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ON THE METRIC DIMENSION AND FRACTIONAL
METRIC DIMENSION OF THE HIERARCHICAL
PRODUCT OF GRAPHS

Min Feng, Kaishun Wang

A set of vertices W resolves a graph G if every vertex of G is uniquely deter-
mined by its vector of distances to the vertices in W. The metric dimension
for G, denoted by dim(G), is the minimum cardinality of a resolving set of G.
In order to study the metric dimension for the hierarchical product G52 MNG7?
of two rooted graphs G52 and G7*, we first introduce a new parameter, the
rooted metric dimension rdim(G7?) for arooted graph G7*. If G is not a path
with an end-vertex u;, we show that dim(G52 M G7') = |[V(G2)| - rdim(G71?),
where |V(G2)| is the order of G2. If G1 is a path with an end-vertex w1,
we obtain some tight inequalities for dim(G52 M G7?). Finally, we show that
similar results hold for the fractional metric dimension.

1. INTRODUCTION

All graphs considered in this paper are nontrivial and connected. For a graph
G, we often denote by V(G) and E(G) the vertex set and the edge set of G,
respectively. For any two vertices u and v of GG, denote by dg(u,v) the distance
between v and v in G, and write Rg{u,v} = {w | w € V(G),d¢(u,w) # da(v,w)}.
If the graph G is clear from the context, the notations dg(u,v) and Rg{u, v} will
be written d(u,v) and R{u, v}, respectively. A subset W of V(G) is a resolving set
of G if W N R{u,v} # 0 for any two distinct vertices u and v. A metric basis of G
is a resolving set of G with minimum cardinality. The cardinality of a metric basis
of G is the metric dimension for G, denoted by dim(G).

Metric dimension was introduced independently by HARARY and MELTER
[15], and by SLATER [24]. As a graph parameter it has numerous applications,
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among them are computer science and robotics [18], network discovery and verifi-
cation [5], strategies for the Mastermind game [8] and combinatorial optimization
[23]. Metric dimension has been heavily studied, see [3] for a number of references
on this topic.

The problem of finding the metric dimension for a graph was formulated as
an integer programming problem independently by CHARTRAND et al. [7], and by
CURRIE and OELLERMANN [10]. In graph theory, fractionalization of integer-valued
graph theoretic concepts is an interesting area of research (see [22]). CURRIE and
OELLERMANN [10] and FEHR et al. [11] defined fractional metric dimension as
the optimal solution of the linear relaxation of the integer programming problem.
ARrRUMUGAM and MATHEW [1] initiated the study of the fractional metric dimension
for graphs. For more information, see [2, 12, 13].

Let g : V(G) — [0,1] be a real function. For W C V(G), denote g(W) =

> g(v). The weight of g is defined by |g| = g(V(G)). We call g a resolving
veW
function of G if g(R{u,v}) > 1 for any two distinct vertices u and v. The minimum

weight of a resolving function of G is called the fractional metric dimension for G,
denoted by dim¢(G).

It was noted in [14, p.204] and [18] that determining the metric dimension for
a graph is an NP-complete problem. So it is desirable to reduce the computation for
the metric dimension for product graphs to the computation for some parameters
of the factor graphs; see [6] for cartesian products, [16] for lexicographic products,
and [25] for corona products. Recently, the fractional metric dimension for the
above three products was studied in [2, 12, 13].

In order to model some real-life complex networks, BARRIERE et al. [4]
introduced the hierarchical product of graphs and showed that it is associative. A
rooted graph G* is the graph G in which one vertex u, called root vertez, is labeled
in a special way to distinguish it from other vertices. Let G}' and G5* be two
rooted graphs. The hierarchical product G3* M GY* is the rooted graph with the
vertex set {zaxy | z; € V(G;),i = 1,2}, having the root vertex ugu, where 224
is adjacent to yoy1 whenever x5 = yo and {z1,y1} € F(G1), or 1 = y1 = uy and
{z2,y2} € E(G2). See [17, 19, 20, 21] for more information.

In this paper, we study the (fractional) metric dimension for the hierarchical
product G52 M GY* of rooted graphs G5* and G7*. In Section 2, we introduce a
new parameter, the rooted metric dimension rdim(G") for a rooted graph G*. If
G1 is not a path with an end-vertex uq, we show that dim(G5? M GY*) = |[V(Ga)| -
rdim(G7*). If Gy is a path with an end-vertex uq, we obtain some tight inequalities
for dim(G52MGY"). In Section 3, we show that similar results hold for the fractional
metric dimension.

2. METRIC DIMENSION

In order to study the metric dimension for the hierarchical product of graphs,
we first introduce the rooted metric dimension for a rooted graph.



304 Min Feng, Kaishun Wang

A rooted resolving set of a rooted graph G* is a subset W of V(G) such that
W U {u} is a resolving set of G. A rooted metric basis of G* is a rooted resolving
set of G" with the minimum cardinality. Here the cardinality of a rooted metric
basis of G* is called rooted metric dimension of G* and denoted by rdim(G*").

The following observation is obvious.

Observation 2.1. If there exists a metric basis of G containing u, then rdim(G*) =
dim(G) — 1. If any metric basis of G does not contain u, then rdim(G*) = dim(G).

For graphs H; and Hy we use H; U Hs to denote the disjoint union of H; and
H, and H; + H> to denote the graph obtained from the disjoint union of H; and
H; by joining every vertex of H; with every vertex of Hs.

Observation 2.2. ([7]) Let G be a graph of order n. Then 1 < dim(G) < n — 1.
Moreover,

(i) dim(G) =1 if and only if G is the path P, of length n.

(ii) dim(G) = n — 1 if and only if G is the complete graph K, on n vertices.

Proposition 2.3. ([7, Theorem 4]) Let G be a graph of order n > 4. Then
dim(G) = n — 2 if and only if G = Ks,t£7t >1),G=K,+K; (s >1,t>2),

or G =Ks+ (K1 UKy) (s,t > 1), where K, is a null graph and K, is a complete
bipartite graph.

Proposition 2.4. Let G* be a rooted graph of order n. Then 0 < rdim(G"*) < n—2.
Moreover,

(i) rdim(G™) = 0 if and only if G = P,, and u is one of its end-vertices.

(ii) rdim(G*) = n — 2 if and only if G = K,,, or G = K1 ,_1and u is the

centre.

Proof. If G is a complete graph, by Observation 2.2 (ii) we have dim(G) = n—1, so
Observation 2.1 implies that rdim(G") = n — 2. If G is not a complete graph, then
1 < dim(G) < n —2, which implies that 0 < rdim(G*) < n — 2 by Observation 2.1.

(i) Since rdim(G") = 0 if and only if {u} is a metric basis of G, by Observa-
tion 2.2 (i), (i) holds.

(ii) Suppose that rdim(G*) = n — 2. Then dim(G) = n—1or n — 2. If
dim(G) = n — 1, then G = K,,. Now we consider dim(G) = n — 2. If n = 3, then
dim(G) = 1, which implies that G = K 2 and w is the centre. Now suppose that n >
4. Then G is one of graphs listed in Proposition 2.3. If s,t > 2 or G = K + (K1 U
K}), then there exists a metric basis containing u, implying that rdim(G") =n—3,
which is a contradiction. Hence G = K ,,—;. Since any metric basis of K7 ,,—1 does
not contain the centre, the vertex u is the centre of K; ,—;. The converse is routi-
ne. O

Next, we express the metric dimension for the hierarchical product G52 MG7*
in terms of rdim(G7*).

Let G}* and G5* be two rooted graphs. For any two vertices zox1 and yay1
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of G32 MGY*, observe that

dG (l‘l,yl), lf T2 = Y2,
1 d = ! .
(1) (w21, y241) { da,(r2,y2) +da, (T1,u1) +da, (y1,u1), if 22 # yo.

Lemma 2.5. Let zox1 and yoy1 be two distinct vertices of G2 MGY*.
(i) If zo = ya, then

R{«I X } - {«IQZ | z € RGI{xl,yl}}’ lf ui g RGl{xlayl}v
o2 V(G2 M GY*) \ {z2z | 2 &€ Re, {z1,11}}, ifui € Rg, {z1,u1}

(ii) If zo # ya2, then {zoz,y22} N R{xax1,y2y1} # 0 for any z € V(Gy).

Proof. (i)Ifuy € Rg,{x1,y1}, then dg, (z1,u1) = dg, (y1,u1). By (1), the inequal-
ity d(ax221,2021) # d(y2y1,2221) holds if and only if zo = 29 and dg, (z1,21) #
de, (y1,21). It follows that R{zoz1,y211} = {z22 | 2 € Rg,{z1,y1}} If ug €
R, {x1,y1}, then dg, (x1,u1) # dg, (y1,u1). By (1), the equality d(xex1,2021) =
d(yay1, z221) holds if and only if zo = z9 and dg, (21, 21) = dg, (y1, 21). It follows
that R{zoz1, 9231} = V(G3* NGY) \ {22 | 2 & R {x1,01}}-

(ii) Suppose that z2z & R{xox1,y2y1}. Then d(zoz1,222) = d(y2y1,x22).
By (1),

dGl (Ila Z) = dG2 (yQa IQ) + dGl (ylv ul) + dGl (Zv ul) > dGz (IQ, y2) + dGl (yla Z),

which implies that

da,(x2,Y2) + dg, (v1,u1) + dg, (2,u1) > 2dg, (T2, y2) + da, (Y1, 2) > d(y2y1, y22)-
Hence, y2z € R{x2x1,y2y1}, as desired. O

Lemma 2.6. Let Gi* and G3? be two rooted graphs. Then
rdim(G52 M GYY) > |V(G2)| - rdim(GY?).

Proof. Let W be a rooted metric basis of G4> M G}*. For v € V(G2), write
W, = {z | v2 € W}. For any two distinct vertices z,y of G, there exists a
vertex wz in W U {ugu;} such that d(ve, wz) # d(vy,wz). If w = v, by (1) we get
da, (v, 2) # dg, (y, 2), which implies that z € (W, U{u1}) N R, {z,y}. If w # v, by
(1) we have dg, (z,u1) # dg, (y,u1), which implies that u; € Rg, {x,y}. Therefore,
we have (W, U{u;}) N Rg, {x,y} # (), which implies that W, is a rooted resolving

set of G}*. Since W is the disjoint union of all W,’s, one gets

wWdim(GE2 NG = W= 3 Wl > [V(Ga)| - rdim(G1),
'UGV(G2)

as desired. O
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Theorem 2.7. Let G* and G5* be two rooted graphs. If Gy is not a path with an
end-vertex uy, then

dim(G3? NGYY) = |V(G2)| - rdim(G7*).
Proof. By Lemma 2.6, we only need to prove that
(2) dim(G52 NGY*) < |V(Ga)] - rdim(G7).

Let W be a rooted metric basis of G}*. Then W # (. Write W = {vw | v €
V(Gq),w € W}. Note that |W| = |V(G2)| - rdim(G}*). In order to prove (2), we
only need to show that W is a resolving set of G52 M G}*. It suffices to show that,
for any two distinct vertices x2x1 and yay1 of G52 MGY?,

(3) W N R{xox1,y2y1} # 0.

If 22 = y2 and w1 € Rg,{w1,y1}, then W N Rg,{z1,y1} # 0, by Lemma 2.5
(i) we obtain (3). If zo = y2 and u; € Rg,{z1,y1}, by Lemma 2.5 (i) we have
vw € W N R{xox1,y2y1} for any v # x5 and any w € W, which implies that (3)
holds. If zg # s, since {zow, yow} C W for any w € W, the inequality (3) holds
by Lemma 2.5 (ii). O

Combining Observation 2.1 and Theorem 2.7, we have the following result.
Corollary 2.8. Let G}* and G5? be two rooted graphs.

(i) If there exists a metric basis of G1 containing uy and Gy is not a path,
then
dim(G52 N GYY) = |V(G2)|(dim(G1) — 1).

(i1) If any metric basis of G1 does not contain uy, then
dim(G52 N GY') = |[V(G2)| dim(Gy).

The binomial tree T, is the hierarchical product of n copies of the complete
graph on two vertices, which is a useful data structure in the context of algorithm
analysis and designs [9]. It was proved that the metric dimension for a tree can be
expressed in terms of its parameters in [7, 15, 24].

Corollary 2.9. Let n > 2. Then dim(T},) = 2" 2.

Proof. Note that dim(73) = 1. Now suppose n > 3. Since T}, = (KJ1--- M K) M
(K9MKY) and rdim(K9 M KYJ) = 1, the desired result follows by Theorem 2.7. O

We always assume that 0 is one end-vertex of P,. In the remaining of this
section, we prove some tight inequalities for dim(G* N P?).

Proposition 2.10. Let G* be a rooted graph with diameter d. Then

(4) dim(G* M PY) < dim(G* N PY,,) for 1 <n <d-—1,
(5) dim(G* M PY) = dim(G* N PY,,) for n > d.
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Proof. If G = Ky, then G* 1 P} is the path, which implies that (5) holds. Now
we only consider |V (G)| > 3. Suppose that W41 is a metric basis of G* 1 PY,,.
Let P, = (20 =0, 21,...,2p-1). Define m, : V(G* M PY_ ;) — V(G“ M PY) by

(1) = VZp_1, ifi=mn,

TniVZi) = vz, ifi<n-—1.

Then 7, (W,,41) is a resolving set of G* M P?, which implies that dim(G* 1 P?) <
dim(G" M PY,,) for any positive integer n. So (4) holds.

In order to prove (5), we only need to show that W, is a resolving set of
G"NPY,, for n > d. Pick any two distinct vertices v12; and voz; of G* M PY ;. It
suffices to prove that

(6) W N Reunpy, {012, v22;} # 0.

LI <n-—1,
Now suppose

Without loss of generality, we may assume that 0 <3
then RGuHP0+1{vlzi,v22j} 2 Rgunpo{vizi,vaz;}; and so (6
7 =n.

<j<n
) holds.

Claim. There exist two distinct vertices w; and wy of G such that
(1) Wan{wizi |0<k<n—1}#0and W, N{wsz, |0 <k <n—1} £,

Suppose for the contradiction that there exists a vertex w € V(G) such that
W, C{wzr |0 <k <n—1}. If the degree of w in G is one, then there exists an
induced path (w,z,y) in G. For any wz, € W, we have d(zz1,wzy) =k +2 =
d(yzo,wzy), contrary to the fact that W, is a metric basis of G*MPY. If the degree
of w in G is at least two, pick two distinct neighbors x and y of w in G. Then
d(rz0,wzk) = k + 1 = d(yz0, wzy) for any wz, € W, a contradiction. Hence our
claim is valid.

Now we prove (6) for j = n. By the claim, we may pick two distinct vertices
wy and we satisfying (7).

Case 1. v1 = v9. Since {w12 |0 <k <n—1}or {wazr |0 <k <n-—1}is
a subset of RGu,-,pgﬂ{vlzi, v12n}, the inequality (6) holds.

Case 2. v; # vs.

Case 2.1. i = 0. Without loss of generality, we may assume that w; # vs.
Pick 2z satisfying wyz; € W,,. Then

d(vizo,wi2x) = dg(vi,w1)+k < d+k < n+k < dg(va, w1)+n+k = d(vazp, w1 2k),

which implies that w2 € RGumPoH{vlzo, v22n }. So (6) holds.
Case 2.2. 7 > 1. Note that

RG“WP;ZJFI {vlzi, ’UQZn} = RG“WP;ZJFI {vlzi,l, fUQanl} 2 RG“HPS {vlzi,l, fUQanl}.

Then (6) holds. O
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Proposition 2.11. For any rooted graph G", we have
(8) dim(G) < dim(G* N PY) < |[V(G)| — 1.

Proof. Let z be the other end-vertex of P,. Fix a vertex vg € V(G) and write
S ={vz|veV(G)\{v}}. Since {z} is a resolving set of P,, the set S resolves
GNP, by (1). Hence dim(G* N PY) < |S| = |V(G)| — 1. Since G is isomorphic to
G* 1 Py, Proposition 2.10 implies that dim(G) < dim(G* 1 P?). O

For m > 2, we have dim(KY M P?) = m — 1. This shows that the inequalities
(4) and (8) are tight.

EXAMPLE 2.12. For m > 3 and n > 2, we have dim(P% M PY) = 2. In fact, write
Py, =(20=0,21,...,25-1), then {202n—1, 2m—12n—1} is a resolving set of P 1 P2,

EXAMPLE 2.13. Let C,, be the cycle with length m. Then dim(CY% N P2) = 2. In fact,
write P, = (20 = 0,21,...,2n-1) and C, = (co,¢1,...,Cm—1,¢0), then {cozn—1,c12n-1}
is a resolving set of C% M PY.

3. FRACTIONAL METRIC DIMENSION

In order to study the fractional metric dimension for the hierarchical product
of graphs, we first introduce the fractional rooted metric dimension for a rooted
graph.

Similar to the fractionalization of metric dimension, we give a fractional ver-
sion of the rooted metric dimension for a rooted graph. Let G* be a rooted graph
of order n. Write

P = {{v,w} | v,w € V(GQ),v # w,d(v,u) = d(w,u)}.

Suppose that P* # (. Write V(G) \ {u} = {v1,...,vn—1} and P* = {oa,...,am}.
Let A" be the m x (n — 1) matrix with

w | 1, if v; resolves ay,
(A%)is _{ 0, otherwise.

The integer programming formulation of the rooted metric dimension for G* is
given by

Minimize f(z1,...,Zp—1) =x1+ -+ Tpn_1
Subject to A¥x > 1

where x = (z1,...,7,-1)T,2; € {0,1} and 1 is the m x 1 column vector all of
whose entries are 1. The optimal solution of the linear programming relaxation of
the above integer programming problem, where we replace x; € {0,1} by z; € [0, 1],
gives the fractional rooted metric dimension for G*, which we denote by rdim ;(G").
Let G* be a rooted graph which is not a path with an end-vertex u. A rooted
resolving function of a rooted graph G" is a real value function g : V(G) — [0, 1]
such that g(R{v,w}) > 1 for each {v,w} € P“. The fractional rooted metric
dimension for G* is the minimum weight of a rooted resolving function of G*.
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Proposition 3.1. Let G* be a rooted graph which is not a path with an end-vertex
u. Then

(i) rdim;(G¥) < rdim(G").
(ii) rdim; (G¥) < %
(ili) dimf(G) — 1 < rdim;(G") < dim¢(G).

Proof. (i) Let W be a rooted metric basis of G*. Define g : V(G) — [0, 1] by

(v) = 1, ifveW,
W=V 0, ifvgw

For any {z,y} € P*, there exists a vertex v € W such that d(z,v) # d(y,v). Then
g(R{z,y}) > g(v) = 1, which implies that g is a rooted resolving function of G*.
Hence rdims(G") < |g| = [W| = rdim(G").

(ii) The function g : V(G) — [0, 1] defined by

0, ifv=u,
9(v) = %, ifv=£u

is a rooted resolving function of G*. Hence rdim(G") < %

(ili) It is clear that rdim;(G*) < dim;(G). Let g be a rooted resolving
function of G*. Then the function h : V(G) — [0, 1] defined by

1, if v =u,
0 ={ . a7
is a resolving function of G. Hence dim;(G) < rdim;(G") + 1, as desired. O

If w is not an end-vertex of the path P,, then rdim;(PY) = rdim(P¥) =
dims(P,) = 1, which implies that the upper bounds in Proposition 3.1 (i) and

(iii) are tight. The fact that rdim(KY) = n;1 shows that the inequality in

Proposition 3.1 (ii) is tight.

Next, we study the fractional metric dimension for the hierarchical product
of graphs.
For two rooted graphs G7* and G52, write

,P’Ud:{{‘r?y} g V(G1)|‘T 7& y7d01 (xuul) = dGl (yaul)}a

P ={{zew1, y2u1} CV(GY NGY)|w2m1 # yoyr, d(z221, ugur) = d(yay1, ugui) }.

Lemma 3.2. Let Gi* and G52 be two rooted graphs. If G1 is not a path with an
end-vertex uy, then

rdim (G52 MGYY) > |V(G2)| - rdim s (GY?).
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Proof. Suppose that g is a rooted resolving function of G3* M G}* with weight
rdimy (G52 MGY*). For each z € V(G2), define

7, :V(G1) — [0,1], z+— g(zz).

Write P' = {{zz,2y} | z € V(Ga),{x,y} € P“}. By (1), we have P

€ <
P™ Hence g,(Rg, {z,y}) > 1 for any {z,y} € P*, which implies that [g,| >

P
rdims(G7"). Consequently,

rdimg(G3* NGY) =gl = Y [g.] = [V(Ge)| - rdims(G}),
ZEV(G2)

as desired.

Theorem 3.3. Let G}* and G5* be two rooted graphs. If Gy is not a path with an
end-vertex uy, then

dimy (G52 NGYY) = |V(Ge)| - rdimy (GY*).
Proof. Combining Proposition 3.1 and Lemma 3.2, we only need to prove that
(9) dimy (G NGY) < [V(Gy)| - rdimp (G}).

By Proposition 2.4 we have P“t # (). Let g be a rooted resolving function of G,
with weight rdim;(G7"). Define

7: V(G2 NGYY) — [0,1], =z — g(x1).
We shall show that, for any two distinct vertices zaxq1 and yoy; of G52 M G7*,
(10) g(R{w2x1,y201}) > 1.

Case 1. x5 = yo. If u1 € R, {z1,11}, by Lemma 2.5 we get R{x2x1,y2y1} =
{w22 | z € RGl{xlvyl}}v which implies that g(R{x2xlay2yl}) = g(RCh{xlvyl})'
Since {x1,y1} € P, we obtain (10). If u; € Rg,{z1,11}, by Lemma 2.5 we have
R{zox1,y211} 2 {vz | 2 € V(G1)} for any v € V(G2) \ {2}, which implies that
G(R{x2x1,y2y1}) > |g|, so (10) holds.

Case 2. xo # yo. Write W = {2z | 22 € R{zax1,y2y1}} and S = {z | y22 €
R{zax1,y2y1}}. By Lemma 2.5 we have W U S = V(Gy). Then

g(R{zazr,y2y1}) = D Gla22) + ) = 9(W) + 9(S)g(y22) = |gl,
zeW z€S
which implies that (10) holds.
Therefore, g is a resolving function of G52MGY", which implies that dim ¢ (G52M
G71') < [g|. Since [g| = |V(G2)| - rdims(G]"), we obtain (9). Our proof is accom-
plished. O
By Theorem 3.3, we obtain the following corollary immediately.
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Corollary 3.4. Let n > 2. Then dim¢(T),) = 2" 2.

ArRuMUGAM and MATHEW [1] proposed a natural problem: Characterize
graphs for which dim;(G) = dim(G). By Corollaries 2.9 and 3.4, the binomial tree
T, satisfies dim¢(7,) = dim(73,). But this problem is still open.

It seems that there is a gap to determine dimy(G* M BY). We conclude this
paper by giving some tight inequalities involving it.

Proposition 3.5. For any rooted graph G*, we have

V(G
dim 4 (G) < dim (G 1 PY) < dim (G* 1 P2,.) < | (2 I
Proof. Write P, = (20 = 0,21,...,2,—1). For a resolving function Gpy1 Of G 11

PY,,, we define g, ., : V(G* M PY) — [0,1] by

n

_ g 1) F Gy (z2zy), ifar =2z,
/ Tox) = gn+1($22n 1) n+1 v 1 )
Tnr(w221) { Gni1 (@221), if o1 # 21

Then g, , is a resolving function of G* 1 PY. Since [g), 11| = [G,,11], we have
dim¢(G) = dim(G* M PY) < dimg(G* 11 PY) < dimy(G* 1 P2, ).

For proving the last inequality, define i : V(G* M P2, ;) — [0,1] by

1 fx; =2
E(,Tgl'l) _ { 27 1 )

0, ifxy # zn.
Then h is a resolving function of G* M P, ; with weight @ Hence dim¢(G" M
V(G
P, < V@I :

For m > 2, we have dim¢(KY NPY) =
in Proposition 3.5 are tight.

%. This shows that all the inequalities

Acknowledgements. The authors are indebted to the anonymous reviewers for
their detailed reports. This research is supported by NSFC(11271047) and the
Fundamental Research Funds for the Central University of China.

REFERENCES
1. S. ARUMUGAM, V. MATHEW: The fractional metric dimension of graphs. Discrete
Math., 312 (2012), 1584-1590.

2. S. ARUMUGAM, V. MATHEW, J. SHEN: On fractional metric dimension of graphs.
Preprint.

3. R. F. BaiLEy, P. J. CAMERON: Base size, metric dimension and other invariants of
groups and graphs. Bull. London Math. Soc., 43 (2011), 209—242.



312

Min Feng, Kaishun Wang

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

L. BARRIERE, F. CoMELLAS, C. DALFO, M. A. FioL: The hierarchical product of
graphs. Discrete Appl. Math., 157 (2009), 36-48.

7. BEERLIOVA, F. EBERHARD, T. ERLEBACH, A. HALL, M. HOFFMANN, M. Mi-
HALAK, L. S. RaM: Network discovery and verification. IEEE J. on Selected Areas
in Communications, 24 (2006), 2168-2181.

J. CACERES, C. HERNANDO, M. MORA, I. M. PELAYO, M. L. PUERTAS, C. SEARA,
D. R. WoobD: On the metric dimension of Cartesian products of graphs. SIAM J.
Discrete Math., 21 (2007), 423—441.

G. CHARTRAND, L. EROH, M. JOHNSON, O. R. OELLERMANN: Resolvability in graphs
and the metric dimension of a graph. Discrete Appl. Math., 105 (2000), 99-113.

V. CHVATAL: Mastermind. Combinatorica, 3 (1983), 325-329.

T. H. CorMEN, C. E. LEISERSON, R. L. RivesT, C. STEIN: Introduction to Algo-
rithms. MIT Press, Cambridge, MA, 1990. second ed. 2001.

J. CURRIE, O. R. OELLERMANN: The metric dimension and metric independence of
a graph. J. Combin. Math. Combin. Comput., 39 (2001), 157-167.

M. FEHR, S. GOSSELIN, O. R. OELLERMANN: The metric dimension of Cayley di-
graphs. Discrete Math., 306 (2006), 31-41.

M. FeNG, B. Lv, K. WANG: On the fractional metric dimension of graphs.
arXiv:1112.2106v2.

M. FeEnG, K. WANG: On the fractional metric dimension of corona product graphs
and lexicographic product graphs. arXiv:1206.1906v1.

M. R. GAREY, D. S. JOHNSON: Computers and Intractability: A Guide to the Theory
of NP-Completeness. Freeman, New York, 1979.

F. HARARY, R. A. MELTER: On the metric dimension of a graph. Ars Combin., 2
(1976), 191-195.

M. JANNESARI, B. OMooMI: The metric dimension of the lexicographic product of
graphs. Discrete Math., 312 (2012), 3349-3356.

S. Jung, S. Kim, B. KAHNG: Geometric fractal growth model for scale-free networks.
Phys. Rev. E, 65 (2002), 056101.

S. KHULLER, B. RAGHAVACHARI, A. ROSENFELD: Landmarks in graphs. Discrete
Appl. Math., 70 (1996), 217-229.

J. D. NOH: Ezact scaling properties of a hierarchical network model. Phys. Rev. E,
67 (2003), 045103.

E. RAavasz, A. L. BARABASI: Hierarchical organization in compler networks. Phys.
Rev. E, 67 (2003), 026112.

E. Ravasz, A. L. SOMERA, D. A. MONGRU, Z. N. OrtvAal, A. L. BARABASI: Hier-
archical organization of modularity in metabolic networks. Science, 297 (2002), 1551
1555.

E. R. ScHEINERMAN, D. H. ULLMAN: Fractional Graph Theory. In: Wiley-
Interscience Series in Discrete Mathematics and Optimization, John Wiley & Sons
Inc., New York, 1997.

A. SEBO, E. TANNIER: On metric generators of graphs. Math. Oper. Res., 29 (2004)
383-393.



On the metric dimension and fractional metric dimension. .. 313

24. P. J. SLATER: Leaves of trees. Conger. Numer., 14 (1975), 549-559.

25. 1. G. YERO, D. Kuziak, J. A. RODRIGUEZ-VELAZQUEZ: On the metric dimension
of corona product graphs. Comput. Math. Appl., 61 (2011), 2793-2798.

School of Mathematical Sciences, (Received December 5, 2012)
Laboratory of Mathematics and Complex Systems, (Revised May 13, 2013)
Beijing Normal University,

Beijing, 100875

China

E-mail: wangks@bnu.edu.cn



