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DISCRETE HERMITE-HADAMARD INEQUALITY
AND ITS APPLICATIONS

Aykut Arslan, Ferhan M. Atic

We state and prove the Hermite-Hadamard inequality for a function defined
on a time scale, which has all the points as isolated. We illustrate our result
with various examples.

1. INTRODUCTION

The Hermite-Hadamard inequality [7, 8] states that if f: I — R is a convex
function, then the following inequality is satisfied:

F(Er) < L (/abf(t)dt>§f(a)-2%f(b)7

a

where a,b € I and [ is an interval in R.

In the theory of convex functions, the Hermite-Hadamard inequality plays an
important role. It has been used as a tool to obtain many nice results in integral
inequalities, approximation theory, optimization theory and numerical analysis. It
has been developed for different classes of convexity, such as quasi-convex functions,
log-convex, r-convex functions, p-functions [6], and recently for discrete functions
[1]. For the history of its developments in many directions, we refer the reader to a
paper by MITRINOVIC and LAcKoVIC [10]. For the generalizations and applications
in probability, we refer the reader to a paper by MERKLE [9].

MozYRSKA and TORRES first introduced the convexity of a function defined
on a time scale (a nonempty closed subset of R) in their paper [11]. This short
paper can be considered as the establishment of the foundation of convex functions
on time scales.
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Here we introduce convexity by means of a midpoint condition of a function
defined on a time scale which has all the points as isolated. We state and prove
the Hermite-Hadamard inequality for such a class of functions. We call this new
inequality as discrete Hermite-Hadamard inequality.

The paper is organized as follows: In Section 2, we define a convex real
valued function on a discrete time scale T which time points may not be uniformly
distributed on a time line. We state the midpoint condition for a function defined
on T. We then prove four equivalent statements for convex functions on T. Section
3 starts with the proof of one kind of a substitution rule for integrals on any
time scale. Then with the use of the substitution rules we prove the Hermite-
Hadamard inequality for convex functions defined on T. Three corollaries follow
the main result of the paper. In the third corollary, we give an alternate proof to
the Hermite-Hadamard inequality for functions defined on the set of real numbers
R. Last section of the paper is devoted to some interesting examples of the Hermite-
Hadamard inequality. We close the paper with two remarks for the future direction
of the research in this area.

2. PRELIMINARIES

Let T = {0 = to, t1,t2,t3,...} be the set of positive real numbers such that
t; < t; for i < j. We assume that |T| = Xo. We then define the operators o(t;) =
ti+1, /J,(ti) = O'(ti) - ti, p(ti) = ti—lu and I/(fi) = ti - p(fi) for ti S T, which are
known as the forward jump, the forward graininess, the backward jump, and the
backward graininess operators, respectively. The time scale T can be considered as
a discrete time scale. If T is the set of integers (i.e. T = Z), then o(t) =t + 1,
w(t)=1, p(t)=t—1and v(t) =1, for all t € T.

Definition 1. Let f be a real valued function defined on T. Then the A-derivative
and the V-derivative of f are defined, respectively, as

A = L =IO vy SO = Je®)

where t € T. We define a second order derivative as fA% := (f*). The A-integral
and the V-integral of f are defined as

b b
[rmar= S feue) [ f@vi= Y fem),
@ s€[a,b)NT @ s€(a,b)NT
respectively, where a,b € T.

We also use the notation T* which is defined as

1o = JT\(p(sup T),sup T], supT < oo
B T, sup T = oo.
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For further reading on time scales, we refer the reader to an excellent book on the
analysis of time scales [2].

Throughout this study, we focus on the discrete time scales. Let T be any
discrete time scale and a,b € T with a < b. [a, b]r means [a,b] N T. We define

b—u

Tios = {1t =7

for u € [a, b]'ﬂ*} .

Note that T, C [0,1]. We also want to point out that there exists a bijective
(one-to-one and onto) map between [a, b]r and Ty, ).

Definition 2. f: T — R is called convex on T if for every x,y € T with x < y,
the following inequality

fQz+ (1= Ny) <Af(x) + (1= A)f(y),
is satisfied for all A € T, -

Definition 3. We define the midpoint of a and b as the n'™ element in a finite
time scale [a, by with cardinality 2n — 1.

For the notation, we denote the midpoint of a and b by m, 4 in [a,b]r, and the
corresponding midpoint of 0 and 1 by mg ) in T, . If T = Z, then Definition

and

3 reduces to the standard definition of midpoint on Z, namely m, ) = a

1

Definition 4. f: T — R satisfies the midpoint condition if
(1) f(miap) < mpo1f(a) + (1 —my1)f(0),
for every a,b € T with the cardinality of [a,blr an odd number.

REMARK 1. If we want to be more precise for the number m 1) in (1), then we can
b—m

write it as my ) = TZ'H. Note that if T = Z, then the inequality (1) becomes
b
f <a—2|—b> < f(a)—2|—f( )7 as stated in [1].

The following two theorems are crucial in the proof of the next theorem about
some equivalent criteria of convexity for real valued functions defined on T.

Theorem 5 (Taylor’s Theorem [2]). Let n € N. Suppose that f is n-times diffe-
rentiable on T*" . Let o € ']T"nil, t € T, and define the functions hy by

ho(r,8) =1 and hgy1(r, s) = / hi (1, s)AT for k € Ny.

Then we have

")

10 =Y mt ) @+ [ hattolo) ()6
k=0 @
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Theorem 6 (Mean Value Theorem [3]). Let f be a continuous function on |a,b|t
that is differentiable on [a,b)r. Then there exists &, 7 € [a,b)T such that

b) —
Fa () < LT < page
Theorem 7. Let f: T — R. The following are equivalent:

(i) f is convez on T.

()>Of0rallt€'1['

)
(i) f satisfies the midpoint condition (1).
(iii) f

)

f(x)> fy)+ (x — ) f2(y) for all z,y € T with x >y,
(or f(z) > f(y) + (x —y) [V (y) for all x <y).
Proof. We prove that (i) = (i) = (iii)) = (i) = (iv) = (iii).

(i) = (ii): Let a,b € T with a < b and [a, bl have odd number of time points.
This implies that [a,b]r has a midpoint my, ;. Since f is convex, by choosing

(iv

A= w, we obtain
—a

b —myap (m[a,b] - a)
< [ —= B L B
Pl < (5222 ) @)+ (M2222) o),
Then the midpoint condition (1) follows.

Next we prove that (ii) implies (iii). Let ¢ € T. Then o(t) € T. Applying the
midpoint condition at o(t), we have

Flo(t) < TO oW gy . 2Ot

o2 (t) —
Simple algebra implies that f2° (t) > 0.
Next we prove that (iii) = (i). Let z,y € T with  <y. Fix A € T, .
Define xg = Az + (1 — A)y. Using Taylor’s theorem (Theorem 5) at xg we have

1

Fy) = hily, z0) f* (x0) Zhl y, () A (7)(o(r) = 7).

1=0 T=xo
Since fA°(7) > 0 on T and hy(y,0(7)) =y — o(7) > 0 on T, we have

(2) F(y) = f(wo) + (y — z0) f2 (o).

Using the Mean Value Theorem (Theorem 6) for f on [z,zo|r, there exists 7 €
[, xo)T such that
f(x()) - f(l’) < fA(T).

To— T -
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Since f2°(t) >0 on T, we have f2(7) < f2(x0). Therefore we obtain

3) F(@) = f(o) + (x — z0) f* (o).

If we multiply the inequality (2) by 1 — A and the inequality (3) by A and add them
side by side, we obtain

fOz+ (1= XNy) < Af(x) + (1= Nf(y)

for all A € Ty, .

Now we prove (i) = (iv). Given any z,y € T such that y < z, by convexity of f
on [y, x], we have

Flot) < TN p(a) + =W f(y)
After rearranging the terms we have
A flx) — fy)
o) < == — y

This simplifies to f(z) > f(y) + (z — y)f2(y) for all x > y. The same argument
works to show that

f@) > fy) + (@—y)f¥(y) forall z < y.

Finally we prove (iv) = (iii). Given f(x) > f(y) + (x — y) f*(y) for all > y. By
choosing z = 02(y), we obtain f2%(y) > 0. Since y is arbitrary, (iii) follows.
This completes the proof.

3. HERMITE-HADAMARD INEQUALITY ON DISCRETE TIME
SCALES

In this section we prove discrete Hermite-Hadamard inequality for convex
functions defined on a discrete time scale T.

Theorem 8 (Substitution rule on time scales [5]). Assume v : T — R is strictly
increasing and T := v(T) is a time scale. If f : T — R is a an rd-continuous
function and v is differentiable with rd-continuous derivative, then if a,b € T,

b v(b) -
/ f(t)l/A(t)At = / (fo V_l)(s)As
a v(a)

or , " )
/ fFwY )Vt = / (fov ") (s)Vs.
a v(a)

Next we state and prove the substitution rule for a strictly decreasing function
v:T — R, where T can now be any time scale, and not strictly isolated.
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Theorem 9. Assume v : T — R be strictly decreasing and T := v (T) is a time
scale. If f : T — R is a continuous function and v is differentiable with rd-
continuous deriwative, then for a,b € T,

/f )At_/uy(a)(foy—l)(s)%

©)

/ f(®) )w_/y(a) (fov™Y) (s)As.

v(b)

Proof. We prove the second equality. In the proof we use the basics of the dual
time scales introduced in [4] and the substitution method for a strictly increasing
function (Theorem 8). We start on the right side of the equality:

v(a) - —v(b) _
[ (fer )@= [ (rer ) e)Ts

v(b) —v(a)

—v(b)=(u"tov)(a) o
= / flu=tov) 1(s)Vs
(a)=(u~"ov)(a)

/f )Vt = /f V)V Vi,

where T represents the dual time scale, u(s) := —s and

FW™(s) = f7 (=s) = (v ou)(s)) = f((u" ow) 7 (s)).

REMARK 2. We note that the statement of Theorem 2.3 (4¢) in the paper [5] is not correct
since T was defined as —v (T) for a strictly decreasing function v.

and

We use the following notation in the proof of the next theorem: Let a,b €
T,a < b and the cardinality of [a,b]r be an odd number, say k + 1. Let t € Tjq ).

Then there exists an n € N U {0} such that t = 0"(0). We denote ¢ by o*~"(0).
Similarly, let u € [a,b]r. Then there exists a £ € NU {0} such that u = ¢*(a). We
denote @ by 0" *(a). We also note that @& = u and ¢ = t.

Next we illustrate this new notation with an example.

EXAMPLE 1. Let [a, b]r = {z0 = a, 21, ®2, T3, 24, T5, 26 = b}, where z; < z41 for 0 < < 5.
Then we have #; = 0672((1) = x6_; for 0 < ¢ < 6. It follows that

o o _b—:C5 _b—:C4 _b—:Cg _b—xg _b—xl o
Tiap) = {to =0,t1 = b—a7t2_ b—a’ts_ b—a’t4_ b—a’t5_ b_a7t6—1}«

Hence we have £; = 067i(0) =tg_; for 0 <1 <6.

.. . A b—x . . .
This implies that t; = b—xl One simple algebra step implies that
—a

xT; = at} + (1 — ti)b.
On the other hand, #; = z¢—; = at; + (1 — t;)b.
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Theorem 10. Suppose that f : T — R is a convex function on [a,b]r. Then

1 1 A
Somn) < 5 [ k0090 -5 [ tom o

< myo,11f(a) + (1 —mp,)) f(b),
where g : [a,blr — [a,b]r is defined by g(u) = 4 and k : [a,blyr — R is defined by

g(x) — map)
(4) k() ={ g@-=z
1/27 xr = m[aﬂb].

T F Mg )

Proof. Fix t € T, ;. Then there exists x € [a, b]r such that x = ta + (1 — t)b. As
we pointed out in Example 1, & = ta+ (1 —#)b. Denote & by v, i.e. y = ta+ (1 —1)b.
Note that m, ) = m[;,,) using the definition of the hat operator.

Let £ : [a,blr — T4 be a linear function defined as (u) = I;:—Z. Hence we have
E(x) =t and &(y) =1 If o # Mq,p], then by convexity of f we have

m[a’b] — T

(5) Fmpa ) < 5 f (o) + =

f(y).

If £ = m,y), then it reduces to x = y = my4). Clearly we have

(6) Fngan) = 5 1) + 5 F(w).
We combine (5) and (6) using the function k
f(may) < k() f(2) + k() f ().

Next we integrate each side of the above inequality from 0 to 1 on T, ; and we
obtain

foma) [ At< [ k@f@Ae+ [ ko))
Tia,b) Tia,b) Tia,b)

- / R(E (1) F (€7 ()AL + / K(E1(E) F(€ (E) AL
Tia,b)

Tia,b]

Here we first claim that

™ / e A= |, s

Let’s define F' := k- f. Then we have F(£71(t)) = k(E71(t)) F(£71(2)).
Next, we apply the substitution rule (Theorem 9) to the integral on the left
side of the equality in (7).

~ 1 . b
/ M W)= / RGO JRCE

1

—a

Vi.
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This finishes the proof of our first claim.
Next we claim that

1

DR .
® R A=~ [, sroson

Before we prove the equality (8), we point out that the function g is a bijection and
g = g~ ! since g2 is an identity function. As a result of this, we have g(ta+(1—£)b) =
ta + (1 — t)b. This observation will help us to complete the proof of the claim.

—

By applying w(u) = £(u) to the integral on the left side of the equality (8), we have

/ k(e (E)F(E (D)AL = / P& (i) At
Tia,b)

Ta,b)

where
Ay _ wlow) —w(w) _ o) — &)
w™(u) = o(u) —u T o(u)—u
b—o(u) b-i - .
_ b—a _b—a _ 1 (c(w)—1a) ¢°(u)
o o(u) —u " (a—0) o(u) —u _a—bzo’

since O'/(E) < 4. This completes the proof of our second claim.
To prove the right side of the inequality, we construct the following inequali-
ties using convexity of f.

b—=x

r—a

F(@) < 722 f) + S22 1),
1) < 7L 1) + L2250,

a

—a

Next, we multiply both inequality by k(z) and k(y) respectively. We obtain

B@)F(2) < 7 =2k(x)f(a) + T 2k(x) £ (D),

K (4) < 7=Lk(y)(0) + L= 2k(y) S (b).

Simple algebra implies the following identities

b—x b—y b —may
b—ak(x)+b—ak(y)_ b—a ’
T —a y—a Mgy — @
b—ak(x)+b—ak(y)_ b—a
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Recall that = and y both depend on ¢. We let ¢ vary over T[, ) and integrate each
side of the last two inequalities on T, ;; and we add them side by side, we obtain

[ st o @b [ ko )0 B)A
Tia,b) Tia,b)

< P2 pg) 4 AN T p ) — gy £ (@) + (1~ mip ) (D),

- b-a
where the last equality holds by means of Remark 1.

Corollary 1. Suppose that f : hZ — R is a convex function with h > 0, a,b €
hZ,a <b. Then

atb 1 f@)+f(b)
(9) f( 2 ) < 2(b— a) |:/[a7b]hz f(t)At+ /[a,b]hz f(t)Vt:| < ﬁ

Proof. Here g and k simplify into g(x) = a+b—x and k(z) = 1/2 and ¢g°(z) = —1.
Hence we have the desired inequality.

When h = 1, we obtain the Hermite-Hadamard inequality on Z.

Corollary 2. [1] Suppose that f : Z — R is a convex function on [a,blz with
a,b € Z,a<b, and a + b an even number. Then

(10) f(a;rb [/f At—i—/f Vt] ()+f()

Next we give an alternate proof of the Hermite-Hadamard inequality on R
(continuous Hermite-Hadamard inequality) by using the main result of this paper.
For this purpose, we first state the following lemma without giving its proof.

Lemma 1. Let f : R — R be a conver function on R. Then for any h > 0, its
restriction to hZ is also a convex function.

Corollary 3. Let f be a real convex function on the finite interval [a,b] C R. Then
f satisfies the continuous Hermite-Hadamard inequality

F(ext) < (/f dt) )+ 46)

Proof. By restricting f to hZ we obtain the inequality (9). Since f is convex on
[a,b], it is continuous on (a,b), hence integrable on [a,b]. When & tends to zero,
the A—integral and V—integral converge to the Riemann integral of f on [a,b]. In
other words,

%im /f t)dt and lim > fw /f

te[a b)hZ te(a b]hZ

Hence the result follows.
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4. APPLICATIONS

(14h)
> 0, f satisfies Hermite-Hadamard inequality on the interval
hZ.

(i). Let f(¢) = t/I be a function on hZ for some positive real number h.
Since fA%(t) = f(t)
[a, b]nz, where a,b €

(11) f(a;b) - 2(b1_a) [/[mb]hzf(tmwr/

[a,b]nz

f(a) + f(b)
yvr] < Le£10)

)

where

/ FOAt = 3 (1R h = (14 R — (14 Byl
la,b]hz

tela,b)nz

/ fOVE= > (1+h) h=(1+h)F — (14 p)ttelt,
[a,b]hz

te(a,blnz

Hence it follows that

2(%_(1)([(1 + W)Y — (1 + b)Y + [(1 4+ h)HYP — (0 + h)1+a/h])
o @Ent @t
- 2

a+b
(1+h)2n

IN

Now, let « = f(a) and y = f(b), then the above inequality (11) simplifies into

24+ h Yy—x z+y
12) Vi< S Eg w5
for all z,y € f(hZ).
Note that inequality (12) holds for all ,y € f(hZ) for a given h > 0. Now we let
h vary and take the limit as h goes to zero. Then f(t) = (1 + h)!/" converges to
e! and the inequality turns into the well-known geometric-logarithmic-arithmetic
mean inequality:

Yy—x r+y
A/ < <
xy_lny—ln:c_ 2’

for all x,y positive real numbers.
(ii). Let f : AN — R be defined as f(t) = } for some positive real number
1 AQ = - > i i -
h. Since f27(t) IS 0, f is convex on AN. Hence the Hermite
Hadamard inequality holds and we obtain

_h_ath
a+b b—a 2ab — 2

where a,b € hN and H(b,a) = / 1At

[a,b] hZ
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We take the limit as h goes to 0. Then we have

L
a b

2 < In(b) — In(a)
a+b~ b—a

4
<
- 2

3

for all a, b positive real numbers.

Theorem 11. Let T be a 2discrete time scale and f be function on T, not necessarily
conver, satisfying o < fA (t) < B. Then we get

1 1
o< (s [ wosavi- g [ R 0R0s0t) - fom) < U
aV < mygqf(a) + (1 —mp,1)f(b)

(1 1 A
<b—a /[aybh’f“)f(twt - /{mbhg (t)k(t)f(t)At) < BY,

=77 - A — m an
U= | KOm0Te= [ 00 O] <ot and

V = moyyha(a) + (1 — mo,1))ha(b)
(bia) {/[ ’ k(t)ha(t)VE —/[ ’ k(t)gA(t)hg(t)At}

Proof. Let ha(t) be the Taylor monomial with s = 0. In other words it is a function
on T whose second A—derivative is 1. Taylor monomials are defined in Theorem
5. Let F(t) := f(t) — aho(t) and G(t) := Bha(t) — f(t). Since a < fA°(t) < 8
we have FA° (t) > 0 and G~ (t) > 0. Therefore F' and G are convex. If we apply
the Hermite Hadamard inequality for both F' and G, then we derive the desired
inequalities.

(b—a)?—1

Corollary 4. If T =Z, then U = 13

_ 2
W and V =

Corollary 5. If T = ¢V, then

. 1
U=avort—a

_ 1
V=larort—a

[q%/%(b2 —a?) +2n(q® — 1)(ab)®>? — 2(¢° + q)ab(b — a)] and

[qVab(b? — a?) — 2n(q® — 1)(ab)>/?].

The following two remarks will state some open problems for the researchers
who are interested in working in this area.

REMARK 3. Midpoint condition plays an important role to prove the main result of this
paper. Even though the convexity of the function on any time scale has been defined in
[1, 11], it is still an open problem to define the midpoint condition for such a function.
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REMARK 4. As it is pointed out in the paper [12], the Hermite-Hadamard inequality for
the function defined on a real interval can characterize the convexity of the function.
Again this can be done as another direction of the research for the class of functions we
consider in this paper.
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