Its
eigenvectors correspond to eigenfunctions of Bessel’s differential operator.

1. INTRODUCTION AND PRELIMINARIES

One can pose a question regarding the character of the reality. Is it discrete
or continuous? The answer is simple: it is dual. There are numerous examples of
duality in the real world such as light. Louis de Broglie showed its particle and
wave nature.

Obvious example of duality is the Poisson distribution in the probability
theory. It is discrete, expressing the probability of a given number of events
occurring in a fixed interval of time or space if these events occur with a known
constant rate and independently of the time since the last event.

The exponential distribution is the continuous probability distribution
that describes the time between events in a Poisson point process, that is, a process
in which events occur continuously and independently at a constant average rate.
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Very often, if interpreted as discrete, problems concerned with continuity
can be solved more easily, and the other way around. Complicated integrals of
continuous functions are reduced in numerical analysis to finite sums, and to be
solved, some difference equations have to be transformed into differential ones. In
this sense, we develop a specific transformation mapping the continuous into the
discrete and vice versa.

Let Ng = NU{0}. Sequences {sp}nen, and {¢,}nen, are mapped to each
other by applying the binomial transform and its inverse defined respectively by
(see [4])

E Q) o

k=0
1 0 0 0
(1) 1 1 0 0
T=11 2 1 0

(3) ()
The binomial transform can be regarded as an infinite-dimensional linear operator,
with its regular lower triangular matrix 7.

Further on, for simplicity’s sake, to denote a sequence, we write curly brackets

and omit n € Np, i.e. instead of {¢, }nen,, we write only {t,}. First of all, we are
referring to Newton’s forward difference formula

(2) ty = zn: (Z) Ak,

k=0

where A is the forward difference operator, i.e. At, = t,4+1 —t,, which is a special
case of the binomial transform (1) for s, = AFty. Taking into account linearity of
A, using the representation (2), there follows

(3) At, = Zn: (Z) AR+t

k=0

and by means of the method of mathematical induction in p € N, one can easily
prove

(4) AP, =" <Z> APy,
k=0

On the other hand, by virtue of (2) and the inverse binomial transform (1), we
have

(5) A"ty = zn:(_m—k (Z) th.

k=0
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2. A NEW OPERATOR

If we multiply terms (})A*"'ty in (3) by cx, where {c,} is an arbitrary
sequence of real numbers, we obtain a more general linear difference operator.

AXf+1
Qg

[2]. So, we deal with a linear generalized difference operator D,,, associated with a
sequence of real numbers {a,,}, ap =1 and a;, #0, n € N,

©) S

k=0

In the sequel we shall stick to the specific structure of ¢, = — used in

Thus, for ap = (—1)¥, (6) becomes (3), implying that the generalized difference
operator D, reduces to the forward difference operator A.
A formula similar to (4) can be derived for D,, namely, there holds

Lemma 1. For the linear operator D, and a sequence {t,}, there holds
n
m m Qktm (V) \kym
7 D't = (-1 _—_— A to.
© = (-1m Y () Ak,
k=0
where m € N.

Proof. For m = 1, we have the formula (6). Now we assume (7) holds for an
arbitrary m. However, making use of (5), where we replace n with k + m, the
equality (7) becomes

m m - Aftm (T pasi k4+m—j k+m
Dyt = (-1 30 e (1) Y ) A

k=0 =0 J

Applying the linear operator D,,, and using (6), we obtain

(8)

n k+m 7 .
m (K % 1
Dty = (30 2 (1) 3 e (P S ()
s ok \E j=0 J i—o i \!
After interchanging the last two sums in (8), we find
hdm k4+m J ; j .
Z (71)k+mfg < - > Z i41 (_>A2+1t0
‘ j _ a; \1
7=0 =0
k+m k+m—1 .
air1 (k+m 11 btm—i—q (KM —1
— el AH— t -1 +m—1—j .
> m (M a3 j

i=0 =0

For 0 < i < k + m, the second sum on the right-hand side of the equality is zero,
and for i = k + m, it equals 1, so that we obtain

k+m k J .
Z (_1)k+mj< +m> Z (J) Qi1 Aty = ak+m+1Ak+m+1t0.
J 1 Q; Qktm

=0 i=0



303 S. B. Trickovié, M.S. Stankovié

Now (8) takes the form of
Dm+1tn — (_1)m+1 Qk+m+1 (T Ak+mtly
@ ( ) ];) g k 0

which assures us that (7) holds for m + 1, and by the principle of mathematical
induction, we conclude that (7) is true, which proves the lemma. OJ
For a sequence {t,} and any p € Ny, there holds a more general case of (2)

P
P\ Ak p P\ A2
= E A = A A s 4 AP,
(9) tntp 2 (k) tp =t, + (1) tn + <2> tn + -+ A%,

Setting n = 0 in (7), we have

m -1)m
’D&nto = (—l)m%Amto = (—1)mamAmt0 = Amto = %'D;‘nto.
0 m

Using the last equality, for n = 0, the equality (9) becomes

tpfz o k Datoftofaf 1 DatoJra—z ) Dat0+"‘+TD§t0.

P
k=0 1 P

Now there arises a question, whether one can obtain a formula similar to (9), but
in terms of D¥t,,, k=1,2,....p.

Lemma 2. The equality

p k
_ (=" [P\ 1k
t77,+p - Z an k Datn

(10) k=0

1 1 —1)P
1 ag \2 oy

is valid, if and only if the sequence oy satisfy the condition gy = QO .

Proof. Replacing (—1)*D¥t,, in (10) with the sum on the right-hand side of (7),
and making use of the imposed condition, we find

p n P n
N L ik (M) njtk, _ p N\ Ajtk
=2 (D) () =2 (1) 2 (5)ar
j=0

k=0 §=0 k=0
~ (P
= Z (k) Aktn = tnip,
k=0

which proves (10).
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The other way round, if (10) holds true, then using (9) and again (7), we

have , , .,
P\ Ak L (P~ Qtk (M Atk
tn = A tp, = - — | AT
w= Y (D)ar = () ot () A

k=0 k=0 j=0
a "L a; ny , ;
=> (p) > 2= ( _>A1+kt07
k)~ arpa; \j
k=0 7=0

Gtk 1. 0O
Qo

Because of (4), we conclude

It is obvious that from the condition oy, = g, there follows oy = o/f,
since ap = 1.

3. THE FUNCTION-TO-SEQUENCE TRANSFORM AND ITS
INVERSE

Taking into account that D, reduces to A for aj, = (1), and relying on
(1), we introduce the generalized binomial transform

0 0o ... 0

D2 SR T
R S R

(3) =0 ()

ag ai g e Qan

The binomial transform is a sequence transformation, however, after replacing
the sequence {s,,} with the sequence { £ (0)} of a infinitely differentiable function
f(x) in (11), we obtain a more general form of a sequence transformation, a specific
linear transform mapping a set of functions into a set of sequences. We denote it
by Ta.

Let S be a set of real functions f having continued derivatives of all orders
at x = 0 for which there exists constant M > 0, such that | f(*)(0)] < M for every
k € Ny, and S; be a set of one-parametric sequences {tﬁl’")}, with m € Ny as a
parameter, for which |DEty| < M for every k € Ny.

Definition 1. The transform T m, with respect to the sequence {ay,} and a non-
negative integer m, determined by the equalities

n _1\k—m n k
(12)  Tamf) =), =3 C0 (k>di:k(xmf(x))w—0’
k=m

Af—m

maps a function f € S, to a sequence {t%m)} €S,
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In the case m = 0, the transform 7, ¢ and sequence {t%o)} are for the sake of
simplicity designated respectively by T, and {¢,}, so (12) takes the form

A

o) — _ =~ (=D* Y
(13) Tt = ), =3 I (1) 100

and its matrix is (11).

Theorem 1. If T, f(z) = {t,}, knowing that n™ =n(n —1)---(n —m + 1), for

the sequence {t%m)} from (12) there holds

(14) tm = i 3 2D
k

=0

n-—m
< k )f(k) (O) = n(m)tn—m-

A

Proof. In view of m < k < n, after setting = 0 in the derivatives

T (@ f@) =) (a) (@™ ED (), k=mm+1,....n
j=0

there remain only the terms (k_km)m(m)f(k’m)(O) = (k_k'm)m!f(k*m)(O). Thus,
(12) becomes

(m) _ zn: W(Z) (k fm> mlfk=m) (0)

k=m Qk—m
n—m _ k

=2 ( alk) (k f m> (k:m) mif9(0)
k=0

However, in view of 0 < k < n — m, we have

() (37 = G = = D

so that we finally obtain

£0m) — )

= Ak

<n 74? m) f(k) (0) = n(m)tn—m,

k=0

which proves (14). O
In order to study properties of 7., we make use of D,,.

Theorem 2. Let Tof(x) = {tn}. Then for p € N there holds
UTL @) = (Dit), 2T [ Fed = (D),
0

71 . .
where D" is the inverse operator of Dy,.
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Proof.  We prove the statement 1°. Applying the finite differences method for
sequences to {t,}, and using (13), we have

we conclude

—1)*
(15) Afty = (a—)ﬂk) 0) & (=DPapAFty = f*(0), ke N.

k
That means |(—1)*a,AFto| = |f*)(0)| for every k € Ny. Since f € S., on the basis
of Definition 1 there follows |[DEt| < aP*, and that means T, f € S,. However, for
any p € N, f®) € S, as well, so in view of (12) we find

n n _ k
(16) To f® () = {rn}, Tn= Z ( )(Df(kw) (0).

k «
k=0 k

(—1)*+r

From (15), for any p € N there holds A¥*Pt, =
this in (7), we have

A7) Doty = (C1p Y Ot (’;) Aoy = 3 (Z) COY s ) = o,

a a
k=0 'k k=0 k

f*+P)(0). Replacing

Xk+p

xT

As for the statement 2°, let Tog(x) = {sn}, where g(z) = / f(t)dt € S..
0
Using (13), we conclude so = g(0) = 0. Setting p = 1 in the statement 1°, we find

() = Tof@) = Tay [ F(0)it = Tog/0) = (D).

Using (6) and applying the representation of the sequence {t,} by forward differ-
ences, gives rise to

(18) t, = Z <Z> AFty = Dys, = Z Cr <Z) AFtlg.

k=0 k=0

On the other hand, from (18) there follows AFty = cx A*+1lsg, k € Ny or AF =1ty =
ck_1A%sg, k € N. So, in view of (6), taking into account sy = ¢(0) = 0, the
sequence {s,} is expressed in terms of forward differences of the sequence {¢,}

n

(19) s, = Zn: (Z) AFsy = 5o +g (Z) AFsg =" ! (Z) AF—1g,.

Cl._
k=0 =1 k-1

Thus, the inverse linear operator D! operator is defined. On the basis of (19),
we form a system of linear equations. Expressing the forward differences AF~1t,
(k=1,...,n) in matrix form in terms of ¢, ...,t,_1, we have
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1
51 g 0 1 0 0 to
So _ co c1 0 -1 1 0 1
Sn G G N N G Vel () 1) \tn-s
Cco Cc1 Cn—1

1
Yep—1’

After multiplying these matrices, we arrive at the matrix representation of D, 1.
Finally, we obtain

where the first matrix is lower triangular with diagonal coefficients %, %, e

n

* _ _ 1 n B
(O R B St () LG

(20) kﬁl Ck—1

Ap—1 (V) L k-1
f— A t .
> 2 (V) ak g

k=1

Thus, by applying the transform 7, to inverse operations differentiation and inte-
gration, sequences generated by the linear operators D, and its inverse D, ! are
obtained. [J

Example 1. Taking n =5, for the matrix D,* we find

= 0 0 0 0
322 & o0
3 3 1 3 2 1
1) 4606612’;621 6 s s 4?3 (1) ol
W mltam e G el G e w0
52107107251 10t20F15%4 10715706 504 1
co c1 c2 c3 cq c1 c2 c3 cq c2 €3 cq c3 cq cq

1

which is obviously regular, since its determinant is i é, so its inverse matrix is

Co 0 0 0 0
Cco — 261 C1 0 0 0
co — 4c1 + 3c2 2c1 — 3c2 Co 0 0 s
co — 6¢1 + 9¢co — 4cs 3c1 — 9c¢o + b6¢3 3co — 4cs c3 0

co — 8¢y + 18¢ca — 16¢3 + Heq 4er — 18ca + 24¢3 — 10¢q 6¢2 — 16¢3 + 10¢4 4e3 — 5eq ca
and this is the matrix of the linear operator D, defined by the equations (18).
Theorem 3. If T, f(z) = {t,} and m,p € Ny, then
(22) Tax™fP)(z) = {s(m}, M) =pmpre,

Proof. Applying the statement 1° of Theorem 2, yields T, f® (z) = {D?t,}. If
we denote g(z) = f®)(x) and s, = DPt,, then Tog(z) = {s,}. Making use of
Theorem 1, there follows

’Emmf(p) () = Tax™g(z) = {s;m)}, sﬁj’” =nlMg, = n(m)Dgtn,m.
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which proves the lemma. [J
3.1 7,-TRANSFORM OF BASIC ELEMENTARY FUNCTIONS

We are going to derive mappings of some basic elementary functions.

Lemma 3. Let m = 0 be set in (12) and A\,C € R. Then T{C} = {r,}, where
rn =1, n € Ny. Also, if T{f(z)} = {tn}, then T{\f(z)} = Mt}

Proof. Replacing derivatives of the function f(x) = C in

— (=" m\ .
n — 0 5
=2 ;)0
we see that all terms equal zero, except for the first, which is 1.

Since (Af(z))*) = XAf*)(z), we immediately obtain the second statement. ]
Lemma 4. For m =0 and f(x) = 2" in (12), let Toax"™ = {t,}. Then

tn = 7(_1)rn(T)
a, ’

where ™ =n(n—1)---(n—r+1), r < n.
Proof. We consider the function f(z) = z", r € N. Here

B (- S (i

k=0 k=0

All the terms of the sum are zero except for k = r, so we obtain

—1)7! —1)r Iral —1)\r
(23) ¢ = (=D)7rl (n _ (-1) nlrl (-1) 2. r<n,
Q. T ar rli(n—r)! o

which proves the lemma. [

Lemma 5. For a € R, the function f(x) = (14 x)® is mapped to the sequence
{tn}, where

B G D A T R N
(24) tn—;:; - (k) , =ala—1)---(a—k+1).

Proof. We have f)(z) = a®) (1 4 z)o=F, with f*)(0) = a(¥), so we easily obtain
(24). O

n ] k
Lemma 6. For a € R, there holds Toe® = {t,}, t,= =1 (Z) o
Qg
k=0
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Proof. Considering that for f(z) = e, we have f*)(z) = a®e® and f*)(0) = a*,
there immediately follows the equality. [J

Lemma 7. The function f(x) =1n(1+ x) is mapped to the sequence {t,}, where
zn: Je-1( En: Y1y (k)
(25) —2(}) -
k=1 k=1 kak
Proof. For the function f(x) = In(1 + z), we find f(0) = 0 and f®(2) =
k—1)!
7), k=1,2,...,and f®(0) = (=1)*"Y(k—1)!, k = 1,2,.... Replac-

-1 k—1 (
(=1 (1+a)
ing this in (12), we obtain (25). O

vl
-

Lemma 8. For a € R, the following equalities hold
k=0

(
(=1)k+! < n )a2k+1
aok+1 \2k+1 ’
ﬂ]+1

(26) Tasinar = {t,}, t,=
3 kK
(-1 < n ) o2k
—0 QoL 2k

Proof. First, we consider f(x) = sinax. By virtue of

(27) Tocosar = {t,}, t,=

(]

f(k)(m):aksin(%r—ﬁ-az), f(k)()—a sm(k;), k=1,2,...

we have f(2%)(0) = 0, f@*1D(0) = a®**! coskm = (—1)F*+1a?**+1. So we deal only
with odd numbers in (12), that is why (12) becomes (26). Similarly, considering
f(x) = cosax, on account of

f®)(z) = ¥ cos(%r—&—aac)7 F®(0) = a* cos(k;), k=1,2,...

we have f(2%)(0) = (—1)*a?*, f2*+1)(0) = 0, and deal only with even numbers in
(12), that is why (12) now becomes (27). O

Example 2. Bernoulli polynomials can be expanded into the Fourier series (see [1])

k+1 cos 237rm _ o1 22k + 1! X sin 27

Bar(z) = 2(= 2k Z » Bara(z) = (-1) (2m)2k+1 Z PRI
j=1

wherek = 1,2,...and 0 < xz < 1, the second expansion holds also fork =0 and 0 < = < 1.

In the paper [10], we derived the closed form expression for trigonometric series in
terms of the Riemann zeta functions

S~ cosjr  (—1)Fra?h! k 2k —2j) o

Z g2k - 2k —1)! + Z @™ ’
=1 =

o .. k

Z sinjz _ ( z** " Z C(2k — 2.])x2j+1.

2k+1
j=1 J Jj=

2j+1
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Substituting 27z for x, we have

oo . k

cos2jmr  (—1)F(2m)*Fa?h ! Qk 2j) 2j
d = a2k—1r " Z (@2me)”,
j=1 j=0
oo . . k
Z sin 2jra (—1)Fm(2m)2kHig2h . Z C(2k — 2j) (2m2) 2+
p j2k+1 4(2k)! = 2] + 1)! .

and express Bernoulli polynomials in terms of the Riemann zeta functions
k
Box(z) = —ka™ 7t = 2 " (=1)" (2k) 7 (2m) ¥ 2 (2K — 27),
=0

k
Boi1(z) = _ 2k 4127 + -2 Z D 2k 4 1)@ (2) 2 =2k 204 e (2k — 27).

Applying T, and relying on Lemma 3 and Lemma 4, we obtain generalized Bernoulli
numbers with respect to the sequence «

(2k—1) k (25)
Bakn = kn Z 1)5+7 (2k) 3 (27) %2 ¢ 2k — 2§),

Q2k—1 o Q24

k 2j+1)
(2k+1)n(2k) et 2i+1) 2'—21971( J ]
B n=———7—"+42 —1 T2k + 1)\ 2m)* —((2k — 27).
i, T 2 3 )k 1) ) ok )

3.2 THE INVERSE TRANSFORM

Definition 2. For any sequence {t,} € S, and the linear operator D, introduced
by (6), the function f(x) defined by

(28) Bof{t,} = f(x) ZDktoz‘ Zak(—l)’mktog.
k=0 ’

is called the By -transform.

On the basis of Definition 1, f(x) is expandable into Taylor’s series, and
comparing it with the expansion of f(z) from Definition 2, we conclude that
f®0) = Drty = (=1)kayAFty for every k € Ny, so relying again on Defini-
tion 1, for {t,} € S,, there is a constant M > 0, such that |D¥¢,| < M, which
means |f*)(0)| < M, so f € S,, and we have B,{t,} € S,.

Theorem 4. Transforms T, and B, are inverse to each other.

Proof. Let Tof(x) = {t,}. That means (12) and (15) hold. Since f € S., the
function f(z) can be expanded into Taylor’s series, and the replacing of f*)(0)
with (—1)*azA*ty gives rise to (28), whereby we prove that B, {t,} = f(x).
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Let {t,} € S;. Relying on Definition 2, and applying B,-transform, we obtain
the function f(z) defined by (28), i.e. Bo{tn} = f(x). However, we have noted
k

-1
above that f(*)(0) = (—1)ka, A¥ty, that is %f(k) (0) = Ay, whence, relying
k
n (12), we find

(=g e

k=0

D

n
k=0
which means {t,} = 7, f(x). Thereby we have proved the theorem. O

We note that the matrix of B, is the inverse of T in (11), i.e. infinity-
dimensional matrix

Qo 0 0 0

(6751 — Q] 0 0
Tﬁl— Q9 —20(2 (65 0

an =(Pan (3)an )" (an

Expressing A*ty, k € Ny, in terms of tg, t1, ta, . . ., the equality (28) can be obtained
in the matrix form

Qo 0 0 0 to

ar —aq 0 0 tq

_ x x" oy —2ap o9 0 to
Ba{t”}_(l TR ) ....................................

Example 3. It is well-known that the sequence {F,} of Fibonacci numbers is defined by
the recurrence relation Fy,+o = Fp41+ Fy, with Fo = 0, F1 = 1. Using its basic properties,
one gets

(29) Fr=(-1)""AFR = (—1)"AYF = —F.

Applying the above matrix form where the sequence {t,} is replaced with {F,}, and
relying on (29), we find

Bo{Fn} = f(z) =) :ozk(—1)’CA’CFUH == :akaH.
k=0 k=0

Placing, for instance, ay = (—1)*, we obtain

o —Z (145 z\V5
Z(_l)k-ﬁ-l&xk _ e 2( ) (e — 1)
— k! NG
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3.3 TRANSFORMS 7, AND 5B, AND CONVOLUTION OF
SEQUENCES

At first, we introduce convolution of sequences associated with the operator D,,.

Definition 3. Convolution of the sequences {t,},{s,} € Sy with respect to the
sequence «, is defined by

n k
n k\ ajo—j o .
n = t,n a Sn = IR Ajt Ak J .
(30) r %o S ];:O (k) g ( > o 0 S0

i=o
Here we give some properties concerned with the convolution. For the se-
quences {rp}, {sn}, {tn} € Sy and ¢ € R, there holds
1% exaty =ctn, 2° tp*aSn = Sp*aln, 3° Tp¥a(Sntitn) = rn¥asSn+Tnkatn.
Theorem 5. For the sequences {t,},{sn} € Sq and Bq-transform, the equality
Bo{tn *a $Sn}t = Ba{tn}Ba{sn}
holds if and only if the convolution t,, *, s, is defined by (30).

Proof.  Assume that (30) holds. Let T, f(x) = {t,} and Tog(z) = {s,}. Substi-
tuting fU)(0) for (—1)7a;Aty and g*=7)(0) for (—1)*Tay_;AF sy in (30), we
obtain

2\ (1R & (&
— - j k—3)
by %o Sn = Z <k> - Z (j)f(])(o)g( (0)

(31) 0 =0
— ];J (:) (—al)k

{tn *a sn} = Taf(x)g(x). In other words, in view of Theorem 4, B,{t, *a
sn} = f(x) g(z), that is Bo{tn *a sSn} = Ba{tn}B{sn}, since B,{t,} = f(x) and
Bafsn} = g(x).

Conversely, assume that Ba{t, *o $n} = Ba{tn}Ba{sn} holds true. So we
have

(f(2) g(a)®

)

=0

oo o0 k
BaftnBafon} = f1) 9() = 3 (- 1) Ay, ];(—W’;j Aksg
:i f(m'(o)xkf: g(m ii f(g) g(k a)( )xk
k=0 k! k=0 k=0 j=0
S (R ) 0y (k)
=Zk,2<j)ff(0>g 7(0)
k=0 7=0

o) kK ) ) ) )
= Z(—l)kak% Z <k) %AHOA’“*JSO = Ba{tn *a sn}-
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Denote 7, = t,, *q Sn. According to (30), there must be

k
AFpy = Z k %AitoAk*jso.
=0 M ok

n

n
By virtue of r,, = AFrq, we have
y Z%@ °

and thereby arrive at (30). O

Let Toe®® = {s,}, Taf(x) = {t.} and oy, = (—a)*. Using the results from
Theorem 5, we obtain

(e (k J)‘ 3 f(a)( )
33

¢ f(2) = Bo{sn}Ba{tn} = B{sn*t}—zz

gtk = 9)!
k=0 j=0
oOxkkkkﬂ(y) OoIkkklk(ﬂ)
=2 () o= 5 2 5 () 0o
k=0 j=0 k=0 Jj=0
— , (ax)k
:Ztk K
k=0

which is the Borel transform of e** f(z) (see [5]), whence we get

— e—az
Example 4. Let {t,} be the Fibonacci sequence {F,}. Denote g(z) = 1:672 It
—x—x
is the generating function of F,, i.e. g(x Z F,z". As a Borel transform of g(x) we

obtain
e (14V5) (e‘/gz — 1)

oo F
—x n n
e E — " =
o n! NG

which is the same function obtained in Example 3 by Ba-transform of {F,}.

Making use of the transforms 7, and B, enables us to map Bessel’s differential

operator -£x-L (see [3]) to the discrete Bessel operator.

Theorem 6. 7,-transform maps Bessel’s operator %x% to the operator Dan/Ny,
where the operator N, is introduced by the relation Nyt, = Datp_1.
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Proof. Let Tof(x) = {tn}. Relying on the statement 1° of Theorem 2, we have
Tof'(x) = {Datn}.

According to Lemma 3, we have

(32) Taxf'(x) = {nDatn—1}.

Denote g(x) = xf’(x). Then, because of (32), Tag(xz) = {nDutn_1}, and
using again the statement 1° of Theorem 2, we get

Tog' (x) = {DanDaty_1}.

d d

a£x% () = {DanDytn—1}.

Let us take ay = (—1)*. In this case the operator D, becomes A, and (33)
yields
d d

Ta%x%f(x) = {AnAt,_1} = {An(t, — tn_1)} = {AnVit, },

i.e. T,-transform maps Bessel’s operator %z% to the operator AnV. Since

At,_1 = Vt,, it reasonable to have a new operator corresponding to V. Thus we
define Dyt,,—1 = Nuty, and now consider D,nN, the generalized discrete Bessel’s
operator. []

Example 5. Laguerre-type exponential function, L-exponential function for short, is
defined by the series (see [6, 7, 8])

ei(z) = Z (;:!)2.

k=0

oo}

Considering that Bessel’s differential operator is linear, we find

d d
(34) %1’%61(1‘) = 61(1‘),
which means that L-exponential function is its eigenvector.

Let Taei(z) = {sn}. By virtue of the uniform convergence of the left-hand series
everywhere, we are allowed to exchange summation and differentiation, and find

" (=1)* /n\ (x " (=1 sy ER

55) Sn‘gﬂ?(k)eg)m)‘%(aﬁ) (k)(ljg!y
" (1) n 1)k
- kZ:O (ozklk)! (k) - kZ:O ((kl!))zak '

Applying Ta to (34), because of (33), we have

d d
%%x@el(x) = {DanDasn-1} = {DanNasn} = Taei(x) = {sn}.
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In other words
(36) DanNasn = 5n.

So, s, is the eigenvector of the generalized discrete Bessel operator DonNy.
As special case, for o, = (—1)*, applying To, to (34), because of (33), we have

d
{AnAs,_1} = {AnVs,} = T%:r%m(x) =Tei(z) ={sn}.
In other words
(37) AnVs, = s,.

So, s, is the eigenvector of the discrete Bessel operator AnV.
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