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BLOW-UP FOR DISCRETE REACTION-DIFFUSION
EQUATIONS ON NETWORKS

Soon-Yeong Chung, Jae-Hwang Lee

In this paper, we discuss the conditions under which blow-up occurs for the
solutions of reaction-diffusion equations on networks. The analysis of this
class of problems includes the existence of blow-up in finite time and the
determination of the blow-up time and the corresponding blow-up rate.

In addition, when the solution blows up, we give estimates for the blow-up
time and also provide the blow-up rate. Finally, we show some numerical
illustrations which describe the main results.

1. INTRODUCTION

We say that a solution u to the equation blows up (or is a thermal runaway)
at time T, if |u(xy,t,)| — +oo for some sequence (n,tn,) — (a,T). Here, T is
called a blow-up time and a is called a blow-up point.

There have been many papers which study the blow-up phenomenon for the
solution to the reaction-diffusion equations. In fact, they show that the solution
may or may not blow up in finite time, depending on the exponent ¢ and the
magnitude of the initial data. (see [1], [3], [4], [7], [8], [9], [13], [14], [16], [17],
[18] and [19]).

From a similar point of view, it will be interesting to investigate the diffu-
sion of energy or information on networks, which can be modelled by the discrete
reaction-diffusion equation on networks. Here the network means a graph with
edge-weight, i.e. a weighted graph (see [5]). On the other hand, the long time be-
havior (extinction and positivity) of solutions to evolution Laplace equation with
absorption on networks is studied in the papers [6] and [11].
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The goal of this paper is to analyze some features of the blow-up phenomenon
arising from the following discrete reaction-diffusion equation in S x (0, c0)

u(z,t) = Ayu(z, t) + |u|9= (z, t)u(z, t), (z,t) €S x (0,00)
(1) u(z,t) =0, (x,t) € S x (0,00)
u(z,0) = uo(x), res,

where ¢ > 0 and ug is nonnegative and nontrivial. Here S is a finite network and
the operator A, is the discrete Laplacian on the network S with boundary 95.

Since functions on a finite network of size N can be identified with vectors
in RV, the theoretical framework is the classical theory for systems of ODE. So,
it seems that blow-up solution or global solution can be obtained by virtue of the
famous Wintner’s Lemma (see [10]). But in this paper, we follow traditional PDE
techniques so called the comparison principle, which has been commonly accepted
when dealing with blow-up theory in PDE and seems to be easier and stronger.

The reaction-diffusion equation (1) on a continuous domain 2 C R has also
been studied even until these days (see [2] and [15]). For example, in order to get
a blow-up solution they adopted the condition such as

1<g¢<(3N+8)/(3N —4)
in the paper [15] and
1<g<(N+2)/(N-2)

in the paper [2], respectively. So it is quite natural that conditions to obtain a
blow-up solution include something related to the domain Q C R¥. But here in
this paper (see Theorem 4.10), we obtain a blow-up solution under the condition

1
g>1landy,> K15,

where yo = Z uo(x) and K = maxgeg Z w(z,y). The constant K can be under-
€S y€eoS
stood as a nuember representing the internal topology of the network S.

We organized this paper as follows: After considering some concepts on net-
works and the local existence of solutions to the equation (1), we discuss the compar-
ison principles on networks in order to study the blow-up phenomenon in Section 4,
in which we find out blow-up conditions of the solution to the equation (1) and the
blow-up time with the blow-up rate. Finally, in Section 5, we give some numerical
illustrations to exploit the main results.

2. PRELIMINARIES

In this section, we start with the theoretic graph notions frequently used
throughout this paper. For more detailed information on notations, notions, and
conventions, we refer the reader to [5].
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For a graph G = G(V, E) we mean a finite sets V of vertices (or nodes) with
a set E of two-element subsets of V' (whose elements are called edges). The set
of vertices and edges of a graph G are sometimes denoted by V(G) and E(G), or
simply V' and E, respectively. Conventionally, we denote by z € V or x € G the
facts that z is a vertex in G.

A graph G is said to be simple if it has neither multiple edges nor loops, and
G is said to be connected if for every pair of vertices x and y, there exists a sequence
(called a path) of vertices x = g, 21,...,Tn—1,Zn = y such that z;_; and x; are
connected by an edge (called adjacent) for j =1,...,n.

A graph G’ = G'(V', E') is said to be a subgraph of G = G(V,E) f V! C V
and E' C E. In this case, G is a host graph of G'. If E’ consists of all the edges
from E which connect the vertices of V’ in its host graph G, then G’ is called an
induced subgraph. It is noted that an induced subgraph of a connected host graph
may not be connected.

A weight on a graph G is a symmetric function w : V x V — [0, 00) satisfying
that

w(z,y) >0 if and only if {z,y} € E.

Here, {x,y} denotes the edge connecting the vertices z and y. Then we call
a graph G with a weight w a network.

For an induced subgraph S of a G = G(V, E), the (vertex) boundary 0S of S
is the set of all vertices z € V'\ S but are adjacent to some vertex in S, i.e.

0S:={z€V\S|z~yforsomeyc S}.

By S, we denote a subgraph of G' whose vertices are consisting of those in S or
05 and whose edges set are formed by the edges between vertices in S and edges
between a vertex in S and a vertex in 9S. By the way, these last edges are usually
known as boundary edges.

Throughout this paper, a subgraph S in our concern is assumed to be an
induced subgraph which is simple and connected. From now on, for simplicity, by
a network S with boundary 95 we mean a subgraph S of G, associated with the
weight w.

The degree d,x of a vertex = in a network S (with boundary 95) is defined

as
dyx = Zw(m,y).
yeS
The discrete Laplacian A, on a network S of a function u : S — R is defined
by

Asu(@) = Y uly) - ul@)w(z.y)

yeS

for each z € S.
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We now briefly discuss the existence and uniqueness of a solution for

up = Apu+ [ul7 1y in S x (0, 00),
(2) u=0 on 95 x (0, 00),
u(+,0) = up on S,

where ¢ > 1 and ug : S — R is a function satisfying that u(z) = 0, for all z € 95S.
By C(S) we mean the set of all functions u : S — R satisfying that u(z) = 0,
for all z € 0S.
For ug € C(S), ¢ > 1 and ¢y > 0, consider a Banach space

X, ={u: S x[0,t0] = R | u(z,-) € C([0,t9]) for each z € S}

with the norm ||ul|x,, = max, g maxo<t<t, |u(,t)|. Then it is clear that C(S) C
X,
Then it is easy to see that the operator D:X;, — X;,, defined by
tA b1
Dlul (2. 1) = { uo(x) + J;) wt(z, s)ds + .];) |u|?* (z, s)u(z, s)ds, S x [0, o]
O, 985 x [O,to],

is well-defined. In the next lemma we show that this operator is contractive on
the closed ball so that we obtain the existence and uniqueness of solutions to the
equation (2) in the time interval [0, o], for ¢y small enough, as a consequence of
Banach’s fixed point theorem. In fact, For ug € C(5), it is noted that  is a solution
of the initial value problem

up = Ayu+ [ul7tu in S x (0, 00),
u=0 on 95 x (0, 00),
u(+,0) = ug on S,

if and only if it is a fized point of D, that is, D[u] = u.
Lemma 2.1. The operator D is a contraction on the closed ball
B(uo, 2||uollx,,) = {u € X¢| | w— uo || x,, < 2[luollx,, }
if to is small enough.
Proof. Consider u and v € B(uo, 2| uol|x,, ). Then for (z,t) € S x [0,o],
|Dlu](x, t) — Dv](z, )]

/0 Ay (u—v)(z,s)ds —|—/0 [u]™H(x, s)u(z, s) — |v|?T7 (x, s)v(z, s)ds

< |2081 max w(ey)lu—vllx,, +qmax mas, (e, )/ o~ olx,, |t

<23 ) — 3 =1y — }t
< [2151 s, (el — vl +aGluol, vl |t

= OltOHU - UHXt07
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where |n(z, )| < max{||u||Xm, ||UHXt0} for (z,s) € S x[0,1], derived from the mean
value theorem and Cy = 2|S|max(, ,)cp w(z,y) + ¢(3|uollx,, )" Moreover, it is
easy to see that the above inequality still holds for (x,t) € 95 x [0, to]. Hence choos-
ing to sufficiently small, we obtain a contraction on the closed ball B(uo, 2[luo| x,, )
into itself. The proof is thus complete. O

The local existence and uniqueness is then assured and therefore the exis-
tence and uniqueness of the maximal solution for the above initial value problem,
according to ODE theory, for example, Wintner’s Lemma (see [10]).

3. DISCRETE VERSION OF COMPARISON PRINCIPLES

We devote this section to proving the comparison principle for the discrete
reaction-diffusion equation (2) in order to study the blow-up occurrence and global
existence, which we begin in the next section.

Define
ST =85 x (O,T) and gT = g X [O,T)

By C'(St), we denote set of all functions u : S x [0,T) — R, satisfying that

for each x € S, u(z, ) is continuous on [0,7) and continuously differentiable (0, 7).
Now, we state the comparison principles and some related corollaries.

Theorem 3.2 (Comparison Principle: Discrete Version). Let T > 0 be arbitrarily
given (may be infinite) and q > 1. Suppose that u and v € C*(St) satisfy the
inequality

up — Apu — |[ul?u > v — Ay — 0|97 v din Sy,
(3) u>w on 98 x [0,T),
u(-,0) > v(-,0) on S.

Then u >wv on S x [0,T).

Proof. Let 7" > 0 be arbitrary given with 7" < T. For each k € R, let 4,9 :
S % [0,T"] = R be the functions defined by

a(z, t) = e Fu(x,t); o(x,t) = e *o(a,t).
From (3) we have, applying the mean value theorem,
M i1y — By) (x,) — M Ay (@ — T) (w, 1) + M [k — g€ (@, 8)e D] (@ — T) (2, 1) > 0

for all (z,t) € Sx (0,T"], where |£(x,t)| < max{|a(z,t)|,|0(z,t)|}. Multiplying e~
on both sides, we have

(4) (G — o), t) — Ay — D)z, t) + [k — g€ (2, £)e T VF (@ — §) (2, ) > 0
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for all (x,t) € S x (0,7"]. Let A : S x [0,7'] — R be a function by
Mz, t) = a(x, t) — 0(z, t).

Since A(z,-) is continuous on [0,7"] for each x € S, A has a minimum value on
S x [0,T], that is,
tp) = mi i t).
Ao, to) Iglelgoggg{p,/\(% )

Then we have only to show that A(zo,%9) > 0. Suppose that A(wo,%o) < 0, on the
contrary. Since A > 0 on both 95 x[0,7"] and Sx {0}, we have (xo,%) € Sx(0,7"].
It follows from the differentiability of A(x,-) in (0,7”] for each x € S that

(5) At(wo,to) < 0.
It is clear that
Ay, to) — AM(xo,t0) >0 forally € S
which implies
(6) AuA(zo,t0) > 0.
Now we note that
|g€% (o, yo)e ™M | < qe ™IRO max{ (o, to)|* ", 5 (x0, t0)| 7}
= qmax{|u(zo, t0)|""", [v(z0,t0)[7 '}

Then we choose k > 0 sufficiently large so that k — g€~ (zq, to)e(d~ V¥ > 0, which
gives

(7) [k — g€ (zo, to)e V¥ ] X (20, o) < 0.
Combining (5), (6) and (7), we obtain
Ae(z0,t0) — AwA(@o, to) + [k — g€7 el DR\ (20, 10) < 0,

which contradicts (4). Therefore, u > v on S x (0,T”]. Since T" < T is arbitrarily
given, we finally get u > v on S x (0,7T). O

According to the above comparison principle, it is easy to obtain the unique-
ness of solutions to the equation (2), which is stated as follows.

Corollary 3.3 (Uniqueness). The equation (2) has a unique solution.

The following theorem describes solutions which have non-trivial initial con-
ditions in S.

Theorem 3.4 (Strict Comparison Principle: Discrete Version). Under the same
hypotheses as in Theorem 3.2 above, we have u > v on S x (0,T) if ug(xo) > vo(zo)
for some xg € S.
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Proof. Note that u > v on S x [0,T) by Theorem 3.2. Let T’ > 0 be arbitrary
given T/ < T. Let A : S x [0,7'] = R be a function defined by

Mz, t) = u(z, t) — v(z, t).

Then A(z,t) > 0 on S x [0,T'] and summing the equations on S, we have, for each
t e (0,77],

S Xl@t) =) AN ) + > [ul(x,t) — v(x,1)].

€S zeS zeS

We note that

Z Aw)\(xa t) = Z Z[)\(yu t) - )‘(‘T7 t)](U((E, y)
zeS z€S yec§
=33 D t) = A wl@,y) + > My t) — Aa, Hw(,y)
rzeSyesS zeSyeds
>=3 D Aawlry) > —K Y- Mw,b),
z€S yeds z€S

where K = max,cgs Z w(z,y) and
yeodS

uq(‘rvt) - ’Uq(‘rvt) = ng_l(xut)[u(xvt) - U(‘Tvt)]

on S x [0,7"], where [£(x,t)| < m = max ., yesxo. 8 U(@: )] [v(@,t)[}. Then it
follows that

(8) > M@, t) > =K' Az, t), te (0,1,

TES zeS

where K’ := K + gm?~!. This implies

(9) > Az, t) > Coe™ " te (0,17,
T€S

where Cp := Z A(z,0) > 0.
zeS
Now, suppose that there exists a (z*,t*) € S x (0,T’] such that A\(z*,t*) = 0,
that is,
Az, t") =min min_ A(x,t).
zeS 0<t<T’

Then it follows from the differentiability of A(z,-) in (0,T”] for each = € S that

Ae(z*, %) < 0.
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From the first inequality in (3), we have
0> Me(2",t7) > A A(a™, t%) + [ul(z®, ") — v (", 7))
=Y Ay, t")w(z",y) >0,

yeS

which implies that A(y,t*) = 0 for all y € S with y ~ 2*. Now, for any x € S, there
exists a path
TE T~ N T~ Ty = T,

since S is connected. By applying the same argument as above inductively we see
that A(x,t*) = 0 for every x € S. This gives a contradiction to (9). Since T/ < T
is arbitrarily given, we finally get u > v on S x (0,7). O

We note that the comparison principle as in Theorem 3.2 is not true in general
for 0 < ¢ < 1, so that the uniqueness of solutions (2) is not guaranteed. But, we
present here a similar version of the comparison principle for 0 < ¢ < 1, under a
little bit stronger boundary conditions.

Theorem 3.5. Let T > 0 (T' may be +o0) and q > 0. Suppose that u and v €
CY(St) satisfy the inequality

ug (1) — Apu (2, t) — ulx, t)|u(z, )97

(10) > v (2,t) — Ayv (2, ) — v(z, t)|v(a, )97, (x,t) € St,
u(x,t) > v (x,t), (x,t) € 0S x [0,T),
u(-,0)>wv(-0), res.

Then u (x,t) > v (z,t) for all (z,t) € S x (0,T).

Proof. Let 77 > 0 and § > 0 be arbitrary given with 77 < T and 0 < § <
min, yer (v — v)(z,t), respectively where I' := {(z,t) € S x [0,T']|[t = 0 or x €
0S5}, called a parabolic boundary.

Now, define a function A : S x (0,7”] — R be a function defined by

Mz, t) = [u(x,t) —v(z,t)] — 3, (2,t) € S x (0,T"]

Then A(z,t) > 0 on I'. Now, we suppose that mingcg o<t<7 A(x,t) < 0. Then there
exists (zg,t0) € S x (0,7"] such that

(1) )\(,To,to) = 0,

(i)  A(y,to) > 7(wo,t0) =0,y € S,

(iii) Az, t) >0, (z,t) € S x (0,10).

Then 7:(z0,t0) < 0 and since u (y,to) — u (zo,to) > v (y,t0) — v (zo, o), we obtain

Awu (Io, to) Z Aw’U (.Io, to) .
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Hence, the equation (10) gives

0> A (20, t0) > |u (0, t0)|" " u (20, t0) — |v (z0,t0)|*" " v (20, t0)
= |v (20, to) + 6] (v (w0, to) + 0) — |v (w0, t0)|* " v (20, to) > 0,

which leads a contradiction. Hence, A(z,t) > 0 for all (z,¢) € S x (0,7"] so that
we have u(zx,t) > v(z,t) for all (x,t) € S x (0,T), since § and T” are arbitrary.

Definition 3.6. A real-valued function u is a super-solution of the equation (2) if
it satisfies

ug > Apu+ [ultu in S x (0,00),

u>0 on 9S8 x (0,00),

u(+,0) > ug on S.

A sub-solution is defined similarly by reversing the inequalities.
The followings are easy consequences of the above theorems.

Corollary 3.7. Let u be a super-solution to the equation (2). Then we have u > 0
on S x [0,00). Moreover, u > 0 on S x (0,00) if ug is non-trivial on S.

Corollary 3.8. Let u be a super-solution and v be a sub-solution to the equation
(2), respectively. Then u > v on S x [0,00). Moreover, u > v on S x (0,00) if
ug(xo) > vo(xo) for some xg € S.

4. BLOW-UP AND GLOBAL EXISTENCE

Throughout this section we assume that the initial data ug € C(S) are non-
negative on S and non-trivial on S. As seen in the previous sections, we see that a
solution to the equation (2) with 7' = co is nonnegative on S x [0, 00). Hence, the
reaction term |u|?"u of the equation (2) can be written as u?.

Now, we study whether a solution to

ur =Ayu+u? in S x(0,00),
(11) u=0 on 95 x (0, 00),
u(-,0) = ug on S,

exists globally in time, or blows up in finite time. If the blow-up occurs, we want
to find out the blow-up time (see [1]) and rate (see [4]). For general references on
blow-up problems we refer to surveys [1] and [12].

First we introduce the concept of blow-up and begin to discuss the sufficient
conditions to guarantee that the solution blows up.

Definition 4.9 (Blow-up in a finite time T'). We say that a solution u to the
equation (11) blows up (or is a thermal runaway) at t = T, if there exists x € S
such that |u(x,t)] — +o00 ast A T. In this case, we say that the solution blows up
in finite time if T' is finite.
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Theorem 4.10. Let u be a solution of the equation (11) and consider yo =
Zuo(x) and K = max,cgs Z w(z,y). Then:

z€eS yeDS

(i) If 0 < g < 1, then the solution is global.
1
(i) If g > 1 and yo > K 9=1 - |S|, then the solution blows up.

Moreover, the blow-up time T in (ii) satisfies

q—1771
et oG

Proof. First, we prove (i). Cousider the following ODE problem
4,
dt
2(0) = max, g uo(x) + 1.

() = 29 (1)t > 0,

Then we have

1
2(t)=[1-q)t+2710)] 77, g#L
z(t) = z(0) €, q=1,
for every t > 0.
Take v (z,t) := 2 (t) for all z € S and ¢ > 0. Then it is easy to see that v(x,t) >
u(w,t), (z,t) € 9S x (0,+00), v(x,0) = 2(0) > max, g uo(r), z € S, and

d
v (x,t) — Ayv (z,t) — v (z,t) = T (t)—=29(t)=0.
Thus, 0 < u(x,t) < v(x,t) = 2(t), (x,t) € S x (0,+00) by Theorem 3.5. This
implies that v must be global.
Secondly, we prove (ii). Assume that ¢ > 1. Then summing on S the equation
(11), we get

Zut(ac,t) > —KZ u(z,t) + S|P {Z u(:v,t)r.

zeS zeS zeS

Here, we used Jensen’s inequality and the same technique as in the proof of Theorem

q
3.4. Multiplying [Z u(z, t)} on both sides of the inequality and letting n(¢) :=

zesS

[Z u(z, t)] 1_q, we have

€S

' (t) < K(g—1)n(t) + (1 - q)[S]'77.
Using the differential inequality, we have

S|t
+ JL —

1 < K(g—1)t
n(t) <e n(0) e

(eK(lfq)t -1)
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Let y(t) := Zu(x,t). Then

€S
- “ye [eg IS ST k-
yi () < eflam bt {yo 7 - K + TeK(l 0t
This is equivalent to
1
(12) Yy (t) > = —
(yé—q_ 1SI* q)eK(q—l)t+ |S[*
K K

Thus, if yg*1 > K -|S]971, the solution blows up and we have the following estimate
for the blow-up time:

q—1771
e

1
REMARK. In (ii) above, if the condition yo > K ¢-1 -|S| is dropped, then the solution can
be global. For example, consider a function
v(z,t) == agi(z), £ €S, t >0,
where 0 < oo < 1 and
Note that it is well-known that A; > 0 and ¢1(z) > 0 for all z € S. (see [5]). Then
0u(,1) — Auv(z,8) — (2, 1) = agi (1)1 — a? g4 (@)] > 0

on Sx(0,00). Now, let u(z,t) be a solution to the equation (11). Then v(z,t) = u(x,t) =0
on 05 x (0,00). If up(z) < v(x,0) = agi(z) for a sufficiently small a > 0, then it follows
from Theorem 3.2 that

{ —Audi(z) = Mg (z), z€S,

0 <wu(z,t) <wv(zx,t)
on S x [0,00), which implies that u(z,t) must be global.

Now, we derive the blow-up rate for the solution of the equation (11).

Theorem 4.11. Let ¢ > 1 and u be a solution to the equation (11) blowing up at
finite time T. Then:

(i) (The lower bound)

1
1 \g=1 L
max u(z,t) > (—)q 1(T—t) a1 ¢>0.
z€S q_l

(i1) (The upper bound)

maxu(z,t) < [(g = DT — ) = 5dg = 1DXT 17| 7, t>0,
x€S

where d = max, g do,x.
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(iii) (The blow up rate)
1

lim (T t% t L o?
—t)a— = —— .
Jm (T —#)e~! maxu(z, 1) (q—l)

Proof. First, we prove (i). Note that u > 0 on S x (0,00) by Theorem 3.4. Let
T be the finite maximal time of existence of a blow-up solution and x; € S be
a node such that u(x¢,t) = max, gu(wz,t) for each ¢ > 0. In fact, we note that
max, g u(z,t) is differentiable almost everywhere for each € S. Then we now
have tgr%{ u(ze,t) = oo and the equation (11) at the node z, for almost all s > 0

can be written as follows:

(13) u(xs, 8) = Ayu(zs, s) + ul(xs, s)
= u(y, s) — ul@s, s)lw(@s,y) + ul(ws, 5) < w(xs, 5).
yeSs
Integrating (13) in (¢,T"), and taking into account that ¢ > 1, we obtain

T 9]
s Sy 1 1 —
T—t2/ st_/ —du = 1u1 Uxe,t).
t u

ul(xs, S) (w0,t) U q—

Hence we obtain

1
1

u(xy, t) > <L1) o (T —t) a1,

q-—

Next, we prove (ii). As in the previous theorem, we get the following estimate:

u(xs, 8) = Ayu(xs, s) + ul(zs, s) = Z[u(y, s) — u(xs, 8)|w(zs, y) + ul(xs, s)
yeS
> — Z u(zs, s)w(xs,y) + ul(zs, s)
yeS
= —du(xs, s) + ul(xs,s) = ul(xs,s)[1 — du~%(zs, s)],

for each s > 0, where d = max_ g d,z. By the lower-bound of u(zs,s) in (i), we
have

(14) w5, ) > ul(zs, )1 — d(g — 1)(T — 5)].
Integrating (14) over (¢,T'), the upper-bound can be derived by a method similar

to that used in (i).
Finally, (iii) can be easily obtained by (i) and (ii).
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5. EXAMPLES AND NUMERICAL ILLUSTRATIONS

In this section, we show some examples and numerical illustrations to our
results in the previous section.

First, we consider a digon, that is, a graph S = {z1} with S = {z2} and
w(x1,x2) = 1. Thus, the equation (11) can be rewritten as

ug(x1,t) = —u(z,t) + ul(z1,t), te€(0,00)
(15) u(xa,t) =0, t € (0,00)
u(x1,0) = ug > 0.

When ¢ = 1, the solution u(x1,t) = ug, t € [0,00), which is global. For ¢ > 1,
then the equation (15) is well-known Bernoulli equation. The explicit solution to
the equation (15) is as follows:

1

(16) u(xy,t) = [(ué—q —1)eleVt 4 1} =

If ué_q —1 < 0, then it is easy to see that u(z1,t) blows up in finite time and the
blow-up time is
—In(1 —u™9)
(¢—=1)
Moreover, a tedious calculation makes us to get the following limit:

T =

lim (T — t)q%lu(:cl,t) = lim [(T —t)[(up™® = 1)el P 4 1}*1] T ( : )F .

t—T— t—T— qg—1

Now, we consider a path on 30 vertices, that is, S = {2, - x29}

Oy i .,

xg ®uxog T ®wgg
Figure 1. Graph S

with the boundary 95 = {z1, 230} and a weight w as

1, j=1,2,...,29,

0, otherwise.

w(@j, Tj41) = {

EXAMPLE 5.12. For the above graph S, we put ¢ = 2.5 in Theorem 4.10. The initial
condition up is given by Table 1.

Node i | wo(xs) Node i | wuo(x;) Node i
0 11 0 21

<
)
—~

8
N

Table 1. Initial values ug of u

S| o] 00| ~| of e | cof o =
[ | wof | | | wof | =
=
o
o | ro| wof i| | | cof ro
o
=
o | ro| wof | | | cof po| =
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By simple calculation, we see that the initial value uo of Table 1 satisfies the hy-
pothesis of Theorem 4.10 (ii) where the solution to the equation (11) blows up. Figure 2
shows the blow-up in time of a solution u beginning with uo. The computed blow-up time
T to the solution w is

T < 2120.

In particular, Figure 2 shows the blow-up occurrence to the solution at some nodes z1,
X1 )

@w
&

@w
S

N
&

/
P

Temperature
a 3

3

o

o

. 60&706300
i 5304400’5"‘7
: 0900

80
: 600700
300400 %°
1 T, 10020

Node Time (1 grid = 0.01 sec.)

Figure 2. Blow-up solution u

x10™™

— + —Node 11 Node 14
Node 14

~
&

— — Node1 — = —Node 11 '
t
1

>

]
~

w

Node 14

Temperature

Temperature(In[In(U(14, ))])
5 OB
.

o
o
=

.

e Node 11

“,

0
1500 1600 1700 1800 1900 2000 1780 1800 1820 1840 1860
Time Time

Figure 3. Behaviors of Inu at nodes z1, 11 and x14
EXAMPLE 5.13. For the above graph S with the same initial condition uo in Example 5.12,

we put ¢ = 1. Figure 4 shows that the solution is global and the global behavior of node
xr17 and z21 in time.
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Node 7

1 o

Figure 4. Global solution u and Behaviors of node x17 and x21

EXAMPLE 5.14. For the above graph S, we put ¢ = 1.5 in Theorem 4.10. The initial
1

condition wug is given by Table 2. Then yo < K 9—1 -|S|. Figure 5 shows the solution u of
equation (11) is global even if ¢ > 1 and the behaviors the node zg and z13.

Node 1 wo () Node i uo(x;) Node i | uo(x;)
1 0 11 0.1 21 0.2
2 0.05 12 0.15 22 0.15
3 0.1 13 0.2 23 0.1
4 0.15 14 0.15 24 0.05
5 0.2 15 0.1 25 0
6 0.15 16 0.05 26 0.05
7 0.1 17 0 27 0.1
8 0.05 18 0.05 28 0.15
9 0 19 0.1 29 0.2
10 0.05 20 0.15 30 0

Table 2. Initial Values of u

s =B
z 7

y;

Temperature

I I I
0 i 10 0 i 30
Ting

Figure 5. Global solution u and Behaviors of node xs and x13
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