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ON THE GENERATION OF BIPARTITE GRIDS

IN 2 AND 3 DIMENSIONAL REGIONS

Fernando A. Morales, Mauricio A. Osorio

We present a procedure to generate bipartite grids for simply connected do-
mains in 2-D and 3-D, of prescribed size and controlled regularity elements.
The mesh elementsK of the triangulation satisfy ζK ≤ C, where ζK is the reg-
ularity and C is a constant depending on the shape parameters of the initial
mesh. Bipartite grids permit a well-posed mixed-mixed variational formula-
tion of problems, such as the porous media flow equation and other linear
physical phenomena, as well as Galerkin-type discontinuous relaxations.

1. INTRODUCTION

The generation of quality shaped grids for geometric domains is a vast and
active research field of mathematics. Defining a grid is one of the key steps in
solving partial differential equations with finite element methods. However, the
approximation estimates depend not only on the size of a mesh, but also on the
quality shape of its elements. In addition, other types of numerical difficulties can
be introduced in the method due to the quality shape of the elements. It is rather
common to use triangular and rectangular elements for 2-D domains, as well as
tetrahedral and hexahedral elements for 3-D domains; the choice is done according
to the structure of the modeled problem. Some other questions in the field are
the automatic generation of grids [8], the generation of polynomial patches for
the approximation of two dimensional manifolds [16], the generation of structured
and/or unstructured grids, the numerical costs and efficiency for grid generation
versus the cost of computing numerical solutions of the physical problem posed on
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the grid, and the Delaunay tessellation approach for grid generation [9, 7]. On
the other hand, the meshfree methods present a totally different approach and try
to circumvent the intrinsic difficulties of mesh generation, see [4], although other
difficulties always arise, see [7]. However, none of these achievements aim to fulfill
the needs of a particular variational formulation.

In this work, we address the problem of generating bipartite grids. Its main
motivation is to permit the mixed-mixed variational formulation (presented in [14])
of the porous media, partial differential equation. The mixed-mixed formulation is
remarkable when modeling problems with interface transmission conditions, due to
the degrees of freedom introduced in the underlying spaces of functions. Unlike any
other formulation for interface problems, there are no linear coupling constraints
between function spaces. This feature makes it very attractive for setting discon-
tinuous Galerkin schemes, and analyzing problems with micro structure of fractal
type. Although the formulation has been developed only for the problem of satu-
rated flow in porous media, it can be easily extended to problems of linear elasticity,
heat diffusion, etc. In the problem presented in [14] the domain of analysis Ω is
subdivided in two, namely Ω1 and Ω2. The first uses the pair [Hdiv, L

2], and the
second uses the pair [L2, H1] for the velocity and pressure, respectively. However,
in that particular case it is clear how to subdivide the domain and set the pairs of
modeling spaces of functions. If the formulation is to be used with another subdivi-
sion of the domain, namely the one provided by a mesh on Ω, we need to assure that
each element with pairing [Hdiv, L

2] shares a boundary of non-negligible measure,
only with elements whose pairing is of the type [L2, H1]. Therefore, the graph of
the mesh has to be bipartite, where two elements of the grid are connected if they
have a common interface of non-negligible measure. However, it is also necessary
to generate bipartite grids of prescribed size and controlled regularity, because of
two main aspects. On one hand, the geometric scale at which the permeability of
a porous medium may present considerable oscillations, can be very small. There-
fore, physical effects of significant importance may be taking place at a small scale,
which need to be addressed. On the other hand, the convergence analysis of a dis-
cretized scheme, requires to have control on the size and regularity of the elements
of the grid.

Due to the limitations of the technique, we restrict our attention to simply
connected domains in R2 and R3. For simplicity, it will be also assumed that the
domains are polygonal or polyhedral. This is not conceptually far from a more
realistic case, because it is straightforward to generate a mesh of curved triangles
(or tetrahedra) for a simply connected domain, using the gridding of a polygon
(or polyhedron) inscribed in the original domain. Under the hypothesis above,
the necessary and sufficient condition for triangular and tetrahedral grids to be
bipartite will be presented. Additionally, a method for generating grids of arbitrary
small size, with elements of controlled regularity will also be introduced. Both, the
characterization of bipartite grids and the method to generate fine and regular
meshes, are quite simple and easy to implement. However, it will be clear that the
generation method is not optimal. In this work our main goal is to provide the
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theoretical setting to assure that the mixed-mixed formulation of the problem is
well-posed, as well as the convergence of approximate solutions.

Next, we introduce the notation. In the following Ω and O indicate polygonal
or polyhedral bounded open regions ofR2 orR3 depending on the context; however
we save Ω for the domain of analysis which is additionally simply connected. The
symbol O will be reserved for definitions and intermediate results. Vectors inR2 or
R

3 are denoted by bold letters. We write #A for the cardinality of the set A and
|A| for the length of a segment; |A|i with i = 2, 3 stands for the area and volume
of the set, depending on the context. Triangles and tetrahedra, will typically be
denoted by the letters K,L,M and ∆; since the notation is consistent they shall
be seen as elements of the grid or as nodes of the grid associated graph, depending
on the context. We write T for triangulations or tetrahedral grids of the domain
and the characters B,Q,S for refinement processes of the mesh.

2. PRELIMINARIES FROM GRAPH THEORY AND TOPOLOGY

We start this section recalling the minimum background necessary from graph
theory [6].

Definition 2.1. Let G = (V,E) be a graph

(i) A walk in G from node v0 to node vj is an alternating sequence

W
def
= 〈v0, e1, v1, e2, . . . , vn−1, en, vn〉,

of nodes and edges such that the endpoints of the edge ei are vi−1 and vi for all
i = 1, 2, . . . , n.

(ii) A path is a walk with no repeated edges and no repeated nodes, except possibly
the initial and final nodes.

(iii) A walk or path is trivial if it has only one node and no edges.

(iv) A cycle is a non-trivial closed path i.e., it starts and ends on the same node.

(v) The length of a walk, path or cycle is the number of edge-steps in the sequence.
We denote it by #〈v0, e1, v1, e2, . . . , vn−1, en, vn〉.
Definition 2.2. A self-loop is an edge that joins a single node with itself. A
multi-edge is a collection of two or more edges joining identical nodes. A simple
graph has neither self-loops nor multi-edges.

Definition 2.3. A cycle graph is a single node with a self-loop or a simple
graph whose number of nodes equals its number of edges and can be drawn so that
all its nodes and edges lie on a single circle. A cycle graph having j nodes will be
denoted by Cj = 〈v1, v2, . . . , vj , v1〉.
Definition 2.4. A bipartite graph G is a graph whose node set V can be par-
titioned in two subsets U,W such that each edge of G has one endpoint in U and
one endpoint in W. The pair U,W is called a (node) bipartition of G, and U and
W are called bipartition subsets.
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Definition 2.5. A graph is connected if for every pair of nodes u and v there is
a walk from u to v.

Definition 2.6. The degree (or valence) of a node v in a graph G, denoted deg(v),
is twice the number of self loops plus the number of proper edges joining v with any
other node of G.

Next we recall a well-known characterization result for bipartite graphs [6].

Theorem 2.7. A graph G is bipartite if and only if it has no cycles of odd length.

We close this section recalling topological basic standard results and defini-
tions for simply connected spaces [15].

Definition 2.8. Let X be a topological space.

(i) Given two points x, y of the space X, a path in X from x to y is a continuous
map γ : [0, 1]→ X such that γ(0) = x and γ(1) = y.

(ii) The space is said to be path connected if every pair of points of X can be
joined by a path in X.

(iii) Two paths γ, γ′ mapping the interval I = [0, 1] into X are said to be path
homotopic if they have the same initial point x0 and the same final point x1, and
if there is a continuous map F : I × I → X such that

F (s, 0) = γ(s) and F (s, 1) = γ′(s) , ∀ s ∈ I(1a)

F (0, t) = x0 and F (1, t) = x1 , ∀ t ∈ I(1b)

We say γ and γ′ are homotopy related or simply homotopic and denote the
relation by γ ∼ γ′. Finally, we call F a path homotopy between γ and γ′.

Lemma 2.9. The relation ∼ is an equivalence relation.

Proof. See [15].

Definition 2.10. Let X be a topological space, if γ is a path in X from x0 to x1

and if γ′ is a path in X from x1 to x2, we define the product γ ∗ γ′ of γ and γ′ to
be the path given by

γ ∗ γ′ (s) def
=


γ(2s) s ∈

[
0,

1

2

]
,

γ′(2s− 1) s ∈
[
0,

1

2

]
.

Definition 2.11. Let X be a topological space.

(i) Given a point x0 ∈ X a path in X that begins and ends at x0 is called a loop
based at x0.

(ii) The set of path homotopy classes of loops based at x0 with the operation ∗, is
called the fundamental group of X relative to the base point x0. It is denoted
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by π1(X,x0).

(iii) The space is said to be simply connected if it is a path-connected space and
π1(X,x0) is the trivial (one-element) group for some x0 ∈ X, and hence for every
x ∈ X.

3. TWO DIMENSIONAL CASE

We start this section by defining the graph associated to the triangulation of
a given polygonal domain in R2.

Definition 3.12. Let O ⊆R2 be an open bounded polygonal domain and {K : K ∈
T } be a triangulation of O. We denote by P the set of vertices of the triangulation.

(i) The associated graph GT (T , ET ) is defined in the following way. The set of nodes
T is defined by the set of triangles and there is an edge in ET between two elements
K,L ∈ T if K 6= L and |∂K ∩ ∂L ∩ O| > 0 i.e., if they are different elements and
share a common side contained in the domain O, except possibly for the extremes
of the segment ∂K ∩ ∂L.
(ii) An element of the triangulation {K : K ∈ T } is said to be isolated if its degree
as node of GT is zero. We denote by Tnct the connected or non-isolated, elements
of the triangulation.

(iii) We say a triangle is INTERIOR if |∂K ∩ ∂O| = 0, and denote by Tint the set
of interior triangles. We say a triangle K ∈ T is EXTERIOR if |∂K ∩ ∂O| > 0,
and denote by Text the set of exterior triangles.

(iv) We say a vertex ξ ∈ P is EXTERIOR if it lies on the boundary of the domain
∂O, and denote the set of exterior vertices by Pext. We say a vertex ξ ∈ P of a
triangle is INTERIOR if it belongs to the interior of the domain, and denote the
set of interior vertices by Pint.

Remark 3.1. Notice that if a polygonal domain Ω is simply connected its graph GT has
to be connected i.e., T = Tnct.

Definition 3.13. Let O ⊆ R2 be an open bounded polygonal domain and {K :
K ∈ T } be a triangulation of O. We say that a triangulation {K : K ∈ T } is
BIPARTITE if its associated graph GT (T , ET ) is bipartite.

Definition 3.14. Let O ⊆R2 be an open bounded polygonal domain and {K : K ∈
T } be a triangulation of O.
(i) For each K ∈ T we denote by bK its centroid or center of gravity.

(ii) Given a cycle C = 〈K1,K2, . . . ,Kj ,K1〉 in the graph GT , we denote by γC the
rectifiable path generated by the sequence of segments [bK1

,bK2
], . . . [bKj−1

,bKj ],
[bKj ,bK1

] i.e., γC is contained in O.

(iii) Given a rectifiable path γ and a point b in R2 − {γ} we denote by n(γ,b) the
winding number [3].
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Remark 3.2. Let C be a cycle with three or more nodes, in the associated graph GT of a
triangulation T . Notice the following

(i) The path γC divides the plane in only two connected components. The application
b 7→ n(γC ,b) defined on R2 −{γC} takes only three possible values: 0 on the unbounded
connected component and, on the bounded component, 1 if γC is counterclockwise oriented
or −1 if it is clockwise oriented.

(ii) Let K be an element of the triangulation and {ξi : 1 ≤ i ≤ 3} its three vertices. Due
to the definition of the path γC we know that {ξi : 1 ≤ i ≤ 3} ∩ {γC} = ∅, hence, the
winding number n(γC , ξ) is well-defined for all ξ ∈ P.

In order to characterize bipartite grids, first we focus on a very particular
type of triangulation.

Definition 3.15. We say that a triangulation {K : K ∈ T } of an open bounded
simply connected polygonal domain O is RADIAL, if it has only one interior vertex
denoted by ξ p such that {K ∈ T : ξ p ∈ ∂K} = T . In the following we refer to this
interior vertex as POLE.

Remark 3.3. Notice that since the domain O is simply connected, the graph of the tri-
angulation GT , must be connected.

Proposition 3.16. Let {K : K ∈ T } be a radial triangulation of the simply
connected domain Ω. Then

(i) The degree of each vertex K in the graph of the triangulation GT is 2.

(ii) A radial triangulation has at least three elements.

(iii) If #T = j then GT = Cj i.e., it is a cycle graph of j vertices.

(iv) The triangulation is bipartite if and only if the number of triangles is even.

Proof. (i) Let ξ p be the pole of the triangulation and K an element of the trian-
gulation. Since ξ p ∈ ∂K this implies the other two vertices of K must be exterior.
If deg(K) = 3 there would exist an element L ∈ T connected to K, sharing the
same two exterior vertices of K. Recalling that T is radial, this would imply that
the third vertex of L is ξ p and the three vertices of K and L would be the same,
i.e., K = L which is a contradiction, hence deg(K) < 3. On the other hand, since
GT is connected we know deg(K) ≥ 1. However, if deg(K) = 1 this would imply
that only one side of the triangle is in the interior of Ω and the three vertices of
K would be exterior, which is a contradiction since T is radial. Thus, deg(K) = 2
and the proof of the first part is complete.

(ii) If a triangulation has less than three elements all the vertices are exterior,
therefore it can not be radial.

(iii) Since deg(K) = 2 for all K ∈ T then #T = #ET . On the other hand, by
construction, GT is simple, therefore it must be the cycle graph Cj .

(iv) Since GT is a cycle graph it contains a unique cycle of length #T , then due to
Theorem 2.7 it is bipartite if and only if #T is even.



Bipartite Grids for 2-D and 3-D Simply Connected Domains 179

Definition 3.17. Let O be an open, bounded, simply connected, polygonal domain,
{K : K ∈ T } be a triangulation of O and ξ an interior vertex of the triangulation.

We define the associated radial subgraph Cξ by the triangles Vξ
def
= {K ∈ T : ξ ∈

∂K}, and the set of edges Eξ which connect two elements of Vξ. Clearly, Cξ is radial

and due to Proposition 3.16 we know that Cξ = Cj , where j
def
= #Vξ = #{K ∈ T :

ξ ∈ ∂K}.

Lemma 3.18. Let {K : K ∈ T } be a triangulation of Ω. Then, for any cycle C
in the graph GT and for each K ∈ C there exists at least one vertex ξ ∈ Pint ∩ ∂K,
such that the winding number n(γC , ξ) is not zero.

Proof. Since C is a cycle, the path γC divides the plane into two components. Let
K be an element of the cycle. Since K is a triangle at least one of its vertices lies
within the bounded component of the plane, namely ξ. Then n(γC , ξ) 6= 0 and ξ
can not be an exterior vertex because Ω is simply connected and n(γC ,b) = 0 for
all b ∈R2 − Ω, see [3].

Theorem 3.19. Let {K : K ∈ T } be a triangulation of Ω such that it has only
one interior vertex, namely Pint = {ξ p}. Then, the triangulation is bipartite if and
only if #{K ∈ T : ξ p ∈ ∂K} is even.

Proof. First notice that the triangulation has at least three elements and, as dis-
cussed in Remark 3.1, its graph GT is connected. If {K ∈ T : ξ p ∈ ∂K} = T there
is nothing to prove due to Proposition 3.16.

If T − {K ∈ T : ξ p ∈ ∂K} 6= ∅ consider the radial subgraph Cξ p given by

Definition 3.17, thus Cξ p = Cj where j
def
= #{K ∈ T : ξ p ∈ ∂K}. Let L be in

T − {K ∈ T : ξ p ∈ ∂K} then, it must hold that its three vertices are exterior and
due to Lemma 3.18, L can not belong to any cycle. Therefore, any cycle C in the
graph GT must lie in the subgraph Cξp ; however, the subgraph Cξp = Cj is cyclic
and its unique cycle is itself. Thus, the graph GT contains a unique cycle and due
to Theorem 2.7 it is bipartite if and only if j = #{K ∈ T : ξ p ∈ ∂K} is even.

Finally, we characterize bipartite grids in the following result.

Theorem 3.20. A triangulation {K : K ∈ T } of Ω is bipartite if and only if, for
every interior vertex ξ ∈ Pint, the number of incident triangles #{K ∈ T : ξ ∈ ∂K}
is even.

Proof. We begin proving the necessity. Suppose that there exists an interior ver-
tex, namely ξ p ∈ Pint, such that #{K ∈ T : ξ p ∈ ∂K} = 2j + 1. Then the cycle
C = 〈K1, . . . ,K2j+1,K1〉, where ξ p ∈ ∂Ki for all i = 1, . . . , 2j + 1, belongs to
the graph and it has odd length. Therefore the graph can not be bipartite due to
Theorem 2.7.

In order to prove the sufficiency of the condition we proceed by induction on
the number of interior vertices. The case #Pint = 0 implies that the graph GT has
no cycles due to Lemma 3.18, consequently it is bipartite according to Theorem
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2.7. If #Pint = 1 the result follows due to Theorem 3.19. Assume now that the
result holds whenever the number of interior vertices is less or equal than j, and
let {K : K ∈ T } be a triangulation of Ω such that #Pint = j + 1. Define

TSC
def
= {K ∈ T : #(∂K ∩ Pext) < 3},

and
ΩSC

def
=
⋃
{K : K ∈ TSC}

i.e., the elements of the triangulation which do not have three exterior vertices,
and ΩSC the subdomain of Ω for which TSC is a natural triangulation. Clearly, the
number of interior vertices in TSC equals the number of interior vertices in T i.e.,
j + 1. Moreover, if ξ is an interior vertex of the triangulation then

#{K ∈ TSC : ξ ∈ ∂K} = #{K ∈ T : ξ ∈ ∂K}.

Recall that if #(∂K∩Pext) = 3 then, due to Lemma 3.18, K can not belong to any
cycle. Therefore, every cycle in TSC is even if and only if every cycle in T is even.
Hence, without loss of generality it can be assumed that the triangulation satisfies
#(∂K ∩ Pext) < 3 for all K ∈ T .

Let K be an exterior triangle, then one of its vertices, namely ζ, must be
interior and the other two exterior since only one of its sides lies on the boundary
of Ω, i.e., it has degree two. From now on, we denote by Kζ this element of

T . Consider the domain Ωζ
def
= Ω − cl(Kζ). Clearly the domain must be simply

connected since Kζ is simply connected and it is an exterior element; also ζ /∈ Ωζ .

On the other hand, the family Tζ
def
= {K ∈ T : K 6= Kζ} is clearly a triangulation

of the domain Ωζ in which ζ is not an interior vertex. Hence, Tζ is a triangulation
of a simply connected domain whose interior vertices are given by the set Pint−{ζ},
i.e., it has only j interior vertices; additionally we have

#{K ∈ Tζ : ξ ∈ ∂K} = #{K ∈ T : ξ ∈ ∂K} , ∀ ξ ∈ Pint − {ζ}.

We conclude that each interior vertex of the triangulation Tζ has an even number
of incident triangles, due to the induction hypothesis the graph is bipartite. Denote
by Uζ ,Wζ the node bipartition of the graph GTζ .

Consider now the radial subgraph Cζ given by Definition 3.17. From the
hypothesis we know that Cζ contains an even number of triangles, then the set
{K ∈ Tζ : ζ ∈ ∂K} has an odd number of triangles. Since deg(Kζ) = 2, denote
by L,M ∈ T the triangles such that |∂Kζ ∩ ∂L| > 0, |∂Kζ ∩ ∂M | > 0. Clearly
K,L ∈ Tζ . We claim that these triangles belong to only one subset of the node
bipartition. Let 〈L, . . . ,M〉 be the unique path from L to M within both graphs
Cζ and GTζ . Evidently its length is the even number #Cζ − 2. Recalling that the
graph GTζ is bipartite we conclude that L and M must belong to the same element of
the node partition, either Uζ or Wζ ; without loss of generality assume L,M ∈ Uζ .
Thus, the pair U

def
= Uζ , W

def
= Wζ ∪ {Kζ} is a node bipartition of the graph

GT since it only has one extra element, Kζ , whose only two edges have the other
endpoint on a triangle belonging to U. This completes the proof.
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Next we present a result of existence for bipartite triangulations of simply
connected polygonal regions in R2; it is a method for refining a given grid into
a bipartite one. It does not pursue advantages from the numerical point of view,
only from the analytical point of view, in order to make possible the mixed-mixed
variational formulation of the porous media problem.
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Figure 1. Bipartite Refinement

Definition 3.21. (i) Let K ⊆R2 be a triangle, we define its BIPARTITE GRID-
DING as the collection of the six triangles {L i : 1 ≤ i ≤ 6} generated by the three
medians of the triangle K.

(ii) Let T = {K : K ∈ T } be a triangulation of the domain Ω. We define its
BIPARTITE REFINEMENT, as the mesh that is generated applying the bipar-
tite gridding process to each triangle K of the triangulation. We denote it by
BT = {L : L ∈ BT }.

Theorem 3.22. Let Ω ⊆R2, then it has a bipartite triangulation.

Proof. Let T = {K : K ∈ T } be any triangulation of Ω, since the domain
is polygonal such triangulation exists; let BT = {L : L ∈ BT } be its bipartite
refinement; we are to prove that this grid is bipartite. Let ξ be an interior vertex of
the triangulation BT , due to Theorem 3.20 it is enough to show that #{L ∈ BT :
ξ ∈ ∂L} is even. Notice that ξ has only three possibilities:

(i) If ξ was an interior vertex of the triangulation T then #{K ∈ T : ξ ∈ ∂K} 6= 0.
For each triangle K ∈ T incident in ξ the median passing through ξ divides K in
two sub-triangles of BT , thus #{L ∈ BT : ξ ∈ ∂L} = 2#{K ∈ T : ξ ∈ ∂K}.
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(ii) If ξ = bK i.e., it is the centroid of some K ∈ T then #{L ∈ BT : ξ ∈ ∂L} = 6.

(iii) If ξ is the middle point of a triangle’s edge K in the triangulation T , recalling
it is an interior vertex we conclude that #{L ∈ BT : ξ ∈ ∂L} = 4.

Since in the three cases the number of triangles incident in ξ is even the result
follows.

Remark 3.4. In Figure 1 we illustrate the Theorem 3.22 above. Clearly, the triangulation

T def
= {K,L,M} of the domain Ω is not bipartite, however BT is bipartite.

We close this section presenting a method to refine bipartite grids without
deteriorating the regularity of the mesh and preserving the bipartite property. First
we recall the definition of the classical shape and size parameters of a grid [5].

Definition 3.23. Let T be a triangulation of a domain Ω and K ∈ T one of its
triangular elements.

(i) Denote by hK its diameter.

(ii) Denote by ρK
def
= sup{diameter of B : B ball contained in K}.

(iii) Define the regularity of the triangle by the ratio ζK
def
=

hK
ρK

.

(iv) The size of a mesh h is defined by h
def
= max{hK : K ∈ T }.

(v) The regularity of a mesh T is defined by ζ
def
= ζ(T ) = max

{
hK
ρK

: K ∈ T
}
.

Next, we recall the definition of red refinement in two dimensions, see [1]

Definition 3.24. (i) Let K be a triangle. We subdivide it into four geometrically
similar triangles by pairwise connecting the midpoints of the three edges K. We call
this family the red refinement of K and denote it by SK.
(ii) Let T be a triangulation of a domain Ω, we say its red refinement is the mesh
obtained applying the red refinement to each of its elements. We denote it by ST .
(iii) Define recursively S(j+1)T as the red refinement of the grid S(j)T , with

S(1)T def
= ST .

Remark 3.5. (i) Notice that the size of the self-similar refinement is half the size of the

original triangulation, i.e., h(ST ) =
1

2
h(T ), see [2].

(ii) Since the red refinement of a mesh S(T ) divides each triangle into four subtriangles,
each of them similar to the original one, the regularity of the mesh remains equal i.e.,
ζ(T ) = ζ(ST ) = ζ(S(j)T ) for all j ∈ N, see [2]. This is seen in Figure 2 which depicts
two levels of red refinement for a given grid. The first one in dashed-doted line and a
second level, executed only on the bottom triangle region, in doted line.

Theorem 3.25. Let T = {K ∈ T } be a bipartite triangulation of the domain Ω,
then its red refinement S(T ) is a bipartite grid.
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Proof. Let ξ be an interior vertex of the triangulation ST , due to Theorem 3.20
we need to show that #{L ∈ ST : ξ ∈ ∂L} is even. Notice that ξ has only two
possibilities:

(i) ξ is an interior vertex of the original triangulation. Since the self-similar re-
finement does not introduce new edges incident on the vertices of the original
triangulation T then

#{L ∈ ST : ξ ∈ ∂L} = #{K ∈ T : ξ ∈ ∂K}.

Since T is bipartite the cardinal of the right hand side is even.

(ii) There exists σ ∈ ET , the set of edges of the original triangulation T , such that ξ
is the middle point of σ. Let K1,K2 ∈ T be the only pair such that σ = ∂K1∩∂K2.
Then, exactly six triangles of ST are incident on ξ: three contained in K1 and three
contained in K2; i.e., #{L ∈ ST : ξ ∈ ∂L} is even.

Ω

η
ξ

Figure 2. Red Refinement

Remark 3.6. It is important to observe that the red refinement does not generate bipartite
grids. In Figure 2 two internal vertices of the original triangulation ξ and η are depicted.
Notice that in both cases, the red refinement does not change the number of triangles
incident on them. Therefore, it is necessary to use the refinement given in Definition
3.21 to generate bipartite grids; this is unfortunate due to the quality deterioration such
procedure introduces in the mesh. However, in the practical case when bipartite grids of
arbitrary small size are necessary, due to Theorem 3.25, the bipartite refinement needs
to be applied only once. In particular the grid S(j)BT is bipartite and for j ∈ N large
enough, the diameter of the elements will not be larger than the required bound of control.
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4. THREE DIMENSIONAL CASE

We start this section by defining the basic topological spaces, and the main
topological results, to analyze the bipartite tetrahedral grids problem.

Definition 4.26. Let S1 def
= {(x, y) ∈ R2 : |(x, y)| = 1} ⊆ R2 and (S1)

def
=

{(x, y, z) ∈R3 : |(x, y)| = 1, z = 0} i.e., its “natural” embedding in R3. Define

(3) R def
= R

3 − (S1).

Theorem 4.27. The space R is not simply connected.

Proof. See Proposition 6.1 [13].

Proposition 4.28. Let K ⊆ R3 be a tetrahedron, Φ one of its faces and S the
contour of Φ i.e., S = ∂(Φ) in the trace topology of Φ. Then,

(i) R3 −S is homeomorphic to R3 − (S1) = R.
(ii) R3 −S is not simply connected.

Proof. (i) Let h :R3 →R3 be any homeomorphism such that h(S ) = (S1) then
h|R3−S is a homeomorphism.

(ii) Since R3 − (S1) = R is not simply connected as shown in Theorem 4.27 and
homeomorphic to R3 −S the result follows.

Next, we are aimed to characterize bipartite tetrahedral grids. We start
introducing the definitions in order to model a tetrahedral mesh with a graph.

Definition 4.29. Let O ⊆ R3 be an open bounded polyhedral domain and {K :
K ∈ T } be a tetrahedral mesh of O. We denote by P, ET and FT the set of vertices,
edges and faces of the tetrahedral mesh respectively.

(i) We say a face Φ ∈ FT is EXTERIOR if it lies on the boundary of the domain
∂O (if |Φ ∩ ∂O|2 > 0) and denote the set of exterior faces by Fext. We say a face
Φ ∈ FT of a tetrahedron is INTERIOR if it belongs to the interior of the domain
(if |Φ ∩ ∂O|2 = 0) and denote the set of interior faces by Fint.

(ii) The associated graph GT (T ,Fint) is defined in the following way. The set of
nodes T is defined by the set of tetrahedra, and there is an edge in Fint between
two elements K,L ∈ T if K 6= L and |∂K ∩ ∂L ∩O|2 > 0 i.e., if they are different
elements and share a common face contained in the domain O, except possibly for
extreme subsets of the face ∂K ∩ ∂L.
(iii) An element of the mesh {K : K ∈ T } is said to be isolated if its degree as node
of GT is zero. We denote by Tnct the connected elements of the mesh.

(iv) We say a tetrahedron is INTERIOR if |∂K ∩ ∂O|2 = 0 (equivalently, if none
of its faces is on the boundary of the domain), and denote by Tint the set of inte-
rior tetrahedra. We say a tetrahedron K ∈ T is EXTERIOR if |∂K ∩ ∂O|2 > 0
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(equivalently, if one or more of its faces is on the boundary of the domain), and
denote by Text the set of exterior tetrahedra.

(v) We say an edge σ ∈ ET is EXTERIOR if it lies on the boundary of the domain
∂O, and denote the set of exterior edges by Eext. We say an edge σ ∈ ET of a
tetrahedron is INTERIOR if it belongs to the interior of the domain, and denote
the set of interior edges by Eint.

Definition 4.30. Let O ⊆ R3 be an open bounded polyhedral domain and {K :
K ∈ T } a tetrahedral mesh of O. We say a tetrahedral mesh {K : K ∈ T } is
BIPARTITE if its associated graph GT (T ,Fint) is bipartite.

Definition 4.31. Let O ⊆R3 be an open bounded polygonal domain and {K : K ∈
T } be a tetrahedral mesh of O.
(i) For each K ∈ T we denote by bK its centroid or center of gravity.

(ii) Given a cycle C = 〈K1,K2, . . . ,Kj ,K1〉 in the graph GT define its associated
loop γC , by the sequence of segments [bK1

,bK2
], [bK2

,bK3
] . . . [bKj ,bK1

] i.e., γC is
contained in O.

We are aimed to give necessary and sufficient conditions for a tetrahedral
mesh of a domain Ω to be bipartite. First we focus on a very particular type of
tetrahedral mesh.

Definition 4.32. We say a tetrahedral mesh {K : K ∈ T } of an open, bounded,
simply connected, polyhedral domain O is a TENT, if it has only one interior edge
named POLE, denoted by σp, such that {K ∈ T : σp ⊆ ∂K} = T . We denote its
associated graph by GT = Gσp .
Remark 4.7. Notice that since the domain O is simply connected, the graph of the tetra-
hedral mesh GT , must be connected.

Remark 4.8. (i) The Figure 3 displays the most basic case of a tent for a polyhedral
(tetrahedral in this case) domain Ω. A polygonal domain ω ⊆ R2 is subdivided in three
triangles T1, T2, T3 with only one interior vertex V. The pole of the mesh σp stands on the
vertex V, “lifting” each triangle into a tetrahedron.

(ii) A more general type of tent consists on a polygonal domain triangulated with a radial
triangulation (seen in Definition 3.15) i.e., all the triangles are incident in one single vertex
V and the pole σp stands on the vertex, “lifting” each triangle into a tetrahedron.

(iii) In the most general version of a tent, there may not exist a plane hosting one face of
each tetrahedron of the mesh.

Proposition 4.33. Let {K : K ∈ T } be a tent mesh of the domain Ω. Then, the
following statements hold.

(i) The degree of each vertex K in the graph of the mesh GT is 2.

(ii) A tent mesh has at least three elements.

(iii) If #T = j then GT = Cj i.e., it is a cycle graph.

(iv) The tent mesh is bipartite if and only if the number of tetrahedra is even.
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ω

T 1T 2

T 3

σ p

Ω

V

Figure 3. Tent–type Tetrahedral Mesh

Proof. (i) Let σp be the pole of the tent and K be an element of the mesh. Since
σp ∈ ∂K and only two faces of K host σp, this implies that the other two faces of
K must be exterior, thus deg(K) ≤ 2. Since GT is connected we know deg(K) ≥ 1.
However if deg(K) = 1, this would imply that only one face of the tetrahedron is
in the interior of Ω and the three faces of K would be exterior, which can not be
since σp is an interior edge; this proves the first part.

(ii) If a mesh has less than three tetrahedra, i.e., two or one, there exists at most
one interior face. Therefore, no interior edges exist and, by definition, the mesh
can not be a tent.

(iii) The fact that deg(K) = 2 for all K ∈ T implies #T = #Fint. On the other
hand, by construction GT is simple, therefore it must be the cycle graph Cj , where
j is the number of elements of T .
(iv) Since GT is a cycle graph, it contains a unique cycle of length #T , then due
to Theorem 2.7, it is bipartite if and only if #T is even.

Definition 4.34. Let O ⊆ R3 be an open, bounded, simply connected, polyhedral
domain, {K : K ∈ T } be a tetrahedral mesh of O and σ be an interior edge. We

define its associated subgraph Cσ by the set of tetrahedra Vσ
def
= {K ∈ T : σ ∈ ∂K}

and the set of faces Fσ connecting two elements of Vσ. Clearly, Cσ is a tent and

due to Proposition 3.16, we know that Cσ = Cj , where j
def
= #Vσ.

Lemma 4.35. Let {K : K ∈ T } be a tetrahedral mesh of Ω then, for any cycle C
in the graph GT and for each K ∈ C, there exists at least one interior edge σ ∈ Eint
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such that σ ⊆ ∂K.

Proof. Let C be a cycle in the graph GT and γC : [0, 1]→ Ω be its associated loop.
Without loss of generality, it can be assumed that its parametrization is bijective.
Fix K ∈ C, and let L1, L2 ∈ C be the elements such that the sequence 〈L1,K, L2〉
is in the cycle. Let Φ

def
= ∂L1 ∩ ∂K i.e., the unique face shared by L1 and K, since

|γC ∩ L1| > 0 and |γC ∩K| > 0 the loop develops across the face Φ. On one hand,
since γC joins the centroids with straight lines, it hits Φ. On the other hand, since
the parametrization of γC is bijective the hit occurs only once, i.e., γC(t0) ∈ Φ for
a unique t0 ∈ (0, 1). Let S be the contour of the face Φ i.e.,

S
def
= cl

⋃
σ∈ET

{σ : σ ⊆ ∂K ∩ ∂L1}.

Then, S is a one-dimensional manifold in R3 with the shape of a triangle. If K
has no interior edges it would hold that S ∩ Ω = ∅, this would imply that Ω and
consequently γC are contained in R3 − S . However, the loop γC develops across
Φ and hits this face only once. Since R3 − S is not simply connected, as seen
in Proposition 4.28, γC can not be homotopic to one point. This contradicts the
hypothesis for Ω being simply connected. Therefore, one of the edges σ of K must
be interior.

Theorem 4.36. Let {K : K ∈ T } be a tetrahedral mesh of Ω such that it has only
one interior edge, namely Eint = {σp}. Then, the mesh is bipartite if and only if
#{K ∈ T : σp ⊆ ∂K} is even.

Proof. First observe that the mesh has at least three tetrahedra, otherwise no
edge could be interior. If {K ∈ T : σp ∈ ∂K} = T there is nothing to prove due to
Proposition 4.33.

If T − {K ∈ T : σp ∈ ∂K} 6= ∅ consider the tent subgraph Cσp given by

Definition 4.34, which is cyclic i.e., Cσp = Cj where j
def
= #{K ∈ T : σp ∈ ∂K}.

Let L be in T − {K ∈ T : σp ∈ ∂K} then, it must hold that its six edges are
exterior and due to Lemma 4.35, L can not belong to any cycle. Hence, any cycle
C in the graph GT must lie in the subgraph Cσp , however the subgraph Gσp = Cj is
cyclic and its unique cycle is itself. Therefore, the graph GT contains a unique cycle
and due to Theorem 2.7, it is bipartite if and only if j = #{K ∈ T : σp ∈ ∂K} is
even.

Before characterizing bipartite grids, we need an intermediate lemma regard-
ing the process of “removing” an exterior tetrahedron from a tetrahedral mesh.

Lemma 4.37. Let {L : L ∈ T } be a tetrahedral mesh of Ω, and K be an exterior

tetrahedron of T , such that it has at least one interior edge σ. Define TK
def
= {L ∈

T : L 6= K} and the domain ΩK
def
= Ω− cl(K).

(i) Then, the degree deg(K) ∈ {2, 3} and K has at most three interior edges.
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(ii) If deg(K) = 2, then the graph GTK is connected and consequently the domain
ΩK is also connected.

(iii) If deg(K) = 3 and K has two or three interior edges then, the graph GTK is
connected and consequently the domain ΩK is also connected.

(iv) If deg(K) = 2 or deg(K) = 3 and it has two or three interior edges, the domain
ΩK is simply connected.

(v) If deg(K) = 2 or deg(K) = 3 and it has only one interior edge, the domain
ΩK can have one or two components. However, each component of ΩK is simply
connected.

Proof. (i) K has at least one interior edge, therefore its degree has to be greater
than one. Additionally K is exterior, then its degree has to be less than 4 i.e.,
deg(K) ∈ {2, 3}. Seeing that K is exterior, it has a face Φ contained on the bound-
ary of Ω, therefore the three edges belonging to ∂Φ ∩ ∂K have to be exterior, i.e.,
the element has at most three interior edges.

(ii) Let L1, L2 ∈ T be the only two tetrahedra such that |∂Li ∩ ∂K|2 > 0, i = 1, 2.
It also holds that σ ⊆ ∂L1 ∩ ∂L2 and by definition L1, L2 ∈ TK . Since σ ∈ Eint,
consider the tent subgraph Cσ which is contained in GT . Clearly L1, L2 ∈ Cσ and
there exists a unique path 〈L1, . . . , L2〉, such that it is contained in the cycle graph
Cσ but does not hit K. Observing that all the elements of the path belong to GTK ,
we conclude that L1 and L2 can be connected in GTK , therefore this graph is con-
nected. The connectedness of ΩK follows immediately.

(iii) Let L1, L2, L3 ∈ T be the only three tetrahedra such that |∂Li ∩ ∂K|2 > 0,
i = 1, 2, 3, and let σ, τ be two interior edges of K. Without loss of generality assume
that

σ ⊆ ∂L1 ∩ ∂L2 , τ ⊆ ∂L2 ∩ ∂L3.

By definition L1, L2, L3 ∈ TK . Repeating the previous argument for Cσ, Cτ , we
conclude that L1, L2 can be connected and L2, L3 can be connected. Consequently
L1 and L3 can also be connected. Then, the graph GTK is connected. From here
the connectedness of ΩK follows.

(iv) The domain ΩK is connected as seen in (ii) and (iii), recalling that Ω is simply
connected and that K is convex and exterior, we conclude Ω− cl(K) must also be
simply connected.

(v) If deg(K) = 2 let L1, L2 be the tetrahedra connected to K. Then, it should
hold that σ ⊆ ∂L1 ∩ ∂L2. From the second part we know that GTK is connected.
Additionally, we know that Ω is simply connected and thatK is convex and exterior,
then we conclude that Ω− cl(K) is simply connected.

If deg(K) = 3 let L1, L2, L3 be the tetrahedra neighboring K, then without
loss of generality we can assume that σ ⊆ ∂L1 ∩ ∂L2, and due to the previous
analysis L1, L2 can be connected. Hence, ΩK has at most two components. If
ΩK is connected it must be simply connected since K is convex, exterior and Ω is
simply connected. If ΩK is not connected then L1, L2 belong to one component,
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namely Θ1, which is simply connected by the previous argument, and L3 belongs to
the other component, namely Θ2. Thus, K is convex and exterior to the polyhedral
domain int [Θ2 ∪ cl(K)] ⊆ Ω. Recalling that Ω is simply connected, we conclude
that Θ2 is simply connected.

Now we can characterize bipartite grids in the following result.

Theorem 4.38. Let {K : K ∈ T } be a tetrahedral mesh of Ω. The grid is bipartite
if and only if, for every interior edge σ ∈ Eint the number of incident tetrahedra
#{K ∈ T : σ ⊆ ∂K} is even.

Proof. We begin proving the necessity. Suppose that there exists an interior edge,
namely σp ∈ Eint, such that #{K ∈ T : σp ⊆ ∂K} = 2j + 1. Considering the tent
subgraph Gσp and its unique cycle C = 〈K1,K2, . . . ,K2j+1,K1〉, we conclude that
the mesh can not be bipartite due to Theorem 2.7.

In order to prove the sufficiency of the condition, we proceed by induction on
the number of interior edges. The case #Eint = 0 implies that the graph GT has no
cycles due to Lemma 4.35, and therefore it is bipartite according to Theorem 2.7.
If #Eint = 1 the result follows due to Theorem 4.36. Assume now that the result
holds whenever the number of interior edges is less or equal than j. Define

TSC
def
= {K ∈ T : #(∂K ∩ Eext) < 6},

and
ΩSC

def
=
⋃
{K : K ∈ TSC}.

i.e., the tetrahedra of the mesh which do not have six exterior edges, and ΩSC the
subdomain of Ω for which TSC is a natural tetrahedral mesh. Clearly, the number of
interior edges in TSC equals the number of interior edges in T i.e., j + 1. Moreover,
if σ is an interior edge of the tetrahedral mesh then

#{K ∈ TSC : σ ⊆ ∂K} = #{K ∈ T : σ ⊆ ∂K}.

Recall that if #(∂K ∩Eext) = 6 then, due to Lemma 4.35, K can not belong to any
cycle. Consequently the cycles in TSC and in T are the same. Moreover, a cycle is
even in TSC if and only if it is even in T . Hence, without loss of generality, it can
be assumed that the tetrahedral grid satisfies #(∂K ∩ Eext) < 6 for all K ∈ T .

Let K be an exterior tetrahedron, then one of its edges, namely σ, must be
interior. From now on we denote by Kσ this element of T . Consider the domain

Ωσ
def
= Ω − cl(Kσ), by definition σ * Ωσ. On the other hand, the family Tσ

def
=

{K ∈ T : K 6= Kσ} is clearly a tetrahedral mesh of the domain Ωσ, where σ is not
an interior edge. Since Kσ is exterior but has an interior edge then, due to Lemma
4.37, its degree is two or three; and it could have one, two or three interior edges,
one of which must be σ. In any of the cases, the set of interior edges Eint(Tσ) of
the triangulation Tσ is contained in Eint − {σ} i.e., it has at most j interior edges.
Moreover, the fact that only one exterior tetrahedron was removed from T yields

#{L ∈ Tσ : τ ⊆ ∂L} = #{L ∈ T : τ ⊆ ∂L} , ∀ τ ∈ Eint(Tσ).
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Therefore, due to the hypothesis, each interior edge of the tetrahedral mesh Tσ has
an even number of incident tetrahedra. Before the induction hypothesis can be
applied, several cases have to be analyzed.

Case A. deg(Kσ) = 2 or deg(Kσ) = 3, with #(Eint ∩ ∂Kσ) = 2 or
deg(Kσ) = 3, with #(Eint ∩ ∂Kσ) = 3. In this case, due to Lemma 4.37,
the domain Ωσ is simply connected and since it has at most j interior edges, the
induction hypothesis implies that the graph GTσ is bipartite i.e., there exists a node
bipartition of the graph Uσ,Wσ. Next, we analyze all the possible subcases.

(i) deg(Kσ) = 2. This implies #(Eint ∩ ∂Kσ) = #{σ} = 1. Consider the tent sub-
graph Cσ given by Definition 4.34. From the hypothesis we know that Cσ contains
an even number of tetrahedra, then the set {L ∈ Tσ : σ ⊆ ∂L} has an odd number
of tetrahedra. Let L1, L2 ∈ T be the two tetrahedra such that |∂Kσ ∩ ∂Li|2 > 0
and σ ⊆ ∂Li for i = 1, 2. By definition L1, L2 ∈ Tσ, we claim that these tetrahedra
belong to only one subset of the node bipartition. Let 〈L1, . . . , L2〉 be the unique
path from L1 to L2 within both graphs, Cσ and GTσ ; clearly it has even length
#Cσ − 2. Then, since the graph GTσ is bipartite, L1 and L2 belong to the same
element of the node partition, either Uσ or Wσ. Without loss of generality assume

that L1, L2 ∈ Uσ. Thus, the pair U
def
= Uσ, W

def
= Wσ ∪ {Kσ} is a node bipartition

of the graph GT because it has only one extra element, Kσ, whose only two edges
have the other endpoint on a tetrahedron belonging to U. The proof is complete
for this case.

(ii) deg(Kσ) = 3, with #(Eint ∩ ∂Kσ) = #{σ, τ} = 2. Let L1, L2, L3 be the tetra-
hedra such that |∂Li ∩ ∂Kσ|2 > 0 for i = 1, 2, 3, without loss of generality we can
assume that,

(5) σ ⊆ ∂L1 ∩ ∂L2 , τ ⊆ ∂L2 ∩ ∂L3.

Notice that L1, L2 and L3 belong to the graph GTσ . Let Cσ and Cτ be the tent sub-
graphs given by Definition 4.34, then they both have an even number of tetrahedra.
Also, due to (5) L1, L2 ∈ Cσ and L2, L3 ∈ Cτ must hold. Let 〈L1, . . . , L2〉 be the
unique path from L1 to L2 within both graphs, Cσ and GTσ , clearly it has even
length #Cσ − 2. Then, since the graph GTσ is bipartite, L1 and L2 must belong to
the same subset of the node partition, either Uσ or Wσ. Repeating the argument,
L2 and L3 must belong to the same subset either Uσ or Wσ, therefore we conclude
that the three of them belong to one single set. Without loss of generality, assume

that L1, L2, L3 ∈ Uσ. Hence, the pair U
def
= Uσ, W

def
= Wσ ∪ {Kσ} is a node bipar-

tition of the graph GT , since it only has one extra element Kσ, whose only three
edges have the other endpoint on a tetrahedron belonging to U. The case has been
proved.

(iii) deg(Kσ) = 3, with #(Eint ∩ ∂Kσ) = #{σ, τ, %} = 3. Let L1, L2, L3 be the
tetrahedra such that |∂Li ∩ ∂Kσ|2 > 0 for i = 1, 2, 3, and such that

(6) σ ⊆ ∂L1 ∩ ∂L2 , τ ⊆ ∂L2 ∩ ∂L3 , % ⊆ ∂L3 ∩ ∂L1.



Bipartite Grids for 2-D and 3-D Simply Connected Domains 191

This case can be reduced to the previous one, A(ii), since it is enough to analyze
the tent subgraphs Cσ and Cτ to conclude that L1, L2 and L3 belong to the same
subset of the bipartition Uσ of the graph GTσ . Using the same arguments as before,

we have that the pair U
def
= Uσ, W

def
= Wσ ∪ {Kσ} is a node bipartition of the

graph GT .
Case B. deg(Kσ) = 3 and #(Eint ∩ ∂Kσ) = 1. Let L1, L2, L3 be the three
neighboring tetrahedra to Kσ and assume that σ ⊆ ∂L1 ∩ ∂L2. In this case, due
to Lemma 4.37(v), the domain Ωσ has one or two connected components. If it has
only one component the problem is addressed using the technique presented for the
case A(i).

If Ωσ has two components, namely Θ1,Θ2, due to Lemma 4.37(v), each of
them is simply connected and L1, L2 ∈ Θ1, L3 ∈ Θ2. Using the induction hypothe-
sis, both graphs GΘ1

and GΘ2
are bipartite. Let (Uσ,Wσ) and (U ′,W ′) be the node

bipartition pairs of both graphs, where L1, L2 ∈ Uσ and L3 ∈ U ′. We prove that

the pair U
def
= Uσ ∪U ′, W

def
= Wσ ∪ {Kσ} ∪W ′ is a node bipartition for the graph

GT . Observe that if a closed path C hits elements on both subgraphs GΘ1
,GΘ2

, it
can not be a cycle. Let C be a closed path, since the one element that connects the
subgraphs GΘ1 ,GΘ2 is Kσ, then it must be part of the path C. However, because
it is a closed path, it can not hit GΘ1 and GΘ2 without having to hit Kσ twice,
therefore C can not be a cycle. Now let C be a cycle in the graph GT , due to the
previous discussion only two cases are possible.

(i) C belongs to the subgraph of the domain Θ1 ∪Kσ. This case can be reduced to
A(i) since Kσ has degree two and only one interior edge in the subgraph correspond-

ing to the mesh inherited to the domain Θ1 ∪ Kσ. Therefore, the pair U
def
= Uσ,

V
def
= Wσ ∪ {Kσ} constitutes a node bipartition for the graph of the subdomain

Θ1 ∪ {Kσ}. Then, the length of C must be even.

(ii) C belongs to the subgraph of the domain Θ2 ∪ Kσ. In this case Kσ has no
edges which are interior to the domain Θ2 ∪Kσ. Then, as seen in Lemma 4.35, the
element Kσ can not belong to the cycle. Thus C must be contained in the graph
of the domain Θ2, which is bipartite i.e., its length must be even. Since in both
subcases the length of the cycle is even, this proves the case B, and the proof of
the theorem is complete.

We close the section presenting a result for the existence of a bipartite tetra-
hedral grid, for simply connected polyhedral domains in R3. As in the two dimen-
sional setting presented in the previous section, the process will deteriorate the
quality of the grid, and here we estimate that deterioration. We start recalling
some well-known properties of the tetrahedron.

Theorem 4.39. Let ∆ be a non-degenerate tetrahedron, and {v` : 1 ≤ ` ≤ 4}
be its four vertices, with v` = (x`, y`, z`). Then, the center of gravity v = (x, y, z)

satisfies v =
1

4

4∑
`=1

v`. Moreover, if b = (bx, by, bz) is the centroid of the face of the
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tetrahedron defined by the first three vertices {v` : 1 ≤ ` ≤ 3}, then the points v4,v
and b are collinear.

Recall now the standard definition of the symmetric group of a set of “n
letters”.

Definition 4.40. Given n ∈N, we define Sn as the set of all possible permutations
of the set {1, 2, . . . , n}.

Next, we define a convenient tetrahedral mesh for a non-degenerate tetrahe-
dron

Definition 4.41. Let ∆ be a tetrahedron and {v` : 1 ≤ ` ≤ 4} be its vertices. For
each π ∈ S4 define

(7) ∆π
def
= co

{
1

i

i∑
`= 1

vπ(`) : 1 ≤ i ≤ 4

}
,

where co(A) denotes the convex hull of the set A. We define the family

(8) B∆ = {∆π : π ∈ S4} ,

as the BIPARTITE GRIDDING of ∆.

Remark 4.9. Some observations are in order for the definition above.

(i) Notice that for any π ∈ S4, the vertices of ∆π are a vertex of ∆, the midpoint of an
edge of ∆, the centroid of one face of ∆ and finally the centroid of ∆.

(ii) For any ∆π, three of its vertices are convex combinations of points belonging to extreme
sets of ∆: a vertex, an edge and a face. On the other hand, since ∆ is non-degenerate,
these three vertices of ∆π can not be collinear.

(iii) Due to Theorem 4.39, the fourth vertex of ∆π is the centroid of ∆ and since the
original tetrahedron is non-degenerate, it can not be coplanar with the aforementioned
three vertices of ∆π.

(iv) Notice that #B∆ = #S4 = 24.

Theorem 4.42. Let ∆ ⊆ R3 be a non-degenerate tetrahedron and {L i : 1 ≤ i ≤
24} be its bipartite gridding, then the associated graph is bipartite.

Proof. Let {L i : 1 ≤ i ≤ 24} be the bipartite gridding of ∆. We classify the
associated vertices in the following subsets, in terms of the original tetrahedron ∆.

(i) {v` : 1 ≤ ` ≤ 4} the vertices belonging to ∆.

(ii) ξ∆ center of gravity of ∆.

(iii) {b` : 1 ≤ ` ≤ 6} the centroids of each face of ∆.

(iv) {m` : 1 ≤ ` ≤ 6} the midpoints of each of the edges of ∆. In the bipartite
gridding {L i : 1 ≤ i ≤ 24}, it is clear that an edge σ is interior if and only if one of
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its end points is the center of gravity ξ∆; this leaves three possible subcases:

a) The other end of σ is one of the vertices {v` : 1 ≤ ` ≤ 6} belonging to ∆. Then,
six tetrahedra concur to it: two from each face concurrent to the vertex v`.

b) The other end of σ is one of the centroids {b` : 1 ≤ ` ≤ 4} of the faces of ∆,
namely Φ. In such case, six tetrahedra concur to it, all of them having one of its
faces contained in Φ.

c) The other end of σ is one of the midpoints {m` : 1 ≤ ` ≤ 6}, of the edges of ∆.
In this case four tetrahedra concur to it: two from each face concurrent to the edge
that hosts m`.

Since in all the cases the number of tetrahedra concurrent to an interior edge
is even, the result holds.

Now we introduce a new definition.

Definition 4.43. Let T = {K : K ∈ T } be a tetrahedral mesh of the polyhedral
domain Ω. We define its BIPARTITE REFINEMENT, as the mesh that is gener-
ated applying the bipartite gridding process to each tetrahedron K of the mesh. We
denote it by BT = {L : L ∈ BT }.

Theorem 4.44. Let Ω ⊆ R3 be an open, bounded, simply connected, polyhedral
region. Then, there exists a tetrahedral mesh whose associated graph is bipartite.

Proof. Let T = {K : K ∈ T } be any tetrahedral mesh of Ω, since the domain is
polyhedral such mesh exists. Denote by BT = {L : L ∈ BT } its bipartite refine-
ment. Let σ be an interior edge of the tetrahedral mesh BT , due to Theorem 4.38,
we need to prove that #{L ∈ BT : σ ∈ ∂L} is even. Notice that σ has only three
possibilities:

(i) If there exists K ∈ T such that σ ⊆ int(K) then it is one of the edges of BK.
As seen in Theorem 4.42, every edge interior to one single tetrahedron generated
by the bipartite gridding process, has an even number of tetrahedra incident on it.

(ii) If σ was part of an interior edge of the tetrahedral mesh T , then #{K ∈ T :
K is incident on σ} 6= 0. For each tetrahedron K ∈ T , incident on σ, the bipartite
refinement BT generates two tetrahedra concurrent on σ. Therefore, the number
of tetrahedra incident on σ belonging to BT , is twice the number of tetrahedra
incident on σ belonging to T i.e., such number is even.

(iii) If there exists K ∈ T such that the interior of one of its faces contains σ, then
there must also exist another tetrahedron L ∈ T sharing the face that contains σ.
Two tetrahedra concur to this edge from BK and other two from BL, giving a total
of four tetrahedra of BT incident on σ, which is an even number.

In the three cases above the number of tetrahedra concurrent on σ is even,
then the result follows.
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5. THE REFINEMENT

In this section we propose a method to generate bipartite grids of arbitrary
small size and bounded regularity, i.e., the quality of the grids does not degenerate.
We start this section with several definitions of geometrical shape parameters and
then continue discussing their relationships.

Definition 5.45. Let ∆ be a non-degenerate tetrahedron in R3, define

(9a) h∆

def
= diameter of the tetrahedron ∆,

(9b) ρ∆

def
= sup{diameter of B : B is a ball contained in ∆}.

The regularity of the tetrahedron

(9c) ζ∆

def
=

h∆

ρ∆

.

The radius ratio is defined by

(9d) ϑ∆

def
= 3

rin

rcirc
,

where rin, rcirc are respectively, the inradius and circumradius of ∆, see [11]. Finally
the mean ratio defined in [10] is given by

(9e) η∆

def
=

12(3 |∆|3)2/3∑
{|σ|2 : σ is an edge of ∆}

.

Here |∆|3 is the volume of the tetrahedron.

Recall now some previous results for relationship between shape parameters.

Theorem 5.46. For any tetrahedron ∆ it holds that

(10) η 3
∆ ≤ ϑ∆ ≤

2
4
√

6
η

3/4
∆

Furthermore, the lower bound is optimal and tight, and the upper bound is optimal.

Proof. See [11].

Remark 5.10. Let c0 η
e0
∆ ≤ ϑ∆ ≤ c1 ηe1∆ be a tetrahedron shape measure estimate.

(i) If e0 (or e1) is the minimum (or maximum) possible exponent, then we say that the
lower (or upper) bound is optimal.

(ii) If c0 (or c1) is the maximum (or minimum) possible constant, then we say that the
lower (or upper) bound is tight.
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It is obvious that

ζ∆ =
h∆

ρ∆

=
h∆

2 rin
≤ 2 rcirc

2 rin
=

3

3
rin
rcirc

.

Where the inequality holds since the diameter of the tetrahedron is at most the

diameter of the circumradius i.e., h∆ ≤ 2 rcirc. Then, ζ∆ ≤
3

ϑ∆

and therefore

(11) ζ∆ ≤
3

η 3
∆

.

Next, we study the deterioration of regularity when applying the bipartite refine-
ment to a given tetrahedron.

Theorem 5.47. Let K be a non-degenerate tetrahedron then, for any L ∈ BK
holds

(12)
1

ηL
≤ 36 3

√
9

ηK
.

Proof. Fix L ∈ BK; denote by {bi : 1 ≤ i ≤ 4} its vertices and let {vi : 1 ≤ i ≤ 4}
be the vertices of K. We assume that the tetrahedron L, is the one generated by
the identity permutation i.e., L = ∆Id and its vertices satisfy

(13) bi =
1

i

i∑
`= 1

v` , 1 ≤ i ≤ 4.

Clearly, {|vi − vj | : 1 ≤ i < j ≤ 4} and {|bi − bj | : 1 ≤ i < j ≤ 4} are the lengths
of the six edges of K and L respectively, due to (13) we have

|b1 − b2| =
∣∣∣∣v1 −

v1 + v2

2

∣∣∣∣ =
1

2
|v1 − v2| ≤

1

2

∑
1≤ i < j≤ 4

|vi − vj |.

Exhausting the remaining five cases with the same technique we have:

|bk − b`| ≤
1

lcm{k, `}
∑

1≤ i < j≤ 4

|vi − vj | ≤
1

2

∑
1≤ i < j≤ 4

|vi − vj |, 1 ≤ k < ` ≤ 4.

Here, lcm{k, `} denotes the lowest common multiple of k and `. Therefore,

( ∑
1≤ i < j≤ 4

|bi − bj |2
)1/2

≤
√

6 max{|bi − bj | : 1 ≤ i < j ≤ 4}

≤
√

6

2

∑
1≤ i < j≤ 4

|vi − vj | ≤
√

6

2

√
6

( ∑
1≤ i < j≤ 4

|vi − vj |2
)1/2

.
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Where the factor
√

6 shows due to the equivalence norms ‖·‖∞−‖·‖2 and ‖·‖1−‖·‖2
norms in R6. Thus,

(14)
∑

1≤ i < j≤ 4

|bi − bj |2 ≤ 9
∑

1≤ i < j≤ 4

|vi − vj |2.

On the other hand, since the refinement BK = {Lj : 1 ≤ j ≤ 24} is made through

the centroid of K, all the tetrahedra have the same volume i.e., |L|3 =
1

24
|K|3.

Thus, recalling the definition of mean ratio given by equality (9e), and combining
it with the inequality (14) above, we get

ηL =
12(3|L|3)2/3∑

{|bi − bj |2 : 1 ≤ i < j ≤ 4}
=

12(3 1
24 |K|3)2/3∑

{|bi − bj |2 : 1 ≤ i < j ≤ 4}

≥ 1

9

1

242/3

12(3|K|3)2/3∑
{|vi − vj |2 : 1 ≤ i < j ≤ 4}

=
1

36 3
√

9
ηK .

This is the desired estimate (12).

Finally, for any other tetrahedron M ∈ BK, let {u i : 1 ≤ i ≤ 4} be its
vertices, then there exists π ∈ S4 such that

u i =
1

i

i∑
`= 1

vπ(`) , ∀ 1 ≤ i ≤ 4.

Repeating the previous arguments we have∑
1≤ i < j≤4

|u i − u j |2 ≤ 9
∑

1≤ i < j≤4

|vπ(i) − vπ(j)|2 = 9
∑

1≤ i < j≤4

|vi − vj |2,

and the estimate (12) follows.

Corollary 5.48. Let K be a non-degenerate tetrahedron then, for any L ∈ BK
holds

(15) ζL ≤
26 · 39

η3
K

.

Proof. A straightforward combination of inequalities (11) and (15).

We close this section citing a result given by the QLRS (quality local refine-
ment based on subdivision) algorithm, which is described in [12].

Theorem 5.49. Let T be a tetrahedral mesh of the domain Ω. Let L(n) be a refined
tetrahedron produced by QLRS, where n denotes the number of refinement levels.
Let K ∈ T be the tetrahedron such that L(n) ⊆ K, then

(16) η(L(n)) ≥
3
√

4

11
η(K).

Where η(L(n)) and η(K) stand for the mean ratio shape parameters of L(n) and K
respectively.
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Remark 5.11. Notice that the QLRS algorithm can be applied as many times as needed,
keeping a positive lower bound for its mean ratio, regardless of the number times it is
applied. Therefore, using an original tetrahedral mesh, this can be refined in order to
generate a tetrahedral grid of prescribed size h > 0, and its tetrahedra have mean ratio

bigger or equal than
3
√

4

11
η; where η

def
= min{η∆ : ∆ ∈ T } > 0.

Definition 5.50. Let {K : K ∈ T } be a tetrahedral mesh of the domain Ω, we
denote by QnT the n levels of QLRS refinement of the mesh T .

Theorem 5.51. Let T be a tetrahedral mesh of Ω, then the sequence {BQnT : n ∈
N} has bounded regularity. Moreover, there exists a positive constant κ such that

(17) sup
n∈N

max{ζL : L ∈ BQnT} ≤ κ

η3
.

Where η
def
= min{η∆ : ∆ ∈ T }.

Proof. Let L be a tetrahedron in BQnT , then there exists K ∈ QnT and ∆ ∈ T
such that L ⊆ K ⊆ ∆. Hence, combining inequalities (15) and (16) we have

ζL ≤
36

η3
K

≤ 11 · 26 · 39

3
√

4

1

η 3
∆

≤ 11 · 26 · 39

3
√

4

1

min{η 3
∆ : ∆ ∈ T }

.

Therefore, the result follows for κ =
11 · 26 · 39

3
√

4
.

6. CONCLUDING REMARKS AND DISCUSSION

The present work yields several conclusions listed below.

(i) We have provided a method for generating bipartite grids of prescribed size and
controlled regularity in 2-D and 3-D. This provides the theoretical setting to assure
well-posedness for the mixed-mixed formulation of a problem, such as the porous
media equation, presented in [14].

(ii) The method is far from being optimal. The bipartite refinements given in Defi-
nitions 3.21 and 4.43 for 2-D and 3-D respectively, subdivide internal angles of the
initial elements. This deteriorates the shape quality of the mesh severely, as seen
in the proof of Theorem 5.51, where the bound provided by the QLRS refinement
method is amplified by a factor of 26 · 39.

(iii) One initial improvement for the bipartite refinements would discuss the place-
ment of the new internal vertex. For instance in 2-D the centroid of the triangle
could be replaced by the incenter, in order to bisect the angles of the original tri-
angle. This deteriorates the internal angles in a more balanced way.

(iv) The bipartite refinement needs to be applied to the whole mesh, regardless
of a-posteriori estimation of the solution or other guideline. This constraint needs
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to be addressed: from the mesh generation point of view (e.g. local refinement
criteria or developing a different generation technique), and from the mixed-mixed
variational formulation [14] point of view.

(v) Using the bipartite refinement generates a grid which has 6 times and 24 times,
the number of elements of the original grid for 2-D and 3-D respectively; therefore
the number of elements increases considerably. However, the computational costs
for finding the center of gravity and code implementation are low, in contrast with
the costs of calculating an optimal point, such as the incenter previously suggested.
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