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Abstract. In this work, some new properties of (amply) g-radical supplemented modules are
investigated. It is proved that every factor module and every homomorphic image of an amply
g-radical supplemented module are amply g-radical supplemented. Let M be a mt-projective and
g-radical supplemented module. Then M is amply g-radical supplemented. Let M be a projective
and g-radical supplemented module. Then every finitely M-generated module is amply g-radical
supplemented. Let R be any ring. Then gR is g-radical supplemented if and only if every finitely
generated R-module is amply g-radical supplemented.
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1. INTRODUCTION

Throughout this paper all rings will be associative with identity and all modules
will be unital left modules.

Let R be a ring and M be an R-module. We will denote a submodule N of M by
N <M. Let M be an R-module and N < M. If L = M for every submodule L of
M such that M = N + L, then N is called a small submodule of M and denoted by
N < M. Let M be an R-module and N < M. If there exists a submodule K of M
such that M = N+ K and NN K = 0, then N is called a direct summand of M and it
is denoted by M = N ® K. A submodule N of an R-module M is called an essential
submodule of M, denoted by N I M, if K =0 for every K <M with KNN = 0.
Let M be an R-module and K be a submodule of M. K is called a generalized small
(briefly, g-small) submodule of M if for every T < M with M = K+ T implies that
T = M, this is written by K < M (in [14], it is called an e-small submodule of M and
denoted by K <, M). Let M be an R-module. M is called a hollow module if every
proper submodule of M is small in M. M is called a local module if M has the largest
submodule, i. e. a proper submodule which contains all other proper submodules.
Let U and V be submodules of M. If M = U +V and V is minimal with respect to this
property, or equivalently, M =U +V and UNV <KV, then V is called a supplement
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of U in M. M is called a supplemented module if every submodule of M has a sup-
plement in M. Let M be an R-module and U,V <M. fM=U+VandM=U+T
with T <V implies that T =V, or equivalently, M = U +V and UNV <, V, then
V is called a g-supplement of U in M. M is said to be g-supplemented if every sub-
module of M has a g-supplement in M. Let M be an R-module and U < M. If for
every V < M such that M = U +V, U has a supplement (g-supplement) Viin M
with V' <V, then we say U has ample supplements (g-supplements) in M. If every
submodule of M has ample supplements (g-supplements) in M, then M is called an
amply supplemented (g-supplemented) module. The intersection of all maximal sub-
modules of an R-module M is called the radical of M and denoted by RadM. If M
have no maximal submodules, then we denote RadM = M. M is said to be semilocal
if M /RadM is semisimple, i. e. every submodule of M /RadM is a direct summand of
M /RadM. Let M be an R-module and U,V <M. IfM =U+V and UNV < RadV,
then V is called a generalized (radical) supplement (briefly, Rad-supplement) of U in
M. M is said to be generalized (radical) supplemented (briefly, Rad-supplemented)
if every submodule of M has a Rad-supplement in M. Let M be an R-module and
U <M. If for every V < M such that M = U 4V, U has a Rad-supplement V' in
M with V' <V, then we say U has ample generalized (radical) supplements (briefly,
ample Rad-supplements) in M. If every submodule of M has ample Rad-supplements
in M, then M is called an amply generalized (radical) supplemented (briefly, amply
Rad-supplemented) module. The intersection of all essential maximal submodules
of an R-module M is called the generalized radical (briefly, g-radical) of M and de-
noted by Rad,M (in [14], it is denoted by Rad.M). If M have no essential maximal
submodules, then we denote Rad,M = M. M is said to be g-semilocal if M /Rad,M is
semisimple, i. e. every submodule of M/Rad,M is a direct summand of M /Rad,M.
Let M be an R-module. We say submodules X and Y of M are * equivalent, X*Y,
if and only if Y + K = M for every K < M such that X + K =M and X+T =M
for every T < M such that ¥ + 7 = M. We say submodules X and Y of M are 3,
equivalent, X B;Y ,ifand only if Y + K = M for every K <M such that X + K =M
and X +T = M for every T < M such that Y + 7 = M. Let M be R-module and
X<Y<M.IfY/X <M/X,then we say Y lies above X in M.

More information about (amply) supplemented modules are in [2, 6, 13]. More
informations about g-small submodules and (amply) g-supplemented modules are in
[4,8, 11]. The definition of (amply) generalized supplemented modules and some
properties of them are in [12]. The definition of g-semilocal modules and some prop-
erties of them are in [5]. The definition of * relation and some results of this relation
are in [1]. The definition of BZ relation and some results of this relation are in [10].

Lemma 1. Let M be an R-module. The following assertions hold.
(1) For every m € Rad,M, Rm <¢ M.
(2) If N <M, then Rad,N < Rad,M.
(3) RadeM = Y1« y L.
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Proof. See [3, Lemma 2 and Lemma 3]. ]

2. G-RADICAL SUPPLEMENTED MODULE

Definition 1. Let M be an R-module and U,V <M. f M =U+V and UNV <
Rad,V , then V is called a g-radical supplement of U in M. If every submodule of M
has a g-radical supplement in M, then M is called a g-radical supplemented module.

(See [3,7].)

Clearly we can see that every g-supplemented module is g-radical supplemented.
But the converse is not true in general. Every Rad-supplemented module is g-radical
supplemented.

Proposition 1. Let M be an R-module and Rad,V =V NRad M for every V. < M.
Then M is g-radical supplemented if and only if M is g-semilocal.

Proof. (=) Clear from [3, Theorem 1].
(<) Let U < M. Since M is g-semilocal, (U + Rad,M) /Rad,M is a direct
summand of M/Rad,M. By this, there exists V /Rad,M < M /Rad,M such that

U+Rad,M Vv M U+Rad,M Vv M U+Rad,M vV
RadM D Rad;ii = Radgéi* 10N “Ragar + Rad = Radgi N9 ~Ragar O Raagr = O-
M U+Rad,M v _ U+Rad,M+V — y4v _ U+Rad,M vV
Here pogsi = “Raapr + Radpt =~ Rad,r— = Radpt A9 0= “ragar O raam =
(U+Rad, M)V _ UNV+RadyM . UiV M B . UNV+RadM _
Rad i =  Radd * SINC€ Ragag = Raagr» U TV =M. Since —pr= =0,

UNV +RadeM = Rad,M and UNV < Rad,M. By UNV <V and Rad,V =
=V NRad,M, UNV <V NRadeM = Rad,V. Hence V is a g-radical supplement
of U in M and M is g-radical supplemented. g

Proposition 2. Let M be an R-module and RadV =V NRadM for every V. < M.
Then M is Rad-supplemented if and only if M is semilocal.

Proof. (=) Clear from [12, Proposition 2.6 (2)].
(<) LetU <M. Since M is semilocal, (U + RadM) /RadM is a direct summand

of M /RadM. By this, there exists V /RadM < M /RadM such that YRadM

vV
M U+RadM v M U-+RadM v IﬁdM gfilleemil% R
i _ A _ —_ a

Radhi- Then =g =+ waant = Raant 9 “gaarr ) raan = 0- Here oo = S +
V_ _ UtRadM+V _ U4V 04 ) — UtRadM ~ _V_ _ (U+RadM)NV __ UNV+RadM

RadM _U+V RadMM ~ RadM - 5%01% Rad AfadM - RadM - RadM .
: — — : [ J— —_

Since RadM — RadM’ U—|—V = M. Since T RadM —0, UﬂV—I—RadM—RadM and

UNV <RadM.ByUNV <V and RadV =V NRadM,UNV <VNRadM = RadV .

Hence V is a Rad-supplement of U in M and M is Rad-supplemented. O

Lemma 2. Let XB;Y in M, Y be a g-radical supplement of U in M and U < M.
Then UNX < Rad,M.

Proof. Since Y is a g-radical supplement of U in M, M =U +Y and UNY <
Rad,Y < Rad,M. Since M = U +Y and U <M and XB;‘,Y, M=U-+X. LetT
be any essential maximal submodule of M. Here UNY < Rad,M < T. Assume
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that UNX £ T. Then UNX +T =M and since M = U + X, by [2, Lemma 1.24],
X+UNT =M. SinceU <Mand T <M, UNT <M. SinceXB;Y,Y—i—UﬂT:M
andsince U +T =M, by [2, Lemma 1.24] again, UNY +T =M. Thenby UNY <T,
M =UNY+T =T. This is a contradiction. Hence U N X < T for every essential
maximal submodule T of M and U NX < Rad M. O

Corollary 1. Let XB*Y in M, Y be a g-radical supplement of U in M and U < M.
Then UNX < Rad,M.

Proof. Clear from Lemma 2. ]

Corollary 2. Let X lies above Y, Y be a g-radical supplement of U in M and
U <M. ThenUNX < Rad M.

Proof. Clear from Lemma 2. O

Definition 2. Let M be an R-module and V < M. If V is a g-radical supplement of
an essential submodule in M, then V is called an eg-radical supplement submodule
(briefly, eg-radical supplement) in M.

Lemma 3. Let M be an R-module. If every submodule of M is [3; equivalent to an
eg-radical supplement in M, then M is g-semilocal.

Proof. Let X /Rad,M < M /Rad,M. Since X < M, by hypothesis, there exists an
eg-radical supplement Y in M such that X*Y. Since Y is an eg-radical supplement
in M, there exists U < M such that Y is a g-radical supplement of U in M. By
Lemma 2, UNX < Rad,M. Since XB;Y and U <Mand Y +U =M, X+ U =

M  X+U _ X U+Rad,M X U+RadM  XN(U+Rad,M)

M. Then pigsi = Raai = Radi T Radpr @ Ragpi OV “Radpr = Radpd =
UNX+RadgM — Rad,M M X U~+Rad,M . .
Radr— = raat — O Hence gisr = moiar © gagar and M /Rad,M is semi-
simple. Thus M is g-semilocal. g

Corollary 3. Let M be an R-module. If every submodule of M lies above an
eg-radical supplement in M, then M is g-semilocal.

Proof. Clear from Lemma 3. ]

3. AMPLY G-RADICAL SUPPLEMENTED MODULES

Definition 3. Let M be an R-module and U < M. If for every V < M such
that M = U +V, U has a g-radical supplement V' in M with V' <V, then we say
U has ample g-radical supplements in M. If every submodule of M has ample g-
radical supplements in M, then M is called an amply g-radical supplemented module.
(See also [9].)

Clearly we can see that every amply g-radical supplemented module is g-radical
supplemented. Since RadM < Rad,M for every R-module M, every amply Rad-supp-
lemented module is amply g-radical supplemented. Since every amply supplemented
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module is amply Rad-supplemented, every amply supplemented module is amply
g-radical supplemented. Hollow and local modules are amply g-radical supplemen-
ted.

Proposition 3. Let M =M +M,+---+M,. If M; is amply g-radical supplemen-
ted for everyi=1,2,...,n, then M is g-radical supplemented.

Proof. Since M; is amply g-radical supplemented for every i = 1,2,...,n, M; is
g-radical supplemented. Then by [3, Corollary 4], M is g-radical supplemented. [J

Proposition 4. Let M be an amply g-supplemented R-module. Then M is amply
g-radical supplemented.

Proof. Let M =U +V. Since M is amply g-supplemented, U has a g-supplement
V' with V' <V. Here M =U +V and UNV' <, V. Since UNV' <, V', by
Lemma 1,UNV' < RadgV,. Hence V'isa g-radical supplement of U in M. Moreover,
V' <V.Hence M is amply g-radical supplemented. O

Proposition 5. Let M be an R-module, U;,Uy; < M and M = Uy 4+ U,. If Uy and
U, have ample g-radical supplements in M, then Uy NU, has also ample g-radical
supplements in M.

Proof. Let UyNU, +T = M. Then by [2, Lemma 1.24], M =U;+U,NT =
U+ U NT. Since U; and U, have ample g-radical supplements in M, then U
has a g-radical supplement V; with Vi < Uy NT and U, has a g-radical supple-
ment V, with Vo, < U NT. Since M = U; +V; and V| < U,, by Modular Law,
U, =U,N (U +V,) =U; NU, +V;. Similarly we have U; = U NU, + V5. Then
M=U+U,=UnNU+WV+UNU,+V, =UNU;+V;+V; and by Lemma 1,
UnUpn(Vi+Va)=UNVi+U,NVa) =U NV +U,NV, < Rad,V\ + Rad,V, <
Rad, (Vi +V2). Hence V| 4V, is a g-radical supplement of U; NU, and since V; + V, <
T, Uy NU, has ample g-radical supplements in M. ([l

Lemma 4. Every factor module of an amply g-radical supplemented module is
amply g-radical supplemented.

Proof. Let M be any amply g-radical supplemented module and K < M. Let
U/K<MJ/K and M/K =U/K+V /K with V/K < M/K. Then M = U +V and
since M is amply g-radical supplemented, there exists a g-radical supplement T of U
with 7 <V. Then by [3, Lemma 8], (T + K) /K is a g-radical supplement of U /K in
M /K. Moreover, (T +K) /K <V /K. Hence U/K has ample g-radical supplements
in M/K and M /K is amply g-radical supplemented. O

Corollary 4. The homomorphic image of an amply g-radical supplemented mod-
ule is amply g-radical supplemented.

Proof. Clear from Lemma 4. ]
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Lemma 5. Let M be an R-module. If every submodule of M is g-radical supple-
mented, then M is amply g-radical supplemented.

Proof. Let U <M and M =U +V with V < M. By hypothesis, V is g-radical
supplemented and U NV has a g-radical supplement 7 in V. Here V=UNV +T
andUNVNT <Rad,T. Then M =U+V =U+UNV+T=U+TandUNT =
UNVNT < Rad,T. Hence U has ample g-radical supplements in M and M is amply
g-radical supplemented. g

Proposition 6. Let R be any ring. Then every R-module is g-radical supplemented
if and only if every R-module is amply g-radical supplemented.

Proof. (=) Let M be an R-module. Since every R-module is g-radical supple-
mented, every submodule of M is g-radical supplemented. Then by Lemma 5, M is
amply g-radical supplemented, as desired.

(«<=) Clear. O

Lemma 6. Let M be a m-projective and g-radical supplemented module. Then M
is amply g-radical supplemented.

Proof. Let M = U 4V and X be a g-radical supplement of U in M. Since M is
n-projective and M = U + V, there exists an R-module homomorphism f: M — M
such that Imf C V and Im(1—f) C U. So, we have M = f(M)+ (1—f) (M) =
fU)+f(X)+U=U+ f(X). Suppose that a € UN f(X). Since a € f(X), there
exists x € X such thata = f (x). Sincea= f (x) = f (x) —x+x=x—(1—f) (x) and
(I—f)(x)eU,wehavex=a+(1—f)(x) €eU. Thusxe UNX andsoa = f(x) €
f(UNX). Therefore we have UN f (X) < f(UNX) < f(RadyX) < Rad, f (X). This
means that f (X) is a g-radical supplement of U in M. Moreover, f (X) C V. There-
fore M is amply g-radical supplemented. U

Corollary 5. If M is a projective and g-radical supplemented module, then M is
an amply g-radical supplemented module.

Proof. Clear from Lemma 6. ]

Lemma7. Let M =M &M S --- D M,. If M; is projective and g-radical supple-
mented for every i =1,2,....n, then M is amply g-radical supplemented.

Proof. Since M; projective for every i = 1,2,...,n, by [2, 4.3], M is projective.
Since M; is g-radical supplemented for every i = 1,2,...,n, by [3, Corollary 4], M is
g-radical supplemented. Then by Corollary 5, M is amply g-radical supplemented, as
desired. n

Lemma 8. Let M be a projective and g-radical supplemented module. Then every
finitely M-generated module is amply g-radical supplemented.

Proof. Let N be a finitely M-generated R-module. Then there exist a finite index
set A and an R-module epimorphism f: M) — N. Since M is projective and
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g-radical supplemented, by Lemma 7, M is amply g-radical supplemented. Then
by Corollary 4, N is amply g-radical supplemented. O

Proposition 7. Let R be any ring. The following assertions are equivalent.

(1) gR is g-radical supplemented.
(ii) grR is amply g-radical supplemented.
(iii) RR™ is g-radical supplemented for every finite index set A.
(iv) Every finitely generated R—module is g-radical supplemented.
(v) Every finitely generated R—module is amply g-radical supplemented.

Proof. (i) <= (ii) Clear from Corollary 5, since gR is projective.

(i) <= (iii) Clear from [3, Corollary 4].

(i) <= (iv) Clear from [3, Corollary 6].

(i) <= (v) Clear from Lemma 8. O
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