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EXISTENCE RESULTS FOR A KIRCHHOFF-TYPE PROBLEM
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Abstract. In this work, using an infinitely many critical points theorem we establish the existence
of a sequence of weak solutions for a Kirchhoff-type problem with singular term. This approach
is based on variational methods and critical point theory.
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1. INTRODUCTION

In 1883, the stationary problem

L
82u Po E
Pz~ h+2LO/

was proposed by Kirchhoff [14] as an extension of the classical D’ Alembert’s wave
equation for free vibrations of elastic strings. In recent years, the study of elliptic
problems involving Kirchhoff type operators have been studied in many works, we
refer to [1,3,5=7, 16—18,20,22]. For instance, in [17], Molica Bisci and Pizzimenti
considered the following problem

ou|? o%u
a dx @ = 0,

— <a+bf \Vu\pdx> Apu+ou(x)|u|P2u = Mr(x)f(u) inQ,
Q
u=0 on 0Q.

They obtained the existence of infinitely many weak solutions by using variational
methods. Also, in [5], the authors studied the non-local problem

-M <l{ |Vu]pa’x> Apu= f(x,u) inQ,
u=0 on 0Q.
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By using Browder Theorem, the writers proved the existence and uniqueness of solu-
tions. On the other hand, singular elliptic problems have been intensively studied in
the last decads. Among others, we mention the works [8—12, 15, 19,21]. Recently,
motivated by this large interest, Ferrara and Molica Bisci in [8] studied the existence
of at least one non-trivial weak solution for the following elliptic Dirichlet problem

Jul”2u
|7

—Apu=p +Af(x,u) inQ,

u|aQ = 07
where A > 0 and u > 0 are two real parameters, Q is a bounded domain in RV (N >2)
containing the origin and with smooth boundary 0Q, 1 < p<Nand f: QxR =R
is a Carathéodory function satisfying a suitable subcritical growth condition.

The aim of this paper is to investigate the existence of infinitely many weak solu-
tions for the following problem

—M(A’Wu]pdx)Apu—F”'i =Af(x,u) inQ,
u=20 on 0%,

-2
u
“I

(1.1)

where A,u := div(|Vu|[P~2Vu) denotes the p-Laplace operator, Q is a bounded do-
main in R¥(N > 2) containing the origin and with smooth boundary 0L,
1 <qg<N<p,M:[0,4+c) — R is a continuous function satisfying

(f1) there are two positive constants m , mj, such that
mo <M(t) <my, Vt>0,
and f: Q@ xR — R is an L'-Carathéodory function.

Recall that a function f: Q x R — R is said to be an L'-Carathéodory function, if

(Cy) the function x — f(x,7) is measurable for every ¢ € R;
(C,) the function z — f(x,t) is continuous for a.e. x € Q;
(C3) for every p > 0 there exists a function /, € L'(Q) such that

sup [ f(x,1)] < p(x),

lt|<p

for a.e. x € Q.

A special case of our main result is the following theorem.

Theorem 1. Assume that f : R — R is a non-negative continuous function such
that

:
iminf2® 20 and timsup 2L

T LT
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Then, the problem

2
1+2<1{|Vu\pdx>

2
1+(§[A'|Vu\pdx>

u=0 on 0Q

admits a sequence of weak solutions which is unbounded in X .

1.1. Preliminary considerations

Let Q be a bounded domain in RY (N > 2) containing the origin and with smooth
boundary dQ. Further, denote by X the space WO1 7 () endowed with the norm

1/p
ul := </Q|Vu(x)\pdx> .

Also, let || - ||; denotes the usual norm of L' (Q); i.e.,

Jall i= [ Jux)lax.

We recall classical Hardy’s inequality, which says that

Ju(x) 1
/Q x[a dx < g/Q!Vu(X)qux, (Vu € X), (1.2)

where H := (%)q; see, for instance, the paper [2].

Let us define F(x,§) := fogf(x,t)dt, for every (x,&) in Q x R. Moreover we intro-
duce the functional /; : X — R associated with (1.1),

B (1) = B(u) — M (u),

for every u € X, where

Ly e
o) = () + | [ 46

= /QF(x,u(x))dx

t
for every u € X, where M (t) :== [M(s)ds, t > 0. By standard arguments, one has

and

0
that @ is well defined (by Hardy’s inequality), Gateaux differentiable and sequentially
weakly lower semicontinuous, and its Giteaux derivative is the functional ®’(u) € X*
given by

q 2
/|Vu|pdx /|Vu )P 2Vu(x)Vv(x dx—l—/‘ ]x“i x)v(x)dx,



354 M. KHODABAKHSHI, S.M. VAEZPOUR, AND M. R. HEIDARI TAVANI

for every v € X and clearly @ is coercive. It is easy to prove that & is strongly
continuous. On the other hand, standard arguments show that ¥ is well defined and
continuously Gateaux differentiable functional whose Gateaux derivative

= / FOcu(x))v(x)dx
Q

for every v € X, is a compact operator from X to the dual X*.
Fixing the real parameter A, a function u : Q — R is said to be a weak solution of
(1.1)ifu e X and

M /|Vu\pdx / |Vu(x)|P~2Vu(x) Vv (x)dx
2 Q
+/|” W12 @) x/f J(x)dx =0
x— x,u(x))v(x)dx =
x| ’
for every v € X. Hence, the critical points of /) are exactly the weak solutions of
(1.1).
Our main tool to investigate the existence of infinitely many solutions for the prob-
lem (1.1) is a smooth version of [4, Theorem 2.1] which is a more precise version of
Ricceri’s variational principle [19, Theorem 2.5], which we now recall.

Theorem 2. Let X be a reflexive real Banach space, let ®,%¥ : X — R be two
Gdateaux differentiable functionals such that ® is sequentially weakly lower semi-
continuous, strongly continuous and coercive, and ¥ is sequentially weakly upper
semicontinuous. For every r > infx @, put

(supagy)<r P()) —P(w)
 Du)<r r—®(u) '

Y= I}Qi&f(p(r), and d:= liminf o(r).

r—(infy @)+
Then the following properties hold:
(a) Foreveryr>infx ® and every A €]0,1/¢(r)[, the restriction of the functional

I;L::CD—klP

to ® (] — oo, r]) admits a global minimum, which is a critical point (local
minimum) of I, in X.
(b) Ify < oo, then for each A €]0,1/Y], the following alternative holds: either
(by) I possesses a global minimum, or
(by) there is a sequence {uy} of critical points (local minima) of I, such that
lim CD(un) oo,

n—-—+

(c) If & < oo, then for each A €]0,1/3], the following alternative holds: either
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(c1) there is a global minimum of ® which is a local minimum of I, or
(c2) thereis a sequence {uy,} of pairwise distinct critical points (local minima)
of I, which weakly converges to a global minimum of ®, with

lim ®(u,) = inf S(u).

n—y—+oo

2. MAIN RESULTS

Put
ueX, u#0 H“H

Since the embedding X < C(Q) is compact, one has k < 4. Fix xo € Q and D > 0
such that B(xp, D) C Q and B(x(, D) not containing the origin, where B(xo, D) denotes
the ball with center at x¢ and radius D.

Put
my 2>p N (D N
=—1(= DY — (= 2.2
=7 {(D m< 2) )] ©2)
2 D — |x —xo|)?
_/ dx | B:= (7>q/ de, (2.3)
\xlq D/ Jpxo.0)\BwB) |l
where m := ¢ (TL 7y Here I is the Gamma function defined by
2
o0
I(r) ::/ 77 e dz (Vt>0).
0
Put
l
A= liminf | g”‘,
Ertoo EPI
and
w0y F(x,8)dx
B := limsup Blw2) )
E—+eo gp

where Iz € L'(Q) satisfies condition (C3) on f(x,) for every & > 0.
Our main result is the following.

Theorem 3. Assume that M : [0,+eo[ — R is a continuous function satisfying (f).
Also let f: Q xR — R be an L'-Carathéodory function such that
(i) F(x,t) >0 for every (x,t) € Q x RT,

(i) A<

T ——B, where k and ® are given by (2.1) and (2.2), respectively.
po

Then, for every A € A := ] kp 7 [, the problem (1.1) admits a sequence of weak
solutions which is unbounded in X.
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Proof. Fix A € } %7;;/<+A [ Our aim is to apply Theorem 2 part (b) with X :=

WO1 ?(Q) and where ® and W are the functionals introduced in Section 2. As seen be-
fore, the functionals ® and W satisfy the regularity assumptions requested in Theorem
2. Now, we look on the existence of critical points of the functional /; := ® —AY in
X. To this end, we take {&,} C R such that lim,,_, ;o , = +o0, and

[
i Vel
n——+oo @11’7
Set ry, 1= "I’)‘fp’,’, for all n € N. From (2.1) we get
max [u(x)| < kl|ul|, (2.4)
x€Q

for every u € X. Then, for each u € X with ®(u) < r,, we have

max [u(x)| < k(L-®(u) /P < k(L-r,) /7 =,
x€Q my mo

Then, since (0) = ¥(0) = 0, we have

(Sup<b(u)<r,, ‘P(u)) —¥(v)

n) = inf
¢(rn) qa(lvr)l<rn rn—P(u)
< SUP® (u)<r, fQF(x,u(x))dx
< Py
a2l
< Eall g,,plll_
mop]:p

Hence, it follows that

.. p - P
< < kP = =
Y limir(}of(p(rn) Ok l}lm}rrolof e ;

kPA < oo,

e, |11
1

since condition (ii) yields A < +eo. Now, we claim that the functional ) is unbounded
from below. Let {d, } be a real sequence such that lim,_, { «d, = 40 and

fB(XOyg) F(x, dn)dx _

Jim S @9
Further, for each n > 1, define v, € X given by
0, x € Q\ B(xo,D),
=1 9 ¥ €80, 7), (2.6)

) (D—|x—x0[), x€B(xo,D)\B(x0,%).
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By using condition (i), we infer
W(v,) = / Fx, v (x))dx > / Flx,dy)dx,
Q B(xo,%)
for every n > 1. Then, we have
(04
h(vy) < 0dl + iBdg —k/ F(x,d,)dx.
q B(x0,2)

If B < +oo, let

By (2.5), there exists Ng such that

/ F(x,dy)dx > 8Bd?,  (¥n> Ny).
B()C()7%)

Consequently, one has

B < wd? + 2P _aspar
q
— (0-28B)ar + 2P g

for every n > Nj. Then, it follows that

Jim_ b () = =
since g < p.
If B = +o0, let us consider L > %’ By (2.5), there exists Ny, such that

/ Flx,dy)dx>Ld?,  (¥n>Np).
B(x0,%)

So, we have
o
h(v,) < 0dl + iﬁdﬁ —ALdP
q

at,,

= (@—AL)dP + (Vn > Np).

Taking into account the choice of L, also in this case, one has

) = ==

since g < p. Therefore owing to Theorem 2(b), the functional I;, admits an unboun-
ded sequence {u,} C X of critical points. Then the problem (1.1) admits a sequence
of weak solutions which is unbounded in X. U

Among the consequences of Theorem 3, we point out the following result.
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Corollary 1. Let f: Q xR — R be an L'-Carathéodory function. Assume that
condition (i) of Theorem 3 holds. Further, require that

(i) A < p% and B > ®, where k and ® are given by (2.1) and (2.2), respectively.
Then the following problem

ule~2
x|

u=20, on 0L,

-M /|Vu|pdx Apu+ = f(x,u), inQ,
Q

admits a sequences of weak solutions which is unbounded in X .

Remark 1. We note that assumption (ii) in Theorem 3 could be replaced by the
following more general hypothesis:

(ii") There exists two positive sequences {a, } and {b, } such that

ny

mob,’f
pkp’

1 (@+B) 4
p/M(s)ds—l— p al <

0

(Vn>1)

and lim,,_, 1 . b, = o0 such that

A< E,
W
where k, ® and a, 3 are given by (2.1), (2.2) and (2.3), respectively, and

~ . bn”lanl —fB(xOg)F(x,an)dx

A:= lim n
n— oo » ,,Tanp ( +B)
b, o
S % M(s)ds — Taz
Then, for every
o 1

7" €|l5= )

|3l

the problem (1.1) admits a sequence of weak solutions which is unbounded in X .
Indeed, from (ii’) we obtain (ii), by choosing a, = 0 for all n € N. Moreover, if

we assume (ii’) instead of (ii) and set r,, :== ";‘}(};" for every n > 1, one has

(sUPa(u)<n, Jor F (6,1(3))dx ) = Jo F (x,v(x) v

n) = inf
(P(r ) ‘1>(1vr)l<rn I —CI)(V)
_ bl — Jo F e va()dx

bP
% —d(vy,)
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bn”lanl - fg(xovg)F(x,an)dx

= ﬂan” )
mp 1" [ Mis)ds— P
by choosing
0, x € Q\ B(xo,D),
vn(x) == %’;ﬂ x € B(x0,3),

(D~ e—xl), x€ B(x0.D)\ B, 2),

for every n > 1. Therefore, since by assumption (ii’) one has A< +o0, we obtain
< limi <A oo,
v < l;rilir;f(p(rn) <A<+
From now on, arguing as in the proof of Theorem 3, the conclusion follows.

Now, we present the other main result. First, put

l Iy, 2) F (x,€)dx
A’ :=liminf H EHE, B = lim sup Bx0,7) )
507 gp E—0t gp

Arguing as in the proof of Theorem 3 but using conclusion (c) of Theorem 2 instead
of (b), the following result holds.

Theorem 4. Assume that f : Q x R — R be an L'-Carathéodory function such
that hypothesis (i) in Theorem 3 holds, and

(iv) A< B
Then, for every L € A := ]%,

solutions, which strongly converges to zero in X.

pl’z:’%’ [, the problem (1.1) has a sequence of weak

Proof. Fix A € A'. We take @, and /), as in Section 2. Now, as it has been pointed
out before, the functionals ® and W satisfy the regularity assumptions reqired in
Theorem 2. As first step, we will prove that A < 1/8. Then, let {&, } be a sequence of
positive numbers such that lim,, ;. &, = 0 and

!
tim Mty
n—r—+oo E,,n

By the fact that infy ® = 0 and the definition of §, we have & := liminf,_,o+ @(r). Put

”;}‘g for all n € N. Then, for all u € X with ®(u) < r,, taking (2.4) into account,

one has [|u]|e < &,. Thus, foralln € N,

pi=

aPaguycn ¥ _ ph I
I'n Tomg (2‘571 .

P(rn) <
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Hence,

kP l kPA’
8 < liminf@(r,) < 2 liminf | 5’;“11 LA e
n— oo my n— oo gg mo
and therefore A’ C ]0,1/9].
Let A be fixed. We claim that the functional /5, does not have a local minimum at
zero. Let {d,} be a sequence of positive numbers such that lim,,_, ;. d, = 0 and

. fB(xo.Q) F(x,dy)dx
lim 12 5 —
n—-+oo dn

For all n € N, let v, € X defined by (2.6) with the above d,. Now, with the same
argument as in the proof of Theorem 3, we achieve I (v,) < O for every n € N large
enough. Then, since lim,_, 1/ (v,) = L (0) = 0, we see that zero is not a local
minimum of /). This, together with the fact that zero is the only global minimum
of &, we deduce that the energy functional /, does not have a local minimum at the
unique global minimum of ®. Therefore, by Theorem 2(c), there exists a sequence
{uy} of critical points of I, which converges weakly to zero. In view of the fact

that the embedding X — C(Q) is compact, we know that the critical points converge
strongly to zero, and the proof is complete. U

/

We end this paper with the following example to illustrate our results.

Example 1. Let r > 0 be a real number and {#,}, {s,} be two strictly increasing
sequences of real numbers that defined by induction

t=r s =2r

and forn > 1,

1
= (2" 1) tay1, tonp1 = <2 - 22n+1> Fan;

ton 1 1 242
Sop = — = <2— = sty o1 = 2" e = (277 — 1) s

2n 22
Let f: QxR — R be the function defined by
20(x)t, (x,1) € Q@ x [0,11],
flx,t):= { o(x) (sn,l + et (e —tn,1)> . (x,1) € QX [ty—1,t,) forsomen > 1,

where @ : Q — R is a positive continuous function with 0 < m < @(x) < M. Then f
is an L'-Carathéodory function and since f(x,t) is strictly increasing with respect to
t argument at every x € Q, the function ¢ (x) := f(x,) satisfies in condition (C3) on
fiie.,

sup |f(x,2)| <lg(x), forae.xe€Q.

4RSS
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Arguing as in [13], we have

JBxo,2) F (x,8)dx I
lim sup Bx.3) - = oo, limian i”l =0,
E—+oo §§ E— oo gi

for every xo € Q and D > 0 such that B(xy,D) C Q and B(xp,D) not containing the
origin, where Q is a bounded domain in R? containing the origin and with smooth
boundary dQ. Hence, by Theorem 3, for every A €]0, +oo[, the following problem

|u\%lu

— =Af(x,u), inQ,
x|2
u=0, on 0Q,

M /|Vu|%dx Aqut
Q

. . 1,7
possesses an unbounded sequence of weak solutions in W, "* (Q).
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