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Our aim is to characterize those matrices that are the response matrix of
a semi—positive definite Schrodinger operator on a circular planar network.
Our findings generalize the known results and allow us to consider both non-
singular and non diagonally dominant matrices as response matrices. To this
end, we define the Dirichlet-to-Robin map associated with a Schrodinger
operator on general networks, and we prove that it satisfies the alternating
property which is essential to characterize the response matrices.

1. INTRODUCTION

Inverse boundary value problems were introduced by ALBERTO CALDERON
in 1950, although this work was not published until the 80’s, see [7]. Its first
applications are found in geophysical electrical prospection and electrical impedance
tomography. The corresponding mathematical problem is whether it is possible to
determine the conductivity of a body by means of boundary measurements. This
problem is exponentially ill-posed, since its solution is highly sensitive to changes
in the boundary data.

Inverse boundary value problems have been considered both in the continuum
and discrete fields. The Dirichlet—to—Neumann map plays an important role in both
frameworks, since it is the main tool that allows us to determine from boundary
measurements the information in the interior of the domain.

We are here concerned with the discrete version of this problem. This point
of view is important in applications since finite network models arise in finite vol-
ume discretizations of the elliptic partial differential equation that model the con-
tinuos inverse problem, see [5, 6, 11]. In this framework, the characterization
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of the networks that allow the recovery of the conductance is essential. When the
combinatorial Laplacian is considered, the matrix associated with the Dirichlet—to—
Neumann map is known as the response matrix of the network, which is a singular,
symmetric and diagonally dominant M-matrix; see [9]. Curtis et al. characterized
in [8], those singular, symmetric and diagonally dominant M-matrices that are the
response matrix of a circular planar network.

In this paper, we first define the Dirichlet—to—Robin map associated with a
Schrédinger operator on a general network, and then we derive some of its prop-
erties. These properties are analogs of those that characterize the Dirichlet—to—
Neumann maps, see [8] for circular planar networks and [11] for the continuous
case. In particular, we prove that the Dirichlet—to—Robin map of a general net-
work is a self-adjoint, positive semi—definite operator, whose kernel is related with
the second normal derivative of the Green operator, and it is negative off-diagonal
and positive on the diagonal. Furthermore, we prove the alternating property for
the Dirichlet—to—Robin map that is essential to characterize the response matrices.
The proof of this property follows the guidelines of the continuous case and makes
a deep use of the monotonicity property for Schrédinger operators. We remark that
the alternating property is an important tool to built recovery algorithms for the
conductances as it is shown in [1] for the case of spider networks.

Second, we extend the characterization given in [8] by removing the hypothe-
ses of singularity and diagonal dominance. Therefore, we obtain a wider class of
matrices that may be the response matrix of a circular planar network.

One of the most surprising facts about the conductance recovery is that a
response matrix can be the response matrix of a family of Schrodinger operators
associated with different conductances and potentials. This occurs even when the
Dirichlet—to—Neumann map associated with the combinatorial Laplacian is consid-
ered. This lack of uniqueness is due to the fact that the eigenfunction corresponding
to the lowest eigenvalue of the response matrix can be extended to the network as
a weight in infinite ways. Therefore, by choosing a specific extension we arrive at
a unique Schrodinger operator whose Dirichlet-to-Robin map corresponds to the
initial matrix.

Summarizing, here we have proved the alternating property for non—singular
response matrices for arbitrary networks. On one hand, the alternating property is
an structural property that the response matrices associated with a wider family
of difference operator must fulfill. These operators are discrete Schrodinger opera-
tors that correspond to the discrete version of the ones studied in the continuous
case. On the other hand, since the continuos bi—dimensional case is completely
characterized, the literature for the discrete case is mainly devoted to the study
of planar finite networks. Therefore, this work can be also considered as an ad-
vance toward the recovery of the conductance for non-planar networks that can
approximate multidimensional domains.
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2. PRELIMINARIES

Let T' = (V,¢) be a finite network; that is, a finite connected graph without
loops nor multiple edges, with vertex set V. Let E be the set of edges of the network
T'. Each edge (x,y) has been assigned a conductance c(z,y), where ¢: V xV —
[0, +00). Moreover, ¢(z,y) = c(y,z) and c(x,y) = 0 if (x,y) ¢ E. Then, z,y € V
are adjacent, x ~ y, iff ¢(x,y) > 0. We denote by V(z), the set of neighbours of
x € V; that is, the set of vertices adjacent to z. Observe that = ¢ V(z).

The set of functions on a subset F' C V, denoted by C(F'), and the set of non—
negative functions on F, C*(F), are naturally identified with RI¥| and the positive
cone of RIFI, respectively. Note that if f € C(F), we can extend f to a function on
V by defining f(x) =0 for allx € V' \ F.

We denote by fFu(x)d:C or simply by fFu the value Z u(zx). Moreover, if
TEF
F is a non empty subset of V, its characteristic function is denoted by x,. When

F = {z}, its characteristic function will be denoted by e,. If u € C(V), we define
the support of u as supp(u) = {x € V : u(x) # 0}.

If we consider a proper subset F' C V, then its boundary 0(F') is given by the
vertices of V/ \ F' that are adjacent to at least one vertex of F. It is easy to prove
that I = F U §(F) is connected when F is. Any function w € C*(F) such that
supp(w) = F and fF w? =1 is called weight on F. The set of weights is denoted by
Q(F). We denote by kp the function kp(z) = Z c(z,y).

yeEF

We define the normal derivative of u € C(F) on F as the function in C(6(F))

given by

(;:F) (z) = /FC(I’ y) (u(z) —u(y))dy, for any x € §(F).

Given S,T C V, we define
CSxT)={f:VxV —R: f(z,y) =0if (z,y) ¢ S x T}.

In particular, any function K € C(F x F) is called a kernel on F.

If K is a kernel on F|, for each z,y € F we denote by K* and K, the
functions of C(F') defined by K,(y) = KY(z) = K(x,y). The integral operator
associated with K is the endomorphism .7 : C(F) — C(F) that assigns to each
f € C(F), the function 2 (f)(x) = fF K(x,y) f(y)dy for all z € V. Conversely,
given an endomorphism 2 : C(F) — C(F), the associated kernel is given by
K(z,y) = X (ey)(x). Clearly, kernels and operators can be identified with matrices,
after giving a label on the vertex set. In addition, a function v € C(F) can be
identified with the kernel K(z,x) = u(z) and K(x,y) = 0 otherwise and hence
with a diagonal matrix, that will be denoted by D,,.

When K is a kernel on F, for each € §(F) and each y € F, we denote

0K OK"Y =
by (aT)(x,y) the value (8T)(x), whereas for each z € F' and each y € §(F)
T F
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0K 0K, 0K =
we denote by (8—%)(3:,;@ the value (E)nF )(y) Clearly, . € C(0(F) x F) and
gTK € C(F x §(F)) and hence both are kernels on F.
Yy

’K  0°K
ongon,  Onyon,

Lemma 1. If K is a kernel on F, then it satisfies
d(F)). Moreover, for any x,y € 0(F)

€ C(6(F) x

2
(afwg]y>(xa y) =k (0)k. () K(z,y) — kp (I)/ cly, 2)K(x, 2)dz

F
_kF(y)/Fc(:C,z)K(z,y)dz—i— F/Fc(w,u)c(y,z)K(u,z)dudz,

2

In addition, ( LS

M) is a symmetric kernel when K is.

The combinatorial Laplacian of T' is the linear operator . : C(V) — C(V)
that assigns to each v € C(V') the function defined for all x € V as

L(u)(z) = /V () (u(z) - uly))dy.

Given ¢q € C(V) the Schréidinger operator on T with potential ¢ is the linear
operator .Z; : C(V) — C(V') that assigns to each v € C(V') the function %, (u) =
Z(u) + qu. It is well-known that any Schrodinger operator is self-adjoint. The
relation between the values of the Schrodinger operator with potential ¢ on F' and
the values of the normal derivative at §(F) is given by the First Green Identity,
proved in [3]

Lot =5 [ [ etwno@-wmem -vwydzays [ o= [ o2

F

where u,v € C(F) and ¢, = C* X pymn acmy sy - A direct consequence of the above

identity is the so—called Second Green Identity

/(qu(u)—ufq(v))z/ (uﬂ—vﬁ>, for all u,v € C(F).
F §(F) 8nF 0

Ne

In particular, taking v = x, in the Second Green Identity we obtain the so—called
Gauss Theorem

1) [zw--[ . 5“

A function u € C(F) is called ¢-harmonic on F iff Z,(u) = 0 on F. We define
the energy associated with ' and q as the symmetric bilinear form 55 : C(F) x
C(F) — IR given for any u,v € C(F) by

@ & =3 [ [ e @ -uw) 0@ - @)+ [ qu

F

, forall ueC(F).
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In particular, when ¢ = 0, the energy will be denoted by & ¥, From the First Green
Identity, for any u,v € C(F') we get that

(3) EX (u,v) = /Fv.,iﬂq(u) + /5(F)U {g—i + qu] :

Some of the present authors characterized in [4] when the energy is positive
semi-definite by defining the potential associated with a weight. For any weight

o € Q(F), the so—called potential associated with o is the function in C(F') defined

as ¢y = —0 'L()on F, g = -0 " ;TO on 6(F).

F

Observe that ¢, = 0 iff 0 = ax,., with a > 0 . More generally, from Gauss
Theorem, we obtain that f 7000 =0, which implies that g, must take positive and
negative values, except when o = ax,, a > 0.

We end this section with some terminology following the guidelines of [8].
Given S = {s1,...,8x} and T = {¢t1,...,tx} disjoint subsets of §(F), there exist k
paths, 71, ...,7k, such that ~; starts at s; ends at ¢; and ~v; \ {s;,t;} C F, since F is
connected. The pair (S;T) is called connected through T', when there exist k paths
connecting S and T that are mutually disjoint.

The network I' = (F,¢,.) is called a circular planar network if it can be

embedded in a closed disc D in the plane so that the vertices in F' lie in 10) and
vertices in 6(F) lie on the circumference C = 9D. In this case, the vertices in
d(F) can be labelled in the clockwise circular order. The pair (S;T) of boundary
vertices is called a circular pair if the set (s1,...,sk;t1,...,tk) is in circular or-
der. When the network is not circular planar, we can label the boundary nodes,
say 0(F) = {p1,...,pn}, where n = [6(F)|. In this case, a subset {s1,..., s} of
boundary nodes is called an ordered set if there exists a non decreasing function
o:{l,...,k} — {1,...,n} such that s; = p,(;). The pair (S;T) is called or-
dered pair if (s1,...,8k;t1,...,tx) is an ordered set. Notice that in the definition

of ordered set we are not assuming that the vertices in S nor 7" are different, but
SNT =0.

3. DOOB TRANSFORM

In order to study the positive semi—definiteness of Schrodinger operators,
some of the present authors introduced the so—called Doob transform which is a
useful tool in the framework of Dirichlet forms, see [3]. In the next result, we adapt
this technique for a network with boundary; that is, T' = (F,c,.).

Proposition 2 (DOOB TRANSFORM). Given o € Q(F), then for any u € C(F) the
following identities hold:
o)=L [ o

o(x)
ou 1
<anF) : m/
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In addition, for any u,v € C(F) we get that

=3 [ [ertmnotarotn (B8 - H0) (UM Yas 4 [ .

Proof. First observe that

o) (u(e) — uly)) = o(x)o(y) (— - ﬂ) T (o) - o(w)) ula),

for any z,y € F. So, if € F, then

& [ o) (% - %) dy + % [ e lote) - o)y
- % [ cteo@ot (57 - 20 dy - anta)uto)

whereas if x € §(F'), then

somt@) = [ e (u(e) = ) dy

- c(z,y)o(z)o ulw) _ uly) — o (z) u(x
— i [Letemo@otn (B2 - 20 )y - go(outa).
Finally, from Identity (3), we get that
_ [ v u(z)  uly)
EF (u,v) —/F s /Fc(:v,y)a(:v)o(y) (@ - @> dy dz
) e N
oy 203 e otarntn (365 - 5 v~ [

- oo (4 - o funn

R
:/F/FCFy’nyUx ‘Z)
—— [ [ ertwnot@om %

where we have taken into account the symmetry of ¢
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Corollary 3. If there exist o € Q(F) and X\ > 0 such that ¢ = q, +AX; s then the
Energy 55 is positive semi—definite. Moreover, it is not strictly definite iff A = 0,
in which case EF (v,v) =0 iff v = ao, a € R.

We remark that given ¢ € C(V), there exist unique o € (V) and A € R such
that ¢ = ¢, + A. This property is a consequence of the Perron—Frobenius Theorem
applied to the matrix t1—K, for ¢ € R large enough, where K is the matrix associated

with the operator K = %, on F and K = ni +qon §(F).
F

So, ¢ = q» + A does not represent any restriction on the potentials. Moreover,
the Doob transform allows us to characterize when K is positive semidefinite: this
occurs iff A > 0 and, in this case, K is singular iff A\ = 0. Therefore, ¢ = ¢,
corresponds to positive semidefinite and singular operators.

On the other hand, it is true that for A > 0, ¢ = ¢o + Ax,, determine a
positive definite operator and hence there exist also a weight w € Q(V) and a value
> 0 such that

q=Gqs + /\Xg(p) = Qqu t+ U
However, the relation between ¢ and w, and A and p is not easy to find. In fact,
we only know that p < A

From now on, we will work with potentials given by a weight o € Q(F)
and a real value A > 0 such that ¢ = go + AX;; so that the corresponding
Schrédinger operator is positive semi—definite. Notice, that in this case the weight
o is g-harmonic on F; that is, £ (c) =0 on F.

In [3, Proposition 4.10], some of the present authors proved the following
version of the minimum principle that will be useful in what follows.

Proposition 4 (Monotonicity Property). If u € C(F) is such that Lq(u) >0 on F
and v >0 on §(F) then either u>0 on F oru=0 on F.

Let us consider the following Dirichlet problem: Given f € C(F) and g €
C(6(F)) find u € C(F) satisfying

(4) Zy(w)=f on F and u=g on §(F).

The existence and uniqueness of solution for Problem (4) were proved in the
above-mentioned paper. In fact, the Dirichlet Principle tell us that for any data
feC(F)and g € C(§(F)), Problem (4) has a unique solution; see [4, Proposition
3.3].

Associated with the Dirichlet problem we can consider the following semi
homogenous problems, that allow us to introduce the concept of Green and Poisson
operators:

Given f € C(F) find u € C(F) satisfying

(5) Zyu)=f on F and u=0 on §(F),
and given g € C(§(F)) find v € C(F) satisfying
(6) Zy(v)=0 on F and v=g on §(F).
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Clearly, if v and v are the unique solutions of (5) and (6) respectively, then u + v
is the unique solution of Problem (4).

We define the Green operator for F' as the operator ¢,: C(F) — C(F') as-
signing to any f € C(F) the unique solution, uy € C(F), of Problem (5). The
kernel associated with the Green operator is called Green kernel and denoted by
Gy. Then, G, : F x F — R is a symmetric kernel and G, (z,y) = ¥4,(s,)(2).

On the other hand, we define the Poisson operator for F as the operator
Py C(O(F)) — C(F) assigning to any g € C(§(F)) the unique solution, ug, of
Problem (6). The kernel associated with the Poisson operator is called Poisson
kernel and denoted by P,. Then, P, : F' x §(F) — R and P,(z,y) = P,(c,)(z).
From Proposition 4, we obtain that G4 (z,y) > 0 for any z,y € F' and Py(z,y) >0
for any z € F,y € 6(F). Moreover, (o, ) = o on F, since (o) = 0 on F,
which means that weight o € Q(F) is the unique solution of the Dirichlet problem

Zy(u)=0 on F and u=o0 on §(F).

Therefore, given f € C(F) and g € C(J(F)) the unique solution u € C(F) of
Problem (4) is given by
u=9(f)+ Z4(9)-

Moreover, we have the following relation between the Green and Poisson kernels
that was proved in [3]:

oG,

Py(z,y) = ey(x) = a—ny(x’y)'

4. THE DIRICHLET-TO-ROBIN MAP

In this section we define the Dirichlet—to—Robin map on general networks and
we study its main properties. This map is naturally associated to a Schrédinger
operator, and generalizes the concept of Dirichlet—to—Neumann map for the case of
the combinatorial Laplacian.

The map Aq: C(§(F)) — C(§(F)) that assigns to any function g € C(6(F))
the function Ay(g) = 8:9 +qg is called Dirichlet-to—Robin map, where ug = Z,4(g).

F

The Poisson kernel is directly related to the Dirichlet-to-Robin map Ay, as

it is shown on the proposition below.

Proposition 5. The Dirichlet-to—Robin map, Ay, is a self-adjoint, positive semi—
definite operator whose associated quadratic form is given by

/ gAq(g) = Ef(ug,ug).
5(F)

Moreover, X\ is the lowest eigenvalue of Ay and its associated eigenfunctions are
multiple of 0. In addition, the kernel N € C(6(F) x 6(F)) of Aq is

0*Gy
Inzon,’

oP,

N =
ong

+q=k,+q—
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which is symmetric, negative off—-diagonal and positive on the diagonal.

Proof. From (3) we get that for any f,g € C(6(F)),

/ FAglg) = EF (ug,ug) = EF (ug,uy) = / oAy (f)
5(F)

and hence A, is self-adjoint and positive semi-definite. Moreover, for every z €
6(F), using that & (ox, ) = 0 on F it is easily seen that

M0, () = 52(2) + 40 ()0 () + Ao () = Ao(a),
since ¢, = —o ! ;TO on §(F).

F
On the other hand, from Proposition 2 and taking into account that uy, =g

on 0(F), we get

Ef(ug,ug) = EF(ug,ug) +/FQU§ = EF(ug,ug) +/FQUU§ + )\/ 92

S(F)

- % /F/F - (@ 9)o()o () (?((5)) - 1:]((5))>2 dody+ )\~/5(F) = )\/5(F) g

The equality holds iff u, = ao; that is, iff g = ao.
Suppose that ¢ is a non-zero eigenfunction corresponding to the eigenvalue
«. Then, by the definition of eigenvalue and the first part of the proposition, we

have
a/ s :/ g, (9) = 5 (ug,ug) > )\/ g*
3(F) 3(F) 3(F)

which implies that a > .
Taking now g = €, y € 6(F), we obtain that u, = P} and therefore

ory
- T qy-

AQ(E:U) = an

oG
Using this and equality P,(x,y) = ey(x) — a—q(x, y) we easily see that
Ny
9 oGY G
Ay(ey) = o (ay - WZ) +qey =kpey +qey — W@fw'

Finally, for any x,y € §(F) with = # y, notice that P,(z,y) = e,(x) = 0. In
this case, we get that

N(z,y) = Ag(gy) () = 8—%($ay)
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since P,(z,y) > 0. Moreover, as Aq4(0) = Ao on 6(F), then for any y € 6(F)

D Ayley)(@)a(z) = Ao (y),

zES(F)

and hence

Mg(e) (W) = A =a(y)™" D Agley)(@)a(x) >0,
z€S§(F)

where we used the fact that A,(e,)(z) < 0 for any x,y € 6(F) and x # y as shown
above. g

The kernel of Dirichlet-to—Robin map is closely related to the Schur comple-
ment of (%) F in .Z,; see [10] and [8, Theorem 3.2] for the combinatorial Laplacian

and the Dirichlet—to-Neumann map. Notice that the Robin problem

ou

on

Zy(u)=f on F, +qu=g ond(F),

-4

where D is the diagonal matrix whose diagonal entries are given by k, + ¢, C =
(c(x,y)) zes(ry, M is the matrix associated with (fq)‘F, vs, v, f, g are the vectors
yeF

F
has the following matrix expression

) D -C
C=CT ™

determined by wu U f and g, respectively. Then, M is invertible and M~! =

ls(F)
(Gq (z, y))wyeF Moreover, the Schur complement of M in L is

L/M=D-CM~ICT = (N(a:,y))m)yeé(F),

since we have the equality given for N in Proposition 5 and the following equality
from Lemma 1 )
0°G
wc = ()
InzOny z,y€8(F)

where we have taken into account that Gy is symmetric and zero on §(F') x F.

Now we show that the Dirichlet-to—Robin map has the alternating property,
which may be considered as a generalization of the monotonicity property; see [11,
Theorem 2.1] for the continuous version of this property.

Theorem 6 (Alternating paths). Suppose that §(F) = AU B, where A and B
are disjoint subsets. Let g € C(B) and s1,...,8; € A such that for every index
i=1,...,k

(7) (=1)"" Aq(9)(s0) > 0.
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Then there exist t1,...,tx € B such that for every indexi=1,... k

(8) Ag(9)(si)g(th—it1) <O.

Moreover, for any i = 1,...,k, there exists a path v; from s; to tp_;y1 such that

~vi \ {si,th—iv1} C F and g(tk*”l)ug\m\{si}) > 0, where ug = Z4(g).

Proof. Observe that as g € C(B), for any x € A, we have that A,(¢)(z) = %(m)
Oug

By (7),0 < W(Sﬂ =— fF c(s1,y)ug(y) dy. Then, there exists y € F NV (s1) such

that ug(y) < 0.

Let W be the connected component of {z € F : ugy(z) < 0} containing y.
Suppose that W N B = (); that is, W c F U A. We consider v = Ug X+ then
Zy(v) =0o0n W, v>0ond(W), then from the monotonicity principle v > 0 on W
which is a contradiction. Therefore, W N B # () and hence u, > 0 on §(W) N F. If
ug > 0on 6(W)NB, we get that £, (ug) =0on W, uy > 0on §(W),souy > 0on W
applying again the monotonicity principle which is a contradiction. So, there exists
tr € 6(W) N B such that wuy(tx) < 0 which means g(tx) < 0. As ¢, € 6(W), there
exists z1 € W, so ugy(21) < 0, such that ¢ ~ z1. As W is a connected subset we can
join ty and s; by a path 3 = {s1 ~y ~ ...~ 21 ~ 1} such that {y,...,z1} C W

and hence u,
l(viN{s1h)

We can repeat this argument to produce paths v; such that 7; joins s; to
a point ty41-; € B such that v, \ {sj,tkt1—;} C F and (—1)7uy(z) < 0 for all
z €7\ {s;}-
Corollary 7. Suppose that the network I' = (F,c,) is circular planar and §(F) =
AUB, where A and B are disjoint subsets. Let g € C(B) and ug = P4(g), if there

is a set of different points {p1,...,px} € A in circular order such that for every
indext=1,...,k

9) (1) Ag(9)(pi) > 0

then there is a set of different points {q1,...,qx} € B in circular order such that
for every indexi=1,...k

(10) Ag(9)(Pi)9(gh—it1) <O

Moreover, for anyi=1,...,k, there exists a path ~y; from p; to qx—; 41 such that v;\
{pisqk—it1} CF, 9(qe—it1) > 0 in such a way that (p1,...,Pk;q1,- -, qk)
is connected through T'.

u
Iy {pih)

Proof. The paths built on the proof of Theorem 6 do not intersect if the network
is planar and the vertices p; € A are in circular order, since the values for the
function ug4 in «y; have different sign than the ones on v;_; and ~j41. Then, ¢; € B
are the points given by the last theorem and are also in circular order.
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Theorem 8 (Strong alternating paths). Suppose that §(F) = AU B, where A and
B are disjoint subsets. Let g € C(B) and uy = P4(g). If there is a set of points
{51,...,8k} € A such that for every indexi=1,...,k

(11) Ag(g)(si) =0
then there is a set of points {t1,...,tx} € B such that for every indexi=1,...,k
(12) (~1)'g(t:) > 0.
Moreover, for any i =1,....k, there exists a path P; from s; ~ 2 ~ ...~ a2l ~t;

such that P\ {s;,t;} C F and there exists j; € {1,...,n; + 1} such that ug(xi) =0
for all £=0,...,5; —1 and g(t;)ug(z}) > 0 for all £ = j;,...,n; + 1, where xf = s;
and J:ZM_H =t;.

Proof. By (11), 0 = %(sl) = —fF ¢(s1,y)ug(y) dy. Then, either u, = 0 on
V(s1) NF or there exists y; € F such that u,(y1) < 0 (in this case there also exists
z1 € F such that ug(z1) > 0). If ug = 0 on V(s1) N F, consider x1 € V(s1) N F,

then 0 = %, (ug)(x1) = = _ (1, y)uy(y). Again, either ug =0 on V(z;) or there
yeF
exists yo € F'U B such that u,(y2) < 0 (in this case there exists also zo € F U B
such that ug(z2) > 0). If yo € B, this will be the vertex t;.
Otherwise, let W be the connected component of {z € F : uy(z) < 0} and
proceeding as in the proof of Theorem 6 we get the result. O

Having fixed a label in the boundary, we say that the network has the al-
ternating property if for any ordered set {si,..., s} satisfying the hypothesis of
Theorem 6, then the vertices {t1,...,t;}, given by the Theorem, are also in or-
der. Next result also tells us a property of the Dirichlet—to—Robin map of networks
having the alternating property which is related with totally nonnegative matrices.

Theorem 9. Let I' be a network having the alternating property and let the pair
(X1, s T3 Y1, - -, k) be an ordered pair on O(F). Let M = (m;;) be the k X k

matric with entries defined by m;; = %(xl,y]) Then,

ong
k(k+1)
(13) (—1)" 2 det(M) > 0.
Proof. Clearly we can suppose that the vertices (x1, ..., xy) are different and that

the vertices (y1, ..., yx) are different too. The proof is by induction on k. For k = 1,
from Proposition 5, the result is true. Next we assume that the result is true for all
(k—1) x (k—1) submatrices and prove that it is true for k x k matrices. If the result
is not true, then we have a sequence of distinct vertices (z1, ..., Tk Y1, - ., yx) such
that

k(k+1)
(14) (=1)" 2 det(M) <0.
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Consider the matrix M ! with entries (h;;). Then,

det(MZ-j)

(15) iy = () A

where M;; is the (7, 7) minor of M. By induction hypothesis, (14) and (15),

Nkl i REED kD
(16) (-1) hij = (=1) 2 T > 0.

Since M is nonsingular, for fixed ¢ there must be some j for which
(17) (—1)i+j+k+1hij > 0.

Now let w = (w;)¥_, be the vector w; = (—1)"*! and z = M ~'w. Then using (16)
and (17) it is easy to verify that

(18) (—1)Fkz > 0.
So we have a vector z such that

k
OP,
(19) Wi = , Wj(%»l/j)zj
Jj=1
and (—1)** zw; > 0.
Let the function g € §(F), defined as g(y;) = z;, j = 1,....,kand g = 0
otherwise then,
k
OP,
Agg(wi) = ) 52 (@i y)9(y;) = wi,
j=1 "
by the choice of g, the definition of A, and equation (19). Then by Theorem 6, there
exists a set of vertices {t1,...,tx} € §(F) such that the pair (z1,...,zk;t1, ..., k)
is an ordered pair and
wig(te—i+1) <0,

or equivalenty, such that (—1)*w;g(t;) > 0. Therefore, for any i = 1,...,k, t; €
{y1,-..,yr}, since otherwise we get g(t;) = 0. Moreover, {y1,...,yr} and {t1,...,tx}
are ordered subsets and hence there exists ¢ such that ¢; = y;. Then, we will have
0 < (—=D)kw;g(t;) = (—=1)*w;g(y;) = (—1)*w;z;, which is a contradiction with the
fact that (—1)kT1zw; > 0.

5. CHARACTERIZATION OF THE DIRICHLET-TO-ROBIN MAP

Our next objective is to characterize the kernels on §(F) that are the ker-
nels associated to a Dirichlet—to-Robin map. The results in the previous section
show that the matrices associated with these kernels are necessarily symmetric
M-matrices, in fact a particular class of M-matrices. Recall that a symmetric
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M—-matrix is a positive semidefinite symmetric matrix whose off-diagonal entries
are non—positive, see [2]. For the case of the combinatorial Laplacian of a net-
work, Curtis et al. characterized in [8] those singular, symmetric and diagonally
dominant M-—matrices that are the response matrices of a circular planar network.
This case corresponds to A = 0 and o a constant weight. Now, our proposal is to
generalized the above—mentioned result to the general case, in order to include a
wider class of M—matrices.

We first observe that the response matrices I
do not identify the associated difference operator;
that is, a given singular, symmetric and diagonally
dominant M-matrix can be the response matrix
associated with multiple Schrodinger operators of
a circular planar network as the following simple
example shows.

Let us consider the star network (T, c)
on n > 3 vertices with central vertex zo and =;
peripherical vertices x1,...,x,, see Figure 1. Let Figure 1. The star network
F = {x0}, 0(F) = {z1,...,7,}, 0 € QF) and on n vertices.
the conductances are given by c¢(xg,x;) = ¢; > 0.

Then, by using Doob transform given in Proposition 2 we see that

Ts

Ly, (u)(wo) = Zgg; Z cio(x;) — Zczu(xz),
u _colxo) o\ o
m(a@z) + go (zi)u(x;) = ) u(x;) — ciu(zo), i=1,...,n

for all u € C(F). Therefore, given g € C(5(F)), the unique solution of the problem
Zy(w) =0on F and u = g on §(F) is given by u(z;) = g(z;) for alli =1,....n
and

u(wo) = ﬂi > cigla).
Zcio(wi) i=1

As a consequence, the Dirichlet—to—Robin operator for the star network with weight
o and conductance ¢, denoted here by A, ,, is given by

(20) Aco(9) () = cf(g()))g(fﬂi) - ncmio) Z crg(xr)
! Z CkU(:Ek) k=1

for all g € C(0(F)). Clearly, Ac,o(g) = 0 iff g is a multiple of o . .

Let 6 € Q(0(F)) defined as d(x;) = %, i =1,...,n and for any
1—0’(%0)2
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0 < wp < 1, consider w € Q(F) defined as

w(zg) =wo and w(z;) =\/1—wio(z), i=1,...,n.

Observe that ¢ is the unique eigenfunction of A, , corresponding to the zero
eigenvalue that is a weight on §(F'). Moreover, w has been built by normalizing an
arbitrary extension of 7.

We now look for a conductance d on I' such that Ay, = A . From Equation
(20) this happens iff

n

cia(aro)z crg(zr) diwoi drg(zk)

cio(xo0)g(w;) b1 diwog(x;) =1

21 — = _
(21) o(x;) a ao(x;) i
cho(xk) az dka(xk)
k=1 k=1
. 1—w? .
where d; = d(xo,x;),i=1,...,n and o = ﬁQ(;)' Ifg=c¢z,j=1,...,n,
- 0
then
CiCjO'(LL'Q) _ didjwo 275 j
cha(ack) Oéz dka(xk)
k=1 k=1
oea(:co)z dro(xr)
If g = nkzl ,thenB:%foralli,j:1,...,nwithi7éj.
woz cro(zy) !
k=1
Therefore,
d;d;  did; . o .
A e R 0 alli,k=1,...,n with i,k #£ j
CiCj CrCy
3 2
and hence dj = %:O)cj = %%’ for all j = 1,...,n since n > 3.

Notice that d = c iff w = 0.

Therefore, for an arbitrary extension of the weight o on F' = {x} there exists
a conductance function such that the Dirichlet—to—Robin operator associated with
the Schrodinger operator with the new conductances and weight coincides with the
initial one.

In particular, if o is constant then, ¢, = 0 on F and hence the corresponding
Schrédinger operator is the combinatorial Laplacian and the Dirichlet-to—-Robin
map becomes the classical Dirichlet-to-Neumann map. Therefore, the above re-
sults tell us that the Dirichlet—to-Neumann map does not identify uniquely the
Schrédinger operator and, in fact, it appears as the Dirichlet—to—Robin map of an
infinite family of Schrodinger operators.

The following definitions follow the terminology of [8]. Suppose that A =
{a;j} is a matrix, S = (s1,...,8%) is an ordered subset of the rows and T =
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(t1,...,tm) is an ordered subset of the columns. Then, A(S;T) denotes the k x m

matrix obtained by taking the entries of A which are in rows s, ..., s; and columns
tyy... by If (S;T) is a circular pair of indices, A(S;T) is called a circular minor
of A.

For any n > 2, 0 € Q(6(F)) and A > 0, let @), be the set of irreducible
and symmetric n—matrices, M, for which A is the lowest eigenvalue and o is the
eigenvector associated with A, satisfying the following condition

If M(S;T) is a k x k circular minor of M, then (—1)*det M(S;T) > 0.

This condition says that if M € ®, , and (S;7T) is a circular pair of indices, then
the matrix —M (S;T) is totally non-negative. In particular, if M € &) ,, then M
is an M -matrix.

If we denote by p = |6(F)|’%X5(F), the unique constant weight on 6(F'), then
Oy, = DyP0,oD,, for arbitrary o. The next results were obtained in [8].

Lemma 10 ([8, Theorem 3]). Suppose that M is in D ,. Then, there is a circular
planar graph with a conductivity ¢ such that M = A, where A is the Dirichlet—
to-Neumann map associated with the combinatorial Laplacian for the conductance
c.

Suppose that I' is a circular planar network with n boundary vertices, and
7 = m(T) is the set of circular pairs (P;Q) which are connected through T.
Then, T" is called a critical circular planar network, if removing any edge breaks
at least one of the connections (P;Q) in m. A subset @ ,(7) of @y, is defined
by the following condition: For each circular pair of indices (P; @), (P;Q) € = iff
(=1)kdet M(P; Q) > 0.

Lemma 11 ([8, Theorem 4]). Suppose T is a critical planar graph with m edges
and © = 7(T). Then, the map which sends conductance ¢ to A is a diffeomorphism
of (R)™ onto ®g (7).

Given M € ®, ,, we say that u € C(F) is M -harmonic iff £(u) = 0 on F,
where £ is the combinatorial Laplacian whose conductance is uniquely associated
with the matrix D,(M — AI)D, given in Lemma 11.

Theorem 12. For anyn > 2, 0 € Q(§(F)) and A > 0, suppose M is in @ ,. Then,
there is a circular planar graph with conductance ¢ such that for any w € Q(F)
satisfying w = ko on §(F), M = A,, where A, is the Dirichlet—to—Robin map

associated with the operator £y, with ¢ = quw + AX;», and conductances ¢, =
C

TRy Moreover, if M € ®y (), then there is a unique critical circular planar

network with conductance ¢ and a unique w € Q(F), M~harmonic function such

that M = A,.

Proof. Let M € @, ,, then M = Dy(M — X)D, € ®¢,. Applying Lemma 10,
there is a circular planar graph with conductances ¢ such that M = A, where A is
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the Dirichlet-to-Neumann map associated with the combinatorial Laplacian, .2,
of the network. Consider @ € C(F') such that @ = o on §(F) and @ > 0 on F

and define w = [|0|| '@ € Q(F). Then, w = ko on §(F) where k = | > w?(z).
z€8(F)
Consider the conductance ¢, = %, the corresponding combinatorial Laplacian,

L q, the associated potentigl aruljd Ay, the corresponding Dirichlet-to—Robin
map. Then, applying the Doob transform, we obtain that D, o £~ o D, = £°
and moreover D, 0 Ay oD, = A, and hence M — Al is the matrix associated with
Ag.,.
On the other hand, if M € @, ,(7), then Lemma 11 assures that there is a
unique critical circular planar network with conductivity ¢ such that M = A. In
addition, if we choose @ the unique solution of the Dirichlet problem #¢(u) = 0 on
F and u = o on §(F), the minimum principle assures that @ > 0 on F' and hence
w = ||@||7'@ € Q(F) is a M—harmonic function satisfying that M = A, .
Consider now 7 € Q(F) such that it is M~harmonic and A,, = M = A, .
Then 0 = A, (7) = Ay, (7), which implies that 7 = aw on 6(F). Therfore, 7 = aw
on F since 7 is M~harmonic. Finally a = 1 because 7 and w are weights.
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