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FACTORIZED DIFFERENCE SCHEME FOR 2D
FRACTIONAL IN TIME DIFFUSION EQUATION

Sandra Hodzié

A factorized finite-difference scheme for numerical approximation of initial-
boundary value problem for two-dimensional fractional in time diffusion equa-
tion is proposed. Its stability is investigated and a convergence rate estimate
is obtained.

1. INTRODUCTION

In recent years there has been increasing interest in modeling the physical
and chemical processes with equations involving fractional derivatives and inte-
grals. Fractional partial differential equations emerge in modeling diverse processes
occurring in viscoelastic media, disordered materials, media of fractal geometry, as
well as in the mathematical modeling of biological, social and economic phenomena
(see [7, 11, 12]).

One kind of these equations is the time-fractional diffusion equation, which
can be obtained from the standard diffusion equation by replacing classical time
derivative with fractional derivative of order o € (0, 1). It corresponds to anomalous
sub-diffusion which has been investigated by many authors. When the initial-
boundary value problems for time fractional diffusion equation are approximated
by finite difference methods, in multidimensional case a similar phenomenon is
observed as for the classical parabolic equation: explicit scheme is numerically
unstable, while the implicit scheme is stable but inefficient, since at each time layer
an elliptic problem needs to be solved.

In this article we consider the first initial-boundary value problem for two-
dimensional fractional in time diffusion equation. The problem is approximated
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by the factorized finite difference scheme, which can be regarded as a kind of
alternating-direction-implicit (ADI) scheme (see [13]). In [4] the same problem is
approximated by additive scheme - another type of ADI scheme. In [2, 8] multidi-
mensional evolution equations with fractional in space derivatives are approximated
with diverse ADI schemes.

The paper is organized as follows. In Section 2 we introduce the Riemann-
Liouville fractional derivative. In Section 3 we define several function spaces con-
taining functions with fractional derivatives. In Section 4 we define the first initial-
boundary value problem for two-dimensional fractional in time diffusion equation.
In Section 5 we define the factorized difference scheme by approximating the con-
sidered problem and prove its stability. In Section 6 we investigate the convergence
of the proposed difference scheme.

2. FRACTIONAL DERIVATIVES

Let u be a function defined on interval [a,b], and k —1 < a < k, k € N. Then
the left Riemann-Liouville fractional derivative of order « is defined as

o ar [t u(T
W i) = oy |, e

and the right Riemann-Liouville fractional derivative is defined analogously

. b
@) Dfult) = iy e | e o

T T(k—a)dtk t—T)etl=k

where T'(-) denotes the Gamma function. Notice that if the function wu(t) has
continuous derivative of order k in [a,b], then for « — k or o — k — 1, the left
(right) Riemann-Liouville derivative converges to a standard k— or (k — 1)—order
derivative of u(t).

Since the integral is present in the definition of the fractional order derivatives,
it is apparent that these derivatives are nonlocal operators.

For functions of many variables, the partial Riemann-Liouville fractional
derivatives are defined in an analogous manner, for example

Dg po L O [ _uwn gy k, keN
t,a+u($7)_mﬁ m T, -1l <a <k, c N.

3. SOME FUNCTION SPACES

We define some function spaces, norms and inner products that we use there-
after. Let  be an open domain in R™. By C*(Q) and C*(£2) we denote the spaces
of k times continuously differentiable functions in € and €2, respectively. Further,
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C>(Q) = C5°(Q) stands for the space of infinitely differentiable functions with
compact support in 2. As usual, the space of measurable functions whose squares
are Lebesgue integrable in (2 is denoted by L?(€2). The inner product and the norm
in this space are defined by

(1w 0)0 = (1,0) () = /Q wdf,  ula = flul g2 = (uw)g”.
We also use H*(Q) and He(Q) = H§ () to denote the usual Sobolev spaces [10]

with norms denoted by [|u| g (q)-
For a > 0 we set

lulegiap = I1Dayullcrae,  lulcaqap = [1D5-ullclap),
1/2
||u||c;[a,b] = (||U||20[a]—[a1b] + |u|%i[a,b]) )
|ul#re (an) = [1DasullL2(a,b), [ulge (a,b) = [ Dy_ull L2(a,p)
and
1/2
||U||H§;(a,b) = (||U||§{[ar(aﬁb) + |u|§li(a,b)) )

where [a]~ denotes the largest integer < «. Then we define C'¢[a, b] as the space
of functions u € C1*" [a, ] with the finite norms [ullcg(a,0)- The space HE(a,b) is
defined analogously, while the space H$ (a,b) is defined as the closure of C*°(a, b)
with the respect to the norm || - [[#e(ap)- As for @ = k € NU {0} fractional
derivative reduces to standard k-order derivative, we have C% [a,b] = C*[a,b] and
HE (a,b) = H*(a,b).

Lemma 1 (See [9]). For a >0, a # k+1/2, k € N, the spaces H(a,b), H*(a,b)
and H* (a,b) are equal and their seminorms as well as norms are equivalent.

For vector valued functions which map a real interval (0,7) (or [0,T]) into
Banach space X, we introduce the spaces C*([0, 7], X), k € NU{0} and H*((0,T),
X), a > 0, in the usual way [10]. In analogous manner, we define the spaces
C2([0,T], X) and HE((0,T), X).

Throughout the paper, by C' we denote positive generic constant which may
take different values in different formulas.

4. PROBLEM FORMULATION

Let 0 <a<1,Q2=(0,1) x (0,1) and Q@ = Q x (0,T). We consider the time
fractional diffusion equation

o %u  A%*u
(3) Dt,O-l-u_@_a_yg:f(xvyut)a ($7y7t) eQu

subject to homogeneous initial and boundary conditions

(4) u(z,y,t) =0, (x,y)€dQ, te(0,T),
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(5) u(z,y,0) =0, (z,y)€Q.

Initial-boundary value problem (3)—(5) is often called sub-diffusion problem.

For f € L*(Q), the problem (3)—(5) is well posed in the space Hb0/2(Q) =
L2((0,T), H'(Q)) N H*/2((0,T), L*(©)) and its weak solution satisfies the a priori
estimate (see [6, 9])

lull 12y < Cllfllz2(q)-

5. FINITE DIFFERENCE APPROXIMATION

In the domain Q = [0,1] x [0,1] x [0, 7], we define the uniform mesh Q, =
@p, X Wy, where wp, = {(z5,y;) = (ih,jh)|i,7 = 0,1,...,n; h = 1/n} and @, =
{t, =kr|k=0,1,...,m; 7 = T/m}. We also define w, = &p N Q, v, = Wy \ wh,
wip = wpN(0,1] % (0,1), wap, = @, N(0,1) x (0,1], w, = @,N(0,T), w; =w,N[0,T)
and w} = @, N (0,7]. We use standard notation from the theory of the finite
difference schemes (see [13]):

v=o(z,y.t), o=v(ryt+7), " =vzyt), (2,y)€on,

'U(l’ + h7y7t) — ”U(:E,y,t)

Ve = A = UE(I—h,y,t),
v(z,y+ h,t) —v(z,y,t
vy = (,y }1 (@98 _ vg(x,y — h,t).

For a function u defined on @ which satisfies the homogeneous initial condi-
tion, we approximate the left Riemann-Liouville fractional derivative Dyy, u(w, y, tr)
by (see [3]):

(Dtofo+,7u)k = T

The following result holds:
Lemma 2 (See [14]). Suppose that u € C?[0,t], t € wS. Then

[DYoru—Dioy qul < T3

1 {1—(1 92-«

— "
o Taog (14277 max Ju"(s)]

1—«a

We approximate the initial-boundary value problem (3)—(5) with the following
factorized finite difference scheme:

(6) ((I + HTQAI) (I + HTQAQ) D?:O-l—,‘rv)k - Ahvk71 = fku (Ji,y) € Wh,

k=1,2,...,m, subject to homogeneous boundary and initial conditions:

(7) v(@,y,t) =0, (2,y,t) € xwf,
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(8) v(z,y,0) =0, (z,y) € W,
where [ is the identity operator, 6 is positive parameter, A1v = —v,z, A2V = —vyy
and Apv = vgz + vyy = —Av.

When the right-hand side f is continuous function, we set f = f, otherwise
we have to use some averaged value, for example f_ =TT, f, where T} and T, are
the Steklov averaging operators:

1/2 1/2
Tlf(x,y,t):/ f(z+ hs,y,t)ds, Tgf(x,y,t):/ flx,y + hs,t)ds.
—1/2 —1/2

Let us note that the finite difference scheme (6)-(8) is numerically efficient,
unlike the standard implicit scheme [15]. Indeed, to compute the values of solution
v at the time layer ¢t = ¢, it is necessary to invert the operators (I + 67*A;) and
(I +67*A3). By suitable ordering of mesh nodes each of these operators can be
represented by a tridiagonal matrix. This way, the required solutions are obtained
by two applications of the Thomas algorithm.

We define the following discrete inner products and norms:

1/2
(W w)h = (0, W) 2 = h2 > vw, vl = V]l L2 = (v,0)/%,
(z,y)Ewn
1/2 .
(W, w)in = (0,0) 20y = 2 D vw, [Vl = 0]l L2 = (0.0)i %0 = 1,2,
(z,y)Ewin
0031wy = 102130 + l0gl3n: 10130 0y = 1015 @y + 10117

1/2

lolzzan = (7 vaknh) ,
©11/2
[ol10/2(uey = [Dv ||H1<w,>+72( v I01R)) |

For every function v(t) defined on the mesh @, which satisfies the initial
condition v(0) = 0, the following equality holds (see [3])
m m 9

o k 1 « —
T Z (Dt,O-‘r,T(vQ)) = F(2 _ a) (t:n k+1 tvln—k) (vk) .
k=1 k=1

In particular, from here it follows that the norm [[v|| g1.a/2(q, ) is well defined.

Lemma 3 (See [4]). For 0 < a < 1 and arbitrary function v(t) defined on the mesh
W, the following inequality is valid

k a k 1 a 2\\ k T27Q(1 —27(1) k—17\2
9) 0" (Doyv)" > 5 (Dfos - (0*)" + w(vt )
Theorem 1. Let o € (0,1) and 0 > %. Then the finite difference scheme

(6)—(8) is absolutely stable and its solution satisfies the following a priori estimate:

(10) vl Brarz(@ury < ClFllL2(@un-



204 Sandra Hodzié¢

Proof. Taking the inner product of (6) with v*, we obtain

(", BD oy "), + (vF, AvY), = (o8, A@F =" ), = (5, 1),
where A = A1 + Ay = —Ap and B = (I +607%A;) (I + 07%As). Operators A
and B are positive and self-adjoint, so the corresponding energy norms (see [13])
lvl|a = (Av,v),ll/2 and ||v||p = (B’U,’U)}ll/2 are well defined.
Using the Lemma 3, Cauchy-Schwarz and e inequalities, and taking into
oF 4 k1 oF — k1
2 * 2

account that v* = , we further obtain

T =27 ke 1 1 e L.
T + B+ I - T

1 k2
§D30+,T||v I+ (2 5

1 7k k
< L IFRIE + el
From operator inequalities
B=T+0r"A+60*12“A1 Ay > 1, B> 0r%A,

the equality
[olla = |v]a @)

and discrete Poincaré inequality (see [13])

1
Iolln < 5ol

it follows that

1 1-27¢ 1 _ 1 1 _
) Dgo+,THvk||% + (9%(27_@) - 5)72””;C A+ §|Uk|§{1(wh,) + §|Uk 1@11(%)

1 7k € k|2
S@”f ||h+§|v F (won)-

re—a .
For 6 > ————2_ by choosing ¢ = 2 and
—2(1-27) Y 8 60

summing for k = 1,2, ..., m, we obtain the
a priori estimate (10) with C = Z O X2 —a)

In the Theorem 1 it was assumed that the
parameter # must be greater than some
value which depends on «. Fig. 1 shows

I'2-a) ) % 02 04 06 08 1
21— 2-2) o
Fig. 1

the graph of the function o —
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6. CONVERGENCE OF THE DIFFERENCE SCHEME

Let u be the solution of the initial-boundary-value problem (3)-(5) and v the
solution of the difference scheme (6)—(8) with f = T3Tof. The error z = u — v is

defined on the mesh @y, x @w,. Putting v = —z + u into (6)—(8) it follows that error
satisfies

(z,y) €wp, k=1,2,...,m,

(12) 2=0, (v,y)€n, tE€ws,
(13) 2= 2(x,y,0) =0, (x,y) € wp,
where

YF = (1 +07%A1) (I +67%A2) DYy, u” — ApuF ™t = Ty T, fF
— (T +67°A)) (I + 67 A;) Dy, u— TyTo Dy, u)"
o%u k b1 8%u k k1
=G sy, e+, XXy Y.+ b,

where
« « « «
61 = Dt70+77u — Dt70+u, 52 = Dt70+u — TngDt70+u,

9 1o}
m = T28_Z(I - h/2a yvt) - Uf({E,y, t)v 2 = Tla_Z(Ia Yy — h/27t) - ’ng(:E,y, t)v
G =Tugs, G2 = Tug,
X1 = —=07"Dyoy cuz, X2 =—07"Dioy rug,

1 2 _2a o 1 2 _2a mya
=5 07T Dioy cuayy, b2 = 5 077" Doy rlaag.

I'2—ow)
. >
Lemma 4. Let 6§ > 50 2

stable and the following a priori estimate holds:

. The finite difference scheme (11)—(13) is absolutely

2 m 1/2
(1) Vellprorsiayn < C| 073 (IEEIR + Ikl + IGHE + I8 + 1ut1Es) |
k=1

i=1
Proof. Taking the inner product of (11) with z*, we obtain
(zk, (I+67%A1) (I +67%As) DtofOJm_zk)h - (zk, Ahzkfl)h — (zk, {f)h
= (Zkv §§)h + (Zka nfz)h + (Zkv ng,y)h + (Zkv sz)h + (Zkv Cg,y)h
+ (" x0e), + (Fxay), + (Rt s), + (25 sy,
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Next, we estimate the terms at the right-hand side:

1
|(5,88),] < 25 + o sl < 1|Zk|§11wh)+g\’5§’\iv e1>0,
!<zk,nm>1 [, 2)) < 5 28 + 261 Ikl
(Rt )| = 0528 < 5 bl + 5 [ L

and analogously for the other terms. If we transform the left-hand side terms as in
the proof of Theorem 1, we obtain

1 1 1
3 Dior P+ F By < e+ (54 52 442 ) 1By
1
+ E(Hfﬁ“lli + It ll3n + 95115, + 1CEIT + 15130
XTI + I3 + sl + us]3,)-
Result follows for sufficiently small € and & after summation for k =1,2,...,m. O

In order to obtain the error bound of finite difference scheme (6)—(8), it is
sufficient to estimate the right-hand side terms in (14).

Theorem 2. Let the solution u of the initial-boundary value problem (3)—(5) be-

longs to the space C%([0,T],C(2)) N CH([0,T], H3(Q)) and 6 > %. Then

the solution v of the finite difference scheme (6)—(8) with f = T\Taf converges to
u and the following convergence rate estimate holds:

||U — ’UHBl,a/z(th) = O(h2 + Ta).

Proof. From Lemma 2 it immediately follows that
m 1/2

(15) (73oMtR) < e lullgom coon
k=1

From integral representation

( z+h/2 y+h/2 Y 82u ) ” 1
u(z,y) — ThTou(z, y) / / (/ / dy"dx
( ) 1 h2 xz—h/2 Jy—h/2 ! dxdy (

/ / ///7 / d de” / ygiyz ZZT y”/)dy/”dy”>dy/d$
I” y//

one obtains

1/2

16) (TZ |§§||%) < C? Julles o.my -
k=1



Factorized difference scheme for two-dimensional fractional in time diffusion equation 207

Using the Bramble-Hilbert lemma [1] and methodology presented in [5], one
obtains

m 1/2
an) (7o) < CR ulloqom iy, i=1.2
k=1
Terms (;, x; and p; can be estimated directly:

1/2
(1) ( ||<f||%h) < Orlullm ooy, =12

NiNgE

1/2
(19) (Tan?n%h) < O Jullor ooy, 1= 1.2
k=1
m 1/2
(20) (anu?n%h) < O lullrqormsiy, i= 1.2
k=1

Result follows from (15)—(20).
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