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A HALF-INVERSE PROBLEM FOR THE SINGULAR DIFFUSION
OPERATOR WITH JUMP CONDITIONS
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Abstract. In this paper, half inverse spectral problem for diffusion operator with jump conditions
dependent on the spectral parameter and discontinuity coefficient is considered. The half inverse
problems is studied of determining the coefficient and two potential functions of the boundary
value problem its spectrum by Hocstadt-Lieberman and Yang-Zettl methods. We show that two
potential functions on the whole interval and the parameters in the boundary and jump conditions
can be determined from the spectrum.
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1. INTRODUCTION AND PRELIMINARIES

We consider the boundary value problem of the form

L) ==Y+ [2Ap () +q(0)]y =28 (x)y, x € [0,n] / {ar,a2}  (1.1)
with the boundary conditions

Y(0)=0, y(m)=0 (1.2)
and the jump conditions
y(a1+0)=ouy(a;—0) (1.3)
y (a1 +0) = B1y (a; —0) +iAy1y (a; — 0) (1.4)
y(az +0) = oy (a2 —0) (1.5)
Y (a2 +0) = Boy (a2 — 0) +iAyay (a2 — 0), (1.6)

where A is a spectral parameter, p(x) € W, [0,7], g(x) € Ly [0,n] are real valued
functions, a; € [0,%], a» € [5,7], oy, 00,Y1,Y, are real numbers, |o; — 1749 #
0(o; >0;i=1,2),B; =2 (i=1,2)and

5@):{ o2, xe (0,%)

?
B, xe (5.7
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for0<a<fB<l,a+p>1.

The inverse problems consist in recovering the coefficients of an operator from
their spectral characteristics. A lot of study were done the inverse spectral problem
for Sturm-Liouville operators and diffusion operators [1,2,4-26]. The first results on
inverse problems theory of Sturm-Liouville operators were given by Ambarzumyan
[3]. The half inverse problems for Sturm-Liouville equations; the known potential
in half interval is determined by the help of a one spectrum over the interval. New
results on the half inverse problem were obtained by Hochstadt and Lieberman [11].
They proved the spectrum of the problem as:

—"+q(x)y =MLy, x€[0,1]
¥ (0) —hy(0) =0
Yy (1)+Hy(1)=0

and potential ¢ (x) on the (4,1) uniquely determine the potential ¢ (x) on the whole
interval [0, 1] almost everywhere. Hald [10] proved similar results in the case when
there exists a impulsive conditions inside the interval. Many studies have been done
by different authors for half inverse problems using these methods [14,19]. In [19] the
authors studied the existence of the solution for the half-inverse problem of Sturm-
Liouville problems and gave method of reconstructing this solution under same con-
ditions by Sakhnovich [19]. Recently, some new uniqueness results have been given
on the inverse or half inverse spectral analysis of differential operators. Koyun-
bakan and Panakhov [14] proved the half inverse problem for diffusion operator on
the finite interval [0,7]. Ran Zhang, Xiao-Chuan Xu, Chuan-Fu Yang and Natalia
Pavlovna Bondarenko proved the determination of the impulsive Sturm-Liouville op-
erator from a set of eigenvalues [26]. The purpose of this study is to prove half inverse
problem by using the Hocstadt- Lieberman and Yang-Zettl methods for the following
equations

[(y) ==y +[2Ap () +4 ()] y = A8 (x)y, x € [0,7) /{ar, a2}  (1.7)

Y(0)=0,y(m)=0 (1.8)

y(a1+0) = ouy(ai —0) (1.9)

Y (a1 +0) = B1y (a1 —0) + Ay (a1 —0) (1.10)
y(az +0) = Gy (a2 —0) (1.11)

y (a2 +0) = Pay' (az — 0) + iAMfry (az — 0) . (1.12)

Lemma 1. Let p(x) € W) (0,7), ¢(x) € Lo (0,), M (x,t) ,N (x,t) are summable
functions on [0, | such that the representation for each x € [0,n] /{aj,a2}. @ (x,A)
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is the solution of the equations (1.1), providing boundary conditions (1.2) and dis-
continuity conditions (1.3)-(1.6),

0 (x,A) = 0o (x, 1) + / "M (x,1) cos hidi + / "N (x,1) sinhedi
0 0

for 0 <x <%, that is given as

9o (x,A) = (B+ >COS[7»§+() é/x ()dt]
(Bl —% cos [x& /p dt] (1.13)

for <x<m,

n(x2) = (85 + 35 ) os [ 1= [ 001

+ <[32_—|—;le3> cos | Ak~ (n)—é/(:p(t)dt

-_% (:os—sJr 1 i ]
(B B eos st @ [

T [ 1 [m :
+ <Bz+— 25) cos _ks (7t)—i—B/a2 p(t)dt_ , (1.14)
where E* (x) = +0x F 0la; +ay, Kkt (x) =& (az) £ Bx F Bao,

(1) =& (@) % Bx ¥ as, szl(alzpil), :_1 (aﬁ“&)_

T

2

Thus, the following relations hold:
If p(x) € W3 (0,m), g (x) € W, (0,m)

2 X, 2 X X,
IMED) o (o) D — 2 () D 4 g () M (x, 1)
azN(X-,l) _ p (X) 82[571‘(2)(71) _ _2p( ) E)M(x t) +q( )N(X,t)

ox?

X X X 2
M(X,Cﬁ(x))COS%—l-N(x,gJF(x))sin%: (ﬁf+ﬂ)/0 (q(t)+P (t)>dt

20 o2
M (x,6" (x)) sin% — N (x,6" (x)) cos @ = (Bfr + g—(lx) (p(x)—p(0))

M (x,k" (x)+0) =M (x,k* (x) - 0)

= (B2 o -ponsn - (b + ) [ (04 2 Yareos 20
N (x,k" (x)+0) =N (x,k* (x) —0)
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(b ) -poneos S (p+ ) [ (404 210 Yarsn 2,

oM x.t) _ _
a;( ‘I*O —N(X,O) - 07

where B (x) = f3 p (1) di, o (x) = [ p(t)di + [ p(1)d.

The proof is done as in [0].

Definition 1. The function A(R) is called the characteristic function of the eigen-
values {A,,} of the problem (1.1)-(1.6). A(A) is called the characteristic function of

the eigenvalues {5»,,} of the problem (1.7)-(1.12).

Let A = s?,s = 6 +it, 6,7 € R. The solution @ (x,A) of (1.1)-(1.6) has the follow-
ing asymptotic formulas hold on for |A| — oo,
for0<x <7,
_ Pi et v(x) 1
oth) =3 (G 75+ e (-i(aw-"2)) (1+0(3)).
forZ <x<m,
I fa o t(x 1
oen =3 (55 3o (w0 T)) (10 (z)
where v (x) = [} p(t)dt, t(x) = [ p(t)dt
In this study, if ¢ (x) and p(x) to be known almost everywhere on (%,7), it is
sufficient to determine uniquely p (x) and g (x) on the whole interval (0, 7).

2. MAIN RESULT

If @ (x,A) is a nontrivial solution of equation (1.1) with conditions (1.2)-(1.6),
then A is called an eigenvalue. Additionally, @¢(x,A) is called the eigenfunction
of the problem corresponding to the eigenvalue Ag. {A,} are the eigenvalues of the
problem.

Lemma 2. If A, = A, 2= then .= & and p = P for all n € N.

= llpes]

Proof. Since A, = A, and A(A), A())are entire functions in A of order one by
Hadamard factorization theorem for A € C

AN =CAN).
On the other hand, (1.1) can be written as
B0 ()= CRo (M) = C[A (V) — Ro (M)] = [A (L) — Ao (M)].
Hence

CIAMN) = Ao (V)] = [A() = A0 (V)]
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— (B + 23 ) cos [ (m =0+ >] (b + 2 ) os i -]

o B ] (o Bpn
-C <B§r + ;%) cos [M‘+ () — Wgn)] -C <[32_ + ;Y2~> cos [kk‘ (m) — W(n)]

809

2B B
—C (Bz_ — ZE) cos [?\.s+ (m) + Wl(;)] -C (B; — ZE) cos [ks‘ (m) + Wgt)] :
.1)

If we multiply both sides of (2.1) by cos [kk+ (m) — %} and integrate with respect

toAin (g,7), (¢ is a sufficiently small positive number) for any positive real number
T, then we get

[ (€180 A0 (] - 800 - a0 ) cos s ()~ 22|

:/: (ﬁ;+;%> cos? [M*(n)—wé’t) A

—c/T<[§2 72) [ )—W[(;)} [xk (n)—wgt)}dk
L33

—C/g (B +72>< [nk ()]HOS[W(TC)TW(“)DM,

B
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A(L) — ( el (m ) A(x)_&)(x):o( eltmMk (m >) for all  in

;

Cc ¥ 1
= — | —= ol =).
2 (h5p) 2 (0 3) =0 ()
By letting T tend to infinity we see that

BZ +Y2

C=
By +2[5

Similarly, if we multiply both side of (2.1) cos | Ak~ (1) — @] and integrate again

with respect to A in (€, 7) and by letting 7 tend to infinity, then we get
BZ _|_ YZ
BTl %

But since o, and &, B are positive, and w () —w™ (1) = w™ (1) — W™ (1) we con-

clude that C = 1. Hence @ = P2 5 obtained. We have therefore proved since o = @

- 2 2
that B = P.
The proof is completed. O

Lemma 3. If A, = A, then o; = &; and ¥; =¥; (i=1,2) foralln € N.
The proof is done as in [0].

Theorem 1. Let {A,} be the eigenvalues of both problem (1.1)-(1.6) and (1.7)-

(1.12). If p(x) = p (x) and q (x) = G (x) on [3, 7] , then p (x) = j (x) and q (x) = G (x)
are almost everywhere on [0, T|.

Proof of Theorem 1. Let function ¢ (x,A) be the solution of equation (1.1) under
the conditions (1.2)-(1.6) and the function @ (x,A) the solution of equation (1.7) under
the conditions (1.8)-(1.12) on [0, %]. The integral forms of the functions @ (x,) and
@ (x,\) can be obtained as follows

o) = (B + 2 )eos 127 - &, [ p()ar|

- e o0

+ / M (x,t)coshtdt + / N (x,t) sinAzrdt (2.2)
0 0

P (x,A) = <|3Jr >COS[7L§+()—;/‘:}5(Z)dZ}

and
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~ Y, 1 X
+ ([31 - 27(1)() cos [7@ (x)+ o /a1 ﬁ(t)dt}
+/O M(x,t)cosxtdt+/o N (x,t)sinAzdt. (2.3)

If we multiply equations (2.2) and (2.3):

+§+

(p(x,?»)-(T)(x,?x.) =

[cos (2AE" (x) — K (x)) +cos L (x)]

StS-
+ 2 [cos (2hart — L (x)) +cos (220t (x — 1) — K (x))]
- 5_25+ [cos (2Aay + L (x)) + cos (20t (x — a1 ) + K (x))]
+57257 [cos (208 (x) +L (x)) +cosK (x)]

+S5° /OXN(x,t) cos _Mf (x) +@ sinArdt

} coshtdt

+8* /XN(x,t)cos AET (x)—t(x) sin Atdt
0 L

45 /O "M (x,1) cos [xg (x) + } cos Aidt

+8 /OXN(x,t)cos [k& (x)+ f(x)] sinAzdt

+ </OXM(x,t)cosktdt> (
(4

(x,1) cos ktdt)

o
+ </OXN(x,t)sinktdt> / (x,1) smktdt)

+ (/XM(x,t) cos ktdt) (x,)sin ktdt)
0
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+ </0x1\71(x,t)cosktdt> (/OXN(x,t)sinltdt> ,

9Le)- () = S5 feos (25" (3) ~ K (1)) +cosL()]
N S*f’ [cos (2hai? — L (x)) +cos (2ha (x —ap) — K (x))]
5757 o (2har 4L () cos (2hox (— ar) £ K ()]
#3757 feos (0™ () +L(3)) +cosK ()]
#3{ v tncos@re—k@ar- [ vtnsinie - k() ar)

(2.4)

is obtained, being

- (i 3). 5= (b=

U, (x,1)

N
Ka)
t

‘M@&@Mm%motw>

+
(X)) +8 M (x,& (x) —21)sin (K (1) —
K(t)— t(x)> — 8N (x,& (x) —2t) sin (K (1) —

k()— "9 5y (x,& (x) —2¢) sin (K (1) -

+ K (x,1)cosK (t) + K> (x,t) cos K (1) + M (x,t) sinK (t) +M> (x,1)sinK (1),

n
) (

+ SN (x,€" (x) —21) cos (K (1) — ) +S8 N (x,& (x) —21) cos (K (1) — a)
) (

+S8*N (x,&" (x) —21) cos <K (t)—

+ K (x,1)sinK (1) + K» (x,1) sinK (¢)),
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x—2t X
K (x,1) = M (x,s) M (x,s +2t)ds + M (x,s) M (x,s +2t)ds
—X 2t—x
x—2t N X N
K> (x,t) = N (x,8)N (x,5+2t)ds+ n(x,s)N (x,s+2t)ds
—X 2t—x
x—2t 5 X 5
M (x,t) = M (x,8)N (x,s+2t)ds — M (x,8)N (x,s+2t)ds
—X 2t—x
x—2t » X »
M, (x,t) = — N (x,s)M (x,s+2t)ds+ N (x,s)M (x,s+2t)ds.
—X 2t—x

Let @ (x,A) and @ (x,A) be substituted into (1.1) and (1.7),
—0" (%, ) + (24p (x) + ¢ (x)) @ (x, 1) = A%p (x) @ (x, 1) (2.5)

—" (0, 1) + (24p (x) +q () P (v, 1) = AP (x) § (x, 1) (2.6)
The following equations are obtained using (2.5) and (2.6):

| om0 220 () = 5 )+ (g () — 3 x)))

= [0 Mo — ¢ (N B(x V)] + F

/Oim(x,l)fp(xvl) 21 (p (x) = p (x)) + (g (x) — G (x))] dx
+¢ (7, A) 0 (m,A) — ¢ (7, A) (7, A) =0. (2.7)
Let Q(x) = g (x) — g (x) and P (x) = p(x) — p (x),

n

U= |7 AP W+ (W] (x 1B (x ) dx.

It is obvious that the functions ¢ (x,A) and @ (x,A) are the solutions which satisfy
boundary value conditions of (1.2) and (1.8), respectively, then if we consider these
facts in equation (2.7), we obtain the following equation

U (M) =0 2.8)

for each eigenvalue A,,. Let us marked

[SIE]

U0 = [ PW0owPEAE M) = [T QXM Px M) dx
Then equations (2.7) can be rewritten as

2001 () + Us (M) = 0.
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From (2.4) and (2.7) we obtain
U] < (Ci+CaA])exp (tm),

where C1,C, > 0 are constants for all complex A. Since A, = Aoy A (A)

@ (m, ), thus,

U

The function ¢ (A) =

It follows from A (A) > (|AB]
cient large |A|. We obtain ¢ (A)

Ul
AL

v

-ks* (m) +

ABDULLAH ERGUN

/07[2“’( ) +Q(x)] @ (x,A) § (x,A) dx =

5t

—B/azp(t)d

—7\.S+ (m) +

1

B Ja
1 T
B Ja,

A\ [9(m,2)

is an entire function with respect to A.

—C)exp(tE* (x)) and (2.9), 6 (1)
= C, for all A by Liouville’s Theorem.

&
f}

7tp(t)df]
p(1) dt} } +0 (exp (k" (m))).

(2.9)

=¢(m,1)

—¢(m,2)].

= 0(1) for suffi-

By the Riemann-Lebesgue lemma, for A — oo, A € R we get C = 0. Then,

20, (\) = §*§ / " P (x)cos (20EF (x) — K (x)) dx

+ﬁﬁ/
+S5tS§ /

+s+s*/o P (x)cos (2At(x —a) — K (x)) dx

P (x)cosL(x)dx

)cos (2Aa;r — L (x))dx

+S—§+/7P %) cos (2Aar + L (x)) dx

+S S+/ P (x)coscos (2o (x —ay) + K (x)) dx

+SS/

)cos (2A& (x) +

(x)) dx



HALF-INVERSE PROBLEM 815
S~S~ / P (x)cosK (x)dx

+/ </ U, (x,t)cos (2At — ())dt)dx
_/o (/ Uy (x,7) sin (2A — ())dt)dx,

where £ (x) = o F 0la; +ay, k* (x) = u* (a2) = Bx F Paz,
% (1) = i~ (a) % Bx ¥ Bas, BT—(OC1¥[2>, ;_l(aﬁ“ﬁ‘z).

2 2 B
+§+ I +5+ 1
20 (x):SZS 2P(t)e*i(K(z»ei(sz))dz+S2S / P (1) K0 1M 10) gy
0 0
2 Jo 2 Jo
LA / ? p (1) e~ K W) gi2hali—an) 4y
2 Jo
L3S /7P([) Si(K (1)) p—i(2hot—ar)) g
2 Jo
n S-St /7P([) L) pi2har) gy 4 S-St /71,([) (L) ji(2Aart) g
2 0 2 0
§=S*t 3 : : §=S§*t 3 , ,
i(K (1)) ,i(2Aa(t—ay)) —i(K(t)) pi(2ha(t—ar))
+ /0 P(1) K0, i+ / P(t)e dt
+—S;Si /EP(t)e"“( DM ( dt+—/ P(1)e L0 (25 0) gy
0
+S+S~+/7P( YeosL(x)dx+S~8~ / x)cos K (x)dx
0

+/072[p(x) (/ Uc(x,t)cos(ZM—K(t))dt> dx
/01t (/ Uy (x,1)sin QM — K ())dt)dx

if necessary operations are performed and integrals are calculated.

+ ¢+ T T i . n , ) .
20, (M) = SZS [ 1257\,{)(2) (257 (3)) _ 2117(2 2ik(oar +ar) _ 271';@ /0 1 (1) el (M (z>)dt1

2 2iht 2ilo 2ila Jo

+ S+S~_ [Ti; (n/Z) eiMl T3 / T 2ia1tdt‘|

2 2iA0t szoc 2

+ S8t [ T2( /2) o (22£7(3)) + 7;(0) e~ 2iMoar+ar) | 1 /7 Tz/ (t)ei(2ké+(t))dt1
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T, (1) e 2ot ge
2 2ih0 e T o Jy Tal)e

+S+§* [ T4(/2) 1M|+L<O)+ 1 /’2‘ ' . ]

Sts- Tl ( /2) p2ira(5—ar) _ 71 (0) —2ihaa; 1 L 2ihou(r—
L - T t i Ot(t aj )dl
T | 20 2ih0, € 2N /o (e

e T, (t)e

55 [ B0) snagz 0, 2O s, 1 [T
_ i 5 al) 2iA0wa| / —Ztka(t—al)dt
Tt 2 ot Tamal, 20

SEN (™) pan, BO) 1 i :
— 1T T (¢ —Zlaltdt
2 2ilo ¢ 2 2ila + 2ika/o 3(0)e

S5 1Y) e T 1 T
Ty (2) eV dy
+ 2 2i\0l 2 ¢ 2ihot 2ika/o alt)e

7\',

—axr I T T
+ §—s* _Tl ( /2) 6721'7»()!(%70]) + L(O)eﬁkocal + L/z l(t) e—ZiXa(t—al)dt]

T,
2 2ikoL 2iho 2 Jo !

2 2ih0t 2iho 2iha Jo

+ §S* T2 ( /2) 217»(1(77(1]) ) (0) efzikocal _ 1 /7 T’ (t) eZika(tal)dt]

55 [ T4(/2) (e (5)) . 140) oinfoayvar) , . i(228 (1))
T 2ikat AT +2ixa/o Ti(r)e di

2 2iA0t 2iAt 2iho Jo

L 508 T3(/2) (25 (5) B sinaay-ap) ! /gT;(t)e_i(zxw))dt]

(S

4SSt / *P(x)cosL(x)dx+55 [ P(x)cosK (x)dx
0

0
T5 (n/Z) it T5 (0) 1 z / 2ikt
T6( /2) ﬂnk *ZZM
+ 2ik T ¢ 217u 217»/ Tt di
where
Ty (1) = P(1) e KO), 75 (1) = P(1) K0, T3 (1) = P (1) 10D,
1) =P, Pi()= [T POV B0 = [ PO w1
t t

Pi(t) +iP, (t)efil((z)

15 (l): >

By the Riemann-Lebesgue lemma fog P(x)cosL(x)dx =0, fog P (x)cosK (x)dx

:OandP(%) =0 for A — oo.
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20, (M)
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S+§+ % / ; + S+S~+ % / . +
22 i(2087 (1)) —i(20E" (1))
i / T, (t)e dt + — /0 T,(t)e dt

ST&- N St§- 3, .
_ T laltdt T t —Zlaltdt
4iko / 3 T i Jo B0

St o on, S+S 5 .
B T (1) 2Mut—ar) g / T (1) e 20at—a1) g
4im/o 1(r)e *aia Jo 2O

S5 o, S—§+
—— [ T (e Fidr —
+ 4im/o 3(1)e 4N

S=S*t 13, 2k S=ST i o
T () e 2 Ot(l‘—m)dt / T (1 217»0((1‘—(11)dt
+4i7»oc/o 1(1)e 4 Jo 2(t)e

N S S8 3., .
O 0 [Tl ()i (0) gy / T! (1) e~ 12 () g
* aia /o a()e "Taia fo B (r)e !

i 3 . i (3 .
— [T Mar — — / T! (t) e 2™ gy 2.10
o [T OEMd -2 [FTin e ar, 210)

1) e* i dy

s (AEH (1)K () | o i20E" () K ()
2U2(x):S+S+/2Q(x) <e te >dx

2

dx

+S5tS /

i(2Ao(x—a;)—K(x)) —i(2ho(x—a;)—K(x))
+5°5 / ( J;e )dx

eiharr—L(x +e—z(zxa1r L(x )))

dx

ol(2hart+L(x) +e*1(2M1t+L( )))

+S~ S+

27»0cx ay)+K(x )_i_efi(ZXOL(xfal)JrK(x))
> dx

PNE (W 1L00) 4 o208 () 110
L5785 / . dx

+5tST /O F 0 () cosL(x)drt 5§ /0 * 0(x) cosk (x) dx

+/Og o) (/OU (x,1) cos (m—K(z))dz) dx

_ /02 0 (x) </0x Uy (x,t) sin (2t — K(z))dt> dx,
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By the Riemann-Lebesgue lemma fog Q(x)cosL(x)dx = 0, fog Q(x)cosK (x)dx
= 0. Thus,

3 + &+
205 (M) = 2 "R <zxé+(>>d+5 S /R ) e~ICAE () gy

Zlall‘dt _|_ / R4 2ia1ldt

e /
S*Ss- / Q2o “1)dt+S+2S /Rz(t)e—zim(z—al)dt

0

721a1tdt_’_ _S+/ R Zlaltdt

s

—217»0(([ al)dt+

/ R (1) 2Man) gy
++S__/ Ra (1) /2% st——/ Ry (1) e~ T2 () gy

K oin g L iy
+2x/0 Rs(t)e dt+2x/0 Rs (1) e 2Mds @.11)

20U, (M) + Uz (M) =0. (2.12)
If (2.10) and (2.11) are substituted into (2.12), we get

ot T ) + G+ z .
S5 / LRy (1) + il (1) O 0) g 1 i / " (Ry () — T3 (1)) e (A& 0) gy
0 0

20, )
S;j /o2 (Rs (1) +115 (1)) Mltd”Szi /0 (Ra (1) =iy (1)) e >t
s;.s; /Oz (Ry (1) +iT] (1)) 2rot=) gy +S;§ /03 (R (1) — 1T (1)) e~ 2t a0) g
S;§+ /075 (Ra (1) +iT} (1)) e 21" dt + SziJr/O (Rs (1) — T (1)) ' di

+ S*2§+ 2 (Ry () +iT3 (1)) 2200 gy 4 N /0’2‘ (Ry (1) — iT} (1)) &~ 2Ma(-a) gy

|
S-S~ /2 . S 3
0

(Ry (1) —iT} (1)) /(P <'>)dt+% /O (Rs (1) +iT§ (1)) e (P& ) gy



HALF-INVERSE PROBLEM 819

+/ (Rs (1) +iT¢ (1 2’”’dt+/ Re (1) —iT¢ (1)) e *Mdr = 0.

Since the systems { SO WS R} {e* 2ikart . ) ¢ R}, {eﬁ’?‘“(’_“') : LeR}

and {eﬂ”" A€ R} are entire in L, ( z, g), it follows
Ry (1) +iT{ (t) =0, Ro (1) —iT; (t) =0, R3 (1) +iT5 (1) =0
Ry(t)—iTy (1) =0, Ry (t)+iT{(t) =0, Ry(t) —iT, (1) =0
Ry(t)+iT] (t) =0, R3(t) —iT5 (1) =0, Ry (t) +iTy (t) =0
Ry (t)—iT](t) =0, Ry(t)—iT{(t) =0, R3(t) +iT;(t) =0
Rs(t)+iTi(t) =0, Re (t) —iT{ (t) = 0.

Then, we get the following system:

and hence

)

(x) dx (2.13)

Q1) =—(K'(1) +Us (t,t))P(t)
: (

and

Us (x,1) K (1) Uy (x,1) + 2220 Ue (x,1)

Equations (2.13) can be reduced to a vector from

( Ue(x,t) K (£)Ue (x,0) = 2550 (K7 (1) +- U, (1,1)) )
K (x,t) =

(t)+/th(x,t)S(x)dx:O 2.14)
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for0<r< 7.

Since equation (2.14) is a homogenous Volterra integral equation, it only has the
trivial solution. Thus, we obtain S (¢) = 0for 0 < < 7. This givesus Q () =P (t) =0
for0<r< 7.

Thus, we obtain ¢ (x) = G (x) and p (x) = p(x) on (0,m). The proof is completed.

O
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