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In the present paper, certain Feynman type integrals involving the generalized
k-Mittag-LefHler function and the general class of polynomials are established
and further extended these results involving Laguerre polynomials. On ac-
count of the most general nature of the functions involved therein, our main
findings are capable of yielding a large number of new, interesting, and use-
ful integrals, expansion formulas involving the generalized k-Mittag-Leffler
function, and the Laguerre polynomials as their special cases.

1. INTRODUCTION AND PRELIMINARIES

Numerous integral formulae associated with a variety of special functions have been
established by many authors (see, [21, 20, 23, 22]). Very recently, Jain et al. [25]
gave pathway fractional integrals with the 3m-parametric type Mittag-Leffler func-
tion and and discusses some of it’s particular cases in application point of view.
In the present paper, integral formulae are established involving k-Mittag-Leffier

*Corresponding author. Praveen Agarwal

2010 Mathematics Subject Classification. 26A33, 33C45, 33C60, 33C70.
Keywords and Phrases. Generalized k-Mittag-Leffler function, general class of polynomials,
Lagurre polynomials, Pochhammer symbol, Feynman integrals.

746



Certain Feynman Type Integrals 747

function and are expressed in terms of generalized (Wright) hypergeometric func-
tions.

In 2006, Diaz and Pariguan[24] introduced the k-Pochhemmer symbol and
k-gamma function defined as follows:

Li(y + nk) ,
(1) Vn i = Tr(v) (ke R;y € C\{0})
Yy + K)oy + (n = 1)k) (n e N;y € C),

and the relation with the classical Euler’s gamma function as:

_pi-ip (2
(2) Le(y) = k1 (1)
where v € C,k € R and n € N.

when k£ = 1, (1) reduces to the classical Pochhammer symbol and Euler’s
gamma function respectively.

Also let v € C,k, s € R, then the following identity holds

3) ne=()" "o (l”) ,

in particular,

(4) Le(y) = k7T (7))

Further, let v € C, k,s € R and v € C, then the following identity holds

) g = (2)" (‘”)

in particular,

(6) (o= 0" (),

For more details of k-Pochhammer symbol, k-special function and fractional
Fourier transform one can refer to the papers by Romero et. al.[18, 19]
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Let k € R,a, 3,7 € C;R(a) > 0,R(B) > 0,R(y) > 0 and ¢ € R, then the
generalized k-Mittag-Leffler function, denoted by E,ZZ P (2), is defined as

e nq,kz
(7) k. Z Fk na + ﬂ

where (77)nq,k denotes the K-Pochhammer symbol given by equation (6) and
Tk (7) is the K-gamma function given by the equation (4) as (also see[13]).

Particular cases of E,Za 5( z)

(i)For ¢ = 1, equation(7) yields k-Mittag-Leffler function (Dorrego and Cerutti[7]),
defined as:

R - nk:Z
(8) El’c\/a g TLO[—Fﬂ Ez,a,ﬁ(z)

(ii) For k = 1, equation(7) yields Mittag-Leffler function, defined as (Shukla and
Prajapati [1])

E’y q nqz — g
(9) Z 7 m+ i = B

(iii) For ¢ = 1 and k = 1, equation(7) gives Mittag-Leffler function, defined as
(Dorrego and Cerutti [7])

n

v,1 _ - (’Y)nz _ y
(10) DAOEDY o+ Bnl Eq5(2)
=0
(iv) For ¢ =1,k =1 and v = 1, equation(7) gives Mittag-Leffler function ( Wiman
[3]), defined as

(1) Bias®) = 2 far gy = Bt

(v) For g = 1,k = 1,7 =1 and 8 = 1, equation(7) gives Mittag-Leffler function
(Mittag-Leffler [8]), defined as

(12) 1a1 ana—i—l = Ea(2).
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(vi) For ¢ = 1,k = 1,7 = 1l,a = 1 and § = 1, equation(7) gives Mittag-Leffler
function (Mittag-Leffler [8]), defined as

(13) 1 1 1 ( Z T(n+1) = exp(2).

The results given by Kiryakova [27], Miller and Ross [17], Srivastava et. al.,
[11] can be referred for some basic results on fractional calculus. The Fox-Wright
function ,¥, defined as (see, for details, Srivastava and Karisson 1985, [10])

w50

— (a’Zaaz ,p, :| al +OZ’I7,) Z"
pq]q[(ﬂvﬁj 1qv ZH (b + Bjn )TL!’

where the coefficients a1, ..., ap, f1, ..., By € RT such that

(14)

q P
(15) 1+ 8= a; >0.
j=1 i=1

The general class of polynomials S}t [z] will be defined and represented
as follows [9, p.185, Equn. (7)]:

[nl/'rnl nr/mr r
W) s = Y S [t
ll 0 l =0 =1
where nq,...,n,. = 0,1 .;m1, ...,m, are arbitrary positive integers, the co-

efficients A, 7(nz,l > 0) are arbltrary constants, real or complex. Sy [x]

.....

yields a number of known polynomials as its special cases. These 1ncludes among
other, the Jacobi polynomials, the Bessel Polynomials,the Lagurre Polynomials, the
Brafman Polynomials and several others [12, p. 158-161].

The following results and definitions are also required in our investigations.

Prabhaker and Suman [26] defined the polynomials P (z) as:

k

N CT(an+B8+1) -~  (-n)=
(17) L @) = —Fmr kzzok (@k+ 54D
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Where o € C*, 3 € CT and n € N.

If @ =1, then (17) reduces as:

n+ﬂ+

— L2 ()

n

Where L2 (x)is well-known generalized Laguerre polynomials (Rainville [5]).

The Konhauser polynomials of second kind (Srivastava [14]) is defined as:

T'(kn+8+1) — if n xki
(19) Zﬁ(ﬂf;k):¥2(*1) (])F(kj—i—ﬁ—i—l)

Where § € (Cfl,n € Nand k € Z.

It can be easily verified that:

(20) L{kP) (a*) = Z8 (a;k)

(21) Ly (z) = Z}] (x;1)

The polynomials Z.**?) (z; k) is defined[2] as

n

0 (g = S TlEnc+ 54 1) (-1)7 o

Where « € Ct, 3 € CT,,n € Nand k € Z.

From (19) and (22), we get:

(23) Z8P) (w3 k) = Z5 (a3 k)

If @ € N then (22) can be written in the following form:

D(kn+F+1) — (—an),,, Tk
Tlan+1) 2= mll (km+ 8 + 1) (-1) @™

(24)  Z) (k) =
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The set of polynomials L' (v; ) is defined [2] as:

n

(25) LD (i) =D
r=0 "

'(an+B+1)(-1)"z"
(ar+B8+1)T(yn—~r+1)

Where o,y € Ct, 3 € CF,,n e N.

From (25) and (17), we have:

(26) L) (Li2) = L ()

One can easily verify that:

(27) LD (a;2%) = 289 (2 k)
(28) Z0M) (1) = L (a5 2)

(29) Z8) (w31) = Z (2;1) = L] (x)
(30) L&A (L) = L9 () = L) (o)

Some facts are listed below (see Spanier and Oldham [16])

(31) (—2)pn=(-1)"(x—-—n+1), ,
32 T+ Y = ") @)@
(32 @+ Z( ") @t

(33) (@)ntm = (@)n(x +n)p, and
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2. INTEGRAL FORMULAS

In this section, we establish certain new double integral relations pertaining
to a product involving general class of polynomials and generalized k-Mittag-Leffler
function and further we extend these results involving Laguerre polynomials. These
double integral relations are unified in nature and act as key formulae from which
we can obtain as their special cases, double integral relations concerning a large
number of simpler special function and polynomials, which are listed below.

Theorem 1. If k € Ry, 8,7, A, u € C;R(a) > 0,R(B) > 0,R(vy) > 0,R(\) >
0,R(u) >0 and g € RT such that 0 < x,y < 1. Then the following formulas hold:

/ / { iiy r {11—_fy]ﬂ {(1 —lfv_)(?y— y)} S e {(iiﬂ

1 _
X E,Zi 8 << zzj}> dxdy

1—
kl g/k [n/ma]  [ne/m.]

B Sl | =1 VRIS

(35)

T(~v/k) e 2 1
(v/k,q), (11, 1) .
X 29U { (B/k,a/k),(A+1; + p, 1) ‘k( /k)v} .

Proof. For convenience, we denote the left-hand side of the result (35) by .#. Using
(7) and (16), then changing the order of integration and summation, which are valid
under the conditions of Theorem 1, then

[nl/ml] [nr/mr
nz mil; n ,kU
(36) llz:o Z_:o 11_[1 T A Z < Tk nanrﬂ

/ / Liyrﬂ Ll_xy]m{u1x_><?yy>}d””dy’

further using the known result [15, p.145], we have:

[nl/ml] n,/m,
Z Z H ’L m;l; Anz, y
(37) 11=0 1.=0 =1

XZ nqk:v <>‘+l) (u+n)
« Tr(no+ B)n! DA+ 1 + p+n)

applying the results (1) and (2), the above equation (37) reduced to
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kl g/k [ni/ma]  [ne/me] ¢

T 5, 2 i Ao

(38)
Z (v/k + ng) T(p+n)  krlae/byn
Fna/k+6/k) F'A+L+p+n) n!
interpret the above equation with the help of (14), we have the required
result. O

Theorem 2. If k € Ry, 8,7, \, 10 € C;R(a) > 0,R(B) > 0,R(vy) > 0,R(A) >
0,R(u) > 0 and q € RY such that 0 < u,v < oo. Then the following formulas hold:

/ / P(u+v)o" " A TSI [u] Bl (v) dudy
p1-B/k [n1/ma]  [ne/me] ¢

o nz m;l; )
(39) - ('Y/k l; ZZ_O Zrll n“lir (>\ + lz)

= iTH— (7/k7q)7(:u71) qg—«
X/O ¢(Z)ZA+l+ 12\112[ (B/k, a/k), A+ i + i, 1) ‘k( /k)z}

Proof. For convenience, we denote the left-hand side of the result (39) by .#. Using
(7) and (16), then changing the order of integration and summation, which are valid
under the conditions of Theorem 2, then

[”1/"”1] [”r/mr
n‘b
(40) l;) ZZO 21_‘[ et Z F’“ na + B)n

oo (oo}
X / / d(u + v)or T LA gy dy,
o Jo

further making the use of known result [15, p.177], after simplification the
above equation (40) reduced to

[nl/ml] [”T/"TM
7 = nz m;l; iy nq7
w T ET = H 3

)

/ o(z A Hlibptn—1 PA+1) T (u+mn)
FA+li+p+n)

applying the results (1) and (2), the above equation (37) reduced to
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kl B/k [nl/ml] nr/m,

L(y/k) lz ZZO Hl n”’” Ap, ., T (N +1)
1=0 = 7

42 i1 (v/k + ng)
12 / O ZFna/k‘—i—B/k‘)

I'(p+n) Enla—a/k) m J
CA+li+p+n) n!

D

interpret the above equation with the help of (14), we have the required
result. O

Theorem 3. If k € Ry, 8,7, A, u € C;R(a) > 0,R(B) > 0,R(y) > 0,R(\) >
0,R(u) >0 and ¢ € RT such that 0 < u,v < 1. Then the following formulas hold:

1 1
/ / fluv)(1 — w11 —v)r A S e [o(1 = )]
x B2 5 (1 —wv)dudv

kl g/k [ni/ma]  [ne/me]

(43) o 2 2 [T om0+ 1)

ll= l =0 =1

/ f >\+l +p—1

(v/k.q), (. 1) o
x oWy [ (B/k,a/k),(A+1; + p, 1) ‘k( /k)(l —z)] .

Proof. For convenience, we denote the left-hand side of the result (39) by .#. Using
(7) and (16), then changing the order of integration and summation, which are valid
under the conditions of Theorem 3, then

ni/mi]  [ne/m.] r
nl mz i nq k
(44) z;) Zo l_[l Ane ’nzofk (na+ B)n

/ / fuv) w)METH1 — p)r LM gy dy,

further using the known result [15, p.243], the above equation (44) reduced
to the following form:
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[n1/mi]  [ne/my]
mb
(45) zlzo 2_:0 Hl e Z Fk (na+ f)n
/ f(z >\+l +ut+n—1 ()‘ + li) (1 +”)d
FA+lLi+p+n)

applying the results (1) and (2), the above equation (37) reduced to

kl g/k [m/mal  [ne/me] nz ml
o) > Z H i A LT+ )
11=0 l,=0 =1
(46) / )N HFn—1 (v/k + nq)
% 0 f@0 Z na/k+ﬁ/k)
n(g—a/k) (1 _
P(p+n)k (1 z) iz,

A+l +p+n)n!

interpret the above equation with the help of (14), we have the required

result.
O

In the sequel of our paper the following lemma is important to establish the
main results.

Lemma 1. If a,c,(,£ € Ct, b,d € CT,m,n €N [21], then

O (&) LoD (¢ )

m+n h

Fan+b+ )T (em+d+1)
ZZ F'(h=—k+1)T(((m—h+k)+1)T(k+1)

(—a)"
TEm—k)+ )T (ak+b+1)T (c(h—Fk)+d+1)

(47) h=0 k=0

X

Theorem 4. If acC{E(C“'de(CJ“, m,n i k€ Ry, 8,7, \u €
C;R(e) > 0,R(B) > 0,RN(y) > 0O, R(N) > (u) anquR*suchthat
0 < z,y < 1. Then the following formulas hold
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/ / { iﬁy ] {11—_jyr [(1 —196_)(?— y)}
e (42 e (122)
)

(¢,d) —Y Y,q (1 - y)v
I (1 : yﬂ it ()
p1-B/k mtn [ﬂl/ml] [ /]
w2 S 2 T
. ( /k’q)7(p’+h71) (g—a/k)

where A7} Z’C is given by

h
Anmsczz( h ) FF(an+b+1)F<cm+d+1>(—1>h

o) whed = Za\ k (C(m—h+k)+1)T(E(n—k)+1)
1

“Th+ )T (ak+b+ )T (c(h—k) +d+1)
Proof. For convenience, we denote the left-hand side of the result (48) by .#, we

have
7= // [:ccyHll—_fyHu—lx_)éy—yJ

-y (1—y
L(Cd . E4
X m |:<7 a (1 — (Ey):| k,a,8 ( 1_ Ty dl‘dy

and upon using the result from equation (47), the equation (50) reduced to

m+n h

F'an+b+1)T (em+d+1)
7= };JZOFh E+D)T(((m—h+k)+1)T(k+1)

(51) “T(e )+ 1 )F(aki_brl)l“(c(h—k)+d+1)
u+th
/ / { 1—%31} [11—_afyy] [(1—1:5_)(?— y)]

(1-=z)y (1-—yw
mi...My E%(I
x Sy ni..np { k,a,B 1—ay dxdy

1 -2y
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applying the result from equation (35), the equation (51) yields

I T'(an+b+1)T (em+d+1)
T(v/k) e D(h—k+1)I(C(m—h+k)+ 1) (k+1)
(—o)"
“TEm—k) + D) (ak+b+ )T (c(h—k) +d+1)

(52)

[ni/ma]  [n./m,]

< 3 LY H ”“”“ Anet, DOV 1)

110 l_OZ].

(v/k.q), (u+ h,1) e
e { (B/k,a/k),(A+1; +p+h,1) ‘k( /’%} .

The above equation (52) can be written as:

kl B/l T L (an+b+1)T (cm+d+1) (o)
5 22 (k) THr DT g

h=0 k=0
(-1)"

T(E(m—k +1)T (ak+b+1) (c(h—k)+d+1)

[nl/ml] [”r/mr

DS Dl | L= RN

110 T—Oll

(v/k.q), (u+ h,1) e
v [ (B/k, o fk), (A +1; + p+ b, 1) ‘k< /’%} _

Thus, we have

[7L1/m1 "r/m7] r

ST LD SR ol | =

F(’y/k;) h=0 11=0 l,=0 1i=1

(v/kya) s (1 + 1y 1) ‘qumﬁ.

(54)
x D(A+1;)2¥ { (B/k,af/k), (AN + 1l +p+h,1)

where A7 5 ¢ is given by the equation (49).

This completes the proof of the equation (48).
O

Theorem 5. If a,c,(,6 € CH,bd € Ct,mn € N; k € Ry, B, 7, \,pp €
C;R(a) > 0,R(B) > 0,R(y) > O,R(\) > 0,R(n) > 0 and ¢ € R such that
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0 <u,v < oo. Then the following formulas hold:

/°°/°°¢<u+v Bt AL g (] L) (6 o ()]
0 0
X LD (¢ o ()] B, (v) dudo

L1-8/k m+n nl/m1 [ne/my.] r

5 = rem 2 " - Z 5= Zm”Am,,

h=0 11=0 ~=0 =1
x T (A +1;) / P(z) A Hituth=l
0

(v/k,q), (1 + R, 1)

(g—a/k)
><2\1/2[ (B/k,a/k), (A + 1 +p+h,1) ‘k z}

where Aa bo, d is given by equation (49).

Proof. The proof of the equation (55) is same as the proof (48), so we omit the
detail. O

Theorem 6. If a,c,(,& € CT, bd€C+, m,n € N; k € Ry, 3,7, \, u €
C;R(a) > 0,R(B8) > 0,R(y) > 0,R(N\) > 0,R(u) > OanquR+suchthat
0 < u,v < 1. Then the following formulas hold
1 1
| ] fa - o ia-optosp pi - w)
o Jo
x LY (&0 (1 — u)] LD [g- o(l- u)] EP? 5 (1—v) dudv

56) T TR Aot
(56) T(y/k) &= 2l
C'(A+1;) / f(z p)MHituth—1
(v/k: @), (i + b, 1) ‘(qia/k) B
XQ\IIQ[(B/kva/k)><)\+li+u+h71) k -2)].

where A" g’c is given by equation (49).

Proof. The proof of the equation (56) is same as the proof (48), so we omit the

detail. O
Theorem 7. If a,c,(,¢ € CH b,d € CT,m,n € N; k € R, 3,7, A\, €
C;R(a) > 0,R(B) > 0,R(y) > 0,R(N) > 0, (u) 0 and ¢ € RY such that

0 < z,y < 1. Then the following formulas hold:
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/ / { 1:gaiy } [11_wyyr [(1 *156_)(?* y)]
o [ e (2]
57y X L [c;a (f_‘jy)] Eye <(1 — ?y”) dady

E1-B/k [ni/ma]  [ne/mq] r m+n

_ (”zmu
S | B R

11=0 l,=0 1i=1
(v/k,q), (1 + h, 1) —a/k
LA+ [(ﬂ/k,a/k),()\JrliJrquh,l) K /k)“}

where 1A} gncfl S is given by

nom,ec _ L(an+b+1)T (em+d+1)
ab,e,d T r (Cm + 1) T (é’n + 1)

h k) gk e tn
XZKh)(l) (=Cm) i) (=€M)ex

1

(58)

k IF(ak+b+1)T(c(h—k)+d+1)

k=0

Proof. Let £,¢ € N and using (31), the equation (53) reduced to

m+n

_kl—ﬁ/kF(an+b+1)F(cm+d+1) .
T(v/k) T (Cm+1)T(En+1) };(U)

n yhCthk) gk tn
le(h)(l) (=Cm) ¢ (i) (=EN)gy,

(59) P k T(ak+b+1)T(c(h—k)+d+1)
[n1/ma]  [ne/m.]
< 3. Z H Mmids g (A1)
11=0 »=0 =1
( /k7Q)’(M+h’1) (g—a/k)
“%{(6/k,a/k>,<x+li+u+h,1> G Y]

Thus we have:

E1—B/k m+n 5 ) [ni/mi1]  [n./m;] r
'fL m Z m7 i
S D SULVEED SN o |
(60) h=0 11=0 ~=0 i=1

(v/k,q)7(u+h,1)
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where 1Aa’;"cfl ¢ is given by (58). O

Theorem 8. If a,c,(,6 € Ct,bd € Ct,mn € N; k € Ryo, B,7,\, 0 €
C;R(a) > 0,R(B) > 0,R(y) > 0,R(\) > 0, 3?(/1) > 0 and ¢ € R such that
0 <u,v < oo. Then the following formulas hold:
oo [ee]
[ ] stws oot sz w LY o )
o Jo
x Lip? (G o () B4 g (v) dudy
kl g/k [ni/ma] - [ne/me] ¢

n; m7l,
(61) T(y/k) Z IZ:O Hl T e

m—+n

X Z C(A+1) / b(z) A Hitn+h—1
(v/k.q), (u+ R, 1) .
XZ%[ (B/k,a/k), (A + 1+ p+ b, 1) ‘k(q /k)z}

where 1A} Z,ncfl ¢ is given by equation (58).

Proof. The proof of the equation (61) is same as the proof (57), so we omit the

detail. O
Theorem 9. If a,c,(,¢ € Ct, b,d € CT, m,n N; & € Rja, 8,7, A\, u €
C;R(a) > 0,R(B) > 0,R(y) > 0,R(N) > 0,R(u anquR*suchthat

0 <u,v < 1. Then the following formulas hold:

1 1
/0 / Fuw)(1 — w1 — 0Pt STm (o1 - )]
x LY (&0 (1= w)] LED [Go (1 —w)] ELY 5 (1 - v) dudy

kl—B/k [n1/m1] [ /M)

nz m;l;
E H nuli

(62) - F(V/k) 11=0 1,=0 =1
m-+n
X > (o) ARG T (A + 1)) / F(2) (1 — o) Mltpth=l
h=0
(7/‘167 q) ) (,LL +h, 1) (q—a/k) (1 _
“%[ (B/k,fk),(A+ 1+ p+ I, 1) ‘k =2

where 1 A} béft S is given by equation (58).

Proof. The proof of the equation (62) is same as the proof (57), so we omit the
detail. O
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3. SPECIAL CASES

In this section we briefly consider certain special cases of the derivation of
the results obtained in the preceding sections by suitable substitutions.

(I) By applying the our results given in (35),(39),(43),(48),(55)and (56) to
1
the case of Hermite polynomials [4, 6] by setting S? (z) — z"/2H,, [2\[} in which
x
My ey My = 2507, oy My = 057 = 1; Ay, 1, = (—1)!, we have the following interest-
ing results.

Corollary 1. If k € R;a, 8,7, A\, € C;R(a) > 0,R(B) > 0,R(y) > 0,R(N) >
0,R(u) >0 and ¢ € RT such that 0 < x,y < 1. Then the following formulas hold:

[ 152 (2] ) (=™
o (1) o

(63) K-8k 22

T Tk &=l

(v/k,q), (1, 1) Y
XQ%[ (B/k, a/k), (A +1; + p, 1) ’m /’%].

21T+ 1)

Corollary 2. If k € Ry, 8,7, A\ p € C;R(a) > 0,R(B) > 0,R(y) > 0,R(N) >
0,R(u) > 0 and q € RY such that 0 < u,v < oo. Then the following formulas hold:

o0 (oo} 1
/0 /0 d(u + v)or Ty M2 [2\/17} E/Z,’g,ﬁ (v) dudv
£ (e
- T(v/k) — I

(v/k:q) 5 (p, 1) e
o [ (B/k,o/k) , (A +1; + p, 1) ‘M /k)z} '

(64)

(_1)lr ()\ + lz) /oo QS(Z)Z)\+I~;+;L71
0

Corollary 3. If k € Ry, 8,7, A\, u € C;R(a) > 0,R(8) > 0,R(y) > 0,R(A) >
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0,R(u) >0 and ¢ € RT such that 0 < u,v < 1. Then the following formulas hold:

/ / f ’LLU 1_ u )\+n/2 1(1 _ v)u—l,v/\+n/2

' ll
2/v(1l —u)

k! —hk [n/Q]( n)a )it
ST n VTR JAEC -

(v/k,q), (i, 1)
x 202 [ (5/1@,07/1@) q()\Jrl Y1) ‘
d

a5 (1 =) dudv

. Z)] |

Corollary 4. If a,c,(,¢ € CT,bd € CT,mn € N; k € R;a, 8,7, A\, pu €
C;R(a) > 0,R(B) > 0,R(y) > 0,R(N\) > 0,R(u) > 0 and ¢ € RT such that
0 <,y < 1. Then the following formulas hold:

[ LB = s o=

1—zy 1—y
H, |2, ———| L&Y |¢;
: [ o] e s (3]

1-y (1-y)w
66 (c,d) . Y,q U -y
( ) XLm |:<70—<1_xy>:| Ek‘,oc,B ( 1—],‘y dl'dy
E1-B/k [n/2] “n m4n .
_ I‘(,y/k) ( l')Ql (_1)1 Z (O')h Aa:b,é,g,cr()‘+ ll)
=0 : h=0
(v/k,q) (i + 1, 1) (4ol
xg%[(5/ka0</k),(A+li+u+h,1) ‘k vl

where A7 l:ncfl S is given by equation (49).

Corollary 5. If a,c,(,¢ € CT,bd € CT,mn € N; k € R, 3,7, A\, pu €
C;R(a) > 0,R(B) > 0,R(y) > 0,R(N\) > 0,R(u) > 0 and ¢ € RT such that
0 <u,v < oo. Then the following formulas hold:

[ [ etus v, | L0 o )
X 16D (G (u)] ER2 (o) dudy

L1-B/k [n/2] (=n)a zm+n b .
61 TTem e n (VA @A
1=0 h=0

T(A+1) / qS(z)z’\+li+“+h_1
0

(v/ksq), (1 + h, 1)

(g—a/k)
XQ%[ (B/k,a/k), (A + 1 + p+ b, 1) ”“ Z}



Certain Feynman Type Integrals

763

where A} glofz ¢ is given by equation (49).
Corollary 6. If a,c,(,¢ € Ct,b,d € Ct,,m,n €

CR(e) > 0,R(B) > 0,R(y) > 0,R(A) > 0, R(p

e N; k€ R, B,v, \,u €
> 0 and ¢ € RY such that

0 <u,v < 1. Then the following formulas hold:

L8 50 =] L5 600 = ) EL 00

)\+n/2 1( U)”71UA+n/2Hn [

kl—ﬁ/k [n/2] (—n m+n

"> nar > (0" Ay
=0

/\+l/f

(v/k,q), (u+h,1)
X 2Ws [ (8/k, /k) ,q(/\ ) Fudh)

(68)

)N HFuh—1
[Wa=ero 1 Z)] ,

where A7) Z,C is given by equation (49).

(IT) By applying the our results given in (35),(39),(43),(48),(55)and (56) to the case
of Lagurre polynomials [4, 6] by setting S2(z) — Lg{l)[ | in which my,...,m, =

n+« 1
1; =nr=1A4, ;. = ———
Ny ey Mg n,r s Ldng Ll < n ) (a+1)l7
ing results.

we have the following interst-

Corollary 7. If k € Ry, 8,7, A\, € C;R(a) > 0,R(B) > 0,R(y) > 0,R(\) >
0,R(p) >0 and q € RT such that 0 < z,y < 1. Then the following formulas hold:

1—y

/1/1 H_Zyr [1111}” [(19:)(11/)}

(69) CETPR S () nta \ T+ 1)
I‘(’y/k)z I ( n ) (a+1)

=0

(v/k,q), (11,1)

“‘1’2[ (B/k, afk) (A + 1 4 1, 1) )k(q_a/k)”]'



764 P. Agarwal, S. Rani, M. Chand and T.M. Rassias

Corollary 8. If k € Ry, 5,7, A, u € C;R(a) > 0,R(8) > 0,R(y) > 0,R(N) >
0,R(p) > 0 and ¢ € RY such that 0 < u,v < co. Then the following formulas hold:

/0 /0 d(u + )P AL [y Ed 5 (v) dudv

_ RGN Gl (e YDA HL) [
O D ( n )(a+1>z/o o

(v/k,q), (1, 1) e
X oWo |: (B/k,a/k)7()\+lz+#’l) ‘k‘( /k)Z:|

Corollary 9. If k € R;a, 8,7, A\, € C;R(a) > 0,R(B) > 0,R(y) > 0,R(N) >
0,R(u) >0 and g € RT such that 0 < u,v < 1. Then the following formulas hold:

/ / ) (1= u)* "1 (1 = )PP LE (1 — )]
0 0

EVPR N (—n) [ n+«a
x B8 5 (1 —wv)dudv = /R Z T < n )
1=0 ’

f(2)(1 = ) Mlitr=t

(71)
T(A+1L) [~

xi
(a+1) Jo

(v/k.q), (1, 1) Y
xquz{ (B/k,a/k), A+ 1+ p,1) ‘k( /’“)(1—2)}

Corollary 10. If a,c,(,& € CT,b,d € (Cfl,mm e N, ke Ry, B,v, \, p €

C;R(a) > 0,R(B) > 0,R(y) > 0,R(\) > 0,R(n) > 0 and ¢ € Rt such that
0 < x,y < 1. Then the following formulas hold:

/o1 /o1 [(1 - Z/yr [11—534}# [(1 —13:)(?— y)}
o |82 o (12
(12)  x Li? [g; o (ll—jyﬂ Fos (%‘i?j’) dady
G (e S g

(v/k,q) (4 b, 1) e
<o | oy Sy [

where A" Z’C is given by equation (49).
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Corollary 11. If a,c,(,§ € CT,b,d € (Cfl,mm e N, ke Ry, B,v, \, p €
C;R(e) > 0,R(B) > 0,R(y) > 0,R(N\) > 0,R(n) > 0 and ¢ € Rt such that
0 < u,v < oco. Then the following formulas hold:

/ h / g+ 0o AL [u] LD [0 ()
0 0

x LG (o (w)] BLE 5 (0) dudy

B i-B/k 2 (=) [ n+a M
_F(’Y//f)z I! ( n ) (a+1)

=0

(73)

m—+n

oo
<3 (o) AL | oty

(v/k,q) s (p+ R, 1) o
XQ%[ (B/k,a/k), (A + i+ p+h, 1) ‘k( /k)z}

where A7) Z’C is given by equation (49)
Corollary 12. If a,c,(,& € Ct,b,d ¢ (Cfl,m,n e N ke Ra,B,7,\,u €

C;R(a) > 0,R(B) > 0,R(y) > O,R(\) > 0,R(u) > 0 and ¢ € RT such that
0 <u,v < 1. Then the following formulas hold:

/0 /0 Flun)(1 = w11 — )P LA L (1 — w)] LY €0 (1 — )]
x LD [Go (1 —w)] EQE 5 (1 —v) dudv
klfﬁ/k n (771)[ n-+ o F()\‘Flz)
> ( ) e

(74) T T/ =l n (a+1)
m—+n
X Z AZ;”CZC/ f(z )R
h=0
(v/k.@) (u+h,1) .
X oW [ (B/k,a/k),(A+1; +pu+h,1) ‘k(q /k)(l _2)] ]

where A} ;)npz ¢ is given by equation (49).

(TIII) On setting ¢ = £ = 1, the results in equation (57),(61)and (62) reduced
to the following form:

Corollary 13. If a,c€ C*, b,dc CT,,m,n € N; k € R;a, 3,7, \, 1 € C; R(a) >
0,R(B) > 0,R(y) > 0,R(\) > 0,R(n) > 0 and q € RT such that 0 < z,y < 1.
Then the following formulas hold:
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/ / { iiy r {11—_51/]” {(1 —lff_)(aljy— y)]
o (12 (2

(75) k'l ﬂ/k [nl/ml] [n7/mr]

4 zml,
TTom 2 o [

l,=0 =1

m—+n
TA+1) Y (o) A0 0
h=0

(v/k,q) , (+ hy1) .
X oWy { (B/k,a/k),(A+1; + p+h,1) ’k( /k)v} )

where

1 Dlan+b+ 1T (em+d+1)

s —

n,m, 1

2824.b,e,d T F(m+ 1)F(’I’L+ 1)

L (—m )(h k) (—n),,
XZ( )[ T(ak+b+ DI (c(h—k) +d+1)

k=0

(76)

Corollary 14. If a,c€ C*, b,d € C*,m,n € N; k € R;a, 3,7, \, u € C; R(a) >
0,R(B) > 0,R(7y) > 0,R(A) > 0,R(i) > 0 and ¢ € RT such that 0 < u,v < co.
Then the following formulas hold:

/ / B+ v TG 4] L) o (u)]

X L(c,d) [0 (u)] Eggﬁ( v) dudv
kl gk [m/mi]  [ne/me] ¢

BN | = R

(77) LO/k) = 7 = i

m+n

D O PRy B
h=0 0

(Py/k’q)a(luf'f‘h,]_) .
v [ (B/k, k), (A +1; + i+ hy 1) ‘k@ /k)z] |

where gAa’b o d’ is given by equation (76).

Corollary 15. If a,c€ C*, b,dc C,m,n € N; k € R;a, 3,7, \, u € C; R(a) >
0,R(B) > 0,R(y) > 0,R(\) > 0,R(n) > 0 and q € RT such that 0 < u,v < 1.
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Then the following formulas hold:

1 1
/ / Fuo) (1 = w71 = o)t AT [o(1 — w)]
0 0
% LsLa,b) [0 (1 —u)] L(c’d) [0 (1 —u) E,ZZ Y (1 —v) dudv
pi—p/k /ml [ /m]

(78) " T(v/k) llz::O > H “Am,zF(AH)

l,=0 =1

m—+n
nmll )\+l+p,+h 1
x z: abcd / f

(v/k, ), (n+ by 1) ‘ (a—a/k)(1 _
wave [ (8/k,a/k), (At pmy (M2
where QAa’b o d’ is given by equation (76).
(IV) On setting a = ¢ = ( = £ = 1, the results in equation (57),(61)and (62)
reduced to the following form:

Corollary 16. If b,d € CT;,m,n € N; k € R;a, 3,7, A\, it € C;R(a) > 0,R(3) >
0,R(y) > 0,R(\) > 0,R(n) > 0 and q € RT such that 0 < z,y < 1. Then the
following formulas hold:

/ / [ 1:zy } {11_jy]u {(1 *156_)(?* y)]
5o (e (e

(79) E1-B/k [ni/mi]  [nr/me] ¢

Z H n; mlLAn“l

F(’Y/ ll 0 lr=0 i=1

m—+n
TA+1) Y () Al 5!
h=0
(V/ka Q) ) (:u + ha 1) (g—a/k)
“‘1’2{(6/k,a/k>,(A+li+u+h,1> "“ ‘1
where
An L1 _ T(n+b+1)T(m+d+1)(-1)"
37114 (m—h+k)+1)T ((n— k) +1)

1
)F h+ )T (k+b+1)T((h—k)+d+1)

X
M-+
7 N\
> > ,_‘1
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Corollary 17. If b,d € CT;,m,n € N; k € Ry, 3,7, A\, pu € C;R(a) > 0,R(3) >
0,R(y) > 0,R(\) > 0,R(n) > 0 and ¢ € RT such that 0 < u,v < co. Then the
following formulas hold:

|| ot oyt s ) 209 o (u)
0 0

x Zyy D [o (W) ELS 5 (v) dudv
k1 B/k [n1/ma]  [ne/me] r

(81) T(y/k) 2 2 H Anct

l1 0 Z_O i=1
m4+n o)
PO+ Y (o) sATpy ! / B(z) et
h=0
(v/k, @), (n+ R, 1) (4—a/k)
XM[ (B/k,a/k) ,(A+1; + p+ h,1) ‘k |

where 3 AV} d’ ' is given by equation (80).

Corollary 18. If b,d € CT;,m,n € N; k € R;a, 3,7, A\, it € C; R(a) > 0,R(3) >
0,R(y) > 0,R(\) > 0,R(n) > 0 and q € RT such that 0 < u,v < 1. Then the
following formulas hold:

| [ foa-wria—optosg p - u)
0 JoO

« Z(l,b) [O’ (1 B u)] Z(l,d) [0— (1 )] EZZ 8 (1 — 1}) dudv
s by g

—N;
2 2 [ St g, o r 1)
(82) (’Y/k) 1= l-=0 =1
m—+n
XZ(O_th?llmlbl/ f )\+l+,u,+h1
h=0

[ ( (v/k,q), (n+ h,1)

Bk, a/k),(A+1; +p+h,1) ‘k(qm/k)(l z)] )

where 3AT}y 11 s given by equation (80).

(V) On setting a = ¢ = 0;¢ = £ = 1, the results in equation (57),(61)and
(62) reduced to the following form:

Corollary 19. If b,dc Ct,,m,n e N; k€ R, 3,7, \, 1 € C; R(a) > 0, R(B) >
0,R(vy) > 0,R(\) > 0,R(n) > 0 and ¢ € R™ such that 0 < z,y < 1. Then the
following formulas hold:
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A=) L-d ) s [
X[l_ (11—_xy)] ( )

(83) k’l ﬂ/k [TL1/m1] [TL /m, n .
i)m; T mili 4 1,lir()\+l.)
F(’y/) llz::() Z H n 7

»=0 i=1

i h2\1/2|:( (v/kq) (1 +h,1)

‘kxq—a/k)v _
Blk,af/k), (A+1li+p+h,1)

Proof. Let £,¢ € N and using (31), the equation (53) reduced to

[ LT ] gl (422
a1 (1) (2

kl*ﬁ/k} [nl/ml] [nr/m7] T

O ] lZ > H nlm” Ani . T+ 1)

l,=0 i=1

" ti:(a)h F(m+1>1F (n+1) ki) K Z > o (”)’“]

(v/k,q), (u+h,1) a
e { (B/k, Jk) (A + s + 1o+ by 1) ‘M /’%],

Applying the result (32), the above equation (84) reduced to

// 1—y 1—zy gmim, (1—-2)y
l—xy 1—ay l1-2)1—-y)] ™" | 1-—ay
ﬂ (=) P(”)W%(“””)m
1—=zy 1—=zy * 1 -2y
k?l B/k [nl/ml] nr/mr r

(85) = T(7/k) Do D H = ml A

1,=0 lr=0 =1
| m+n A (_m—n)h
TA+1) Y (o) Tm+ D (nt1)

h=0

(v/kyq), (1 + h, 1)

X oWo [ (B/k,a/k),(A+1; +p+h,1) ‘k(tIa/k)U] .
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From equation (17) and using the results (31) -(34), we get

h

1 h 1 n
(86) L%OB)WI§< X )(m)kw(lm) .

Employing the result (86), the (85) reduced to

// (1-2)y A 1—y 1" 1—xay
1—ay 1—ay 1-2)1-1y)
()
Lootir 1 -2y 1 -2y
-y \1" (1-y
1-— E)e dxd
e ()] e (42)
(87) kl g/k [na/mal  [ne/me] -

T(v/k) Z Y H nvmllAm,f

l,=0 =1

m—+n

xTA+1) Y (0)" (=m—n)

h=0
(v/k, @), (u+ h,1) B
XZ\I}Q{(B/k’a/k)’(k+li+u+h,1) ’k(q /%},

replace m 4+ n by n, then we have the required result.
O

Corollary 20. If b,dc Ct,m,neN; ke R, 3,7, \pu € C;R(a) > 0,R(B) >
0,R(vy) > 0,R(A) > 0,R() > 0 and ¢ € RT such that 0 < u,v < co. Then the
following formulas hold:

/ / (u + v)vt et 157,””;1 ][ —o(u )" EZZB( v) dudv

E1-B/k [ni/ma]  [ne/me] - .
= R ALy W
w2 2 e

(88)

n

) )" —n)y > 2)pAHitath—1
PO+ Y (@) »/0 6(2)

h=0

(v/k, @), (p+h,1) o
XZW2|:(B/k,a/k)7()\+li+u+h’1) ’k( /k)2:|.

Proof. The proof of the equation (88) is same as the proof (83), so we omit the
detail. O
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Corollary 21. If b,d € CT,m,n € N; k€ R;a,B,7,\ u € C;R(a) > 0,R(3) >
0,R(y) > 0,R(\) > 0,R(n) > 0 and q € RT such that 0 < u,v < 1. Then the
following formulas hold:

/ / Fun)(1 = w) L (1 = vy LA S [o(1 - )

x[—o(—-u)" E;Z’Zg(l—v)dudv
kl gk /mal - [ne/me] v

(89) T(y/k) 2 H

11=0 1,=0 i=1
TA+1)Y l / f(2)(1 — p)AHlatpth=l
h=0
(7/k7Q)7(H+h71) ‘ (g—a/k) (1 _
XQ%[ (B/ksafk), (A L+ o+ b, 1) [P (1=2)).
Proof. The proof of the equation (89) is same as the proof (83), so we omit the
detail. O
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