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ENUMERATIONS OF BARGRAPHS WITH RESPECT
TO CORNER STATISTICS

Toufik Mansour and Gdékhan Yildirim*

We study the enumeration of bargraphs with respect to some corner statis-
tics. We find generating functions for the number of bargraphs that track the
corner statistics of interest, the number of cells, and the number of columns.
We also consider bargraph representation of set partitions and obtain some
explicit formulas for the number of specific types of corners in such represen-
tations.

1. Introduction

Combinatorial analysis of certain geometric cluster models such as polygons,
polycubes, polyominos is an important research endeavor for understanding many
statistical physics models [8, 9, 15]. A finite connected union of unit squares on
two dimensional integer lattice is called a polyomino, and a bargraph is a column-
convex polyomino in the first quadrant of the lattice such that its lower boundary
lies on the z-axis. A bargraph can also be considered as a self-avoiding path in the
integer lattice L = Z>¢ X Z>o with steps v = (0,1), h = (1,0) and d = (0, —1)
that starts at the origin, ends on the x-axis and never touches the z-axis except
at the endpoints. The steps u, h and d are called up, horizontal and down steps
respectively. Enumerations of bargraphs with respect to some statistics have been
an active area of research recently [8, 10, 14]. Bosquet-Meléu and Rechnitzer [6]
obtain the site-perimeter generating function for bargraphs, and also show that it
is not D-finite. Blecher et al. investigated the generating functions for bargraphs
with respect to some statistics such as the number of levels [1], descents [2], peaks
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[3], and walls [5]. Deutsch and Elizalde [7] used a bijection between bargraphs and
cornerless Motzkin paths, and determined more than twenty generating functions
for bargraphs according to the number of up steps, the number of horizontal steps,
and the statistics of interest such as the number of double rises and double falls,
the length of the first descent, the least column height. Bargraphs are also used in
statistical physics to model vesicles or polymers [12, 13, 14].

We shall study the enumerations of bargraphs and set partitions with respect
to some corner statistics. We shall first introduce some definitions. A unit square
in the lattice L is called a cell. We identify a bargraph with a sequence of numbers
T = 7y - Ty, where m is the number of horizontal steps of the bargraph and
m; is the number of cells beneath the 4t horizontal step which is also called the
height of the j** column. A vertex on a bargraph is called a corner if it is at the
intersection of two different types of steps. A corner is called an (a,b)-corner if
it is formed by maximum number a of one type of consecutive steps followed by
maximum number b of another type of consecutive steps. A corner is called of
type A if it is formed by down steps followed by horizontal steps (L). Similarly, a
corner is of type B if it is formed by horizontal steps followed by down steps (7),
see Figure 1. We use B,, and B, to denote the set of all bargraphs with n cells,
and the set of all bargraphs with n cells and k columns respectively.

Bargraphs are also related to the set partitions. Recall that a partition of
set [n] := {1,2,---,n} is any collection of nonempty, pairwise disjoint subsets
whose union is [n]. Each subset in a partition is called a block of the partition.
A partition p of [n] with k& blocks is said to be in the standard form if it is writ-
ten as p = Ay/As/ -+ /A, where min(4;) < min(4s) < .-+ < min(A4g). There
is also a unique canonical sequential representation of a partition p as a word
of length n over the alphabet [k] denoted by 7 = mmg---m, where m; = j if
i € Ay, which can be considered a bargraph representation. For instance, the par-
tition 7 = = {1,3,6}/{2,5}/{4,7}/{8} has the canonical sequential representation
7w = 12132134. Mansour [10] studied the generating functions for the number of
set partitions of [n] represented as bargraphs according to the number of interior
vertices. For some other enumeration results, see also [4, 11]. Henceforth, we shall
represent set partitions as bargraphs corresponding to their canonical sequential
representations.

The rest of the paper is organized as follows. In section 2, we find the gen-
erating function for the number of bargraphs according to the number of cells, the
number of columns, and the number of (a, b)-corners of type A for any given posi-
tive integers a,b. As a corollary, we determine the total number of (a, b)-corners of
type A, and the total number of type A corners over all bargraphs having n cells.
In section 2.3 and section 2.4, we extend these results to the restricted bargraphs in
which the height of each column is restricted to be a maximum of N for any given
positive integer N, and to the set partitions respectively. We obtain similar results
for corners of type B in section 3. One of the main results of the paper, Theorem 6,
shows that the total number of corners of type A over the set partitions of [n + 1]
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Figure 1: The bargraph m = 244411322. Type A corners b and d are (3,2) and
(1,2)-corners respectively. Type B corners a and ¢ are (3,3) and (1,1)-corners
respectively.

with k£ blocks is given by

n 1 n 1
*SnJrl,k - 7Sn+2,k - §Sn,k + ZSnJrl,k + Sn.,k727

2 4
where S, ;; is the Stirling number of second kind. Similarly, Theorem 11, shows
that the total number of corners of type B over the set partitions of [n + 1] with k
blocks is given by

n 1 n

5
7Sn - 7571 - 7Sn 7 7Sn S’n —2-
o Otk T Ont2k T 50k + 4oLk + On,k—2

2. Counting Corners of type A

Let H := H(z,y,q) be the generating function for the number of bargraphs
m according to the number of cells in 7, the number of columns of 7, and the
number of (a,b)-corners of type A in 7 corresponding to the variables x,y and
d = (¢a,b)ab>1 respectively. That is,

H = Z Z :L,nycol(fr) H q;/;(ba‘b)(ﬂ'),

n>07EB, a,b>1

where A, ) (7) is the number of (a,b)-corners of type A in 7, and col(r) denotes
the number of columns of 7.

From the definitions, we have

M) H=1+Y M,

a>1

where 1 counts the empty bargraph, and Hg oy 0. = Hajas-a.(T,y,q) is the
generating function for the number of bargraphs m = ajas---as7 in which the
height of the 5% column is a;, where j = 1,2,...,s. Since each bargraph 7 = an’
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can be decomposed as either a, ajn” with j > a or abn” with 1 < b < a—1, we
have

(2) Hy, =2 +x yZH +ZHab
j>a

Note that each bargraph m = abn”, 1 < b < a — 1, can be written as either ab™
(where we define b™ to be the word bb- - - b), ab™jn’ with j > b+ 1, or ab™jn’ with
j <b—1. Thus, for all 1 <b < a—1, we have

b 1 b 1
Z$a+mm+Qa bm"’z a+mm+QabmzH

m>1 m>1 j>b+1
b—1
+ Z <xa+b(m_1)quab,mszc> )
m>1 c=1
which is equivalent to
(3) Hab = Z xa+bmym+1(b—b,m
m>1
b—1
+Z a+bm1y da—bm xyZH+ZHbC
m>1 j>b+1 c=1

Thus, by (2), we have that H, —a®y—xzyH, = 2"y Zj>a+1 Hj—&—zg;ll H,;, which,
by (3), leads to B

(4) Hy, = CVab(]- - xby)Hb with agp = Z ma+b(m71)mea7b,m'
m>1

Therefore, by (1) and (2), we can write

a—1

(5) Hy = a"yH + Y BupH,
b=1

with Bap = agp(1 — 2by) — 2%.

Lemma 1. For alla > 1,

H,=H xy+z :EijL (4,8 )

s>0

where La(j, 8) = Zj:is+1<is<"'<i1<i0=a H;:o 5iziz+1 .
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Proof. We prove it by induction on a. For a = 1, this gives H; = xyH as expected
(by removing the leftmost column of the bargraph 17’). Assume that the claim
holds for 1,2, -+ ,a, and let us prove it for a + 1. By (5), we have

Hopr = 2" 'yH + Y BlagpiypHo.
b=1

Thus, by induction assumption, we obtain

a b
Ha+1 = a+1yH + Z B(a—i-l)bH xby + Z wjy Z Lb(j7 S)

b=1 j=1 5>0
a a b
=H |2y + > Basp®y+ Y Y 7 yBasin | O Lu(j.5)
b=1 b=1 j=1 5>0
a
=H (fﬂaHy +y B(a+1)b$by>
b=1
a a S
FH| Y D> Ty > I Busiess
j=1b=j §>0 j=is41<is<--<i1<ip=b<i_j=a+1l=—1

=H (x““erbey > ﬂim'l)
b=1

i1=b<ip=a+1

+ HZ:cjy Z Z H 5ieiz+1
j=1

§20 j=ts41<ts< <11 <ip<t_1=a+1l=—1
a
=H z“+1y+zxjy ZLa+1(ja5) ;
j=1 s>0
which completes the proof. O
By (1) and Lemma 1, we can state our first main result.

Theorem 2. The generating function H(x,y,q) is given by
1

1 - % - ZjZl (xjy ZSZO L(],S))

where L(j, s) = Zj:z‘s+1<z's<---<i1<z‘o HZ:O Bivigss-

H(z,y,q) =

)

For instance, if ¢, = 1 for all a,b > 1, then aqp = Zm>1x‘”b(m*1)ym =

%, which yields Bap = ap(1 — 2%y) — 2% = 0. Thus, in this case, Theorem 2
shows that H(z,y,1,1,...) = lfz_fx , as expected.
y
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2.1. Counting all corners of type A

Let gqp = ¢ for all a,b > 1. From the definitions, we have g = qlf;%y and
Bab = (¢ — 1)z®y. Therefore,

S

L(j,s) = > [Ta—na'
J=teq1<ts < <11 <ig £=0
_ Z (q _ 1)S+1ys+1xi0+il+“'+is
J=ls 1 <ts <o <i1<ig

x(s+1)j+(‘*§2)

s+1, s+1
D A=) =) (1 —a0)

Y

(q—

Thus the generating function F' = H(z,y,q,q,---) is given by
1

F=
ystiystl 2EHDIH(F?)

J q—l
Zx ?/Z )(1 7:52) (1= sth)

j>1 s>0

1)s+1 s+2 (S+2) (H—Q)

Ty (
SR Y e R e

s>0

1

ey (q )s s+1( )
D Y (e (e R )

s>1

Let cora(m) be the number of corners of type A in 7. We define g, =

Z‘n’EBn . cora(w) and g, = Zk>1 gn k- Let G(z,y) = Zn k>1 9nkT "y¥ be the gen-
erating function for the total number of type A corners over all bargraphs according

to the number of cells and columns. Then, it follows that

oF
aQq

B Y2z
=1 (I—2z—ay)?2(1+2)

G(J’J,y) =

zS
Note that G(.T, 1) = W
type A corners over all bargraphs according to the number of cells. Hence,

0 m= (" -5 ) 2 - v

is the generating function for the total number of

2.2. Counting (v, w)-corners of type A
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Fix v,w > 1. Define ¢, = ¢ and g, = 1 for all (a,b) # (v,w). Then we
have

aap = D Y gy = Y T2ttty (g, — 1)
m>1 m>1
x%y

- 1-— mby + anrb(w*l)yw(q - 1)5a—b=va

where d,, = 1 if x holds, and 6, = 0 otherwise. Hence,

(7) IBGb = Oéab(l - xby) - xay = anrb(wfl)yw (q - 1)6a—bzv(1 - xby)

Recall that L(j,8) = 3;_; | <s.<..cir<io LL1—0 Bivies: - By using (7), we have
L(j,s)

= Z H (xie+ie+1(w—1)yw(q _ 1)51'[71‘@_,_1:11(1 _ $iz+1y)>
sl <is<---<i1<ig £=0

s

= > (q— 1)y aRino e TT (5, (1= 2™ 0y))
Jmieq1 <is < <i1<ig =0
s
) s+2 s+1 )
_ (q _ 1)s+1yw(s+l)ij(s+l)+v( 2 )+(w71)v( 3 ) H(l o x]#»(sfl)vy).

£=0

From Theorem 2, we obtain that the generating function F' = H(z,y,q) is given
by

F= !

S

) ) s42 s+1 ) '
— =Sy S (g 1)y g e ()0 () TT (1 - a7y

i>1 s>0 =0

Recall that A(, ) (7) denotes the number of (v, w)-corners of type A in . We define

tng = ereBn,k Awwy(m) and ty, = > 4o  tnk. Let T(z,y) = 32, 151 tnxx"y" be
the generating function for the total number of (v, w)-corners of type A over all
bargraphs according to the number of cells and columns. Then, it follows that

OF gyt L —ay — 2" (1 —y)
T(ZL’J}) = a5 - = _ Ty \2 _ w1 _ pw+2)’
0q lg=1 (1—-52)2 (1 —awrl)(1 —2wt?)
which leads to bt 1 3
T(z,1) = - Sk

(1—22)2 (1 — 2w tl)(1 — 2w t2)’

the generating function for the total number of (v, w)-corners of type A over all
bargraphs according to the number of cells. As a consequence, we have the following
result.

Corollary 3. The total number of (v, w)-corners of type A over all bargraphs having
n cells is given by t, = WZHJf’U‘F’nfl'
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2.3. Restricted bargraphs

Theorem 2 can be refined as follows. Fix N > 1. Let H®) := H(N)(ac,y,q)
be the generating function for the number of bargraphs 7 such that the height of
each column is at most N according to the number of cells in 7, the number of
columns of 7r, and the number of (a, b)-corners of type A in 7 corresponding to the
variables z,y and q = (¢a,p)a,p>1 respectively. Then by using similar arguments as
in the proof of (5), we obtain

a—1
(8) H((IN) — xayH(N) + ZﬂabH;EN),
b=1

where HéN) = H(SN) (z,y,q) is the generating function for the number of bargraphs
7 = an’ such that the height of each column is a maximum of N. Clearly, H(N) =

1+ Zi\;l HéN). By the proof of Theorem 2, we can state its extension as follows.

Theorem 4. The generating function H(N)(x, y,q) is given by

1
H(N)(x’y7q) = ~ - ~ - : ,
I-y Zj:l ) — Ej:l (xjy Eszo L(j, 5))
where i
L(j,s) = > I Bivicr-
j:is+1 <t <-<i1<ig<N £=0
Moreover, for alla=1,2,..., N, we have

HM = H™ 29+ " {27y Y La(i5) | |,
j=1 5>0

where Ly(j,s) = Zj:is+1<is<'~~<i1<1'0:a ITo—o Bigiesr-

For instance, Theorem 4 for N = 1,2 gives HV(z,y,q) = 1?@/574 and

1

H® (2,4 q) = :

2.4. Counting corners of type A in set partitions

Recall that we represent any set partition as a bargraph corresponding to
its canonical sequential representation. Let Px(x,y,q) be the generating function
for the number of set partitions 7 of [n] with exactly k blocks according to the
number of cells in 7, the number of columns of 7 (which is n), and the number of



Enumerations of bargraphs with respect to corner statistics 229

(a, b)-corners of type A in 7 corresponding to the variables x,y and q = (¢a.b)a,p>1
respectively.

Note that each set partition with exactly k& blocks can be decomposed as
17 . kx(®) such that 7() is a word over alphabet [j]. Thus, by Theorem 4, we
have the following result.

Theorem 5. The generating function Py(x,y,q) is given by

)

k k N + ],V_ zJ La(j,s
Pk(mayvq) = H H](VN)(SC,y7q) E H yN 27*1 ( Nyzs%o N(] ))
= Nt Lm0 (xjy > s>0 LU, S))

where

L(ja 5) = Z H Bi/zizH and LN(jv 5) = Z H /Bili€+1'

j:i5+1 <t15<--<ig<N £=0 j:is+1 <is< - <ig=N £=0

Now, we consider counting all corners of type A in set partitions. Let ¢, 5 = ¢
for all a,b > 1, and Qg(z,y) = %Pk(x,y,q)’ . Note that for any s > 0 and
1<j<N-1,

Ly(j,s) = (¢— 1)s+1ys+1 Z pXico e

J=lep1<is<---<ig=N

We have a similar expression for L(j, s). From Theorem 10, we have the generating
function Qx(x,y) given by

Qr(,y)
ﬁ aNy i E;V:_ll (xjy(l - ijvzl o) + iy (T xN))
- N i N .
Mo l=y T el 55 1=y,
Let ¢(t) = L Th have ¢/(t) = — L7k 1
¢ T (1-t)(1-2¢t)---(1—kt) " en we nave = A=t)--(1—kt) j=1T1—j¢
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Note that

Let ¢,k be the coefficient of ¢ in Q(1,¢). Define Qk(t) = >k qu% to be the
exponential generating function for g, ;. Recall that the ordinary and exponential
generating functions for Stirling numbers of the second kind S,, ;, are given by ¢(¢)

t k
and %, respectively.

Thus,
~ 1(E\ [* (e —1)F E(et —1)F  kt(et — 1)k 1et
t = — d —
Qi (t) 2<2)/0 Y o%!
Erk(er — 1)k ter
—/0 B E— dr.

Hence, the exponential generating function Q(t,y) = Y k>0 Qr(t)y* for the total
number of corners over set partitions of [n] with k blocks is given by

2

A Y K r yt +
Q(t7y) = Z/ (€T — 1)2€y(e =y + Eet-&-y(e —1)
0

t
- y(et —1)ev(e D - g/ re e =D g,
2 2 /o

In particular, we have

g A — ny 2t+y(et—1) _ 2t+y(et—1) y(et—l)
8tQ(t7y) 1 (2te e +e )
C2t—10° 20—10

2
. at26y<ef—1>_ - (,%ey(et—lwyzey(et—l).

Hence, we can state the following result.
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Theorem 6. The total number of corners of type A over set partitions of [n + 1]
with k blocks is given by

n 1 n 1
7571 - 78’71 - 7Sn 7Sn Sn -2
ootk T Ont2k T 50k + qon Lk + On,k—2

Moreover, the total number of corners of type A over set partitions of [n + 1] is
given by
2n+1 1 n—2

But1 — 7 Bnts — ——o—
4 +1 4 +2 2

Bn,

where B,, is the n'™ Bell number.

3. Counting Corners of type B

Let J := J(x,y,p) be the generating function for the number of bargraphs
m according to the number of cells in 7, the number of columns of 7, and the
number of (a,b)-corners of type B in 7, corresponding to the variables x,y and
P = (Pa,p)ab>1 respectively, that is,

J= Z Z xnycol(ﬂ) H p(/:’(ba,b)(ﬂ')7

n>0meB, a,b>1

where A(q ) () denotes the number of (a,b)-corners of type B in 7. From the
definitions, we have

9) J=1+Y Ja,

a>1

where J, is the generating function for the number of bargraphs © = an’ in which
the height of the first column is a. Since each bargraph m = an’ can be decomposed
as either m = a™, m = a™br” withb>a+1,or 7 = a™br” with1 <b<a-—1, we
have

Jo = Z Y " Pra + Z Y™ (Jor1 + Jago ++7)

m>1 m2>1
a—1
(10) + Z Zxamympm,afbjlr
m>1b=1

Define v, 1= 3,51 "y Pm,q- 1t follows from (9) that

J—1—§5%= 2:@.
b=1

b>a+1



232 Toufik Mansour and Gokhan Yildirim

Then we obtain

a a a—1
p— - y am ., m
Jo =%+ 1= 2oy (JlZJb> + Z (az y me,a—bjb>
b=1 m>1 b=1
.’an l‘ay a—1
=% + J—-1)— Jo + xamym Pm,a—b — DJy ],
1-— :an( ) 11—z mZ>1 ;( )

which, by solving for J,, gives
a—1
Jo=a"y(J = 1) + (1= 2"y)ya + (1 —2%y) > (x“my’" > (Pma—b — 1)Jb> :
m>1 b=1

If we define

O == a"y(J — 1) + (1 — 2"y)va and pap = (1= 2°9) > (@Y™ (pm.a—s — 1)),

m>1

then we obtain

a—1

(11) Ja :9a+zua,bt]b-
b=1

By similar techniques as in the proof of Lemma 1, we can state the following result.

Lemma 7. Foralla > 1,
a—1
Ja=0a+ Y Ta;0;,
j=1

s
where FU«J = ZSZO Zj:is+1<i5<“'<7;0:a HZ:O Higigyq -

Theorem 8. The generating function J(x,y,p) is given by

Yo 21 (T+T5) (1 — Y)Y Dy
J(@,y,p) =1+ 7 .
=1 = 21 Pyl

)

S
where I'; = ZsZO Zj:is+1<is<-u<io He:o Higigyy -

For instance, if pgp = 1 for all a,b > 1, then pqp = 0 which implies that
I', = 0. Thus Theorem 8 shows that J(z,y,1,1,--) = =2

l—z—ay”

3.1. Counting all corners of type B
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Let pgp = p for all a,b > 1. From the definitions, we have pqp = (p — 1)z%y
which yields

Fj — Z (p _ 1)S+1 Z xi0+---+is
s>0

j:is+1 <ts <<l
. +2
)s+1ys+1z(s+1)7+(s2 )

(p—1
(12) ;}(l—x)(l—x2)-~-(l—xs+1)'

From Theorem 8 and (12), the generating function F' = J(z,y,p,p, - ) is given by

(-1) o425 (3°)

p% +pzj21 ijjy . p% +p2520 A—2)(1—z2)(1—2*¥2)

F=1+ — = s
L= 325 = X Lialy -2 % (-1 +1y+22(5)
1—zx 520 (1—z)(1—a2)---(1—a512)
Let corg(m) be the number of corners of type B in 7. Define hy, , = > 5 corp(m)

and hy, = Y 4 oq hng. Let H(z,y) = Zn,k>1 hmk;p"yk be the generating function
for the total number of type B corners over all bargraphs according to the number
of cells and columns. Then, it follows that

oF xy(l —x — 2y + 2%y?)

(13) H@y) =5, = 1-—z—ay?>

Note that H(z,1) = ’(cl(f;gz is the generating function for the total number of type

B corners over all bargraphs according to the number of cells.

3.2. Counting (v, w)-corners of type B

Fix v,w > 1. Define p, . = p and pap = 1 for all (a,b) # (v,w). Then we
have pigp = (1 — 2%y)z*y"(p — 1)0g—b= Which yields

Ty =) > [T (@ =2 y)a™ " (p— Ddiyy s —ir=uw)
8§20 j=ts41<is<--<ig =0
(14) = Z(p _ 1)s+1yv(s+1)xvj(s+1)+uw(s§1) H(l _ wj+(€+1)wy).
>0 £=0

From Theorem 8 and (14), the generating function F' = J(z,y,p) is given by
EE 4+ (14 Ty) (1 —a¥y)a™y’ (p— 1) +y »_ 2'T;

j=1
_zy EJ
11—~y 2T
jz1

F=1+
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Recall that A, ,)(m) denotes the number of (v, w)-corners of type B in
7. We define tnx = 3> cp  Aww)(m) and tn = 37 o1tk Let T(x,y) =
kax tnx2"y* be the generating function for the total number of (v, w)-corners
of type B over all bargraphs according to the number of cells and columns. Then,
it follows that

OF
T(z,y) = —
@) =551,
_ (L-avylatryt |yt e - aty) F (yo) (L - 2 )
- 2 2 ’
(1- %) (1= art1)(1 = av+2) (1 24 )

which leads to
(1 _ Iw)wi x2v+3(1 _ l,w) + IUJrl(l _ :Cerl)

(1_%)2 (1—x”+1)(1—x”+2) (1_13%)2;

this latter is the generating function for the total number of (v, w)-corners of type
B over all bargraphs according to the number of cells.

T(x,1) =

3.3. Restricted bargraphs

Theorem 8 can be refined as follows. For N > 1, let J) := J(N) (2,4, p) be
the generating function for the number of bargraphs 7 such that the height of each
column is at most N according to the number of cells in 7, the number of columns
of m, and the number of (a, b)-corners of type B in 7 corresponding to the variables
x,y and p = (Pa,b)a,p>1 respectively. Then by using similar arguments as in the
proof of (9) and (11), we obtain that

N azl
TN =143 M and I =0, + 3 pasdt™,
a=1 b=1

for all a = 1,2,..., N, where JéN) = JC(LN)(m,y,p) is the generating function for
the number of bargraphs m = an’ such that the height of each column is at most
N. From the proof of Theorem 8, we can state its extension as follows.

Theorem 9. The generating function JN) = JWN) (x y. p) is given by

S (L4 T5)(1 = ady)y;

JN) =1+
N . N . )
-y Zj:l Tl — Zj:l Iyl

where

Fj = Z Z H Higigyq-
s>0

J=ieq1<is<--<ig<N £=0
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Moreover, for alla=1,2,..., N, we have
a—1 . a—1 )
TN = {2+ alyla; | (TN = 1)+ (1 =297 + > Ta;i(1—27y)y;,
j=1 j=1

S
where FN,J' = ZSZO Zj=i5+1<is<“'<i0=N H[:O Pigipyy -

For instance, Theorem 9 for N =1 gives

1—x
TV (@,y,p) =1+ (1_3 =1+ 2"y Pt
m>1

3.4. Counting corners of type B in set partitions

Recall that we represent any set partition as a bargraph corresponding to
its canonical sequential representation. Let Py(z,y,p) be the generating function
for the number of set partitions 7 of [n] with exactly k blocks according to the
number of cells in 7, the number of columns of 7w (which is n), and the number of
(@, b)-corners of type B in 7 corresponding to the variables z,y and p = (pa,b)a,p>1
respectively.

Note that each set partition with exactly k£ blocks can be decomposed as
17 ... kr(®) such that 7() is a word over alphabet [j]. Thus, by Theorem 9, we
have the following result.

Theorem 10. Letp,, = p for alla,b > 1. Then the generating function Py(z,y, p)
is given by

k
P(z,y,p) = p** [T 78" (2.4, p),
N=1

where JJ(VN) is given in statement Theorem 9.

Now, we consider counting all corners of type B in set partitions. Let p,;, = p
for all a,b > 1, and Qi(z,y) = B%Pk(x,y,p)‘ . By Theorem 9, we have that

IV (z,y,1) =

1
1-y EJN=1 zd and

N+1

2 .
N . N . N s g+l
Yy’ — (y 2=t xj) +y? D= B

0
7J(N) (.’II, Y, p) |;D:l:

0 N \2
P (1 -y Zj:l ‘T])
; (N) _ Ny
Moreover, Theorem 9 gives that Jy ' (z,y,1) = TSN and
=1

0 (N) N 0 (N 1—33Ny
—J ,Y,P) |p=1= Sy () ,9,P) lp=1 +————— | .
ap N ( Y )lp 1 Y ap ( Y )lp 1 1—2?[:156]2/
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Hence, by Theorem 10, we have

k BJ(N) .’E

k
K@, y) Hl 2Ty P i )|p:1—k+1
L oy

yz] 127 \ N2 - yzj ai

In particular, the generating function for the total number of corners of type B over
all set partitions of [n] with k& blocks is given by

£ 5N (L1 P) [p=1
G = T ha a1 k) (Z t —’”1)’

N=1 1-Nt

which, by ,%J](VN (L, t,p) |p=1=t (1 N7 T ML 4 T Nt) is equivalent to

2(1 NT)Z
Qk(lvt)
ik k t2N(N —1)
(o R e gy <1—k+Nz_:1<1+(N_1)t+2(1_m)>.
Hence,
tk t [k t k N -1
Qk(lvt):(1_t)(1_2t)...(1_kt) <1+2<2>+2NZ_11—N25>'

Define Qk (t) to be the corresponding exponential generating function to Q(1,1),
that is Qx(t) = >, an% where ¢y, i, is the coefficient of ¢ in Qx(1,¢). Similarly
to Section 2.4, we have

~ G 1)k k Eler —1)F kt(et — 1)F=let  E(et — 1)F
Qult) ==+ (2) /0 ) T R T

rk(e” )’c le
- /O e Ve Lt

Define Q(t,y) = Y k>0 Qx(t)y*; thus by multiplying by ¥* and summing over k > 1,
we obtain -

N . 2t )
Qty)=ev® 1 -1+ yZ/ (e" —1)2ev(e Dy
0

t t t t r
+ Eyetﬂ’("‘ -1) _ %(et _ 1)ey(e -1) _ %/0 rer (e =1 g,

In particular,

%Q(t, y) = 4 (y(2t = 1) VD yer(e D)y gertuet D),

NS
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which is equivalent to

9 ~ _2t—1i2€y(et_1)_2t—5g

2
Ot y) = v(e'=1) 4 Y y(e'-1)
5 0tY) 1 o 1 ot° Ty

n, k

Since e¥(¢'—1) = > 050 2or—o Sn.k*4=, Snk is the Stirling number of the second

kind, we obtain the following result.

Theorem 11. The total number of corners of type B over set partitions of [n + 1]
with k blocks is given by

n 1 n 5

§Sn+1,k - ZSn—&-Q,k - §Sn,k + ZSn—ﬁ-l,k + S k-2

Moreover, the total number of corners of type B over set partitions of [n + 1] is
given by

2n+5 1 n—2
4 BnJrl - 7Bn+2 - 7an

4 2
where B, is the n'™ Bell number.
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