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THE INVERSE OF A TRIANGULAR MATRIX AND
SEVERAL IDENTITIES OF THE CATALAN NUMBERS

Feng Qi, Qing Zou, and Bai-Ni Guo *

In the paper, the authors establish two identities to express higher order
derivatives and integer powers of the generating function of the Chebyshev
polynomials of the second kind in terms of integer powers and higher or-
der derivatives of the generating function of the Chebyshev polynomials of
the second kind respectively, find an explicit formula and an identity for the
Chebyshev polynomials of the second kind, conclude the inverse of an integer,
unit, and lower triangular matrix, derive an inversion theorem, present sev-
eral identities of the Catalan numbers, and give some remarks on the closely
related results including connections of the Catalan numbers with the Cheby-
shev polynomials of the second kind, the central Delannoy numbers, and the
Fibonacci polynomials respectively.

1. PRELIMINARIES

It is common knowledge [5, M1}, [42] that the generalized hypergeometric

series
n

= (a1)n -~ (ap)n 2
F, e Qi by, by 2) = P
o = 5 e
is defined for complex numbers a; € C and b; € C\ {0,—1,—-2,...}, for positive
integers p, ¢ € N, and in terms of the rising factorials (x),, defined by

(T)n = ﬁ(x+g):{Slﬂ(x+1)...(x+n_1), n%(l)’
=0 ) n=0.
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Specially, one calls o F(a, b; ¢; z) the classical hypergeometric function.

It is well known [7, [39), [47] that the Catalan numbers C,, for n > 0 form
a sequence of natural numbers that occur in tree enumeration problems such as
“In how many ways can a regular n-gon be divided into n — 2 triangles if different
orientations are counted separately?” whose solution is the Catalan number C;,_5”.
The Catalan numbers C,, can be generated by

2 1—+1—4x >
= = Cpa™ =14z +22% +52° + - --
141 -4z 2 Z

n=0
and can be explicitly expressed as
1 2n 4"T'(n+1/2)
Co=—— (") =oFi(1 =, —m;251) = — =12,
n—l—l(n) 2Bl =m, =mi 2 1) = om0

where the classical Euler gamma function I'(z) can be defined [5, 11}, 16}, 26, [42]
by

I(z) = / £l dl, R(z) >0
0

or by |
. nln?
I'(z) —nlgrgo MG z€C\{0,—-1,-2,... }.

For more information on the Catalan numbers C,, and their recent developments,
please refer to the monographs [2] [7l, 47], the papers [8], 9, 14, A8, 19, 22, 27
28, 29, 30, [33], 35, [36), 37, [38), 39], 44}, [49], 50, 51, 52], and the closely related
references therein.

The first six Chebyshev polynomials of the second kind U (z) for 0 < k <5

are
Uo(z) =1, Ui(z)=2x, Us(x)=4a>—1, Us(x)=_8z>— 4ux,
Uy(x) = 162% — 1222 +1, Us(x) = 322° — 3223 + 6.
They can be generated by

1 oo
Ft)=F(t2)= g = > Ukl
k=0

for |z| < 1 and |¢| < 1. For more information on the Chebyshev polynomials of the
second kind Uy (x), please refer to the papers [20, 32 [37], the monographs [5], [10),
17], 42, [43], and the closely related references therein. For more information on
other new and special polynomials, please refer to the papers [15], 17, [31], [40] and
closely related references cited therein.

Let |z] denote the floor function whose value is the largest integer less than
or equal to = and let [x] stand for the ceiling function which gives the smallest
integer not less than z. When n € Z, it is easy to see that

T e e |
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In this paper, we will establish two identities to express the generating func-
tion F(t) of the Chebyshev polynomials of the second kind Uy (x) and its higher
order derivatives F(¥)(t) in terms of F(*)(t) and F(t) each other, find an explicit
formula and an identity for the Chebyshev polynomials of the second kind Ug(x),
derive the inverse of an integer, unit, and lower triangular matrix, acquire an in-
version theorem, present several identities of the Catalan numbers Cy, and give
some remarks on the closely related results including connections of the Catalan
numbers C}, with the Chebyshev polynomials of the second kind Uy (z), the central
Delannoy numbers [20}, 21], and the Fibonacci polynomials [20}, 24] respectively.

2. LEMMAS

In order to prove our main results, we recall several lemmas below.

Lemma 2.1 ([2] p. 134, Theorem A] and [2 p. 139, Theorem C]). Forn >k >0,

the Bell polynomials of the second kind, denoted by By, p(x1,22,...,Tn—k41), are
defined by
nl noktl e
! i\ i
Bn,k(xlaz%”-aiﬁn—k-{—l) = Z W H (j) .
1<i<n—k+1 =1 v g=1
[iE{O}UN

n—k+1 ., _
i=1 ili=n

S =k
The Faa di Bruno formula can be described in terms of the Bell polynomials of the
second kind By, (1, %2, ..., Tn_kt1) DY

(2.1) %f o h(t) = i FE (@) Buw (R (1), A (1), ... .k FD (1)), neN.
k=1

Lemma 2.2 ([2] p. 135]). For complex numbers a and b, we have
(22) Bn,k (abxl, ab2x2, R ,C(,bnikJrlxn_k_,_l) = aFp” Bn,k(xly To, ... ,xn_k+1).

Lemma 2.3 ([23] Theorem 4.1], [37, Eq. (2.8)], and [48, Lemma 2.5]). For 0 <
k < n, the Bell polynomials of the second kind B,, i satisfy

1 n! k 2%k—n
(2.3) B, x(z,1,0,...,0) = ik (n - k>m )
where (f;) =0 forq>p=>0.

Lemma 2.4 ([4] and [7, pp. 112-114]). Let T(r,1) =1 and

T

T(r,e)= > T(i,c—1), ¢>2,

1=c—1
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or, equivalently,
c

T(r,c) = ZT(T -1,5), rceN

=1
Then ) )
T(r,c):w_<r+c_ >, r,c €N
r+1 r

and T(n,n) = Cy, forn € N.

Lemma 2.5 ([12] p. 2, Eq. (10)] and [3], 18, 19}, 27, 45|, [46]). For n € N, the
Catalan numbers C,, have the integral representation

1 4

Lemma 2.6. For 0 +# |t| <1 and k € N, we have

L=k 2k t Z—1\" Z—1\"
F il k= ) = 1 —|1-— .
2 1( 9 7 9 t2> 9k /12 — 1 [( + t ) < t > }

Proof. In [5l pp. 999-1000] and [I1], pp. 442 and 449, Ttems 18.5.10 and 18.12.4],
it was listed that

(2.5)
2241

1 TRA+n) () (™ non
Gﬁ(t)—ﬁ WT@Y) TV /O(t—i-\/t?—lcosqﬁ) sin®* "l ode, |t <1

z" dz.

and
(26) Gy =TT, 1(—" Sl

1
il A-ni= ), 0#<1
TL'F(A) 27 2 ) n; t2>7 7&‘ |< )

where G (t) stands for the Gegenbauer polynomials which are the coefficients of
™ in the power-series expansion

_ Ghr(t)ar, |t < 1.
(1—2ta—|—a2 Z g

Taking n = j — 1 and A = 1 in equalities (2.5) and (2.6]), combining them, and
simplifying give
j—1

2F1<1j’2j;1j;1> J / (t+ V12 1cos¢> singpd¢

27 ¢3—1

g (t2 _ 1)(j—1)/2 t ‘ i—1 .
_27t]—*1 ) ﬁ—‘rcobd) bln¢d¢

. . j—1 . j—1—¢
G A EE S | ty 0
=5, g ; =T cos’ ¢sin ¢ d¢
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. - j—1 . j—1—¢
j(#E =)D -1 t ’ /” 0
o7 prm ;ZO 0 Nt ; cos” ¢psingpde

j<t2—1><ﬂ'—1>/2( t )j_1j1<j;1)<\/t2j>e(—l)e+1
0

2 ti—1 2 _1 = t 041

1

_ 53 O(j—l)(m>f(_1)z+1

J = 12 t (41
1t 21\’ Z1Y’
=—— (1 — (1Y
20 /12~ 1 K M > ( t ) }
for |t| < 1 and ¢t # 0. The proof of Lemmais complete. O

Lemma 2.7 ([5] p. 399]). If R(v) > 0, then

/2 T
(2.7) / cos” 'z cos(ax) dr = T IR
0 2B (HgE, =5)

where B(a, 8) stands for the classical beta function satisfying

=—"—2=B(8,a), R(a),R(B) >0.

3. IDENTITIES OF THE CHEBYSHEV POLYNOMIALS OF THE
SECOND KIND

In this section, we establish three identities and an explicit formula for the
Chebyshev polynomials of the second kind Ug(x), their generating function F(t),
and higher order derivatives F*)(t).

Theorem 3.1. Let n € N. Then

1. the nth derivatives of the generating function F(t) of the Chebyshev polyno-
mials of the second kind Uy (z) satisfy

(3.8) F(”)(t) _ M Z (_1)k(n ﬁ k;) 2t — x)]Qka+1(t)
k=[n/2]

and

(3.9) F""(t) =

1 "L (—1)F (2n—k—

1 1

2. the equations (3.8)) and (3.9) are equivalent to each other.
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Consequently,

1. the Chebyshev polynomials of the second kind U, (x) satisfy

(3.10) Ut = G 30 r(,F o
k=[n/2]
and
(3.11) Z k:(2nn_ 1_ )(Qx)kUk(x) = n(2x)*"
k=1

2. the equations (3.10)) and (3.11) are equivalent to each other.
Proof. By the formulas (2.1)), (2.2)), and (2.3)) in sequence, we have

d" 1
F() = t(l - 2m~+t2>
n

NG
zz(u) Bok(—22 +26,2,0,....,0)

k=1

2L (—1)kR!
=S ED kg - 2,1,0,...,0)

k=1 u

(-DRRL 1 nl(k -

Pt uk+1 on—k M\n—k ( 1’)

- - k (z — )2k

= (=1)"n! _1)k92k—n

( )n];( ) n—k) (1 -2tz +12)k+1

_ (—1)”71! Z(_l)k22kn< k k) (x . t)zk—an+1(t)

for n € N, where u = u(t,z) = 1 — 2tz + t*>. This can be rewritten as the for-

mula (3.8).
We can reformulate the formula (3.8]) as

[2(t z)
F'(t) 1 212

A o (—1)'[2(z — O)2F2(t)

= l F (1) (—1)2[2(z — D] FA(1)

M FO(1) (—1)3[2(x — 1) F4(1)
B P2 (1" 22(a - 22 i
202" pin-1) ) ()" [2( — )P DR (2)

) (—1)"[2(x — £)2Fr+L (1)

[Q(t 90)] F(n )()
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for n € N, where A,, = (a4; j)nxn With

0, 1<
_ J o
(3.12) Qi = <Z _ ])7 J<i1<2
0, > 25
for i, j € N. This means that
[2(t— z)]lF’(t)
(~1)!2(z = OPE(1) Lo
(~1)2[2(0 — 1P (1) Bl
(1) — O F' 1) B o))
(3.13) =A"t :
(~1)"2[2(x tHQ” iy Bl — F=2(t)
b Z oy e e

2(t;!96)]n F(n)(t)

for n € N, where A, ' = (b; j)nxn denotes the inverse matrix of A,,.
By the software MATHEMATICA or by hands, we can obtain immediately that

-1

100 0 0O 1 0 0 0 0 0

110 0 00 -1 1 0 0 0 0

-1 {02 1 0 0 O - 2 -2 1 0 0 O

(3.14)  A7" = 013 100 | -5 5 -3 1 0 O
003 410 4 -14 9 -4 1 0

0 01 6 51 —42 42 =28 14 -5 1

The first few values of the sequence T'(r, ¢) can be listed as Table [1} where T'(r,c)
denote the rth element in column ¢ for r,¢ > 1, see [7}, p. 113]. Comparing Table

Table 1: Definition of T'(r,¢)
1 2 3 4 5

1]1

211 2

311 3 5

411 4 9 14
511 5 14 28 42

and the inverse matrix (3.14)) should infer that
Tk +m,k) = ()" bpsmi1men, kE>1, m>0.

Hence, by Lemma we should obtain

2p—q—1
@ﬂ=«4wqT@—Lp—q+n=04wq;(ppfl ) pq=2
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It is easy to see that the formula

—qq(2p—q—1
bp,q:(_l)p q( p—1 )

p
should be valid for all p > ¢ > 1. This should imply that

(3.15) (=1)"[2(z — )] F"H(¢) ank F<k>() neN.

We now start out to inductively verify the equation (3.15). When n = 1,2,
the equation (3.15]) are

—[2(z — )2 F%(t) = b1 4 2(t1—! 2) F'(t) = b1a 2(t1—! %) 1 72;;42:‘152)2

and

2o 01 F0) = ban 2R P
k=1 ’

2(t — 2(t — x))?
= 52,1(17|96)F/(t) + bg@%fﬂ”(ﬂ
_y, 2t—w) 2w [2(t — x)]? 2(3t* — 6tw + 42 — 1)
TN (=2t 22 P (t2 — 2tz + 1)3

which are clearly valid. When n > 3, we rewrite (3.15]) as
)NE-
(3.16) (=) Fm (¢ Z b, k F<k>( t).

Differentiating with respect to ¢ on both sides of (3.16) yields
(=1)"(n+1)F"(t)F'(t)

I’T’!’“{m —2n)[2(t — )] ER (1) + [2(t — )PP FRHD (1))

=1

by 1 o
BE (¢ — )] O 1

Eo(k — 2n)[2(t — 2)]F 2L EM (1) 4 zn:
k=1

2(/€ — 2n)bn,k
k!

-1

[2(t —2)]F T EW (1) + (Z””“*l 2(t — 2)F 12 PR (1)
k=2

_ban 20=20) s ban 1

=~ Rz OF e

S
Il
—

F(”'H)(t)

3| Pka -2 + 2 e - a2
k=2
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which can be rearranged as

2(1 — 2n)by, 1 [2(t — )]t~ 20+

(—1)"MHFT R (t) = Tl T F'(t)
[2(t — x)] (D —2(n+1) (1)
F n
L ] )
 2(k = 2n)by g + kbp g1 [2(8 — 2)]F 2D
+ kZ n+1 k! ().
c=2

It is easy to see that

2(1 —2n)b, 1 2(1 —2n) 11 /2n -2 1 2n
= = 1) = =(-1)" = b, .
n+1 n+1 (=1) n\n-—1 (=1) n+1\n 1.1

Since by =1 for all 1 <k < n €N, it is sufficient to show

2(k} — Qn)bmk + kbn7k_1

Nl
(3.17) n+1

- bn-‘rl,k

for 2 < k < n. This is equivalent to

20k =20) ik (zn —k— 1> PRLIEN Y L <2n - k:>

n+1 n n—1 n—+1 n n—1

_ (_1)n+1_k k 2n —k+1
n+1 n

which can be verified straightforwardly. The equation (3.15), which can be refor-
mulated as (3.9) for n € N, is thus proved.

The formulas (3.10)) and (3.11)) follow readily from taking ¢ — 0 on both sides
of (3.8)) and (3.9) respectively. The proof of Theoremis complete.

4. THE INVERSE OF A TRIANGULAR MATRIX AND AN
INVERSION THEOREM

In this section, we will conclude the inverse A, ! of the integer, unit, and

lower triangular matrix A4,, defined by (3.12]) and derive an inversion theorem from
AL
4.1 The inverse of a triangular matrix

Basing on equations (3.8)) and (3.9)), we first derive the inverse of an integer, unit,
and lower triangular matrix.
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Theorem 4.2. Forn € N, let

(é) 0 0 0 0 0 0 0
(1) (;) 0 0 0 0 0 0
0 (g) (;) 0 0 0 0 0
oG G W 00 0 0
0 0 (g) (2;) 0 0 0 0
0 0 (3 (3) 0 0 0 0
An=(@ijnn=10 0o 0 () 0 0 0 0 )
0 0 0 0 "% o 0 0
0 0 0 0 (") () 00
00 00 e (Y () () 0
0 0 0 0 ("3 (%) () @)/ wn
where
0, i<
o= (1) isiz
i
0, i > 2j
for 1 <i,j <n. Then
A;zl = (bi,j)nxn
1 0 0 0 0
-1 1 0 0 0
2 -2 1 0 0
-5 5 -3 0 0
14 ~14 9 0 0
_ —42 42 —28 0 0 ’
) n_1: . o . ) n_lz - -, : :
(71)—2 (2n—36) (nl—)Q?(zn—S’?) : iL)—Q 3<2n—38) 0 0
)" 2n—4 —1)" "2 12n— —1)"3 (2n—6
(q_jl—l(n_2) ( n)l_}‘Q (n—25) (?%£1§n—2) 1 0
0 SP0n) SN e —e-n 1)
where
0, 1<i<j<ny
(4.18) i = (—1)i_jg(22i_jl_l)’ n>i>j>1

Proof. This follows straightforwardly from combining (3.13]) with (3.9). The proof
of Theorem is complete. O
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4.2 An inversion theorem

In [6] p. 4, Eq. (1.1.9d)], it was given that

o Ser ()0 -4

¢
We now deduce a similar result to (4.19) from Theorem as follows.

Theorem 4.3. For {,n € N with { < n, we have

- on—k—1 1 n, (=n;
_1 k_ek _ ) )
kz::( ) ( n—1 )(k—ﬁ) {0, 0<l<n.

£

Proof. Since A1 A = I,,, using the last row of A;;* to multiply every column of A,
gives the desired conclusion. The proof of Theorem [£.3]is complete. O

It is well known [2] pp. 143-144] that the binomial inversion theorem reads

that
B n . . B ek (T
Sp = E (k) Sy if and only if S, = E (-1) (k) Sk

k=0 k=0

for n > 0, where {s,,n > 0} and {S,,n > 0} are sequences of complex numbers.
The formula plays a central role in proving the above binomial inversion
theorem. Now we use Theorem [£.3] to deduce an inversion theorem similar to the
binomial inversion theorem.

Theorem 4.4. For k > 1, let s and Sy be two sequences independent of n such
that n >k > 1. Then

n

n e k . _ (=% [2n—k—1
i—! = Z(—l)k<n_k)5k if and only if nS, :Z = 1)!< nn—l )sk

k=1 k=1

or, equivalently,

~( k . , n " —k—1 .
Sp = Z <n B k> Sk if and only if (—1)"nS, = Z ( "1 )(—1) ksp.
k=1 k=1
First proof. By standard argument, we have

G = | DR AR

k=1
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-y [i(l)“k(znn_ SO ﬂ)] 3

=1 Lk=¢

= nSna

where we used Theorem in the last step.
Similarly, we can prove the converse direction. The first proof of Theorem
is complete. O]

Second proof. Let 8, = (s1,82,...,8,)7 and S, = (S1,52,...,59,)T, where T
stands for the transpose of a matrix. Theorem means that §, = A,S, if
and only if S,, = A, 15,,. This necessary and sufficient condition is equivalent to

the one that
n n k
Sp = ;an,ksk => (n B k) Sk

k=1
if and only if

- - k(2n—k—1
_ _ n—k
Sn —an,ksk —Z(—l) n( n—1 )Sk
k=1 k=1
for all n € N. In other words,
- k “(2n—k—1
Sy = Z (n - k) S if and only if (—1)"nS, = Z ( nn 1 )(—l)kksk.
k=1 k=1
Further replacing Sy by (—1)¥S, and s, by & reveals that

% = z”: (n ﬁ k) (—1)" Sk

if and only if

- 2n—k — 1\ s
—Dn(-1)"S, = (-1)*k =
s = ST g
for all n € N. The second proof of Theorem [£.4]is thus complete. O

5. IDENTITIES OF THE CATALAN NUMBERS

In this section, we present several identities of the Catalan numbers Cj.

Theorem 5.5. Fori > j > 1, we have

lG-1)/2] . e
—(-1 Jj(2i—j—1
2 e’ =2 .
(5.20 > (T e =2

£=0
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Proof. Observing the special result (3.14)) again, we guess that the elements b; ; of
the inverse of the triangular matrix A,, should satisfy the following relations:

1. for ¢ < j, the elements in the upper triangle are b; ; = 0;

2. for all 4 € N, the elements on the main diagonal are b; ; = 1;

3. the elements in the first two columns satisfy b; ;1 = —b; 2 for ¢ > 2;
4. the elements in the first column are b;; = (—1)""1C;_1;

b.for1<i<n—land1<j<n-2,
bit1,j+2 = bij — bit1,j415

6. fori>j > 2,
i—j—1

bij= Y (=11 k.

k=—1

Basing on these observations, we guess out that the elements b; ; should alterna-
tively satisfy

Ve -1
(5.21) bij= (=17 (—1)Z<j ¢ )Ci@l’ i>j>1
{=0

Combining this with (4.18) and simplifying should yield the identity (5.20)).

We now start off to verify the identity (5.20). By virtue of the integral
representation (2.4]), Lemma and the integral (2.7) in Lemma we acquire

LG-1)/2] .
-1
pRCY (b

£=0
s [/ N
:21/'M4xx[ (—U%? ; vxhhﬂdx
T Jo

£=0
LG=1)/2]

I S Ay 1/2 G-1-0r 1/ 1\
_2WA‘”3/@_x)/[ 2 (jl%ﬂﬁ<_x>]dx

£=0
LG=1)/2] 11—y (2—4 ‘
LI ( )()1<4>
_ ~3/2(4 _ 4\1/2 2 Je\T2 el (2 d
x x g x
2m /0 ( ) ~ 1=5e O\z
Y 1—j 2—j 4
- i—3/2 4 — 1/2 F i —)d
o J, x (4—x)"7% 1( 5 T r Tl AT
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L )

LA e

222 7 oo o \J
_ zA HJ@ is) — (1+is)"] ds
221 7 oo j . j
— ’L/ |:<\/H—752 'Larctans) _ (mezarctans> :|d8
0
221 7

(oo}
_ —4j arctan s %j arctan s
= 1 e —e ds
/o (1+s2)i- J/2+1( )

221 7 oo
= / 1+s 7T sin(j arctan s) ds
0

222 J tant '
B /o (1 + tan2 ¢)i—i/2+1 sin(jt) sec® t dt

221 J tant
= / an sin(jt) dt
0

0 sec2i—i t

222 7
= / sint cos® =/~ tsin(jt) dt
0

221 7 .
= / [cos((j — 1)t) — cos((j + 1)t)] cos> 1 ¢dt
0

221 i ™
{221 =3 (2i — j) (z i—j+1) 22i—j(2i—j)B(z‘+1,i—j)]

1
27,—]|:B(’L,’L—j+ 1) B(i—l—l,i—j)]
1 { T2 —j+1) T2 —j+1) ]
I‘(z)l"z—j—i—l) YN )

22—

:21—]—1)'[F z—]+1) P(i—i—l)ll“(i—j)}
2Z—j—l'|:ll (i — j)! z(iil)!:|
:<2’—J‘1>.

i\ -1

The identity ([5.20) is thus proved. The proof of Theorem is complete. O

Theorem 5.6. Fori,j,n € N, the Catalan numbers C,, satisfy

[n/2]
(5:22) S v (" o=

k=0
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(5.23) > (—1)“(1.4)( L )Cékl =0,

i<20<2i k=0
>3

and

(5.24) > L(Z_E%/QJ(—DH (z i j) (ﬁ - Z - 1) Cik—1=0.

i>0>j k=0
<2j

Proof. This follows from expanding the matrix equation
(5.25) A A =ATTA, =1,

and utilizing the expression (5.21), where I, stands for the identity matrix of n
orders. This can be written in details as follows.

The matrix equation (5.25]) is equivalent to

0, i<
i: b i 0, i#]
a; b = L= T
£ i J ;ai’gbg’j, 12> 1, 1=
=J

and

n 0,‘ 1< ]
birar; =4 o L= T
; B ;bi,eaz,j7 (= 1, i=j
=J

which can be rearranged as

7 . . [ . .
0, i>7 0, 1>
E aub&j = {1 and E bi,ga&j = {1
=5 £=j

L i=

for 1 <i,5 <n.
When 1 <=7 < n, it follows that

i i LGE-1)/2] i—k—1
1= Zai,lbé,j = Z bi7gag7j = ambi,i = bi,i = Z (—1)k< k )Ci—k—L
l=j l=j

The identity ([5.22) is thus concluded.
When 1 < j < i< n, it follows that

i
O:E a;pbe; = E a;i obe
—j

i/2<0<i
>j

~
Il
<
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_ Z <Z f é) (_1)f—j L(j_zl)m(_l)k (j _ ]; — 1) Cors

k=0

= (-1) Z L(j_z_lf/zj(_l)e_k (z f e) (j ) ]Z ) 1) Ce-rr

5
and
0= Zbi,eatz,j = Z bicag,;
i202>]
<25
L(e—1)/2] .
. —k—1 J
= —1)* —1)k ik
v 3 c(T T ee(, )
i>0>7 k=0
<2j
L(e=1)/2] j k1
I o ) E e
i>€>7 = —J
<23
The identities (5.23) and (5.24) are thus derived. The proof of Theorem is
complete. O

Theorem 5.7. Let m,n € N. If n > 2m > 2, then
mzl 2m — 5—1 nt20+1,
n7£+1 n—~—1

(5.26) =0 p
2m — ¢ — 2 1
o (P ) g G

=m(2m —1).

m—1
—~ 2m — 20

Proof. Employing the expression (5.21) and making use of Theorem we can
write the recursive equation (3.17) as

L(k=1)/2] T
o -2 S 0 (F T e
=0

L(k=2)/2] T
RSV DS (i S

£=0

L(k—2)/2]
Z k—{0—2
— _1 n—k+1 _1 £ _
( ) {k =0 ( ) ( ¢ )Cn o

L(k—1)/2]

—2(k—2n) > (—1)Z<k_§_l>cn“}

£=0
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[(k=1)/2]
— )Mt Y <—1>f(’“ —l- 1)cnz

=0 ¢
for n > 2, that is,

L(k—2)/2] [(k—1)/2]
k—{0—2 kE—0—1
k Z ( ’ )Cn—z—l —2(k —2n) Zz_; (—1)é< ¢ )Cn—z—l
[(k—1)/2]
kE—0—1
_ EREY/
SRR D DINC (i
£=0
for n > 2. When k£ = 2m and m € N, the above equality is equivalent to
m—1 m—1
2m — {4 —2 2m — {4 —1
¢ ¢
2m Yy (-1) ( , )Cn“ —4(m—n) ) (-1) ( , )Cn“
=0 £=0
m—1
2m — ¢ —1
SCRSTD B iy [
¢=0
m—1

m—1
2 -2 2 /-1
2m (m ¢ ) n51—4m§ (m )Cngl
é:o

L=

0
m—1 m—
ST ST Gt RS 3 VT L) E
£=0 =

_01<_1)€ [ (2m _f - 2) ., <2m _f - 1)] o
= (1) <2m _f - 1) (0 +1)Co_t — 4nCry 1],

m—1
(2m — ¢ —2)!
m(2m — 1) f— _
" ;) 1@m — 20— 1)1t

3

2

3
I

3

=

4

I
=3

Cnféfl

_”H(_l)g 2m — 0 —1\n+20+1
_4:0 14 n—0+1

which can be rearranged as

m—1

)f [m@m o Gm=t=Dn+20+ 1)} E‘(zm—e—z)!

e n—~0+1 .(2m—2£—1)!0"‘£‘1 =0

for n > 2m > 2. This can be further rewritten as (5.26). The proof of Theorem
is complete. O
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6. REMARKS

Finally, we give some remarks on the closely related results stated in previous
sections.

Remark 6.1. The identity (5.22)) recovers [50] p. 2187, Theorem 2, Eq. (15b)]. Tt
can also be verified alternatively and directly by the same method used in the proof

of the identity ([5.20).

Actually, the identity (5.22) is a special case i = j € N of the identity (5.20]).
In other words, the identity ([5.20) generalizes, or say, extends (5.22)).

It is clear that the proof of the identity (5.22)) in this paper is simpler than
the one adopted in [50] and the related references therein.

In [7, p. 322, Theorem 12.1], it was given that

L(n+1)/2]
(627) C, = (_1)r—1 (TL —r+1

r

)Cn—m n>1

r=1
which can be rearranged as

/2] " k
(6.28) > (—1)’“( . )anl =0, n>1
k=0

This identity is a special case j = 1 of the equality (5.23). Indeed, when j = 1, the
identity (5.23)) becomes

' ¢
> (—1)"(, )C“ = 0.
i—4
e=[i/2]
Further letting k = ¢ — ¢ leads to (6.28]).

The identity (6.27) was also generalized by the third identity (7) in [9, The-
orem 1].

Remark 6.2. Let A,, = I,, + M,, and I,, be the identity matrix of order n. By linear
algebra, it is easy to see that M = 0 and

(In 4+ M) (Inn — My + M7 — M2 + -+ (=1)" "M Y) =1, — M} = I,.

This means that
n—1
A7 = (L + M) =L+ ) (-)R M)
k=1

In theory, this formula is useful for computing the inverse A, 1. But, in practice, it

is too difficult to acquire the simple forms in (4.18) and (5.21)).

Can one conclude a general and concrete formula for computing M#? If yes,
then one can find an alternative method to compute A;!.
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Remark 6.3. In [11l, p. 387, 15.4.18], it was listed that the formula
1 1 /1 Ji—z\'"™
(629) 2F1(a7a+ 2,2%2’) —m(2+2) , |Z| < 1

holds for a,a + % ¢ {0,—1,—2,...} and for the principal branch. Replacing z by
t% leads to the equality

1.1 1 It] P_1\'"*
F —:2a; — = — (1 -
2 1(a,a+2, a’t2) o1-3%a f—l( + il )
for a,a+ % ¢ {0,—1,-2,...} and |t| > 1.
By the way, the formula (6.29) can also be derived from the facts that

SFi(abibiz) =3 Wn 2 (e <,

= (b)n n!
a e caen I —a|  _
=2 = (@a(l =27 (1 -2) . (@)n,
_T(a+n) _ 2271/2 1
(a)n = T I(2z) = Wor F(z)F(z + 2),

where the first formula can be found in [I1) p. 1015, Item 9.121(1)] and the last
formula is the duplication formula [I p. 256, Item 6.1.18] for the classical gamma
function I'(z).
Remark 6.4. Comparing main results of this paper with those in [20], 21}, 32], we
can see that there exist some close connections among the Chebyshev polynomials
of the second kind U,,, the Catalan numbers C,,, the central Delannoy numbers D,,,
the Fibonacci polynomials F,,(z), and triangular and tridiagonal matrices.
Comparing Theorem with Theorem reveals that the equality
can be reformulated in terms of the Catalan numbers C,, as

n [lk=1)/2) e
(6.30) Z[ <—1>f(’“ : 1)cne1]<2x>kUk<x>=<2x>2".

k=1 £=0

Taking « = 3 in (6.30)) and considering results in [20] Section 9] disclose that

n [(k—1)/2] k
Zﬁk[ Z (_l)z <k§ 1>Cn—€—1‘| [ZD(E)D(k—é)‘| = 62n,
k=1 £=0

£=0

where D(k) denotes the central Delannoy numbers which are combinatorially the
numbers of “king walks” from the (0,0) corner of an n X n square to the upper
right corner (n,n) and can be generated analytically by

1 o0
— = DK)F=1+3r+132>+632% +---
V1 —6x+ 2 kz_; (k)
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Taking 2 = 5v/—1 in (6.30) and utilizing results in [20 Section 7] expose

that
n L(k—1)/2]
Z(—l)’f[ > (T e

k=1 £=0

s¥Fry1(s) = (=1)"s%",

where the Fibonacci polynomials

1 (+VATR) — (5= Vi )"
PD Vit s?

can be generated [24] by

Fn(s)

t - n 2 2 3 3 4
Remark 6.5. Recently Theorem has been cited and applied in the papers [13),
34| and closely related references therein.

Remark 6.6. We conjecture that the range of k € N in Lemma[2.6] can be extended
to k€ R.

Remark 6.7. This paper is an extended and revised version of two preprints [25], [41].

Acknowledgements. The authors appreciate anonymous referees for their careful
corrections to and valuable comments on the original version of this paper.
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