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A map f:V — {0,1,2} is a Roman dominating function for G if for every
vertex v with f(v) = 0, there exists a vertex u, adjacent to v, with f(u) = 2.

The weight of a Roman dominating function is f(V) = Z f(u). The mini-

ueV
mum weight of a Roman dominating function on G is the Roman domination

number of G. In this paper we study the Roman domination number of Carte-
sian product graphs and strong product graphs.

1. INTRODUCTION

The behavior of several graph parameters in product graphs has become an
interesting topic of research [10, 11]. For instance, we emphasize the SHANNON
capacity of a graph [14], which is a certain limiting value involving the vertex
independence number of strong product powers of a graph, and HEDETNIEMI’s col-
oring conjecture for the categorical product [8, 11], which states that the chromatic
number of any categorical product graph is equal to the minimum value of the chro-
matic numbers of its factors. Also, one of the oldest open problems on domination
in graphs is related to the Cartesian product graphs. The problem was presented
first by VIZING in 1963 [16]. Vizing’s conjecture states that the domination num-
ber of any Cartesian product graph is greater than or equal to the product of the
domination numbers of its factors.

Vizing’s conjecture has become one of the most interesting problems on dom-
ination in graphs, and has led to other Vizing-like results for several parameters,

2010 Mathematics Subject Classification. 05C69, 05C70, 05C76.
Keywords and Phrases. Domination number, Roman domination number, Cartesian product
graphs, strong product graphs.

262



Roman domination in Cartesian product graphs and strong product graphs 263

including some not related to standard domination. Much research has been devel-
oped in this sense and the conjecture has been proved for several families of graphs.
The surveys [1, 6] contain almost all the results obtained on the conjecture. Also,
these surveys contain some references to similar open problems on product graphs.
Nevertheless, the conjecture remains open. One variant of domination is the con-
cept of Roman domination introduced by COCKAYNE et al. in [3], according to
some connections with historical problems of defending the Roman Empire, for
instance [15]. Roman domination has been studied further by other authors, see
[4, 5, 9, 18]. In this article we obtain Vizing-like results for the Roman domination
number of Cartesian product graphs and strong product graphs.

We begin by establishing the principal terminology and notation which we use
throughout the article. Hereafter G = (V, E) denotes a finite simple graph. For two
adjacent vertices u and v of G we use the notation u ~ v and, in this case, we say
that uv is an edge of G, i.e., uv € E. For a vertex v of G, N(v) ={u €V : u~ v}
denotes the set of neighbors that v has in G, and is called the open neighborhood
of v. The closed neighborhood of v is defined as N[v] = N(v) U {v}. For a set
D C V, the open neighborhood is N (D) = U,epN(v) and the closed neighborhood
is N[D] = N(D)U D. A set D is a dominating set if N[D] = V. The domination
number v(G) is the minimum cardinality of a dominating set in G. We say that a
set S is a y(G)-set if it is a dominating set and |S| = v(G).

A map f:V — {0,1,2} is a Roman dominating function for a graph
G if for every vertex v with f(v) = 0, there exists a vertex u € N(v) such that

f(uw) = 2. The weight of a Roman dominating function is given by f(V) = Z fw).
ueV
The minimum weight of a Roman dominating function on G is called the Roman

domination number of G and it is denoted by vr(G).

Any Roman dominating function f on a graph G induces three sets By, B1, Bo,
where B; = {v €V : f(v) =i}. Thus, we write f = (By, B1, B2). It is clear that
for any Roman dominating function f = (By, By, Bz2) on a graph G = (V, E) of
order n we have that f(V) = > f(u) = 2|Ba| + |Bi| and |Bo| + |B1| + |Ba| = n.

ueV
We say that a function f = (Bg, B1, B2) is a yr(G)-function if it is a Roman

dominating function and f(V) = vr(G).

Several results about Roman dominating sets have been obtained recently
[3, 4, 5,9, 15, 18], and it is natural to try to relate the Roman domination number
to the standard domination number. For instance, [3, 9] contain the following
result, which we use as a tool in this article.

Lemma 1. [3, 9] For any graph G, v(G) < vr(G) < 2v(G).

Results about Roman domination in product graphs have been developed
in [12, 13]. In the first one the exact value for the Roman domination number
of lexicographic products of graphs was obtained, and in the second one, some
particular cases of the Cartesian products of paths and cycles were studied. In
this article we study the Roman domination number of Cartesian product graphs



264 Ismael Gonzélez Yero, Juan Alberto Rodriguez-Veldzquez

and strong product graphs. More precisely, we study the relationships between the
Roman domination number of product graphs and the domination number (Roman
domination number) of the factors.

For two graphs G and H with sets of vertices V3 = {v1,...,v,,} and V5 =
{u1,...,un,}, respectively, the Cartesian product of G and H is the graph GOH =
(V,E), where V = V; x V, and two vertices (v;,u;) and (vg,ue) are adjacent in
GOH if and only if

o v; = v and u; ~ uy, or
o v; ~ v and uj = uyp.

The strong product G X H of the graphs G and H is defined on the Cartesian
product of the vertex sets of the factors. Two distinct vertices (v, u;) and (vg, up)
of GX H are adjacent with respect to the strong product if and only if

o v; = v and u; ~ uyg, or
o v; ~ vy and u; = uy, or
o v; ~ v and uj ~ ugp.

So, the Cartesian product graph GLH is a subgraph of the strong product graph
GXH.

2. CARTESIAN PRODUCT GRAPHS

Currently there are few known results on the Roman domination number of
Cartesian product graphs. As far as we know, the only results on this topic are as
follows. In [13] some particular cases of Cartesian product of paths and cycles were
studied. Also, the Roman domination number of C5,00C5;, was studied in [18] and
the Roman domination number of some grid graphs was studied in [3, 4]. Also, the
following general relationship between the Roman domination number of Cartesian
product graphs and the domination number of its factors was obtained in [17]:

(1) Yr(GOH) = v(G)y(H).
The following lemma will be helpful in obtaining the results presented here.
Lemma 2. Let G be a graph. For any yr(G)-function f = (By, By, Ba),
(i) [B2| < vr(G) —(G).
(ii) [B1| = 2v(G) — vr(G).

Proof. Since By U B; is a dominating set for G and B; N B = (), we have
v(G) < |Ba|+|Bi]. So, (i) is deduced as v(G) < 2|Bs|+|B1|—|Bz2| = vr(G) — | Ba|,
and (ii) is obtained as 2v(G) < 2|Ba| + 2|B1| = 2|Ba| + | B1| + |B1| = vr(G) + | B1|.
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Theorem 3. For any graphs G and H,

(i) 7r(GOH) > w

(ii) vr(GOH) > ’Y(G)’YR(H)2+ V(GOH)

Proof. Let V5 and V5 be the vertex sets of G and H, respectively. Let f =
(Bo, B1, B2) be a yr(GOH )-function. Let S = {u1,ua,...,uy )} be a dominating
set for G. Let {A1, Az, ..., Ay (@)} be a vertex partition of G such that u; € A; and
A; C NJu;] (Notice that this partition always exists, and it needs not be unique).
Let {II;,IIa,...,I1,(g)} be a vertex partition of GOH, such that II; = A; x V5 for
every i € {1,...,v(G)}.

For every i € {1,...,7(G)}, let f; : Vo — {0,1,2} be a function such that
fi(v) = max{f(u,v) : w € A;}. For every j € {0,1,2}, let XJ@ ={vel:
fi(v) = j}. Now, let Y € X{? such that for every v € Y”, N(v) n X{” = 0.
Hence, we have that f/ = (on) — 0(1)7 Xl(z) + Yo(l),X;)) is a Roman dominating
function on H. Thus,

yr(H) < 2X57 ]+ [X17] + Yi?] < 2|By 0| + | By 0 1L + [v3”).

Hence,
Y(G)
Yr(GOH) = 2|By| + [Bi| = > (2|Ba 1L + |By N1L)
=1
Y(G) ) @) N
> 3" (vr(H) = [Y{)) = v(G)va(H) = Y ).
=1 =1
So,
(G
2) S| = A(Gvr(H) — yr(GOH).
=1

Now, for every v € Vo, let Z¥ € {0, 1}7(G) be a binary vector associated to v as
follows: Z} =1ifv € YO(Z) and Z7 = 0if v & Yol). So, t, = ||Z°||* counts the
number of components of Z¥ equal to one. Hence,

7(G)

(3) Yot=> ¥l

veVa i=1

Notice that, if Z = 1 and u € A;, then the vertex (u,v) belongs to By.
Moreover, (u,v) is not adjacent to vertices of Bo NII;. So, since By is dominated by
Bs, there exists v’ € X, = {x € V1 : (x,v) € By} which is adjacent to u. Hence,
Sy =(5S—{u;€8: ZY =1})U X, is a dominating set for G.
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Now, if ¢, > | X, |, then we have
|Sul = [S] = to + | Xo| = Y(G) — tu + | Xy
< V(G) —ty +t, = V(G)v
which is a contradiction. So, we have ¢, < |X,| and we obtain
(4) Yot < DX =B,
vEV2 vEV>
which leads to,
(5) 2 Z ty < 2|Bo| + |Bi| = yr(GUH).
veVs

Thus, by (2), (3) and (5) we deduce

GOH
18(GOH) = (@) ~ PR
and, as a consequence, (i) follows.
Now, by Lemma 2 (i) and (4) we have
(6) >ty < |Ba| < vr(GOH) — y(GOH).
veVs
Thus, by (2), (3) and (6) we obtain (ii). O

Lemma 1 and Theorem 3 lead to the following result.

Corollary 4. For any graphs G and H,

(i) yr(GOH) > w

(ii) 7(GOH) > w

Note that if there exists a graph that satisfies the above inequalities, then
Vizing’s conjecture is false.
The following inequality related to Vizing’s conjecture was obtained in [2]:

G)y(H
(7) v(aom) > 1)
If yr(H) > [M—‘, then yr(H) > [@] + 1. Thus, Corollary 4 (ii) leads to a
result which improves the above inequality.
REMARK 5. Let G and H be two graphs. If yg(H) > [3%2[{)-‘, then
H
+(GOH) > ’Y(G);( ) | 7(367‘)
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A graph H is a Roman graph if yg(H) = 2v(H). Roman graphs were intro-
duced in [3] where the authors presented some classes of Roman graphs and they
proposed some open problems. Theorem 3 (i) leads to the following result.

Corollary 6. For any graph G and any Roman graph H,

(i) YR(GOH) > S 2(G)y(H).

(ii) v(GOH) = £ y(G)v(H).

Let § be the class of all graphs with a dominating set S = {u1,u2, ..., uy @)}
such that Nu;] N Nu;] = 0, for every i,j € {1,...,7(G)}, i # j. In this case
the set S is called an efficient dominating set. Notice that § is the family of all
graphs having a perfect code (a subset S C V is a perfect code in a graph G if
[N[v] N S| =1, for every v € V.) Examples of graphs belonging to § are the path
graphs P,,, the cycle graphs C5; and the cube graph Q3 = Ko[OK;OKs. Examples
of Roman graphs belonging to § are Csi, Psk, Pskt+2 and Q3. Note that Psi1 € §
but Pspy1 are not Roman paths, while Csiy2 are Roman cycles but Csxio € §.

Wil

A 2-packing of a graph G is a set of vertices in G that are pairwise at distance
more than two. The 2-packing number P5(G) of a graph G is the size of a largest
2-packing in G. The 2-packing number is a graph invariant closely related to the
domination number. In fact, it is well known that P>(G) < v(G), cf. [10, 11].

Let G € §. Since every efficient dominating set S = {u1,uz, ..., uyq)} is a 2-
packing, we have v(G) < Py(G). So, we conclude that if G € §, then Po(G) = v(G)
(The converse is not true.) We recall that if P>(G) = (G), then Vizing’s conjecture
holds for G [11]. As a consequence, by Theorem 3 (ii) we deduce the following
result, which improves the inequality (1) when G € §.

Corollary 7. Let G and H be two graphs. If G € §, then

R(GOH) 2 3 max {4(G) (r(H) +5(H)) ,7(H) (3 (G) +~(G))}.
Theorem 8. Let G and H be two graphs. If G € §, then
Yr(GOH) > v(G)yr(H).

Proof. Let V4 and V5 be the vertex sets of G and H, respectively. Let S =
{u1,...,uy(} be an efficient dominating set for G, i.c., {Nfui],..., N[uy]}
is a vertex partition of G and, as a consequence, {II},II5, ... ,H;(G)} is a vertex
partition of GOH, where IT, = N[u;] x V3 for every i € {1,...,7(G)}.

Proceeding analogously to the proof of Theorem 3, we consider a vy (GUOH)-
function f = (By, B1, B2) and, for every i € {1,...,7(G)}, we define the function
fi : Vo = {0,1,2} as f;(v) = max{f(u,v) : u € N[u}. In addition, for every
j €{0,1,2} we define XJ(-Z) ={veVy: fi(v) =3}

Now, if v € Xéi), then for every u € N[u;] we have that (u,v) € By. Hence,

since u; has no neighbors in V; — N|u;] and By dominates By, there exists (u;, v') €
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Bs such that v’ is adjacent to v. We conclude that every v € Xéi) has a neighbor

v € XQ(i) and, as a consequence, f; = (Xéi),Xfi),XQ(i)) is a Roman dominating
function on H, for every i € {1,...,7(G)}. Therefore, the result is deduced as
follows:

v(G)
Yr(GOH) = 2|Bs| + |Bi| = > (2|By N1I| + |By N 1T}
1=1

Q

v(G)
>3 P+ X)) = (G)yr(H). O

%

Il
-

An interesting consequence of Theorem 8 is the following result.

Corollary 9. Let G and H be two graphs. If G € § and H is a Roman graph,
then

Yr(GOH) > 2y(G)y(H).
Theorem 10. For any graphs G and H of order ny and no, respectively,
vr(GOH) < min{n1yr(H), neyr(G)}.

Proof. Let f; be a yg(G)-function. Let f : V3 xV5 — {0, 1,2} be a function defined
by f(u,v) = f1(u). If there exists a vertex (z,y) € Vi x Va such that f(z,y) =0,
then f1(z) = 0. Since f1 is Roman, there exists u € V;, adjacent to x, such that
f1(u) = 2. Hence, we obtain that f(u,y) =2 and (z,y) is adjacent to (u,y). So, f
is a Roman dominating function. Therefore,

w(GOH) < > fwv) =Y > filu) =Y r(G) = navr(G),

(u,0)EVIX Vs veVa ueVy vEV,

Analogously we obtain that yr(GOH) < nyyr(H) and the result follows. O

The above inequality is tight. It is achieved, for instance, for G = P,,, a path
graph of order n, and H = S;,, a star graph with » > 2 leaves. In this case we

have vgr(S1,+) = 2 = 29(S1,4), Y(Pn) = %W’ Yr(Pp) = 2n3+1 if n = 1(3) and
Yr(Pp) = 2[2—‘ if n # 1(3). So, yr(GOH) = 2n = nyg(H).

Corollary 11. For any graphs G and H of order ni and ns, respectively,
Yr(GOH) < 2min{n1v(H), nav(G)}.

Lemma 12. [3] A graph G is Roman if and only if it has a yr(G)-function f =
(Ao,Al,AQ) with |A1| =0.

Theorem 13. Let G be a graph of order n and let H be a graph.
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(i) If G has at least one connected component of order greater than two, then
Yr(GOH) < (n+ 1)yr(H) = 2v(H).
(ii) If G is a Roman graph, then
R(GOH) < 2n (yr(H) = y(H)) +2v(G) (2v(H) = yr(H)) .

Proof. Let f; = (Ao, A1, A2) be a yr(G)-function and let fo = (By, By, Bs) be a
~vr(H)-function. We define the map f : V; x Vo — {0,1,2} as follows.

o f(u,v) = fa(v) for every (u,v) ¢ (Ao U Az) X By.
o If (u,v) € Ag x By, then f(u,v) =0.
o If (u,v) € Ay x By, then f(u,v) = 2.
Since every vertex from Ay X B; has a neighbor in As X By and every vertex of

V1 x By has a neighbor in V; x By, we have that f is a Roman dominating function
on GUH. Thus,

(8)  yr(GOH) < nyr(H) — |Ao||B1| + |A2||B1| = nyr(H) — |B1|(|Ao| — | A2]).

Since G has at least one component of order greater than two, it is satisfied that
|Aop| > |A2|+1 and, by Lemma 2 (ii), | B1|(|Ao| —|A42]) > 2v(H)—~yr(H). Therefore,
by (8) we deduce (i).

Now, if G is a Roman graph, then by Lemma 12 there exists a vz (G)-function
f = (Ao, A1, A2) with |A;| = 0. Thus, |4o| + |42] = n and, as a consequence,
|Aog| — |A2] = n — 29(@G). Therefore, by (8) we deduce (ii):

Yr(GOH) < nyr(H) — |B1|(|Ao| —[A2])
<nyr(H) = (2v(H) = yr(H)) (n — 27(G))
= 2n(yr(H) —y(H)) +27(G) (2v(H) —vr(H))- O

For any Roman graph H, Theorem 13 leads to yr(GOH) < 2nvy(H). Now,
for any non-Roman graph H we have yg(H) —2v(H) < —1 and, as a consequence,
Theorem 13 leads to the following result.

Corollary 14. Let G be a graph of order n and let H be a graph. If G has at least
one connected component of order greater than two and H is not Roman, then

Yr(GOH) < nyr(H) — 1.

Proposition 15. [3] If G is a connected graph of order n, then yr(G) = v(G) +1
if and only if there exists a vertex of G of degree n — v(Q).

From Proposition 15 and Theorem 13 we derive the following result.
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Proposition 16. If G is a graph of order ny, having at least one connected com-
ponent of order greater than two and H is a connected graph of order ny having a
vertezx of degree no — y(H), then

yr(GOH) < ny(y(H) +1) —~y(H) + 1.

The above inequality is tight. For instance, if G is a path graph of order three
and H is the star K 3 with one of its edges subdivided, then we have v(H) = 2
and v (GOH) = 8. So, Proposition 16 leads to the exact value of yr(GOH).

Theorem 17. For any graphs G and H of order ni and na, respectively,
Yr(GOH) < 2y(G)y(H) + (m = 7(G))(n2 — ~(H)).

Proof. Let S; be a v(G)-set and let Sy be a v(H)-set. Let By = S; X S,
By = (‘/1 — Sl) X (Vé — Sg) and By = S7 X (‘/2 — Sg) U (Vl - Sl) X So. Since By
dominates By, the map f : Vi x Vo — {0,1,2} defined by f(u,v) = i, for every
(u,v) € By, is a Roman dominating function on GOH. Therefore, the result is
obtained as follows,

Yr(GOH) < 2|By| + |Bi] = 2[51[|S2] + [V — S1[V2 — S|
= 2v(G)y(H) + (n1 — v(G))(n2 — v(H)). O

We know that ’}/R(ngJrQ) = 2’}/(P3k+2) = 2(/€ + 1), ")/R(ngJrl) =2k +1 and
Y¥(P3k+1) = k+ 1. So, Theorem 17 leads to yr (Ps+10Ps12) < 6k%+ 6k +2, while
by Theorem 10 we only get g (Pag+10P3k4+2) < 6k2 + 7k + 2 and by Theorem 13
we only get Yr (Psgs20Ps11) < 6k% + Tk + 1.

From the above results we have that the bounds on the Roman domination
number and the domination number of the factor graphs lead to bounds on the
Roman domination number of the Cartesian product graphs. For example, it is

well known that for any graph G of order n and maximum degree A, v(G) > A:L_ T

cf. [7]. The following straightforward result allows us to derive several bounds on
r(GOH).

REMARK 18. For any graph G € § of order n and minimum degree §, v(G) < ﬁnl Asa
n

o+l

consequence, for any d-regular graph G € § it follows, v(G)

An example of a result derived from the above remark, Theorem 8 and The-
orem 10, is the following one.

Proposition 19. For any d-reqular graph G € § of order n,

2n 4dn
< OK,) < :
o1 = 1R(EDR) <57
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3. STRONG PRODUCT GRAPHS

In this section we obtain some results on the Roman domination number of
strong product graphs. We begin by recalling the following well-known result, cf.
[11].

Theorem 20. [11] For any graphs G and H,
max{Py(G)y(H),(G)P2(H)} < v(GRH) < 5(G)y(H).
One immediate consequence of Theorem 20 is the following result.
Corollary 21. For any graph G € § and any graph H, v(GX H) = v(G)y(H).
The next result follows from Lemma 1 and Theorem 20.

Corollary 22. For any graphs G and H,
max{ P (G)y(H),7(G)P2(H)} < vr(G K H) < 2v(G)y(H).

Theorem 23. Let f1 = (Ao, A1, A2) be a vr(G)-function and let fo = (Bo, B1, B2)
be a yr(H)-function. Then,

Yr(GW H) < yr(G)yr(H) — 2|A2|| Ba|.
Proof. We define the function f on GX H as follows:

2, (u,v) S (A1 X BQ) U (AQ X Bl) @] (AQ X BQ),
f(u,v) = 1, (u,v) € Ay X By,
0, otherwise.

Note that the set (Ag x By) U (Ap X Ba) U (A2 x Byp) is dominated by As x Bs, the
set A1 x By is dominated by A; x B, and Ay X B; is dominated by As x By. Then
we have that f is a Roman dominating function on G X H.

Therefore,

Yr(G X H) < 2|As||Ba| + 2|A1||Ba| + 2| Az||B1] + | A4]| B
= 4[As||Ba| + 2|A1||Ba| + 2[Az||B1| + |A1]| B1| — 2| Az|| B2
= 2|A2[(2|B2| + | B1]) + |A1](2|B2| + | B1]) — 2| A2|| Ba
= (2[Az| + [A1])(2| B2| + | B1]) — 2| A2|| Ba|
= Vr(G)vr(H) — 2|As||Ba|. 0

Now we present some interesting consequences of Theorem 23.

Corollary 24. For any nontrivial graphs G and H,

YrR(GRH) < vr(G)yr(H) — 2.
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The above inequality is achieved, for instance, if G and H are graphs of order
n1 and ng, containing a vertex of degree n; — 1 and ne — 1, respectively. In this
case, we have Yyr(GXR H) < vg(G)yr(H) —2=2-2—-2=2.

In order to show one example where Corollary 24 leads to a better result than
Corollary 22 we take a graph G such that vg(G) = v(G) + 1 > 3 (see Proposition
15). In this case Corollary 24 leads to vr(G X G) < (v(G))? + 2v(G) — 1, while
Corollary 22 leads to vr(G X G) < 2(v(G))2.

If H =P, or H = C,, then we have that for any ~g(H)-function f =

(Bo, B1, Ba), |Bs| = {gJ Hence, Theorem 23 leads to the following result.
Corollary 25. Let G be a nontrivial graph. If H = P, or H = C,,, then

2n+1
3

r(G) — 2 {g . n=1(3)
Yr(GRH) < _

2 [g] vr(G) — 2 F . nZ103).

3

Every star graph G = K, satisfies the above inequality for n # 2(3). That

way we have vg (C, N K1 ,) =g (P, K K1,) =2 %] . Note that C,, K K, and
P, X K, are Roman graphs for n # 2(3).

Theorem 26. Let G and H be two graphs. If G € §, then

YrR(GR H) > ~v(G)yr(H).

Proof. Let Vi and V5 be the vertex sets of G and H, respectively. Let S =
{u1,...,uy(c)} be an efficient dominating set for G, i.c., {Ng[u1],..., Na[uyq))}
is a vertex partition for G. Let {II;, I, ..., 1L, ()} be the vertex partition of GXH
defined as II; = Ng[u;] x Va, for every i € {1,...,7(G)}.

Now, let f = (B, B1,B2) be a vr(G K H)-function and, for every i €
{1,...,9(G)}, let the function f® : V5 — {0, 1,2} defined by f*(v) = max{f(u,v) :
(u,v) € IL}. Let {B”, B{”, B’} such that B = {v € Vo : f®(v) = j} with
je{0,1,2} and i € {1,...,7(G)}.

If there is a vertex y of H such that f)(y) = 0 and Ng[y] N Bél) = (), then
f(ui,y) = 0 and (u,,y) is not adjacent to any vertex (a, b) of GRH with f(a,b) = 2,
a contradiction. Thus, f() = (B(()i), B%i), Béi)) is a Roman dominating function on
H for every i € {1,...,7(G)}. As a consequence,

7(G)
Yr(GRH) =2|By| + By = Y _ (2|By N1L| + [By N1L)
=1
7(G) 0 0 (@)
> Y @B +1B) 2 > yr(H) = v(G)vr(H).
=1 i=1

Therefore, the proof is complete. O
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COCKAYNE et al. [3] gave some classes of Roman graphs and they posed the

following question: Can you find other classes of Roman graphs? The next result

is

an answer to this question.

Theorem 27. If G € § and H is a Roman graph, then GX H is a Roman graph.

Proof. If G € § and H is Roman, then Theorem 26 leads to yr(G X H) >
27v(G)y(H). So, by Corollary 22 we obtain yr(G X H) = 2v(G)~v(H). Corollary 21

CcO

10.

11.

12.

13.

14.

15
16

ncludes the proof.
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